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Frame Bundles

Let E π→ M be a vector bundle over a manifold M of rank k. A
(local) frame is a k-tupel of sections {σ1, ..., σk} on an open
subset U ⊂ M, such that {σ1(x), ..., σk(x)} form a basis of Ex for
any x ∈ U.

Notice: A local trivialization Φ : π−1(U)→ U × Rk defines a
frame ob U via σi (x) := Φ−1(x , ei ) for x ∈ U and the standard
basis {ei}ki=1 of Rk .

The frame bundle F(E ) π→ M of E is given by

F(E ) :=
∐

x∈M
({x} × {(v1, ..., vk) | basis of Ex}).

and π(x , e) = x .
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Frame Bundles
F(E ) is a fibre bundle with fibre Gl(k;R), the trivializations
Ψ : π−1(U)→ U × Gl(k;R) given by

Ψ((x , (v1, ..., vk))) = (x , g(x , v))
where g = (gij) is determined by

vj =
k∑

i=1
gijσi (x)

If E is euclidean, complex or Hermitian one can choose
orthonormal, complex or unitary frames respectivly and can thus
define a corresponding frame bundle whose fibre is diffeomorphic
to a matrix subgroup G which is O(k) or SO(k), Gl(k;C) and
U(k), respectively.

Remark: O(k) ⊂ SO(k) ⊂ Gl(k;R) are subgroups and
submanifolds of the open subset Gl(k;R) ⊂ M(k;R),
U(n) ⊂ Gl(k;C) ⊂ M(k;C) is a submanifold of the open subset
Gl(k;C) ⊂ M(k;C), the latter a linear subspace of M(2k;R). The
group operation and the inverse are differentiable maps.
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Frame Bundle

Call, the corresponding group the structure group, G , it acts on
each fibre of corresponding frame bundle FG(E) from the right

Rg : (x , v) ∈ FG(E ) 7→ (x , vg) ∈ FG(E )

where

(vg)i =
k∑

j=1
gijvi ,

which satisfies π((x , v)g) = x = π((x , v)).

An affine, metric,
complex, unitary connection ∇ on E gives rise to a parallel
transport along any curve γ in M which is a real, orthogonal,
complex or unitary iromorphism between the fibres over it.
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Frame Bundles

Hence, we obtain a lift γ̃ in F := FG(E ) and a a smooth splitting

T(x ,v)FG(E ) = T(x ,v)Fx ⊕ T h
(x ,v)F ,

which satisfies

dRg (T h
(x ,v)F) = T h

(x ,v)gF

dπ(T h
(x ,v)F) = TxM

dRg (T v
(x ,v)Fx ) = T v

(x ,v)Fx .

The last condition follows from definition of FG(E ).

Such a splitting on FG(E ) also determines a corresponding affine,
metric, complex or unitary connection on E .
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Lie Groups

Definition 67: (i) A Lie group G is a smooth manifold (without
boundary) with a group structure such that

(g , h) ∈ G × G 7→ gh−1 ∈ G

is a smooth map.

Examples: The matrix subgroups O(n), SO(n),U(n) are Lie
groups.
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Lie Groups
Proposition 68: Let G be a Lie group. Then its tangent bundle
is trivialized via

g ∈ G ,X ∈ TeG 7→ dgLg (X )

where Lg : G → G , Lg (H) = gh, the left action of G on itself, is
smooth by definition. Denote the corresponding vector field by X̃ .

(i) X̃ is left-invariant, i.e.

dLg (X̃ ) = X̃

for all g ∈ G .

(ii) By
X ,Y ∈ TeG 7→ [X ,Y ] := [X̃ , Ỹ ]e ∈ TeG

we define a bi-linear map. It satisfies Jacobi identity

[[X ,Y ],Z ] + [[Y ,Z ],X ] + [[Z ,X ],Y ] = 0.

TeG is called the Lie algebra of G and denoted by g .
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we define a bi-linear map.

It satisfies Jacobi identity

[[X ,Y ],Z ] + [[Y ,Z ],X ] + [[Z ,X ],Y ] = 0.

TeG is called the Lie algebra of G and denoted by g .



Lie Groups
Proposition 68: Let G be a Lie group. Then its tangent bundle
is trivialized via

g ∈ G ,X ∈ TeG 7→ dgLg (X )

where Lg : G → G , Lg (H) = gh, the left action of G on itself, is
smooth by definition. Denote the corresponding vector field by X̃ .
(i) X̃ is left-invariant, i.e.

dLg (X̃ ) = X̃

for all g ∈ G .

(ii) By
X ,Y ∈ TeG 7→ [X ,Y ] := [X̃ , Ỹ ]e ∈ TeG
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Lie Groups
Proof: (i) We have

(dLg (X̃ ))h = dg−1hLg (X̃g−1h) = dg−1hLg (deLg−1hX
= de(Lg ◦ Lg−1h)(X ) = deLh(X )
= X̃h.

(ii) Jacobi identity holds for the Lie bracket on vector fields, and
[., .] on TeG is defined using that on X̃ . Well, we need the identity

[X̃ , Ỹ ] = [̃X ,Y ] :

But
[̃X ,Y ]g = deLg ([X ,Y ]) = deLg ([X̃ , Ỹ ]e).

Since Lg is a diffeomorphism theis is equal to

= [dLg (X̃ ), dLg (Ỹ )]e = [X̃ , Ỹ ]e

since X̃ , Ỹ are left-invariant. �



Lie Groups
Proof: (i) We have

(dLg (X̃ ))h = dg−1hLg (X̃g−1h) = dg−1hLg (deLg−1hX
= de(Lg ◦ Lg−1h)(X ) = deLh(X )
= X̃h.

(ii) Jacobi identity holds for the Lie bracket on vector fields, and
[., .] on TeG is defined using that on X̃ .

Well, we need the identity
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Principal Fibre Bundles
Definition 69: Let G be a Lie group. A principal G–bundle
over a manifold M is fibre bundle P π→ M together with a smooth
right G-action which preserves the fibres and the trivializations
Φ : π−1(U)→ U × G can be chosen so that for all x ∈ U, h ∈ G ,
Φ−1(x , hg) = Φ−1(x , h)g

Remark: A smooth right G-action on a manifold P is a smooth
map µ : P × G → P such that with µg : P → P,
µg (p) = µ(p, g) =: pg for all g , h ∈ G

µg ◦ µh = µhg

Examples: (i) The frame bundles of vector bundles (real, complex,
euclidean, oriented or unitary) are principal fibre bundles with the
group G being provided by the structure group.

(ii) The Hopf fibration is a principal fibre bundle with
G = S1 = U(1) = SO(2).
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Connections
Definition 70: Let G be a Lie group. A connection on a principal
G-bundle P π→ M is a smooth family {T h

p P}p∈P of subspaces of
TpP such that:

(i) dpπ|T h
p P : T h

p P → Tπ(p)M is an isomorphism,
(ii) The family is G–invariant: dµg (T h

p P) = T h
pgP.

Remark: From (i) follows that TpP = T h
p P ⊕ Tpπ

−1(π(p)) is a
splitting. Equivalently, {Ãp : TpP → Tpπ

−1(π(p))}p∈P is a
smooth family of projections such that T h

p P = KerAp.

deµ(p, .) : g → Tpπ
−1(π(p)) is an isomorphism and we define

Ap := deµ(p, .)−1 ◦ Ãp : TpP → g
Condition (ii) translates to

Adg ◦ Apg = Ap

where αg : G → G , αg (h) = ghg−1 is the conjugation,
Adg := deαg : g → g the adjoint representation of G .
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−1(π(p))}p∈P is a

smooth family of projections such that T h
p P = KerAp.

deµ(p, .) : g → Tpπ
−1(π(p)) is an isomorphism and we define

Ap := deµ(p, .)−1 ◦ Ãp : TpP → g
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Condition (ii) translates to

Adg ◦ Apg = Ap

where αg : G → G , αg (h) = ghg−1 is the conjugation,
Adg := deαg : g → g the adjoint representation of G .



Connections
Definition 70: Let G be a Lie group. A connection on a principal
G-bundle P π→ M is a smooth family {T h

p P}p∈P of subspaces of
TpP such that:

(i) dpπ|T h
p P : T h

p P → Tπ(p)M is an isomorphism,
(ii) The family is G–invariant: dµg (T h

p P) = T h
pgP.

Remark: From (i) follows that TpP = T h
p P ⊕ Tpπ

−1(π(p)) is a
splitting. Equivalently, {Ãp : TpP → Tpπ
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(i) dpπ|T h
p P : T h

p P → Tπ(p)M is an isomorphism,
(ii) The family is G–invariant: dµg (T h

p P) = T h
pgP.

Remark: From (i) follows that TpP = T h
p P ⊕ Tpπ

−1(π(p)) is a
splitting. Equivalently, {Ãp : TpP → Tpπ

−1(π(p))}p∈P is a
smooth family of projections such that T h

p P = KerAp.

deµ(p, .) : g → Tpπ
−1(π(p)) is an isomorphism and we define

Ap := deµ(p, .)−1 ◦ Ãp : TpP → g
Condition (ii) translates to

Adg ◦ Apg = Ap

where αg : G → G , αg (h) = ghg−1 is the conjugation,
Adg := deαg : g → g the adjoint representation of G .





Associated Bundles

A group homomorphism ρ : G → Aut(V ) for a K–vector space V
is called a K–representation of G . Let P πP→ M be a principal
G–bundle. The associated vector bundle

P ×ρ V := P × V / ∼ π→ M

where (p, v) ∼ (pg , ρ(g−1)v) for all p ∈ P, v ∈ V , g ∈ G and
π([p, v ]) := πP(p).

If V is euclidean, Hermitian or carries a (Lie) algebra structure and
ρ(g) preserves it, then so does P ×ρ V . (Exercise)
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Covariant Exterior Derivative

We denote by g := P ×Ad g the associated Lie algebra bundle.

We define Ωk(M; g) to consist of smooth sections of Λk(M)⊗ g.
We have

Ωk(M; g) = {α ∈ Ωk(P, g) | αp|Tpπ−1(π(p)) = 0,Adg ◦ αpg = αp}

For a connection A we define the associated covariant exterior
derivative DA : Ωk(M; g)→ Ωk+1(M; g) by

DAω := dω + [A, ω]

Exercise: Show that DAω ∈ Ωk+1(M; g).
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Curvature
The space of connections C(P) is an affine space over Ω1(M, g).

Definition 71: Let A ∈ C(P) be a connection. The curvature of
A is the 2-form F ∈ Ω2(P, g) given by

F = dA + 1
2[A,A].

Lemma 72: (i) F vanishes on tangent vectors tangent to the
fibre, i.e.

F (X̃ , .) = 0
for all X ∈ g . In particular, F ∈ Ω2(M; g).

(ii) 2nd Bianchi identity: DAFA = 0.

(iii) Let X ,Y ∈ TxM and Xh,Y h two horizontal vector fields on P
in a neighbourhood of p ∈ π−1(x) with dpπ(Xh) = X and
dpπ(Y h) = Y . Then

˜FA(X ,Y )p = [Xh,Y h]p.
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