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Bonnet's Theorem

Theorem 90: Assume that (M, g) is a complete connected
Riemannian manifold for which the sectional curvature satisfies

1
K>

Then the diameter of M is bounded by

diam(M, g) < 7R.

In particular, M is compact and its fundamental group is finite.



Proof of Bonnet's Theorem

Consider a geodesic 7 : [0, L] — M. Let X be vector field along ~,
X L4 and V4X = 0. Define Y(t) := sin(rt/L)X Then
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Let L > 7R. Then K > 1/R? implies hat I(Y,Y)<O.



Proof of Bonnet's Theorem

Consider a geodesic 7 : [0, L] — M. Let X be vector field along ~,
X L 4 and V45X = 0. Define Y(t) :=sin(nt/L). Then

L
Y, Y) == [ e(Y. VY + R(Y.4)3)dt
0

= [ sin(e /02212 - g(ROX A X))

Let L > 7R. Then K > 1/R? implies hat I(Y,Y)<O.

Assume  has no conjugate points. Then the unique Jacobi field J
with Z(0) = Y(0) =0 andJ(L) =Y(L)=0 (i.e. J=0) would
satisty

0=1(J,J)<I(Y,Y)<O0

giving a contradiction.



Proof of Bonnet's Theorem

Consider a geodesic 7 : [0, L] — M. Let X be vector field along ~,
X L 4 and V45X = 0. Define Y(t) :=sin(nt/L). Then

L
Y, Y) == [ e(Y. VY + R(Y.4)3)dt
0

= [ sin(e /02212 - g(ROX A X))

Let L > 7R. Then K > 1/R? implies hat I(Y,Y)<O.
Assume  has no conjugate points. Then the unique Jacobi field J
with Z(0) = Y(0) =0 and Z(L) = Y(L) =0 (i.e. J =0) would
satisfy

0=1(J,J)<I(Y,Y)<0
giving a contradiction.

Hence ~ has conjugate points and is not minimal. [J
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Symplectic Manifolds
Definition 92: Let M be a smooth manifold (without boundary,
but not necessarily compact). A symplectic structure of

symplectic form on M is a closed, non-degenerate 2-form
w € Q3(M), i.e. dw =0 and forall pe M

XeTyMe Xawe TiM

is an isomorphism.
Lemma 93 : From the existence of a symplectic structure follows:
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but not necessarily compact). A symplectic structure of

symplectic form on M is a closed, non-degenerate 2-form
w € Q3(M), i.e. dw =0 and forall pe M
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is an isomorphism.
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Symplectic Manifolds
Definition 92: Let M be a smooth manifold (without boundary,
but not necessarily compact). A symplectic structure of
symplectic form on M is a closed, non-degenerate 2-form
w € Q3(M), i.e. dw =0 and forall pe M

XeTyMe Xawe TiM

is an isomorphism.
Lemma 93 : From the existence of a symplectic structure follows:

(1) The non-degeneracy implies that dim M = 2n is even.
(2) It is equivalent to

W=wA..ANw#0

is a volume form. In particular, M has to be oriented.
(3) If M is a closed manifold, then

by(M) := dim H35(M) > 1.



Symplectic Manifolds
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Examples
(1) R2" = T*R" = C™: The standard symplectic structure is given
by

n
Wst = Z dx><1 A dxk.
k=1



Examples
(1) R2" = T*R" = C™: The standard symplectic structure is given
by
n
Wet = Z dx®kL A dx?k,
k=1
With standard coordinates (xi, ..., x,) on R"” and adapted
coordinates (p1, ..., Pn, g1, -.., gn) Where

n
(pl7 ) qn) = e(pl,...7qn) = (q17 -+ qn, Z pkqu)
k=1

parametrizes T*R” so that with the projection 7 : T*R"” — R”

7r(9(p1, ceey qn)) = (CII, ceey qn)
and for the cordinate vector fields

0

aT,k) = p*(p1, -, Gn) = Pk

9<p1,...,qn)(



Examples
The identification is given by

(P1, P2, s Py Q1, G2 oy Gn) = (X1, X3, ...y X2n—1, X2, X4, ..., X2p) and
the symplectic form

n
wee = Y _ dp* A dgk = db.
k=1
0 is called the tautological form on T*R".
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Examples
The identification is given by

(P1, P2, s Py Q1, G2 oy Gn) = (X1, X3, ...y X2n—1, X2, X4, ..., X2p) and
the symplectic form

n
wee = Y _ dp* A dgk = db.
k=1
0 is called the tautological form on T*R". In complex
coordinates Zx = X, + iYx and the identification

(X1, X2, ooy Xon—1, X2n) — (X1 +iX2, ..., Xop—1 + iX2p)
the symplectic form can be described as
..n
_ ! k A dZk
wet = 5 Y dZ NdZK.
k=1
Notice Im

wee = PE((.))

for the standard Hermitian product on C" =2 T,C”", i.e. the Kdhler
form.



Examples

(2) Let A € Q(S2™+1;iR) be the connection one form on the total
space of the Hopf bundle $2"t1 — CP" where the connection is
given by the horizontal spaces T/S?"*1 which are the orthogonal
complements to the orbits of the S!-action

(z1y.0yZnt1) - & = (218, s Znt+18)-
The curvature F4 € Q?(CP™;iR) defines the symplectic form

wrs = —iFa,

called Fubini Study form.
(3) Let F be an oriented surface. Any area form on F defines a

symplectic structure on F. 4:9,[': 0 yp Srees . F=2



Cotangent Bundles

Let Q be a smooth n-dimensional manifold. The tautological one
form 0 € Q}(T*Q) is defined via

0u(X) = 0t of (AT (X))
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Let Q be a smooth n-dimensional manifold. The tautological one
form 0 € Q}(T*Q) is defined via
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Here 7 : T#— M is the (smooth) projection, a € T, M for some
pe Mand X e T,(T*M). Then dym(X) € T,M and the
expression on the right hand side makes sense.



Cotangent Bundles
Let Q be a smooth n-dimensional manifold. The tautological one
form 0 € Q}(T*Q) is defined via

00 (X) = a(da(X)).

Here m: T* — M is the (smooth) projection, a € T, M for some
pe Mand X e T,(T*M). Then dym(X) € T,M and the
expression on the right hand side makes sense.

Proposition 94: 0 is smooth and df € Q2(T*M) is a symplectic
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Cotangent Bundles

Let Q be a smooth n-dimensional manifold. The tautological one
form 0 € Q}(T*Q) is defined via

00 (X) = a(da(X)).

Here m: T* — M is the (smooth) projection, a € T, M for some
pe Mand X e T,(T*M). Then dym(X) € T,M and the
expression on the right hand side makes sense.

Proposition 94: 0 is smooth and df € Q2(T*M) is a symplectic
form on T*M.

Proof-



Cotangent Bundles
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Definition 95: A map ¢ : M; — M, between two symplectic
manifolds (My,wk), k = 1,2 is called a symplectomorphism if
Prwr = wi.
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Symplectomorphisms

Definition 95: A map ¢ : M; — M, between two symplectic
manifolds (My,wk), k = 1,2 is called a symplectomorphism if
Prwr = wi.

Remark: Notice that it follows dim M; < dim M,. The typical
situation is that they are equal and ¢ is a diffeomorphism or at
least an embedding (in the case that M; is not compact).
Examples: (1) Orientation-preserving euclidean isometries of R?"
are symplectomorphisms

(2) Area-preserving diffeomorphism of oriented surfaces are
symplectomorphisms. In particular, a linaer map A: R? - R? is a
symplectomorphism if and only if det A = 1.

(3) Let g : M — N be a diffeomorphism (dim M = dim N). Then
w: T*N — T*M given by

P; a € TyN = (dg-1(p)8)"a € Ty, )M

is a symplectomorphism.



Hamiltonian Dynamics
Definition 96: A Hamiltonian system is a tripel (M,w, H)
where (M, w) is a symplectic manifold, and H: M xR — R is a
smooth function. If H: M — R i.e. independent on teh second
R-component, the system is called autonomous. H defines a
R-dependent vector field Xy on M via

wP(XH(pv t)’ Y) = - P,tH(Y)

forall p€ M and Y € T,M, which is called Hamiltonian vector

field, or with H; = H(.,t) : M — R in short X(/ b"‘r«’? ,ﬁg‘wg{
w(Xn,,.) = —dH. cv poter ey, od
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Definition 96: A Hamiltonian system is a tripel (M,w, H)
where (M, w) is a symplectic manifold, and H: M xR — R is a
smooth function. If H: M — R i.e. independent on teh second
R-component, the system is called autonomous. H defines a
R-dependent vector field Xy on M via

wP(XH(pv t)’ Y) = - P,tH(Y)

forall p€ M and Y € T,M, which is called Hamiltonian vector
field, or with H; = H(.,t) : M — R in short

w(Xp,,.) = —dHy.

The state of the system is a point x € M, its dynamics are the
flow-lines v : | — M of Xy:

;Y:XH(FY(t)vt) é‘ 7;4) /17



Hamiltonian Dynamics
Definition 96: A Hamiltonian system is a tripel (M,w, H)
where (M, w) is a symplectic manifold, and H: M xR — R is a
smooth function. If H: M — R i.e. independent on teh second
R-component, the system is called autonomous. H defines a
R-dependent vector field Xy on M via

wP(XH(pv t)’ Y) = - P,tH(Y)

forall p€ M and Y € T,M, which is called Hamiltonian vector
field, or with H; = H(.,t) : M — R in short

w(Xp,,.) = —dHy.

The state of the system is a point x € M, its dynamics are the
flow-lines v : | — M of Xy:

7= Xn(1(1), t)

H is sometimes called Hamiltonian function — although it is still
just an ordinary function.



Conservative Newtonian Mechanics

The sign on the right hand side varies between different authors.
Our choice will be justified by the following example.



Conservative Newtonian Mechanics
The sign on the right hand side varies between different authors.
Our choice will be justified by the following example.

Let U:Q x R C R¥R> R be the potential of a force field, i.e. the
force acting on a point mass with mass m is given by

F=-VU.

where derivatives are taken in space direction only. The point mass
will move along curves x : | — R3 which satisfy Newton's
equations of motion:

Cﬁ%a) #) mﬂ0=ﬂﬂﬂﬂ¢;%£vuuuyﬂ
Consider (T*R3, df, H) with H : T*R3 x R — R given by

Hipa) = ol + U(g) 4 P° Ao



Conservative Newtonian Mechanics

The sign on the right hand side varies between different authors.
Our choice will be justified by the following example.

Let U:Q x R C R3 — R be the potential of a force field, i.e. the
force acting on a point mass with mass m is given by

F=-VU.

where derivatives are taken in space direction only. The point mass
will move along curves x : | — R3 which satisfy Newton's
equations of motion:

mx(t) = F(x(t),t) = =VU(x(t), t)
Consider (T*R3,d0, H) with H: T*R® x R — R given by

1
H(p. q) == o—llpl* + U(a)-

The first summand is the kinetic energy the second the potential
energy, H the total energy of the system.



Conservative Newtonian Mechanics
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Conservative Newtonian Mechanics

We compute
1 ou
dH = = prdp* +Y ——dq*

and therefore

1 9 au 9
Xu(p,q,t) = = S pk .
H(p,q.t) mZk:p Ja. Zk:@qké?pk



Conservative Newtonian Mechanics

We compute

dH = lzpkdpk +> 8—qu’<

m= - O
and therefore
0 ou 9
Xu( —_—— .
(Pt Xk: 00~ 2= 0ax e

With y(t) = (p(t), g(t)) we find

gk(t) = %Pk(t) pi(t) = v

Oqx



Conservative Newtonian Mechanics

We compute

1 ou
dH = = prdp* +Y ——dq*
m;p p gaqkq

and therefore

0 au o
Xu(p; q; eyl
(p.q, Xk: i zk:aqkapk
With y(t) = (p(t), g(t)) we find
R B 1
a(t) = —pu(t)  pi(t) = 90

and with g(t) = x(t), p(t) = mx(t) we obtain Newton's equation
again.



Conservation Laws

Proposition 97: (1) Conservation of energy: In an
autonomous Hamiltonian system (M, w, H) flow lines lie
completely in level sets of H.



Conservation Laws

Proposition 97: (1) Conservation of energy: In an
autonomous Hamiltonian system (M, w, H) flow lines lie
completely in level sets of H.

(2) Conservation of the symplectic structure: Consider a
general Hamiltonian system (M,w, H). Let
®:Ux(tg—e€,tg+€) — M be a smooth map for an open subset
U C M satisfying ®(tp, x) = x for all x € U and

o®
ot

also called the flow of Xp. We abbreviate ®.(X) := ®(x, t). Then
®; : U — M is an embedding and

(x,t) = Xp(P(x,t),t)

Piw = w.



Conservation Laws
(3) Transformation under symplectomorphisms: Let
¢ (M1,w1) = (M2, wy) be a symplectomorphism. Let
H: My x R — R be a smooth function on M>. Then for the
Hamiltonian vector fields of H and Ho ¢

(2 (XHOLp) = XH.



Conservation Laws

(3) Transformation under symplectomorphisms: Let

¢ (M1,w1) = (M2, wy) be a symplectomorphism. Let

H: My x R — R be a smooth function on M>. Then for the
Hamiltonian vector fields of H and Ho ¢

(2 (XHOLp) = XH.

Proof-:
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Isotropic, Coisotropic and Lagrangian Immersions
For a symplectic vector space (V,w) and a subspace U C V we
define
Ann,(U) :={ve V]|w(v,u)=0 VYue U}
Definition 98: Let (M,w) be a symplectic manifold, ¢ : N — M
an immersion of a manifold N. ¢ is called
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Isotropic, Coisotropic and Lagrangian Immersions
For a symplectic vector space (V,w) and a subspace U C V we
define
Ann,(U) :={ve V]|w(v,u)=0 VYue U}
Definition 98: Let (M,w) be a symplectic manifold, ¢ : N — M
an immersion of a manifold N. ¢ is called

isotropic, if for all p € N 1,(TpN) C Anny,, (¢+(TpN))

p)

coisotropic if for all p € N 1,.(TpN) D Anng, ., (t+(TpN))

p)
Lagrangian if isotropic and coisotropic.

Notice: If ¢ is isotropic, then dim N < %dim M, coisotropic, then
dim N > %dim M. Hence, if ¢ is Lagrangian, then
dim N = 5dim M.
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Examples: (1) If dim N =0 or 1, then ¢ is isotropic. If
dim N = n—1 or n, ¢ is coisotropic.



Isotropic, Coisotropic and Lagrangian Immersions
Examples: (1) If dim N =0 or 1, then ¢ is isotropic. If
dim N = n—1 or n, ¢ is coisotropic. Hence, regular curves in
oriented surfaces are Lagrangian.
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dim N = n—1 or n, ¢ is coisotropic. Hence, regular curves in
oriented surfaces are Lagrangian.
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(3) The zero section and every fibre in T*M are Lagrangian
submanifolds. If o € QY(Q) then its graph

Mo :={a(q) € T;Q| g€ Q} C T*Q is Lagrangian if and only if
da = 0.



Isotropic, Coisotropic and Lagrangian Immersions
Examples: (1) If dim N =0 or 1, then ¢ is isotropic. If
dim N = n—1 or n, ¢ is coisotropic. Hence, regular curves in
oriented surfaces are Lagrangian.
(2) R" x {0}, {0} x R" C R?" are Lagrangian submanifolds.
(3) The zero section and every fibre in T*M are Lagrangian
submanifolds. If o € Q1(Q) then its graph
Mo :={a(q) € T;Q| g€ Q} C T*Q is Lagrangian if and only if
da = 0.
(4) Let ¢ : (M1,w1) — (M2,w2) be a symplectomorphism
(dim My = dim My). Then the graph

Mo = {(x,0(x)) | x € M1} C My x My

is a Lagrangian submanifold where the symplectic structure on
My x M, is given by

W= MWl — THwi.



