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Differential Forms on Manifolds

Definition 16: Let M be a differentiable manifold of dimension n.
A differential k—form is a family o = {a, € /\k(T;‘I\/I)}peM which
satisfies the following condition w.r.t. any parametrization

p:VCR"— UC M: Let {%}i be the coordinate vector fields

on & coordinate neighbourhood, {dx{;}j the dual basis
w.r.t. {%(p)}; C TpM. Then the uniquely determined functions

aj:U—TRin
aly = > adx™ A dx A LA dxk
I={1<h<ip<..<i<n} =

are smooth.
The set of differential k—forms on M is denoted by Q%(M).
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Remark: If the coefficients oy are smooth around p with respect to

one coordinate, then they are smooth w.r.t. any other.

Chawt

Proof: Notice that dx/ = d,(¢~')*e’ where {e'} is the standard

dual basis of (R")*, correspondigly for exterior forms. Varying p we

denote the result by

o= > a,g’&l ANdx2 A Adxe. —
I={1<i<i<..<ix<n}

where we wrote dx’ instead of {e'} as explained before and
understand that «a; is the composition of the original «; : U — R
with ¢.



Differential Forms on Manifolds

let p: VCR" s UCMand 3: VCR"— UC M be two
parametrizations of some open neighbourhood U. Denote by
F : V — V the composition F := o1 o @. Fromai Ko fesp

Then

Fa=F(¢"a) |

Now, puII—backs/¥ia smooth maps preserve smoothness.




Wedge—Product, Inner Product, Pull-Back

(1) Given differential forms a € QX(M), 3 € QY(M) we define the
wedge—product a A B € QKH(M) via (a A B)p 1= ap A Bp.

(2) Given a differential form a € Q*(M) and a smooth vector field
X on M we define the inner product P(_noz)e QY(M). g
(K MJ? i= X?,,;M?
(2) Let F: M — N be a smooth map between manifolds,
a € QK(N) a differential k—form. Then the pull-back o
Fra € 95(M) is defined to be (F*a), = (dpF)"ceyy 4F 51T, N

(Check the condition of Definition 16 in all three cases).



Exterior Derivative

Definition 17: Let o € QX(M). The exterior derivative
da € QKHL(M) is the differential (k + 1)—form such that (da), is
defined as follows: in a coordinate chart (U, ¢, V) around p

do = (1) (d(¢"a) el=u

Lemma 18: The definition of (da), does not depend on the
choice of coordinates around p.



Proof of Lemma 18

let: VCR" s UCMand 3: VCR" = UC M be two
parametrizations of some open neighbourhood U. Denote by

F : V — V the composition F := ¢! o 3. Recall from previous
proof, that with respect to corresponding coordinates

L~
Fa=F(pa) €)
hence using d o F* = F* o d on differential forms on R”

= (@) (d(g"a) = (g7 (d(F*(¢"a))
= (g F(d(¢"a))
(Fog ) (d(¢*a))

= (¢ ) (d(¢*a). O
E)ML Oue com D"‘}J«—\ Ae. ek dnalin  aal Mcﬂ’w%o‘ﬂ

g ho G o A (. X))z X/(ciél(;/))&j, 4«3(,3(¢(X"k5’ )
i l—/ by 1



De-Rham Cohomology of Manifolds « d:4= © (
N

We define the sets of k—cocycles

ZK(M):={aeQX(M) | da=0}, <—
to consist of closed k—forms, coboundaries,

BY(M) = {dB | p e @ I(M)}, <

to consist of exact k—forms and the k-th de Rham cohomology
of M to be the quotient

Hpr(M) = ZX(M)/B*(M). <

There is an analogous version of Theorem 15.



