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For two vectorbundles E, F over a manifold M we denote by
Hom(E,F):=E*® F

the bundle of fibrewise homomorphism between them.
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the bundle of fibrewise homomorphism between them.
The fibre is given by

Hom(E, F), := Hom(E,, F,) = E; @ Fp.
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The Covariant Derivative
Let Let E 5 M be a smooth vector bundle over a manifold M.

Definition 49: A covariant derivative or connection, V,
assigns to a smooth section o0 : M — E and a tangent vector

X € TyM a vector Vxo € E, = 7~ 1 such that for all smooth
sections 0,7 : M — E and functions f : M — R, tangent vectors
X,YeT,Mand A€ R

(i) Vxiayo =Vxo+ AVyo
= (i) Vx(oc+ 1) =Vx0+ Vyo
(iii) Vx(fo) = X(f)o(p) + f(p)Vxo (Leibniz' rule)
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The Covariant Derivative
Let Let E 5 M be a smooth vector bundle over a manifold M.

Definition 49: A covariant derivative or connection, V,
assigns to a smooth section o0 : M — E and a tangent vector

X € TyM a vector Vxo € E, = 7~ 1 such that for all smooth
sections 0,7 : M — E and functions f : M — R, tangent vectors
X,YeT,Mand A€ R

(i) Vxiayo =Vxo+ AVyo
(i) Vx(oc +7) = Vxo + Vyo
(iii) Vx(fo) = X(f)o(p) + f(p)Vxo (Leibniz' rule)

Moreover, if X is smooth vector field on M, then V xo is a smooth
section.

A section 0 : M — E satisfying Vo = 0 is called parallel section.
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Examples: (1) If E = M x R, i.e. the trivial bundle, a M s Rk
smooth defines a section and X € T,M:

Vxo = X(o) = (do(X))iy

defines the trivial connection on E.
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The Covariant Derivative

Examples: (1) If E= M x Rk i.e. the trivial bundle, o : M — R
smooth defines a section and X € T,M:

Vxo = X(0) = (doj(X))}s
defines the trivial connection on E.
(2) Any A € QY(M, M(n;R)) by

Vo = X(0) + A(X)(a(p))
defines a connection on the trivial bundle E.

(3) A connection V on the tangent bundle TM of a smooth
manifold M is called an affine connection. If M is a Riemannian
manifold and V metric and torsion free, then it is the uniquely
determined Levi Civita connection.



Induced Covariant Derivatives

Lemma 50: (1) Let V be a connection on the vector bundle
E 5 M over a manifold M. It induces a unique connection on the
. o E‘/ E
dual E* via (l/l_—f,> UE" s
* 77N e
(on)}a(l?)) = X(a(0)) = ap(Vx0)

for any smooth sectiona: M — E*, 0 : M — E, p € M and
X e TpM.




Induced Covariant Derivatives

Lemma 50: (1) Let V be a connection on the vector bundle

E 5 M over a manifold M. It induces a unique connection on the
dual E* via

Vxa(a(p)) := X(a(o)) — ap(Vxo)
for any smooth sectiona: M — E*, 0 : M — E, p € M and
X e TpM.

(2) Let V¥ be connections on the vector bundles £, ™% M
(k =1,2). They induce a unique connection V¥ on E; & E, by

Vi(o1,02) = (Vxo1, Vi02)

for any smooth sections oy : M — Ei, k =1,2



Induced Covariant Derivatives

Lemma 50: (1) Let V be a connection on the vector bundle

E 5 M over a manifold M. It induces a unique connection on the
dual E* via

Vxa(a(p)) := X(a(0)) — ap(Vxa) =

for any smooth sectiona: M — E*, 0 : M — E, p € M and
X e TpM.

(2) Let V¥ be connections on the vector bundles £, =% M
(k =1,2). They induce a unique connection V¥ on E; & E, by

V& (o1,02) = (Vxo1, V402)

for any smooth sections oy : M — Ei, k =1,2

(3) They induce also a unique connection V€ on E; ® E via

V01 ® 02) = (V1) ® 02(p) + 01(p) ® (Vi02).
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Let E = B be a smooth fibre bundle with fibre F, 0 : B — E a
section.
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Splittings of TE

Let E = B be a smooth fibre bundle with fibre F, 0 : B — E a
section.

There is a natural splitting

TpyB® To(b)F = To(b)E
(X, V) = dpo(X) + V.

A vector bundle E 5 M admits a canonical section, the zero
section.



Splittings of TE

Let E = B be a smooth fibre bundle with fibre F, 0 : B — E a
section.

There is a natural splitting

TpyB ® Ta(b)F = To(b)E

(Xa V) = de(
o‘]ﬂ_ > 7
T(s)
A vector bundle E = M admits a canonical section, the zero

section. -
dgm = ' T

Thus for pe M p. ) ()/JP )
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The Connection 1-Form

Definition 51: Let V be a connection on a vector bundle

E 5 M of rank k, ® : 771(U) — U x R¥ a smooth trivialization,
U C M, open. Then

A= q>ovoq> € Ql(U, M(k, R)).
:e /4()() 6 V

A is called the connection l—form of V w.r.t. the tr|V|aI|zat|on d.
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The Connection 1-Form

Definition 51: Let V be a connection on a vector bundle
E 5 M of rank k, ® : 771(U) — U x R¥ a smooth trivialization,
U C M, open. Then _ al)

be7od! dA;{:@DoVod)_lte(U,M(k,R)).
° = 0+

A is called the connection 1-form of V w.r.t. the trivialization ®.

Given a section o : U — E we have £f1(4 R) g@‘g
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The Connection 1-Form
Lemma 52: Given another trivialization WV : 77_]1(/7‘—> V x RX, and

Vod~l:(UNV)xRK— (UNV)xRK given by the transition
function g: UNV — G/(A‘, R), Wod~1(p,v) = (p,g(p)v).



The Connection 1-Form

Lemma 52: Given another trivialization W : 77! — V x RX, and
Vod~l:(UNV)xRK— (UNV) xRk given by the transition
function g : UNV — GI(mR), Vo d~1(p,v) = (p,g(p)v).

Then for the two connection 1-forms A¢ and Ay we have

Ao =g tdg +g tAug.



The Connection 1-Form
Lemma 52: Given another trivialization W : 77! — V x RX, and
Vool (UNV)xR—= (UNV) xRk given by the transition
function g: UNV — GI(m;R), Vo d~1(p,v) = (p,g(p)v).

Then for the two connection 1-forms A¢ and Ay we have

Ao =g 'dg + g Avg. )
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Pull-Backs

Denote by (E, V) a vector bundle of rank k over a manifold M
equipped with a connection V. Let g : P — M be a smooth map
between manifolds (with boundary).



Pull-Backs

Denote by (E, V) a vector bundle of rank k over a manifold M
equipped with a connection V. Let g : P — M be a smooth map
between manifolds (with boundary).

Definition 53: (1) The pull back, g*E, of the bundle E is the

vector bundle
g'E= H Eg(p)
peP

where a trivialization ® : 771(U) — U x R of E over U C M

induces a trivialization ®, : g71(71(U)) — g7 1(U) x R¥ via
dg(e) = (p, prrx®(e))

for e € (g%E)p.



Pull-Backs

Denote by (E, V) a vector bundle of rank k over a manifold M
equipped with a connection V. Let g : P — M be a smooth map
between manifolds (with boundary).

Definition 53: (1) The pull back, g*E, of the bundle E is the

vector bundle
g'E= H Eg(p)
peP

where a trivialization ® : 771(U) — U x R of E over U C M

induces a trivialization ®, : g71(71(U)) — g7 1(U) x R¥ via
dg(e) = (p, prrx®(e))

for e € (g%E)p.

(2) The pull back, V&, of the connection V is given w.r.t. the
trivialization by the connection 1-form

A% = g"Ao.
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q =(b).



Parallel Transport

V¥ is well-defined, i.e. independent of the local trivialization ¢ of
E.

Let 7 : [a, b] — M be a smooth curve connecting p = y(a) and
q =(b).

Proposition 54: For any v € E, there is a unique section
o :[a, b] = ~v*E, with o(a) = v which is parallel:

Ve =0.
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