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The Quaternionic Hopf Bundle

Let

S7 := {A ∈ M(2;C) | Trace(AT A) = 2} ⊂ M(2;C) ∼= C4.

The Lie group SU(2) := {g ∈ M(2;C)|gT g = E2, det g = 1} is
acting on it (from the right) via A 7→ Ag and

S7/SU(2) ∼= S4

are diffeomorphic.

The quotient map S7 π→ S4 is a principal SU(2)–bundle.
(Exercise)

T h
p S7 := (Tpπ

−1([p]))⊥ defines a connection of the principal
SU(2)–bundle. (Exercise)



The Quaternionic Hopf Bundle

Let

S7 := {A ∈ M(2;C) | Trace(AT A) = 2} ⊂ M(2;C) ∼= C4.

The Lie group SU(2) := {g ∈ M(2;C)|gT g = E2, det g = 1} is
acting on it (from the right) via A 7→ Ag and

S7/SU(2) ∼= S4

are diffeomorphic.

The quotient map S7 π→ S4 is a principal SU(2)–bundle.
(Exercise)

T h
p S7 := (Tpπ

−1([p]))⊥ defines a connection of the principal
SU(2)–bundle. (Exercise)



The Quaternionic Hopf Bundle

Let

S7 := {A ∈ M(2;C) | Trace(AT A) = 2} ⊂ M(2;C) ∼= C4.

The Lie group SU(2) := {g ∈ M(2;C)|gT g = E2, det g = 1} is
acting on it (from the right) via A 7→ Ag and

S7/SU(2) ∼= S4

are diffeomorphic.

The quotient map S7 π→ S4 is a principal SU(2)–bundle.
(Exercise)

T h
p S7 := (Tpπ

−1([p]))⊥ defines a connection of the principal
SU(2)–bundle. (Exercise)



The Quaternionic Hopf Bundle

Let

S7 := {A ∈ M(2;C) | Trace(AT A) = 2} ⊂ M(2;C) ∼= C4.

The Lie group SU(2) := {g ∈ M(2;C)|gT g = E2, det g = 1} is
acting on it (from the right) via A 7→ Ag and

S7/SU(2) ∼= S4

are diffeomorphic.

The quotient map S7 π→ S4 is a principal SU(2)–bundle.
(Exercise)

T h
p S7 := (Tpπ

−1([p]))⊥ defines a connection of the principal
SU(2)–bundle. (Exercise)



The Quaternionic Hopf Bundle

Let

S7 := {A ∈ M(2;C) | Trace(AT A) = 2} ⊂ M(2;C) ∼= C4.

The Lie group SU(2) := {g ∈ M(2;C)|gT g = E2, det g = 1} is
acting on it (from the right) via A 7→ Ag and

S7/SU(2) ∼= S4

are diffeomorphic.

The quotient map S7 π→ S4 is a principal SU(2)–bundle.
(Exercise)

T h
p S7 := (Tpπ

−1([p]))⊥ defines a connection of the principal
SU(2)–bundle. (Exercise)



Chern Classes: Axioms

Definition 73: The (rational) Chern classes are a sequence
(ck)∞k=0 which assign to each complex vector bundle E π→ M over
a smooth manifold an element Ck(E ) ∈ H2k

DR(M) with c0(E ) = 1
for all E , which satisfies the following axioms:

(ii) For alle smooth f : M → N: ck(f ∗E ) = f ∗ck(E )
(ii) ck(E ⊕ F ) =

∑k
j=0 cj(E ) ∧ ck−j(F ).

(iii) For the tautological bundle H π→ CP1 we have

c(E ) = 1− [ω]

where ω ∈ Ω2(CP1) with ∫
CP1

ω = 1.

(iv) For k > rkC(E ) the class vanishes: ck(E ) = 0.
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Chern Classes: Axioms

Theorem 74: (1) The Chern classes exist and are uniquely
defined by the axioms.

(2) ck are integer valued. In particular for any complex bundle
E π→ M over a closed, oriented manifold M of dimension
dim M = 2k we have ∫

M
ck(E ) ∈ Z.

The Proof is omitted since it should be rather discussed in the
context of a lecture on Algebraic Topology or the Atiyah-Singer
index theorem.
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The Chern-Weil Construction

Let (E , h) π→ M be a complex vector bundle over a smooth
manifold, ∇ a complex connection. Then we define the
Chern-Weil forms ck(E ,∇) to be the coefficients

det
( it
2πF∇ + idE

)
= 1 + c1(E ,∇)t2 + c2(E ,∇)t4 + ...

Theorem 75: (1) The Chern forms are real closed forms
ck(E ,∇) ∈ Ω2k(M;R).

(2) The class ck(E ) := [ck(E ,∇)] ∈ H2k
DR(M;R) does not depend

on ∇.

(3) The sequence ck are the (rational) Chern classes, i.e. it satisfies
the axioms.
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The Chern-Weil Construction
Computation of the first Chern classes:

c1(E ,∇) = i
2πTraceF

∇.

and

c2(E ,∇) = 1
8π2 (Trace(F∇ ∧ F∇)− TraceF∇ ∧ TraceF∇)

Lemma 76: There is a sequence of homogeneous polynomials
(pk) of degree k with rational coefficients, such that

ck(E ,∇) = pk(s1, ..., sk)

where
s` = Trace

(
( i
2πF∇)`

)
where the `-th variable has degree ` and pk(0, 0, ..., 1) 6= 0.
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The Chern-Weil Construction
Lemma 77: We have for
α ∈ Ωk(M,End(E )), β ∈ Ω`(M; End(E )) that

d(Trace(α ∧ β) = Trace(Dα ∧ β + (−1)kα ∧ Dβ).



The Chern-Weil Construction
Applying Lemma 77 inductively we conclude

d(s`(E ,∇)) = Trace(DF∇ ∧ ... ∧ F∇ + ...F∇ ∧ ... ∧ DF∇) = 0.

Let ∇0,∇1 be two complex connections on E . Then

∇1 = ∇0 + α

for α ∈ Ω1(M; End(E )). Denote by ∇t = ∇0 + tα family of
connections t ∈ [0, 1]. Then F t = F 0 + tD0α + t2/2[α, α].

dF t

dt = D0α + [tα, α] = Dtα.

Hence
d
dt s`(E ,∇t) = Trace(Dtα ∧ F t ... ∧ F t + ...)

= d(Trace(α ∧ F t ∧ ... ∧ F t + ...)).
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The Chern-Weil Construction
We obtain

s`(E ,∇1)− s`(E ,∇0) = d
( ∫ 1

0
Trace(α ∧ F t ∧ ... ∧ F t + ...)

)
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