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1 Introduction

This talk will cover two topics.

Firstly T will show that a certain stochastic control problem is connecte to a
LBSDE. From that one can derive properties of the solution to the control
problem.

Secondly I will show, that Convex BSDEs, i.e. BSDEs with convex standard
generator f, can be computed as the supremum of certain linear BSDEs, for
which we already know how to compute the solution.

2 Review

In the previous talk the following results was derived.

Theorem 2.1 (Linear BSDE). Let (5,7) be a bounded (R,R™)-valued pre-
dictable process, ¢ € H2(R) and ¢ € LA(R). Then the LBSDE

—dYy = (¢ + YiB + Zyi)dt — Z7 AW, Yr=¢

has a unique solution (Y, Z) in HQTﬂ(]R) X H%ﬂ(R") and Yy is given by

T
Y, = E[grfT+/ [iuds| F] Pas.

t

where T' is the adjoint process defined for s >t by the (forward) LSDE
dlt =T[Bsds + yEdWy), =1

Theorem 2.2 (Comparison Theorem). Let (f1,&) and (f?,£2) be standard
parameters of BSDEs with corresponding square-integrable solutions (Y, Z1)
and (Y?2,2?). Suppose that

& >¢2 Pas.
A Y2 22 — ALY, Z2) >0 dP xdt as.

Then we have almost surely

Y >Y? vie[0,T]

3 Stochastic Control

Consider the following stochastic control problem.

Let U := {u: Q2x[0,T] — U : uis predictable } be the set of feasible controls,
where U is a Polish space. Let {H"}, ey be a family of processes, defined via
the the SDEs
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where d(t, ) and n(t, u) are predictable processes (for fixed «) uniformly bounded
by 6; and p; respectively.

The problem is to minimize, over all feasible controls, the objective function
T
J(u) == E[/ H'k(t,us)dt + Hp K (ur))
0

where

e K (-, ur) is the terminal condition, where K (w, u) is assumed to be measur-
able with repect to Fr x B(U) and bounded by a square-integrable variable

X

e k(-,t,us) is the running cost associated with the control process u, where
k(w, t, u) is assumed to be measurable with respect to P x B(I/) and bounded
by a square-integrable process (k¢ : t € [0,7T])

e ), 1,k and y are supposed to be bounded

I will now show, that the solution of this problem is connected to solving a
LBSDE.

With
fu(ta Y, Z) = k(t7 U't) + d(ta uf)y + n(t7 U't)*z gu = K(UT)

we can see that for the process (Y, Z%) that solves the LBSDE (f*,£%):
J(u) =Yg

by Theorem (2.1). H" corresponds to the adjoint process associated with
(Yv, Z%).
Now, to minimize the objective function, the follwing theorem is central.
Theorem. (Verification Theorem) The parameters (f,&) defined by

f(t,y, z) :==essinf{f"(t,y,2) : u €U}, & = essinf{&" : u € U}

are standard parameters. Let (Y, Z) be the solution of the BSDE associated with
terminal condition &. Then:

Y s the value function Y* of the control problem; that is for each
te0,T]
Y, =Y =essinf{V :ue U}

For the proof, we are going to need the following

Lemma. Let (f,€) and (f*,£%) be a family of standard parameters and let
(X,Y) and (X*,Y?) be the solution of associated BSDEs. Suppose that

e the generators f¢ are equi-Lipschitz with the same constant C, i.e. dP xdt a.s.:

Vo [f*(w, t,y1,21) — fH(w, t,y2, 22)| < C(lyr — ya| + |21 — 22])
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e for each € > 0, there exists a control af s.t.
f(t,Ys, Zy) = essinf fo(t, Yy, Z) > [ (t,Ys, Z) —e dPxdt a.s. (1)

E=essinf€® > ¢ —¢ P as.

Then
Y, =essinf V2Vt € 1[0,7], P a.s.

Proof Of The Lemma. Let € > 0 be given, fix an af as given by the assumptions.
Letd=n=1,ie. Y:Qx[0,7] = Rand Z:Q x [0,T] — R. Define

oY, =Y, — v~
62y = Zy — 2
Then
—doY, = —dY; — (—dY>")
=[f(t,Ye, Z) — f* (6, Y, 200 dt — [Z — Z0°)dW,
= [f(t,Ye, Ze) — [ (4, Y, Ze) + [ (8, Y, Ze) — FO (4, Y0, Z0°) + £ (6, Ve, Z027) — [ (4, Y, Z0°))dt

— 2 — 22" )aw,
= (¢t + Br0Yy + W0 Zy)dt — § ZdW
§Yp=¢—¢

where

b= f(t, Y, Ze) — £ (8, Y2, Z4)
— fag(thtaZ;,f) - fae(tvy;,aethaE)

By 5Y,
— fag (tvyta Zt) — fae (t,Y}, Ztae)
e 37,

Since f is Lipschitz, 3,7 are bounded. Also, ¢ is in H2. Therefore we have a
LBSDE as in Theorem (2.1). We derive, that

T
(5}/,5 = E[/ Pt,SQSSdS + Ft,T5YT| .f]
t

where I'; . is the adjoint process of the above LBSDE, i.e. it solves the following
SDE
drt,s = Pt,s[ﬁSdS + ’ytdWS], Pt,t =1

Hence, we have
() T () oT
0> oY, > —eE[/ Tyods +Tor| Fl S —e(T +1)e
‘ t

Where (x) follows from (1).



3 STOCHASTIC CONTROL 4

For (xx) we consider only the case t = 0, the general case is similar. Firstly, the
SDE for I's := Iy, has an explicit solution:

S 1 s
Fs = eXP[/ (6@ - 571))dv +/ fYUdVVv]
0 0

Hence we see, that I'; is (a.s.) positive. Hence Vs € [0, 7]
0<E[l]=1+ E[/ Ty Bydv] + E[/ Ty ywdWy)
0 0

14 / E[Ty]dv <1+ / E[T,]Cdv
0 0

Where C' is the Lipschitz constant of the family f©°.

Also, E[T'y] is continuous in s. Indeed, because I's has a.s. continuous paths
[see [1] Theorem 5.2.9]

Iy —f> I'y a.s.
Now, by Burkholder-Davis-Gundy inequality [see [1] Theorem 3.3.28]
E[( sup Ty)*] < KE[(T)]

0<v<t

and
t
BI)) = B[ T30
0
t t t
:/ E[I2p%]dv g/ E[Ff,c?]dvg/ DePVC?dv < oo
0 0 0

Where the last inequality follows for some D > 0 from the bound on the L2-
norm of solutions to SDEs with Lipschitz coefficients [see [1] Theorem 5.2.9]. So
SUPg<,<t L'y 18 square-integrable (hence integrable) and majorizes all I';. Hence
by dominated convergence:

E[l's] — E[I'Y]

s—t

Hence, Gronwalls Lemma yields
0<E[l,] <1+ C/ exp(C(s —v))dv = exp(C's)
0

And therefore, (xx) is ok. O

Remark. As pointed out to me by Professor Becherer, there is a much easier
way to proof the last inequality:

t

t 1
I, = exp(/ [Bs — 5’}/8]d8 +/ vsdW's)
0 0

t
1
< exp(Ct) exp( / YsdWs — 57sds)
0

The second multiplicand is a martingale, hence we get

E[T'y] < exp(Ct)
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We can now derive the Verification Theorem.

Proof of the Verification Theorem. Without proof (which only deals with mea-
surability concerns), I assume that:

e f as defined in the statement is indeed a standard parameter
Now

e for every e > 0 there exists a feasible control u¢ s.t.
f@t, Yy, Zy) = essinf f“(¢,Y:, Z¢) > f“g (t,Y:,Z;) —¢, dPxdt a.s.
€ =essinfe* > ¥ —¢ a.s.
Let € > 0 be given. For (w,t) € Q x [0,T) fixed, the sets
{we R F(tYilw), Zu(w)) = k(t, w,u) + d(t, w, u)i(w)
+n(t,w,u)Zy(w) — e}
{u eR: &(w) > K(w,u)—c}

are nonempty. Since Y and Z are predictable, a measurable selection theorem
[see ([2]) Theorem II1.44/45] yields that there exists a R-valued predictable
process u® s.t.

f(t,Ys, Zy) = essinf fU(t, Y, Z¢) > [ (4,3, Z4) — e dP@dt a.s.

£ =essinfe* > ¢ —¢

Now, the statement follows from the preceding Lemma. [l

4 Convex BSDE as Supremum

Let f(t,y,z) be a standard generator of a BSDE convex w.r.t. (y,z) and let
F(t,B,7) be the polar process associated with f:

F(wvtaﬂa’}/) = inf [f(w,t,y,z) _6y_fyz]
(y,2)ER X R

Its effective domain is
DLoi={(w, 1,8,y € Q2 x[0,T] x RxR : F(w,t,3,7) > —oc}
And we have
flw,t,y,z) = sup{F(w,t,5,7) + By + 7z : (8,7) € D}

Now let
FP(ty, 2) == F(t, B, ) + By + ez
where (3,7) are predictable processes.

For these to be standard generators, we can only allow processes belonging to

T
A={(8,7) €eP: E/O F(t, By, ) dt < +o0}
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Lemma. There exists an (3,7) € A s.t.

F&,Y, Zy) = [P Y, Zy),  dP xdt a.s.

Proof. f is uniformly Lipschitz and concave, hence the supremum in the conju-
gacy relation is actually achieved (for fixed (w,t)).

f(,Y,Z), Y and Z are predictable processes, hence by a measurable selection
theorem [see ([2]) Theorem I11.44/45] it follows, that there exists a pair of pre-
dictable (bounded) processes (3, 7) s.t.

f(t,Y:, Z) = fP(t,Y:, Zy), dP xdt a.s.

By assumption f(:, Y}, Z;), Z and Y are square integrable and B, 7 are bounded.
Hence F(-, 3,7) belongs to H%l.

Hence, the pair (3,7) which achieves the infimum in the conjugacy relation,
belongs to A. O

It follows

Theorem. Let f be a convex standard generator and fB’;Y be the associated
linear standard generators, with

f= esssup{fﬁﬁ :(B,y) € A}, dP xdt a.s.

Then P-a.s.
Y; = esssup{Y;"" : (3,7) € A}

Proof. e Because of the Comparison Theorem we have for every (3,7): ¥; >
V>, Hence Y; > esssup{Y;""}.

e From the uniqueness theorem of BSDEs we have that Y; = YtB 7. Hence
esssup{Y7} > Y7 = Y; > esssup{¥;"}.
O

4.1 Example

Consider the problem of replicating a contingent claim, when the rate R; for
borrowing is higher then the interest rate ;. This leads to the following BSDE
with convex generator:

de = ’I"thdt + 7Tt0't0tdt + ﬂtUtth — (Rt — ’I"t)(Y;g — Wt)idt (2)
Yr=¢

Like all other coefficients, assume R; to be bounded.

The generator is given by

f(ty,2) = —ry — 20, + (R — 1) (y — o '2)~
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Which leads to the associated polar process

0 if7=—9t—0[1(n—|—6)andrtg—ﬁgRt
—00 else

F(tyﬂ,v):{

Let us look at the first case, the other follow similarly. Then

. 1
inf[—ry — 20, + (Ry — 1) (y — o_tz) — By — 2]

Y,z

. 1 1
=inf[—ryy — 20 + (R — 1) (y — —2)" — By + 0:z + — (r: + 5)2]
Y,z gt Ot

— nf[(Ry — )y - (}) + (=B =y + — (e + B)2]

Y,z Ot

For y > U% we get

inf{(Re — 1)y~ -2+ (B = r)y + -+ )7

Y,z Ot

= inf[(—f — ro)y + —(re + B)7]

Y,z Ot

Lo 18 =0

Y,z Ot U_t
And for y < a% we get
inf[(Ry — 1) (y — —2) + (=6 — r)y + — (0 + B)]
Y,z Ot Ot
= inf[(R; — rt)(iz —y)+ (=B —r)y+ i(rt + B)z]
Y2 Ot Ot
= inf[—(R; + B) + y(—R: — B)]
Y,z Ot
2 infly(Re + 5) +y(=Re — 5)] = 0

z

So with this polar process we have by the Theorem, that the unique solution
(Y, om) of the BSDE (2) satisfies

Y; = esssup{Yy : 7 < B < Ry}
where

—dY;ﬁ = [—6,51/;5 — Utat + (’I"t — ﬁt)ﬂ'f]dt — WfUtth
Yr=¢

Appendix A Background

A.1 Definitions / Theorems of the El Karoui paper

Definition. (f,£) are said to be standard parameters for the BSDE if
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e {:Q — R?is Pr-measurable and in L2.(R%)

o [:OxRT xR x R™4is P x B? x B"*-measurable, f(-,0,0) € HZ(R?)
and f is uniformly Lipschitz; i.e. there exists C' > 0 s.t. dP x dt a.s.

|f(w,t,y1, 21)— f(w,t,y2, 22)| < C(ly1—y2|+|21—22]) Y(y1,21), (Y2, 22)

Definition. Let X be a random variable. Then the essential infimum of X
is defined as
essinf X :=sup{a € R: P(X <a) =0}

Let X;, Y; be random processes. Then X; minorizes Y; if
Plw:3te€[0,T]st. X >Y:)=0
We say
X; = essinf Y,*

if for every o, Xy minorizes Y;* and every process which does this also, minorizes
X:. (existence for RCLL processes: Dellacherie)

For T' = 0 this gives the essinf of a family of random variables.

A.2 Other results used

Theorem (Gronwall’s Lemma). Let g : Ry — R be a continuous function s.t.
for some constants « and (8

t
ogg@)gaw/o g(s)ds Vit >0

Then
g(t) < aelt
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