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Connections on Principal Fibre Bundles
Definition 70: Let G be a Lie group. A connection on a principal
G-bundle P π→ M is a smooth family {T h

p P}p∈P of subspaces of
TpP such that:

(i) dpπ|T h
p P : T h

p P → Tπ(p)M is an isomorphism,
(ii) The family is G–invariant: dµg (T h

p P) = T h
pgP.

Remark: From (i) follows that TpP = T h
p P ⊕ Tpπ

−1(π(p)) is a
splitting. Equivalently, {Ãp : TpP → Tpπ

−1(π(p))}p∈P is a
smooth family of projections such that T h

p P = KerÃp.

deµ(p, .) : g → Tpπ
−1(π(p)) is an isomorphism and we define

Ap := deµ(p, .)−1 ◦ Ãp : TpP → g
Condition (ii) translates to

Adg−1 ◦ A = µ∗gA
where αg : G → G , αg (h) = ghg−1 is the conjugation,
Adg := deαg : g → g the adjoint representation of G .
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Covariant Exterior Derivative

We denote by g := P ×Ad g the associated Lie algebra bundle.

We define Ωk(M; g) to consist of smooth sections of Λk(M)⊗ g.
We have

Ωk(M; g) = {α ∈ Ωk(P, g) | αp|Tpπ−1(π(p)) = 0,Adg ◦ αpg = αp}

For a connection A we define the associated covariant exterior
derivative DA : Ωk(M; g)→ Ωk+1(M; g) by

DAω := dω + [A, ω]

Exercise: Show that DAω ∈ Ωk+1(M; g).
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Curvature
The space of connections C(P) is an affine space over Ω1(M, g).

Definition 71: Let A ∈ C(P) be a connection. The curvature of
A is the 2-form F ∈ Ω2(P, g) given by

F = dA + 1
2 [A,A].

Lemma 72: (i) F vanishes on tangent vectors tangent to the
fibre, i.e.

F (X̃ , .) = 0
for all X ∈ g . In particular, F ∈ Ω2(M; g).

(ii) 2nd Bianchi identity: DAFA = 0.

(iii) Let X ,Y ∈ TxM and Xh,Y h two horizontal vector fields on P
in a neighbourhood of p ∈ π−1(x) with dpπ(Xh) = X and
dpπ(Y h) = Y . Then

˜FA(X ,Y )p = [Xh,Y h]p − [X ,Y ]hp
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Relation to Vector Bundles
Let G be a Lie group, P π→ M be a principal G–bundle and A be a
connection on P. Let ρ : G → Aut(V ) be a finite-dimensional
representation of G on a K-vector space V (K = R,C).

Then A induces a connection ∇ = ∇A,ρ on the associated bundle
E = P ×ρ V as follows: A smooth section σ : U → E is uniquely
determined by σ̃ : π−1(U)→ V such that σ̃(pg) = ρ(g−1)σ̃(p).
Then

DAσ̃ := d σ̃ + ρ∗(A)(σ̃) ∈ Ω1(P; V )

vanishes on vertical tangent vectors and descends to
∇σ ∈ Ω1(M; E ).

ρ∗ := deρ : g = TeG → End(V ) is an morphism of Lie algebras -
the representation of g induced by ρ.

The curvature of ∇ is given by

F∇ = ρ∗(FA).
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The natural projection π : P × V → E = P ×ρ V to the
G–quotient is smooth.

We have

T h
[p,v ]E = dp,vπ(T h

p P)

for the connection on P and its induced connection on E .
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The Quaternionic Hopf Bundle




