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The set of all connections

C(E) = {V|V connection of E}
is an affine space over
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Consider o :=V — VO : T(E) — Q(E).
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It follows: for o € (U, E|y) with o(p) = 0 we have a(c)(p) = 0.



The Space of Connections
The set of all connections

C(E) = {V|V connection of E}
is an affine space over

QY (M; End(E)) = T(T*M ® End(E))
={0:M— T"M® E*® E | 0 smooth section}.

Indeed: Let VO,V be connections on the vector bundle E 5 M.
Consider o :=V — VO : T(E) — Q(E).

a(fo) = V(fo)=V°(fo) = f(Vo—-V°0)+(df)o —(df )o = fa(o)

It follows: for o € T(U, E|y) witl o(p) = 0 e have a(o)(p) = 0.

For v € E, let 0 € T(U, E|y) sich that o(p) = v and define

ap(v) = a(o)(p).
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Denote by (E, V) a vector bundle of rank k over a manifold M
equipped with a connection V. Let g : P — M be a smooth map
between manifolds (with boundary).

Definition 53: (1) The pull back, g*E, of the bundle E is the
vector bundle

w
g'E =[] Egp) > P
per
where a trivialization ® : 771(U) — U x R of E over U C M
induces a trivialization ®, : g71(771(U)) — g7 1(U) x R¥ via
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Pull-Backs

Denote by (E, V) a vector bundle of rank k over a manifold M
equipped with a connection V. Let g : P — M be a smooth map
between manifolds (with boundary).

Definition 53: (1) The pull back, g*E, of the bundle E is the

vector bundle
g'E= H Eg(p)
peP

where a trivialization ® : 771(U) — U x R of E over U C M

induces a trivialization ®, : g71(71(U)) — g7 1(U) x R¥ via
dg(e) = (p, prrx®(e))

for e € (g%E)p.

(2) The pull back, V&, of the connection V is given w.r.t. the
trivialization by the connection 1-form

A =g Ae. ... P""Ce"“{"/ 4 A~ fowar

—_—



Parallel Transport

V¢ is well-defined, i.e. independent of the local trivialization ® of
E.
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Parallel Transport

V& is well-defined, i.e. independent of the local trivialization ¢ of
E.

PGt 5

Let v: [a,b] = M be ;gnooth curve connecting p = y(a) and
q =(b).

Proposition 54: For any v € E, there is a_unique section

o : [a, b] = ~*E, with o(a) = v which is parallel:

V7o = 0.

o is called hgrizo r just horizontal curve.
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Proposition 55: Let E 5 M be a smooth vector bundle over a
smooth manifold M. A connection on E is equivalently given in
one of the following ways:

(i) A covariant derivative V on sections of E T a7d

(ii) A horizontal splitting T.E = T'E @E e) which depends
smoothly on e and satisfies for uy : E — E, px(e) = Xe tek

deMA(TehE) = T)l\"eE'

Proof: (i)= (ii): Given a covariant derivatve, we define for e € E,
o(6)-e
={6(0)|o:1— E,0 € I, horizontal} & /7%'?)
_ {(ded>) L(X,v) | X € ToU, v € RX, Ag o(X)®(e) + v=0} C T.E
- U 7(e)e Y
for a trivialization ® : 771(U) — U x Rk an the connection
1-form Agp of V w.r.t. ®. -



Horizontal Spaces

Proposition 55: Let E 5 M be a smooth vector bundle over a
smooth manifold M. A connection on E is equivalently given in
one of the following ways:

(i) A covariant derivative V on sections of E

(ii) A horizontal splitting T.E = T'E @ E(e) Which depends
smoothly on e and satisfies for uy : E — E, px(e) = Xe

depn(TVE)=TLE. &=
Proof: (i)= (ii): Given a covariant derivatve, we define for e € E,

TIE .= {6(0) | o : 1 — E,0 € I, horizontal}
= {(de®)H(X, V) | X € ToU,v € R¥, Ag p(X)®(e)+v=0} C T.E

for a trivialization ® : 771(U) — U x R¥ and the connection
1-form Ag of V w.r.t. $.
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Horizontal Spaces
In trivialization my := ®(ux(®1(p, x)) = (p, Ax)

Then d(, xymA(X, v) = (X, Av) and
AV + Ag p(X)P(pr(e)) = A(v + Ao p(X)P(e)).
and the claim follows.

Remark: The horizontal splitting also satisfies an addition
property. This follows from direct calculation or from the scaling
invariance just proved via an argument along Chris Wendl's script,
Chapter3.3. . ®, . Te£ ) Eo  frgdion w
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Horizontal Spaces
In trivialization my := ®(ux(®1(p, x)) = (p, Ax)

Then d(, xymA(X, v) = (X, Av) and
AV + Ag p(X)P(pr(e)) = A(v + Ao p(X)P(e)).
and the claim follows.

Remark: The horizontal splitting also satisfies an addition
property. This follows from direct calculation or from the scaling
invariance just proved via an argument along Chris Wendl's script,
Chapter 3.3.

72
(i)=(i): V defined via o
.
(Vo)p = Pre,dpo_ z/},a : /Z/; — Z_/f)

on sections O'Z/L—\)_EJ_U where Pre, is the projection with respect
to the splitting is a covariant derivative whose horizontal splitting
is the given one.



Curvature
Let V be a covariant derivative of a vector bundle E = M.



Curvature
Let V be a covariant derivative of a vector bundle E 5 M. The
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Let V be a covariant derivative of a vector bundle E 5 M. The
associated covariant exterior derivatives are linear maps

Dy : QK(M, E) — Qk*1(M, E) where QK(M, E) = T(A*(M) ® E)
such that Dy =V
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M,
Proposition 56: There is an element F = FY ¢ Q2zﬁ1d(E))
such that for any o € Q%(M, E)
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Curvature

Let V be a covariant derivative of a vector bundle E 5 M. The
associated covariant exterior derivatives are linear maps

Dy : QK(M, E) — Qk*1(M, E) where QK(M, E) = T(A*(M) ® E)
such that Dy =V

Diye(a N o) =daAo+ (1) a A Do

for any a € QK(M) and o € QY(M, E).
The index for D, will be omitted further on.

Proposition 56: There is an element F = FV € Q?(End(E
such that for any o € QK(M, E) Parf: R=6 o¢ rE)
D (KF)= )
25(a) = £- 9% YfeC”
2D (5Y): £,9F, tatt-otf.

D?¢ = FV Ao.
In particular, we have
(%) FY(X,Y)o=(VxVy —VyVx — Vix.yv])o.

for any o € T'(E) and vector fields X, Y. o /7
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FV is the curvature of V.
Proposition 57: (1) Let A € Q}(U; M(ja:R)) be the connection
1-form w.r.t. a trivialization. Then for the curvature we have

Fa=dA+ANAe QX U; M(A; R))
w.r.t. the trivialization. Hereby with A = (A?)@Q' (U

k
(ANA) =D A NAL
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Curvature

FV is the curvature of V.
Proposition 57: (1) Let A € QY(U; M(n;R)) be the connection
1-form w.r.t. a trivialization. Then for the curvature we have

Fa=dA+ANAc Q*(U; M(n;R))
w.r.t. the trivialization. Hereby with A = (A?)inQ(U))

k
(ANA) =D A NAL
=1

(2) Let VO,V be two connections, V = V° + a, for
a € QY(M; End(E)). Then g DR "k gd(L))—)ﬂ th, €at)

FY =FY + D% +a Ao "’““ﬁ’“"’(% e

e . ~— C @Kaxm F7oF
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Curvature

FV is the curvature of V.
Proposition 57: (1) Let A € QY(U; M(n;R)) be the connection
1-form w.r.t. a trivialization. Then for the curvature we have

Fa=dA+ANAc Q*(U; M(n;R))
w.r.t. the trivialization. Hereby with A = (A?)inQ(U))

k
(ANA) =D A NAL
=1
(2) Let VO,V be two connections, V = VO + q, for
a € QY(M; End(E)). Then
FV =FY + D%a+aAa.

(3) Let pe M, e € Ep, X, Y be two vector fields on M in a
neighbourhood of p. Let X, Y be their horizontal lifts to E. Then

e e ) oy FRXY)e=[X. g
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Note: A A A # 0 in general!

Proof-
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2nd Bianchi Identity

Proposition 58: With the notation from above we have
DFY = 0.

Proof-:
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Euclidean Vector Bundles

Definition 59: Let £ 5 M be a smooth vector bundle. A
euclidean structure on E is a smooth family {g},enm of scalar
products on the fibres E,.

A metric connection on a euclidean vector bundle (E, g) is a
covariant derivative V which satisfies in addition

d(g(o,7)) = &(Vo,7) +g(o,VT)
for any pair of (local) sections o, 7 of E.

Remark: (1) The metric condition is much harder to define in
terms of the horizontal vector spaces of TE.

(2) The parallel transport of a metric connection defines isometries
between the fibres.

(3) The curvature F of a metric connection is skew-symmetric:

g(F(e), f) = —g(e, F(f)).



Euclidean Vector Bundles

A euclidean vector bundle can be locally trivialised by isometries:
¢ : 7 HU) = U xRk

such that
Olg, 1 (Ep gp) — (RX, (.,.)

is an isometry for all p € U. ® will be called euclidean
trivialization.
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A euclidean vector bundle can be locally trivialised by isometries:
¢ : 7 HU) = U xRk

such that
Olg, 1 (Ep gp) — (RX, (.,.)

is an isometry for all p € U. ® will be called euclidean
trivialization.

In particular, the transition functions are smooth maps
g:uUnV — O(k)

to the set of orthogonal matrices.
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Euclidean Vector Bundles

An oriented vector bundle is a choice of orientations of all E, such
that the trivializations ® can be chosen, so that

. k
lg,  Ep — R
is orientation preserving w r.t. the standard orientation of RX.

For an oriented euclidean vector bundle and oriented, euclidean
trivializatons, the transition functions are smooth maps
g:UnV — SO(k)

to the set of orthogonal matrices with determinant equal to 1.

Vice versa: A family of transition funtions
gi:UinU— O(k) or SO(k)

for an open covering {U;}c/ satsifying the cocycle condition
defines an (oriented) euclidean vector bundle over M up to
(orientation) and metric preserving ismomorphisms (short:
isometries).
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Euclidean Vector Bundles

The connection 1-form and the curvatire of a metric connection
satisfy

A= —Ajand F; = —F/
w.r.t. a euclidean trivialization, i.e.
A e QYU;o(n)), F e Q?(U;o(n))

where o(n) C M(k;R) denotes the set of skew—symmetric
matrices.

Note: For A, B € QY(U; o(n)) in general AA B ¢ o(n)
but AN A € Q2(U; o(n)).

One defines for A = Z,-A,-dx" and B=3}; B;dx’

[A,B] = [AA Bl = > [A;, Bjldx' A dx!

ij

with [X, Y] = XY — YX. Then AAA=L[A Al
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Complex Vector Bundles
Definition 60: A complex vector bundle is a (real) vector
bundle E 5 M together with a smooth family {J,}pem of complex
structures J, € Endg(E,), J3 = —idE,.

In particular, the real rank is even and the complex rank is defined
to be ko E
k = rkgE = - —.

There exist local trivializations ® : 771(U) — U x C such that

®lg, 1 (Ep, Jp) — CK

is complex linear for all p € U.
The transition functions are smooth maps
g:UnNnV — Gl(k;C).

Vice versa: A family of such transition functions satisfying the
cocycle condition defines a complex vector bundle up to
isomorphism.



