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1 Introduction

This talk will cover two topics.

Firstly I will show that a certain stochastic control problem is connecte to a
LBSDE. From that one can derive properties of the solution to the control
problem.

Secondly I will show, that Convex BSDEs, i.e. BSDEs with convex standard
generator f, can be computed as the supremum of certain linear BSDEs, for
which we already know how to compute the solution.

2 Review

In the previous talk the following results was derived.

Theorem 2.1 (Linear BSDE). Let (β, γ) be a bounded (R, Rn)-valued pre-
dictable process, φ ∈ H

2
T (R) and ξ ∈ L

2
T (R). Then the LBSDE

−dYt = [φt + Ytβt + Z∗
t γt]dt − Z∗

t dWt, YT = ξ

has a unique solution (Y, Z) in H
2
T,β(R) × H

2
T,β(Rn) and Yt is given by

Yt = E[ξΓt
T +

∫ T

t

Γt
sφsds| F

t
] P a.s.

where Γt
s is the adjoint process defined for s ≥ t by the (forward) LSDE

dΓt
s = Γt

s[βsds + γ∗
sdWs], Γt

t = 1

Theorem 2.2 (Comparison Theorem). Let (f1, ξ1) and (f2, ξ2) be standard
parameters of BSDEs with corresponding square-integrable solutions (Y 1, Z1)
and (Y 2, Z2). Suppose that

ξ1 ≥ ξ2
P a.s.

f1(t, Y 2
t , Z2

t ) − f2(t, Y 2
t , Z2

t ) ≥ 0 d P×dt a.s.

Then we have almost surely

Y 1
t ≥ Y 2

t ∀t ∈ [0, T ]

3 Stochastic Control

Consider the following stochastic control problem.

Let U := {u : Ω× [0, T ] → U : u is predictable } be the set of feasible controls,
where U is a Polish space. Let {Hu}u∈U be a family of processes, defined via
the the SDEs

dHu
t = Hu

t [d(t, ut)dt + n(t, ut)dWt], Hu
0 = 1
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where d(t, u) and n(t, u) are predictable processes (for fixed u) uniformly bounded
by δt and µt respectively.

The problem is to minimize, over all feasible controls, the objective function

J(u) := E[

∫ T

0

Hu
t k(t, ut)dt + Hu

T K(uT )]

where

• K(·, uT ) is the terminal condition, where K(w, u) is assumed to be measur-
able with repect to FT ×B(U) and bounded by a square-integrable variable
χ

• k(·, t, ut) is the running cost associated with the control process u, where
k(w, t, u) is assumed to be measurable with respect to P×B(U) and bounded
by a square-integrable process (κt : t ∈ [0, T ])

• δ, µ, κ and χ are supposed to be bounded

I will now show, that the solution of this problem is connected to solving a
LBSDE.

With
fu(t, y, z) = k(t, ut) + d(t, ut)y + n(t, ut)

∗z ξu = K(uT )

we can see that for the process (Y u, Zu) that solves the LBSDE (fu, ξu):

J(u) = Y u
0

by Theorem (2.1). Hu corresponds to the adjoint process associated with
(Y u, Zu).

Now, to minimize the objective function, the follwing theorem is central.

Theorem. (Verification Theorem) The parameters (f, ξ) defined by

f(t, y, z) := ess inf{fu(t, y, z) : u ∈ U}, ξ := ess inf{ξu : u ∈ U}

are standard parameters. Let (Y, Z) be the solution of the BSDE associated with
terminal condition ξ. Then:

Y is the value function Y ∗ of the control problem; that is for each
t ∈ [0, T ]

Yt = Y ∗
t = ess inf{Y u

t : u ∈ U}

For the proof, we are going to need the following

Lemma. Let (f, ξ) and (fα, ξα) be a family of standard parameters and let
(X, Y ) and (Xα, Y α) be the solution of associated BSDEs. Suppose that

• the generators fα are equi-Lipschitz with the same constant C, i.e. d P×dt a.s.:

∀α : |fα(w, t, y1, z1) − fα(w, t, y2, z2)| ≤ C(|y1 − y2| + |z1 − z2|)
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• for each ε > 0, there exists a control αε s.t.

f(t, Yt, Zt) = ess inf fα(t, Yt, Zt) ≥ fαε

(t, Yt, Zt) − ε d P×dt a.s. (1)

ξ = ess inf ξα ≥ ξαε

− ε P a.s.

Then
Yt = ess inf Y α

t ∀t ∈ [0, T ], P a.s.

Proof Of The Lemma. Let ε > 0 be given, fix an αε as given by the assumptions.
Let d = n = 1, i.e. Y : Ω × [0, T ] → R and Z : Ω × [0, T ] → R. Define

δYt := Yt − Y αε

t

δZt := Zt − Zαε

t

Then

−dδYt = −dYt − (−dY αε

t )

= [f(t, Yt, Zt) − fαε

(t, Y αε

t , Zαε

t )]dt − [Zt − Zαε

t ]dWt

= [f(t, Yt, Zt) − fαε

(t, Yt, Zt) + fαε

(t, Yt, Zt) − fαε

(t, Yt, Z
αε

t ) + fαε

(t, Yt, Z
αε

t ) − fαε

(t, Y αε

t , Zαε

t )]dt

− [Zt − Zαε

t ]dWt

= [φt + βtδYt + γtδZt]dt − δZtdWt

δYT = ξ − ξαε

where

φt := f(t, Yt, Zt) − fαε

(t, Yt, Zt)

βt :=
fαε

(t, Yt, Z
αε

t ) − fαε

(t, Y αε

t , Zαε

t )

δYt

γt :=
fαε

(t, Yt, Zt) − fαε

(t, Yt, Z
αε

t )

δZt

Since f is Lipschitz, β, γ are bounded. Also, φ is in H
2
T . Therefore we have a

LBSDE as in Theorem (2.1). We derive, that

δYt = E[

∫ T

t

Γt,sφsds + Γt,T δYT | F
t
]

where Γt,. is the adjoint process of the above LBSDE, i.e. it solves the following
SDE

dΓt,s = Γt,s[βsds + γtdWs], Γt,t = 1

Hence, we have

0 ≥ δYt

(∗)

≥ −εE[

∫ T

t

Γt,sds + Γt,T | F
t
]

(∗∗)

≥ −ε(T + 1)eCT

Where (∗) follows from (1).
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For (∗∗) we consider only the case t = 0, the general case is similar. Firstly, the
SDE for Γs := Γ0,s has an explicit solution:

Γs = exp[

∫ s

0

(βv −
1

2
γv)dv +

∫ s

0

γvdWv]

Hence we see, that Γs is (a.s.) positive. Hence ∀s ∈ [0, T ]

0 ≤ E[Γs] = 1 + E[

∫ s

0

Γvβvdv] + E[

∫ s

0

ΓvγvdWv]

= 1 +

∫ s

0

E[Γvβv]dv ≤ 1 +

∫ s

0

E[Γv]Cdv

Where C is the Lipschitz constant of the family fαε

.

Also, E[Γs] is continuous in s. Indeed, because Γs has a.s. continuous paths
[see [1] Theorem 5.2.9]

Γs −→
s→t

Γt a.s.

Now, by Burkholder-Davis-Gundy inequality [see [1] Theorem 3.3.28]

E[( sup
0≤v≤t

Γv)
2] ≤ KE[〈Γ〉t]

and

E[〈Γ〉]t = E[

∫ t

0

Γ2
vβ

2
vdv]

=

∫ t

0

E[Γ2
vβ2

v ]dv ≤

∫ t

0

E[Γ2
vC2]dv ≤

∫ t

0

DeDvC2dv < ∞

Where the last inequality follows for some D > 0 from the bound on the L2-
norm of solutions to SDEs with Lipschitz coefficients [see [1] Theorem 5.2.9]. So
sup0≤v≤t Γv is square-integrable (hence integrable) and majorizes all Γs. Hence
by dominated convergence:

E[Γs]−→
s→t

E[Γt]

Hence, Gronwalls Lemma yields

0 ≤ E[Γs] ≤ 1 + C

∫ s

0

exp(C(s − v))dv = exp(Cs)

And therefore, (∗∗) is ok.

Remark. As pointed out to me by Professor Becherer, there is a much easier
way to proof the last inequality:

Γt = exp(

∫ t

0

[βs −
1

2
γs]ds +

∫ t

0

γsdWs)

≤ exp(Ct) exp(

∫ t

0

γsdWs −
1

2
γsds)

The second multiplicand is a martingale, hence we get

E[Γt] ≤ exp(Ct)
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We can now derive the Verification Theorem.

Proof of the Verification Theorem. Without proof (which only deals with mea-
surability concerns), I assume that:

• f as defined in the statement is indeed a standard parameter

Now

• for every ε > 0 there exists a feasible control uε s.t.

f(t, Yt, Zt) = ess inf fu(t, Yt, Zt) ≥ fuε

(t, Yt, Zt) − ε, d P×dt a.s.

ξ = ess inf ξu ≥ ξuε

− ε a.s.

Let ε > 0 be given. For (w, t) ∈ Ω × [0, T ) fixed, the sets

{u ∈ R : f(t, Yt(w), Zt(w)) ≥ k(t, w, u) + d(t, w, u)Yt(w)

+ n(t, w, u)Zt(w) − ε}

{u ∈ R : ξ(w) ≥ K(w, u)−ε}

are nonempty. Since Y and Z are predictable, a measurable selection theorem
[see ([2]) Theorem III.44/45] yields that there exists a R-valued predictable
process uε s.t.

f(t, Yt, Zt) = ess inf fu(t, Yt, Zt) ≥ fuε

(t, Yt, Zt) − ε d P⊗dt a.s.

ξ = ess inf ξu ≥ ξuε

− ε

Now, the statement follows from the preceding Lemma.

4 Convex BSDE as Supremum

Let f(t, y, z) be a standard generator of a BSDE convex w.r.t. (y, z) and let
F (t, β, γ) be the polar process associated with f :

F (w, t, β, γ) := inf
(y,z)∈R× R

[f(w, t, y, z) − βy − γz]

Its effective domain is

Dt
F := {(w, t, β, γ ∈ Ω × [0, T ]× R×R : F (w, t, β, γ) > −∞}

And we have

f(w, t, y, z) = sup{F (w, t, β, γ) + βy + γz : (β, γ) ∈ Dt
F }

Now let
fβ,γ(t, y, z) := F (t, βt, γt) + βty + γtz

where (β, γ) are predictable processes.

For these to be standard generators, we can only allow processes belonging to

A := {(β, γ) ∈ P : E

∫ T

0

F (t, βt, γt)
2dt < +∞}
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Lemma. There exists an (β̄, γ̄) ∈ A s.t.

f(t, Yt, Zt) = f β̄,γ̄(t, Yt, Zt), d P×dt a.s.

Proof. f is uniformly Lipschitz and concave, hence the supremum in the conju-
gacy relation is actually achieved (for fixed (w, t)).

f(·, Y, Z), Y and Z are predictable processes, hence by a measurable selection
theorem [see ([2]) Theorem III.44/45] it follows, that there exists a pair of pre-
dictable (bounded) processes (β̄, γ̄) s.t.

f(t, Yt, Zt) = f β̄,γ̄(t, Yt, Zt), d P×dt a.s.

By assumption f(·, Yt, Zt), Z and Y are square integrable and β̄, γ̄ are bounded.
Hence F (·, β̄, γ̄) belongs to H

2,1
T .

Hence, the pair (β̄, γ̄) which achieves the infimum in the conjugacy relation,
belongs to A.

It follows

Theorem. Let f be a convex standard generator and f β̄,γ̄ be the associated
linear standard generators, with

f = ess sup{f β̄,γ̄ : (β, γ) ∈ A}, d P×dt a.s.

Then P-a.s.
Yt = ess sup{Y β,γ

t : (β, γ) ∈ A}

Proof. • Because of the Comparison Theorem we have for every (β, γ): Yt ≥

Y
β,γ
t . Hence Yt ≥ ess sup{Y β,γ

t }.

• From the uniqueness theorem of BSDEs we have that Yt = Y
β̄,γ̄
t . Hence

ess sup{Y β,γ
t } ≥ Y

β̄,γ̄
t = Yt ≥ ess sup{Y β,γ

t }.

4.1 Example

Consider the problem of replicating a contingent claim, when the rate Rt for
borrowing is higher then the interest rate rt. This leads to the following BSDE
with convex generator:

dYt = rtYtdt + πtσtθtdt + πtσtdWt − (Rt − rt)(Yt − πt)
−dt (2)

YT = ξ

Like all other coefficients, assume Rt to be bounded.

The generator is given by

f(t, y, z) = −rty − zθt + (Rt − rt)(y − σ−1
t z)−
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Which leads to the associated polar process

F (t, β, γ) =

{

0 if γ = −θt − σ−1
t (rt + β) and rt ≤ −β ≤ Rt

−∞ else

Let us look at the first case, the other follow similarly. Then

inf
y,z

[−rty − zθt + (Rt − rt)(y −
1

σt

z)− − βy − γz]

= inf
y,z

[−rty − zθt + (Rt − rt)(y −
1

σt

z)− − βy + θtz +
1

σt

(rt + β)z]

= inf
y,z

[(Rt − rt)(y −
1

σt

z)− + (−β − rt)y +
1

σt

(rt + β)z]

For y ≥ z
σt

we get

inf
y,z

[(Rt − rt)(y −
1

σt

z)− + (−β − rt)y +
1

σt

(rt + β)z]

= inf
y,z

[(−β − rt)y +
1

σt

(rt + β)z]

≥ inf
y,z

[(−β − rt)
z

σt

+
1

σt

(rt + β)z] = 0

And for y < z
σt

we get

inf
y,z

[(Rt − rt)(y −
1

σt

z)− + (−β − rt)y +
1

σt

(rt + β)z]

= inf
y,z

[(Rt − rt)(
1

σt

z − y) + (−β − rt)y +
1

σt

(rt + β)z]

= inf
y,z

[
z

σt

(Rt + β) + y(−Rt − β)]

≥ inf
y,z

[y(Rt + β) + y(−Rt − β)] = 0

So with this polar process we have by the Theorem, that the unique solution
(Y, σπ) of the BSDE (2) satisfies

Yt = ess sup{Y β
t : rt ≤ βt ≤ Rt}

where

−dY
β
t = [−βtY

β
t − σtθt + (rt − βt)π

β
t ]dt − π

β
t σtdWt

YT = ξ

Appendix A Background

A.1 Definitions / Theorems of the El Karoui paper

Definition. (f, ξ) are said to be standard parameters for the BSDE if
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• ξ : Ω → R
d is FT -measurable and in L2

T (Rd)

• f : Ω×R
x ×R

d ×R
n×d is P ×B

d ×B
n×d-measurable, f(·, 0, 0) ∈ H

2
T (Rd)

and f is uniformly Lipschitz; i.e. there exists C > 0 s.t. dP × dt a.s.

|f(w, t, y1, z1)−f(w, t, y2, z2)| ≤ C(|y1−y2|+|z1−z2|) ∀(y1, z1), (y2, z2)

Definition. Let X be a random variable. Then the essential infimum of X

is defined as
ess inf X := sup{a ∈ R : P (X < a) = 0}

Let Xt, Yt be random processes. Then Xt minorizes Yt if

P (ω : ∃t ∈ [0, T ] s.t. Xt > Yt) = 0

We say
Xt = ess inf

α
Y α

t

if for every α, Xt minorizes Y α
t and every process which does this also, minorizes

Xt. (existence for RCLL processes: Dellacherie)

For T = 0 this gives the ess inf of a family of random variables.

A.2 Other results used

Theorem (Gronwall’s Lemma). Let g : R+ → R be a continuous function s.t.
for some constants α and β

0 ≤ g(t) ≤ α + β

∫ t

0

g(s)ds ∀t ≥ 0

Then
g(t) ≤ αeβt
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