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This note is concerned with the Newton-Padé table containing rational inter-
polants with varying numerator and denominator degrees. In the general case some
entries of the table can be equal, combined in so-called singular blocks. Any
singular block in this non-normal Newton-Padé approximation table consists of
squares forming a symmetric tail. It is the aim of this note to present global iden-
tities between neighboring entries of a singular block. In particular, we generalize
Cordellier’s identities for Pade approximation. The resulting algorithmic aspects,
e.g., a reliable modification of Claessens’ cross-rule (G. Claessens, Numer. Math. 29
(1978), 227-231), are discussed in (B. Beckermann and C. Carstensen, Numer.
Algorithms 3 (1992), 29-44).  © 1993 Academic Press, Inc.

1. THE NEWTON-PADE APPROXIMATION TABLE: PRELIMINARIES

Let (z;);cn, be (not necessarily distinct) knots in the complex plane C
and let f be a function which is sufficiently smooth in a neighborhood
of these knots. Then, the rational interpolation problem (sometimes called
Hermite or osculatory rational interpolation problem) reads: for any
m,ne N, find polynomials p,, , and g, , (called solutions of the (m, n)-
rational interpolation problem) of degree m and n, respectively, such that
f—p/q has the zeros z,, z,, .., Z,, + » cOunting multiplicities (abbr.: c.m.).

By [10, 12] this problem is closely connected with the Newton—Padé
approximation problem which is also under consideration here. As
Claessens pointed out (cf. [4, Theorem 1]) there exist unique polynomials
pY ., and g} ., g% , being a monic polynomial, of “minimal degree”

degpn ,<m  and  deggq; ,<n
which satisfy the interpolation conditions

(pr.—f-a%.) has the zeros z,, ..., 2,,,,, C.m.
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such that other solutions (of the so-called (m, n)-Newton—Padé approxima-
tion problem) are of the form s-p¥ ., s-g% ., where s is a polynomial of
degree less than or equal to min{m —deg p¥ ,, n—deggq2 ,}. pX ,, qk . is
the minimal solution of the (m, n)-Newton-Padé approximation problem.

Note that, consequently, two solutions of the (m, n)-Newton-Padé
approximation problem have the same reduced form which is the
meromorphic function

*
. Pmn

| s
m.n

Therefore, r, , is called the solution of the (m,n)-Newton-Padé
approximation problem. Moreover, (r,, ,|m, ne N,) is called the Newton-
Padé approximation table.

The computation of some entries of the Newton—Padé approximation
table can be done recursively by various algorithms like, e.g., Claessens’
cross-rule [6] (see (4) below). Unfortunately, Claessens’ cross-rule fails if
certain neighbouring values of the Newton-Padé approximation table are
equal to each other; such entries will be united and called a singular block,
while the Newton-Padé approximation table is called non-normal.

We note that the notation of normality is not uniquely used in the
literature (cf., e.g., [4, p. 156] for paranormality).

The paper is organized as follows. In Section 2 the structure of the non-
normal Newton-Padé table is recalled from [3-5, 7, 8]. We state a general
cross-rule type identity connecting all neighbors of a singular block in
Section 3, where some illustrating examples are also given. In addition, we
classify those entries which already determine the whole neighborhood of
a singular block. Proofs are given in Section 4. In Section 5 we consider the
particular square block case which leads to identities of the Cordellier type.
The connections between the general case and the square block obtained
by reordering of interpolation knots [8, 12] are discussed in Section 6.
Finally, in Section 7 we study more detailed consequences of the cross-rule
type identity of Section 3. A couple of examples are given concerning the
relationships between neighboring entries which strongly depend on the
shape of the singular block in the non-normal Newton-Padé table.

2. THE NON-NORMAL CASE: NOTATIONS

As Claessens pointed out in [5], any singular block consists of one
or more square blocks which are overlapping along a common diagonal
forming a “symmetric tail,” similar geometric structures have been
observed in [2] for a more general approximation problem. In the sequel,
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we describe more detailed the form of singular blocks in the Newton-Padé
table, we refer to [3-5, 7, 8] for proofs and further explanations.

Let (m, n)e N2 be the starting point of the (finite) singular block which
consists of squares forming a symmetric tail, ie., there exist pe N and
O0=ko=k,,=ly, l,=pand k, ... ky, €N, [},.., 1, €N, such that for
any je {0, .., 2p}

C sl n = ma ek 1= insly+i forany ie{0,1,..,k—1},

while
SWi:zrm+I/+k].n+I]71 ¢C¢rm+1,—l.n+l,+k, =:NE,

Moreover k;,,—k;e{+1}, [,,,—1L€{0,1} and j=k;+2/, for any
7€ {0, .., 2p}. Define

A={je{0,..20— 1}k, ,,=k;+1} and U={0,.,2p—1}\4

and notice that card A =p=card U. The case of an infinite singular block
(p=o0) can be described similarly.

Remarks. (1) The polynomials of the minimal solution p} , and g¥ ,
are not necessarily irreducible but common factors have zeros from
Zgs o Zm+ » Which are then called unattainable points; cf. [4, Theorem 2].
It is known and easily seen that, in the present notations, z,,,,,; is
attainable iff je A. Consequently, for any je {1, .., 2p}, i={0, 1, .. k; —1},
zeC

pr*n+l,+k141—i.n+lj+i(z)=p:1,n(z)' n (Z=Zminav) (1)
vel,v<j

qr’:l+{,+k}Alvi,n+lj+i(z)=q:|,n(z)‘ l_[ (Z—zm+n+v)- (2)
vel,v<j

This justifies that U describes the unattainable points.

(iil) We note that ie 4, je U, j<iimplies z,,, ,, ;#2,,, (Fora
proof of (i), (ii) see, e.g., [5, 12]). This will be frequently used throughout
the sequel where we will say carelessly that “an unattainable point cannot
become attainable later.”

(iii) In the present notations, k;, denotes the number of equal
approximants, /, is the number of unattainable and k;+/; the number of
attainable points (related to the given singular block) of approximants of
the antidiagonal no. m+n+;— 1. Hence in the case je 4, je U, locally
the block becomes “wider,” and “narrower,” respectively (compare [8,

p. 5557).
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TABLE I
Fron n=0 1 2 3 4 5
m=0 1/2 NE, NE, NE, NE,
1 Sw, C c c NE,
2 SW, c c c NE, NE,
3 sw, C c C C NE,
4 Sw, sw, SW; C C NE,
5 SW, Sw, SW,
ExaMpPLE 1. As in [5, Example2], define zy,4:=—3, z,,4:=0,

Zyraii=1, 23, 4:=2, z25,;,:=3 for i=0,1,2 and f(—3)=1/2, f(0)=2,
S()=3/2, f(2)=4/3, f(=3)=-1/4, f'(0O)=1, f'(1)=1, f'(2)=—1/9,
SM=3=1 [f10)=2 fr"H=1 [f2y=227, f(3)=5/4 f3)=1
f"(3)=1. Then we have C(z)=(z+2)/(z+ 1), zeC, and the structure is
shown in Table I (cf. [5, Table 1]).

In this example we have p=4, (kq, .., ks)=1(0,1,2,3,2,1,
(lps - 1g)=10,0,0,0,1,2,2,3,4), A=1{0,1,2,5} and U= {3, 4,6,

Remark. (iv) For Padé approximants the mnemonic S;, N,,” E; of
compass points is frequently used to describe the neighbors of the singular
block. For Newton-Padé approximants, this notation would be as follows;

NE,:{N’ ?f j:EA andj—1¢U,

E, if j—1leU

SW,={WJ ?f j:EA andj—léU.
S, if j—1elU

Since N;, S;, W; can be computed e.g., using Claessens’ cross-rule (if no
other singular block occurs there), throughout this note, we are mainly
interested in certain rules determining E,. Consequently, the neighbors in
“outer corners,” i.e., NE;, SW, with je U and j— 1€ A, are neither given
data nor determinated by some rule. In the example this is true for j=3,
j=6.

For any je {0, 1, .., 2p} let the meromorphic function a; be defined by

1 1
_ =a,-R-Q, 3
SW,—C NE—cC G )

where, for any zeC,
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. HieU,f<j(z_zm+n+i)
Q,(z):=

HieA,i<j (Z=Zminsi)

g n(2)
am,n 'wO,m+n(z)

R(z) =

v—1

w, (2):=]] (z—z)

i=u

and, by convention, empty products are 1. Here, a, , is the leading
coefficient of p} , (the leading coefficient of ¢ , is 1). Since SW,# C #
NE, we have a,, ,#0; cf. Lemma 1 below: deg p}, ,=m, deg g} ,=n.

Note that, by (3), any recurrence relation for a, leads to an identity in
the non-normal Newton—Padé approximation table and vice versa. Thus
we will have a closer look at the a; which are in fact monic polynomials of
degree k, (cf. Lemma 2).

3. MoTIvATION AND FIRST RESULTS

We pause in treating the general case and assume the normal case, i.e.,
p=1, first. Then Claessens’ cross-rule {6] (generalizing Wynn's identity,
see, e.g., [1], for Padé approximants) gives

1 1 1
z—zm+,,'{swo(z)— C(z) NEo(z)— C(z)}

1 1 t
= . — 4
2= Zmin+1 {SWz(Z)—C(Z) NEz(Z)~C(Z)}’ @

z e C, which, by (3), can be written as

aO-Ql=a2-Q,.

The first aim of this note is to adapt this identity to singular blocks.
Assume, for the moment, that the Newton-Padé approximation table is
normal, i.e. its entries can be computed by Claessens’ cross-rule. Next, we
take all cross-rules with center C in

{(m+L+k—l—iin+l+i)|j=0,..,2p,i=0, ... k,—1},

which is later an element of the singular block; cf. Table 1. Then we
add all these cross-rules and observe that all the “inner differences” (i.e.,
a term where two approximants of the form r, ., .« 1 insy+: With
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je{l,.,2p—1} and i€ {0,..,k,— 1} arise) occur twice and their sum
vanishes. Hence we obtain the composed Claessens’ identity
5y 1 { 1

= Zmn+j SWi(Z)—rm+l,+1+k,+1 . 1,;;+(,H(-7)

JeEA

1
NE;'(Z)—rm+(,-|.n+lj+\+k,+\f l(z)‘}

1 1
R '{swm—r (2)
J-1eli “ “m+n+; | FACS m4d ko -+l <
1
- (f)}, (5)
NE/(:)_rm+[j_1,lr+ll,|+kl,|-l

zeC. Now consider the non-normal case. It is not hard to see that by
arbitrarily small perturbations of the data we obtain a normal situation
such that (5) holds. Consequently, by continuity, we expect that we can
replace each term in any denominator of (5) by C(z). Then, (3) gives

Y )2, ()= Y 4,,,(2) 2,(z), zeC (6)

Jje A Jjel
Since in (6) no denominator vanishes in the case of a singular block, we
may hope (and will prove in the sequel) that (6) holds in the situation of

the previous section.
Note that (6) gives only one singular rule, although we are interested in

at least p identities of such type. Our first result implies (6) and covers this
question.

THEOREM 1. For all 1, z€ C there holds
Z Q/(:)'Q/+1(’)= Z a;,.(2)-2,(1), (7)

je A jel

where a, and Q, are defined in (3). This equation contains at least p identities
connecting approximants on the boundary of the singular block.

Using the classical notations as in (4), Eq. (7) takes the from

¥ 1

1 1
jeA t_:m+n+i.{SW/(:)_C(z)_NE,-(Z)—-C(Z)}

R T —_
l—[ { “mtn+i H = “nt+n+i

z—7z . —Z .
el i<j © “m+n+i o jedi<j t “mAn+i

_ ¥ 1 { 1 B 1 }
B r— v LSW,(2)—Clz) NE,(z)—C(z)

j-lel “mtn+j
Z ’—zn1+n+i n I s n+i (8)

-

_ - . fr—=z
el i<j~” “mtn+iojed i<y “m+n+i
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Theorem 1 is proved in the next section, but we will already discuss a
first application of the general identity (7). Multiplication of (7) with

Tlica (! =2y ) leads to

Z a;(z) - w; (1) = Z a;,(2)-wi(t) + Z a;.4(2)

je A Jel jelU
j-1¢U j+1¢4 Jjt+led
(Wi (1) = w;y 5(2)), %

where

wj(t):= I_I (t-zm+n+i)' H (t_:m+n+i)

ielU,i<j ieA iz

=Qj(t)'H(t_Zm+n+i)' (10)

ie A

In addition, let

W(t):= H (I—Zpminsi) n (I—=Zpmin- ) (11)

el i<j €A izj+2
and note that

je U’_]+ 1 EA:WY](’)_MYJ'+2(I)=(zm+n+j_zm+n+‘]+])' Wj(t)
JeEU,j+1¢A=w,(t)= W;(1).

As mentioned in Remark (ii), for je U, j+ 1€ 4, the unattainable point
Zm+n+; Cannot become attainable, in particular (since z,,,,,,, IS
attainable) z,,, ., ;# Zn4 ;4. In Lemma 3 (see the next section) we will
prove that (W;| je U) are linearly independent.

This can be used as follows; see also Example 3 below. Provided that
zeC is fixed and that a;(z) is known for all je 4, j—1¢ U, the left hand
side of Eq. (9), denoted by A(t), is known too. Then, (9) proves that 4 lies
in the linear hull of (W, | je U) and Lemma 3 implies that the coefficients
and hence (a,(z)| j— 1€ U) are uniquely defined and can explicity be
computed from (9).

ExaMPLE 2. Let us consider the Padé approximation table which is
included as a particular case for confluent knots, ie.,0=zy=z,=z,= ---
We mentioned that a knot which once has become unattainable Cdnnot
be an attainable point anymore; cf. Remark (ii) in Section 2. Since we
have exactly one knot 0, we claim the well-known fact that singular
blocks are squares for Padé approximations, ie, A={0,1,...,p—1} and
U={p, ..2p—1}.
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Then, by definition, (8) gives for any 1,zeC

Pt o

E { 1 B 1 }
‘,.;Zot"“. SW,(z)—C(z) NE,(z)— C(z)

2 i 1 1
‘,;;, R '{SW,(:) —C(z) NE,(z)— C(z)}'

This yields Cordellier’s identities for je {p+ 1, .., 2p}

1 1 1 1
SW,(z)—C(z) NE[(2)—C(z) SW,, ,(z)=C(z) NE, ,(z)—C(z)

ExamMpLE 3. We continue Examplel from [5, Example2]. The
neighbors, defined in Tablel, are given in Table Il. Using R(z)=
(z+1)/(z(z+3)) and C(z)=(z+2)/(z+1), the polynomials a, can be
computed as shown in Table I. We assume that (a;| /e 4 and j—1¢ U) is
known from Table II. By (8) and (11), (9) reads

=2+ + - =2)t+3)+z(z=3)1=2)
=a,z)t—=2)+a,(z)t(t— )+ ag(z) t{t —1)(t+3)
+as(){(r=2)—1t=1)},
whence
B+1(z—=2)—1(z2=-2z-9)—-2(z*-9)
= ag(z) r+ t2(¢77(z) + 2a4(z))
+ t{a,(z) — as(z) — a,(z) — 3ag{2)) — 2a,(z).
Comparing coefficients one easily computes (a,|j— 1€ U), as shown in
Table IL.

As mentioned above, a; and a¢, i€, (a,/jeU and j— 1€ 4), do note
occur in these calculations as well as throughout this note.

Following the ideas of Example 3, we see that, given (a;(z)|je A and
j—1¢U), we are able to determine (a,(z)|j— 1€ U). The next result,
proved at the end of Section 6, shows that even less input data are
sufficient (for non-square blocks).

THEOREM 2.  Assume that the Knots Z., .., Zp sniis - Zminsaps1 aNd
the sets A and U are known. Then, using the values

(a,(z)|je A, k;>max{k;|i=0,.,j—1and ic A}), (12)

the quantities (a;,(z)|je A or j— 1€ U) can be computed.



TABLE 11

NE(2) SWi(z) a;(z) w;(1)
-2 z »
z+2 1 (t—11=2)* (1+3)
z—1 2
6 —z2P—z+8 N
m —4——- z—1 (t—2)(1t+3)
—24 Pzl 62+42 ,
S22 12 ok (r=2)1+3)
—-24 244223 —922 62448 s
P—9:+12 -
9713112 4 + =2
318 —2 2049222212+ 18 , ’
S T T Z-—g —2
i -9746:-9 15:-9 r=2)
41224972 —-90 — 52~ 1023 + 4627 + 1072 — 90 i1 H—1-2)
Sz + 52 —4z° + 71z —45 22 + 76z —45 -
—10662" ~ 8282z + 7380 —52° +65z° + 142" — 302z + 180 2 .10 -1)
2052° —2052° — 22552 + 323927 — 59862 + 3690 747 — 1962 + 90 -
—42% — 3022~ 194z + 180 —52° + 7123 +20:2 — 3142 + 180 4 = 1)1+ 3)
525 — 524 — 5923 4+ 79:2 — 1422 4+ 90 62 + 7422 — 202z 4+ 90 -
682% + 280z — 2227 + 990z + 540 — 152"+ 82" + 2457° + 6827 — 990z + 540 | Pl 1)1+ 3)
1525 4 532* + 272 + 16922 — 630z + 270 82 + 4227 +214z2— 630z + 270
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FIGURE |

The assertion of Theorem 2 is illustrated in Fig. 1, where in the non-
normal Newton-Padé table the singular block is hatched. The positions of
approximants which have to be known are marked by “@.” On the other
hand “O” designates the position of SW, or NE, (NE; and SW, are the
upper and lower neighbor of the singular block in the antidiagonal no.
m+n+ j—1) which are related to a,(z). Then a,(z) can be computed using
the entries which are marked by “@” in previous antidiagonals.

4. PROOFS

We prove Theorem 1 with the aid of two lemmata. The first lemma is
already known for normal Newton—Padé tables [11].

LEmMMa 1. [3,11]. For any m,ne N,

0 l.[f degp:1+|.n<m+1

d * <n,
Foivvt,n =T on= or C8qmn<n (13)

Womin+1

otherwise
* *
Gmn Gm1n

a

m+ lLa’
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(0 iff degpk ,<m

, , < or deg gk . o <n+1, (14)
man" Tmn+1=
Wo.m+nat1 herwi
mon e . otherwise
\ Dmn Qm n+1

(0 iff degph,,.<m+1
or deggk .. <n+1l (15)

rm+1.n_rm.n+l=
wO,m+n+2
m+ln’ g

a
.n*
qm+l.n Qm.n+l

otherwise

LemMMA 2 (cf. [3]). ao=1=a,, and for any je {0, 1,..,2p— 1}, there
holds

aj+l=aj'wm+n+_j,m+n+j+l_cj J JGA’
;=41 Opmsnsjmen+i+1—Cipn if jeU,
where
a A li—Lin+ i+ k
Cj= e, n + }EC,
am+l,+k,.n+lj~l am‘n

and the first and second term must be neglected if SW,;,  =SW, and
NE, = NE,, respectively. In particular, a,, ..., a,, are monic polynomials of
degree k, ..., k,, < p, respectively.

Proof. If je A then, by definition

Ay )~ Wy v jmtn+j+ 1

I ! I 1 !
R ., '{SWHl—c_NE_,H—C"SW,.—CJ“NE,-C}
R { NE.,—-NE,_____ SW,..—SW,
: .

“R-2,., UNE,,—C)-(NE~C) (SW,,,—C)-(SW,—C)

By Lemma 1 any of the appearing differences can be written as the right
hand side of Eq. (13), (14), and (15), respectively. For instance,

SW,,.,—SW,
(SW,,,—C)-(SW;-C)
_ Pmshiak 4 indy-t " ma gk nei, 1
B (rm+/,+k/+l,n+ljvl—rm+l,+k,,n+{,)'(rm+ll+k,.n+l, 1—"».+1,+k,.n+1,)

640 74 2.7
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w(),m+n+j

A+ v b+ Lonvli— 1"y >
qm+/j+k,,n+[,71 'qm+ll+k,+l,n+l,--1

Ay frkj+ =1 D0 myntj+1 s hywkjn+t, " Pomsnt

* Ca* Lok ¥
s vk tinsti—U Dns o kynvl, G livkon+li—t Gmat+kn+i

%
qm+l,+k,.n+1,

am+/,+k,.n+/,—l 'wO,m+n+/+l

a
= R-Q,,,

am+lj+k_,.n+/,41

where we used (2) for g,/ 4, e

This proves the theorem if je A. The proof for je U as well as the proof
of ap=1=a,, is similar. ||

Remark. Note that a,= 1= a,, yields Claessens’ cross-rule (4) for p=1.
The above “local relations” between the monic polynomials ay, ..., a,, can
be used for a recursive algorithm to compute values of the Newton—Padeé
approximation table even in the non-normal case.

THEOREM 3. For any je {0, ..,2p} and t,z€ C there holds

Q0)-[hzla= ), a(2)Q,,(0)= Y a,(2) Q) (16)

ieA i<j ielU i<y
where [t, z] denotes the divided difference with respect to the knots t, z.

Proof of Theorem 1. Since a,,=1 and [t,2]a,,=0, the assertion
follows from Theorem 3 with j=2p. |

Proof of Theorem 3. By Lemma 2 using 2, ,(z)/Q(z)=1/(z—z,,,,4,)
and (z—z,,,,.,) if ieA and ie U, respectively, we obtain for ¢,zeC,
ie{0,..,2p—1},

—¢;-0,,,(t)  if ied

1
Civ1-82,(1) if ielU (17

a1 (1) Q1 (1) —ayl1) -Q,-(z)={

and conversely

c,:a,(z)-(z—t)+a,(z)-QQ"([()I‘)——a,H(z) if ieA
Q. .(1)

Cor1=a;1(2)-(z—=1)+a,,4(z)- a,(z) if ieU.

Q.1
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Consequently, for je {0, .., 2p}, t, ze C, there holds

Jj-1
a,()-Q (=143 (a,.,(0)-Q,, (1) —a(1) 2,(1))

i=0

=1— Y Q.0+ Y cpi-2:(0)

ied i<j ielU i<j
=1- 3 {a@) (=020 +a,(z)-2,(1)
—a;,4(2)- 2,0} + Z {a, 1(2) - (z—1)-Q,(2)
fel,i<j

+a;,,(2)-Q,, (1) —ai(z)-2,(1)}
=(t—z)~{ Z a;(z)-2; (1)~ Z ai+l(z)'Qi(’)}
ieEA i<y el i<j

+a;(z)-82,(t)

and hence (16). |

Lemma 3. (W, ljeU), as given in (11), are linearly independent
polynomials.

Proof. Given je U, let the linear functional L, be the divided difference
with respect to the knots (z,,,,,;lie U, i<j). Then, the Vandermonde
matrix

Vi= (LWL

Jje U
is lower triangular having the diagonal entries

L/(W,‘)Z n (Zm+n+j“zm+n+i)s jel.

ied izj+2

Since an unattainable point cannot later become an attainable point,
we obtain L;(W;)#0. Therefore, V' is regular and (W;{ je U) are linearly
independent. ||

5. THE SQUARE BLock CASE
In this section we consider the square block case which is characterized

by A=1{0,1,..,p—1} and U={p,..,2p—1}. Then, as seen above, the
generalized cross-rule becomes Cordellier’s identity for the Padé-table. On
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the other hand it is known that by reordering the knots we are always able
to deal with the square block case; see Section 6.
To apply (9), compute for any teC

1
”‘i(t)z 1_[ (t_zm+r|+i) 1f jE {l,..., p}
i=J
J—1
w() =11 C—zpinsd) i jel{p,..2p—1}

i=p

and note that w,, .., w,,_ are monic polynomials of degree p—1, .., 0, ..,
p—1, respectively. Moreover, (9) states that (a;(z)|jeA) and
(a;(z)}j— 1€ U) are just coefficients of (finite) Newton series. Therefore,
by evaluation of the divided difference with respect to the knots
Zpynipr o Zmens;_1 and to the variable ¢ in (9) we easily obtain the
following corollary.

COROLLARY 1. In the square block case, ie, A={0,1,..,p—1} and
U={p,..,2p— 1}, we have for any je {p+1, .., 2p}

2p—
aj(z)z Z ai(z) ) [zm+n+p’ ] 2n1+n+j—1] W ynvit IL.m4n+p-
i=0
As already studied in Example 2 in Section 3, for Padé approximation
(z,=0) Corollary 1 reduces to a;(z)=a,, ,(z). For arbitrary knots and
a singular block with the shape of a square, a,(z) depends just on
ay(z), ..., az, ;(z), which is illustrated in Table IIl. It is the aim of the
following sections to investigate this behavior in the general case.

Remark. 1f we consider the meromorphic functions NE, and SW, and

the polynomials a, instead of their values at a fixed complex number z, the
relations mentioned in Corollary 1 and Table III can be written more

TABLE 111
r n—1 n
m—1 NE, NE, NE,,_;
m SW, C C
SW, ; . T~ NE,
: C C
SWa,_,
C C

SW,
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compactly. Indeed, using Theorem 2, for 0<i<j<p, t,zeC and the
square block case there holds
o Qv v+ N l <
[¢ 2] aj=vz=:oa“(2) Q(t) go A2)- wm+n+v+lm+n+1(’)
Evaluating this identity in the variable ¢ for divided difference with respect
to the Knots z,,, .,y i, s Zmane 1 BIVES

a,-(z)=[z,,,+,,+,-,...,z,,,+,,+j,,,z]aj, O0<i<j<p

Consequently, if a; is known a, can be computed as a certain divided
difference.

Therefore under the assumptions of Corollary 1, je {p+1, .., 2p}, we
have

2p—J

aj(z): Z [Zm+n+ia s Cmaynt2p—j-1s Z] Arp—j
i=0

) [zm+n+p’ s zm+n+j71] Wyhntivl.m+n+p
= Z [zm+n+p’ el zm+n+jfl9zm+n’ oo Zm+n+i] wm+n.m+n+p
.[z . z . -']a .
m+n+is ey fmiant2p—j—1s« 2p—j
= [zm+n+/n atd Zm+n+j—l’zm+n’ Rt Zm+n+2p—j—l’ Z]

'(wm+n,m+n+p'a2p—j),

the last equality following by Leibniz’ rule, where we used dega,,
2p —j. This yields
(18)

aj(z)= [Zm+n+p7 ey zm+n+j\l’z](wm+n+2p4j.m+n+p'a2puj)'

Hence—as for Padé approximants—in the square block case the polyno-
mial a; can be computed if we only know the polynomial a,, ; (cf. [9]).

6. REORDERING

In this section we derive some identities by reordering to get the square
block case of the previous section. The technique of reordering is frequently
used in the literature (see, e.g, [12]). It is based on the fact that the
Newton—Padé approximant r,, , does not depend on the order of the knots
(26, s Zm + ) (thus they may be permuted) and that r,, , does not depend
) (thus they may be changed arbitarily). We stress

on (zm+n+l9zm+n+2’
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that, in general, a reordering will change the structure as well as the
property of being an attainable or an unattainable point. On the other
hand, since an unattainable point cannot become an attainable point later,
cf. Remark (ii) in Section 2, a reordering such that only attainable points
get a former position does not change attainability.

We return to the definitions of the singular block in the general case of
Section 2. In addition, we describe attainable and unattainable points more
explicitly by

~A . S ;
(“"19""‘-,;)-_(“m+n+i|16A)
U Uy e (o .
(-’-1’""z,,)'_(-'-m+n+i|leU)a
whence
i A e . . v e
Tmne i =kt if jed and Tmans = Zp4 if jeU.
Similarly as w, ,, define

v -1 -
wl (1)y:=1]] 1=z} and ol (=11 (1—:zf)

for I<Sv<u<p+1, teC. Note that

v
o Wy g

RN A
JT A and Wm0 1 W prrpers
wl.k,+g+l

Then, we reorder the knots (zq, .., 7,, ; , 42, ) iNto
5 Fl e ( - LA LA U LU
(20’ o LEmta+2p l) R (“()9 U R IS LIS R I R I IR )

Using the data f and (Z,, .., Z,, 4 »+2, 1), We obtain a second Newton-
Padé table whose entries are now denoted by 7, ,. Indeed, this second
Newton-Padé table coincides with the original one in each antidiagonal
no. 0,..m+n—1, m+n+2p—1, m+n+2p,.. and the singular block is
a square, i.e, 4={0,.,p—1} and U= {p, .., 2p—1}. As in the previous
sections we define polynomials 4, .., d,,. The following theorem
determines the connection between a; and 4;.

THEOREM 4. For any je{0,..,2p} there holds a,=d; if |,=0 and
otherwise

- LU

AUT (A
a;=0,a;-[20s 2,100 5 k11 (19)
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Proof. a; depends on f and (z, ..., 2,,, .+, 1) We consider a second
reordering

(;:-' z : 4 .z . )

Oy s “mintj—Is“m+n+jsem+n+j+1s
— A - A LU U
—(ZO»-“’ Zm+n~1,zl’- :l-k +1,L1 RN ,21 ,le,b[ ’)

and, analogously, we write 7, , and 4, ..., &; for the Newton-Padé¢ approxi-
mants and the related polynomials. Since Newton—Padé approximants are
independent of permutation of knots we achieve

a;=a, forany ie{0,., k+1/}

and

a;=a;.

Since -,U is unattainable and then will never become an attainable point

later, the singular block of the considered third non-normai Newton—Padé
table is a square. Therefore, we may apply Corollary 1 to this third singular
block with 5 =#k;+/; and obtain

a;= ai‘[zm+n+;‘n wns zm+n+j41]wm+n+i+l,m+n+ﬁ'
. L. ~ _ 4
Since Zp—j - kj and Omyntitlmensp = wi+2.l,+k,+l’ we conclude

(19). 1

Remark. The imaginary polynomials d,, .., @, are defined by
reordering. Although reordering could be a numerical tool, we stress here
a fictitious reordering which will not be carried out explicitly.

Proof of Theorem 2. Given the data described in (12}, by applying (19)
we are able to compute successively 4, for j=0, .., max{k,|i=0, .., 2p} —
and therefore the unknown values a;(z). |

7. GLOBAL IDENTITIES

In this section we introduce some global rules (illustrated in Figs. 2 and
3) which depend strongly on the structure of the singular block. As already
discussed for the square block case, we are most interested in relations
between the values ay(z), ..., a,,(2).

Recall from Theorem 2 that we can expect only rules combining a;(z)
with ag(z), .., a;_(z) if

kjsmax{ko, seey k}_ ]},
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which is obviously equivalent to
j—lelU or Ji<y with k;=k;.
Therefore, Corollary 2 and 3 discuss the cases j— 1€ U and k, =k, respec-

tively, which are consequences of Theorem 3. The most interesting special
cases are stated explicitly.

COROLLARY 2 For j—1eU let x,,..,x,eC denote zeros of w, ,,
counting multiplicities. Then, for z € C, there holds

( ) [r]"" q"-l]u/—l_ Z ) [Y],... qy“[]“’li»l
ied. i<j—1
- Z 1+1(‘) [xls-" q"-l]w (20)
iel,i<j—1

Proof. By Theorem 3, we obtain after multiplication with

HieA(t-zm+n+i)
1—1() [t,z]a a, | = Z ai(z)-w, (1) — Z a; . q1(2)-w, (1)

iedi<j—1 el i<j—1

This equation is evaluated for [x,..,x,,z;] with respect to r. Since
j—1e U, Lemma 2 leads to

[z z,_f"] a;,_,=a;(z),

and this concludes the proof. |

ExampLE 4. Taking g =0 in Corollary 2 yields a simple rule for a;(z)

provided that w; ,(z ‘)#0 This assumption can be dropped if we chose
(X150 X)) = (2}, s 2 f) with g being the multiplicity of the zero z;" of
W, .

Throughout this section, we define for i, je {0, .., 2p}

. U U A AT .,
di =120 2y, Zigwyrrr o Zp I Wi (21)

such that d, ;=1 if k,=k;+1 and d, ;=0 if k,>k,+ 1. Moreover,

([Zz,’+ ERE zll,/] a):,+1,+ Lk + 4+t
if i<j and l<l
0 if i<j and L=1
" < [Z/:+g+1a ey Z/f,u‘] w/7+1./,+|
if > and ki+l,>k,+1
\ 0 if izj and ki+l=k+1
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EXAMPLE 5. Let us take (xy,..,X,)=(z{,., 2 |, 2 s 2)) in
Corollary 2, then some summands vanish in (20). We obtain for j— 1e U,
zeC

a;‘(—"-')= Z ai(z)'dH»l.i— Z ai+1(3)'di,j' (22)
iedi<j—1 ieUi<j—1
ki< k, kiv1<k;

This identity coincides for the square block case with Corollary 1. Using
(22) we will show the simpler identity (25) in Example 7 below.

The following rules combine a,(z), ..., a;(z) if a; and a, have the same
degree.

CorOLLARY 3. Ler i, je{0,..,2p}, i<j and k,=k,. For z, x,,..,
X, _1,€C, there holds

g(z)=al)= Y a4 d2) [ X, 3w,

vel.igsv<j

- Z av(:) ! [xl’ ey xp—k,] Weine (23)

ved isv<y

Proof. Setting h(t) :=a,(t) -w;(t)—a;(¢t)-w,(t), Theorem 3 gives after
multiplication with (7 —z)

h(t)=w;(1)-a;(z) —w,(1)-a,(z)

+ Y adz) w0 (1-2)

ved igsv<y

T a@) w2

vel,i<v<j

Since deg w,=deg w,=p —k; it suffices to prove [x, .., x,_(,z]h=0.
By definition of h(r), using the methods of the proof of Theorem 3
(cf. (17)), we get

J=1

()=, (W, (1) -a, (D) —w,(1) a/lr))

v=1

— Y cm— F cown

vel igv=<j veA igsv<j

Hence by a reordering of the knots (z,, ., 4+« Zminy,; 1) Similar to the
proof of Theorem 4, we can conclude that degh<p—k;. 1|
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m

FIGURE 2

N U & A A
ExampLE 6. Taking (x;, .., x,_4) = (z/, - Iy Tkt 1o z,) and

using the definition of 4, ; in (21), Corollary 3 reads as follows: for
i, je{0,..,2p}, i< ), k,=k;, zeC

a;(z)_ai(z): Z av+1(z)‘dv,,‘_ Z av(:)'d\<+l,1- (24)
velU,isv<j veAd igv<j
kvt Sk k< k)

If j—1eA then a;(z) does not arise on the right hand side of (24) and
hence can be computed using (24). This is illustrated in Fig. 2 where, as
above, the singular block is hatched and “O” and “€” mark the position
of approximants which arise in (24) on the left and right hand side, respec-
tively. With i=j—4 and A, U given by the hatched structure, the relation
from Fig. 2 reads

aj(2)—a; q(2)=a; 4(2)-d; 4 ;+a, ,(2)-d;_;;—a; 5(z)-0—a, (z)-0.

Note that various i can be chosen. The “most efficient relation” is obtained
choosing i :=max{v<j|k,=k,} such that ie U.

ExampLE 7. Finally, let us have a closer look at the case j—1eU.
Then, a,(z) appears on both sides of (24) and hence (24) cannot be used
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m+p-—1

FIGURE 3

to compute a;(z) from a[(z), .., a;_,(z). On the other hand, we can add this
rule to (22) and obtain for j— 1€ U, i</ and k, =k,

aj(z)_ai(z):‘ Z a»v(z)'dv+l.j_ Z av-f—l(z).d\xj‘ (25)
veAd v<i vel v<i
ke ky kv <k

These approximants are illustrated in Fig. 3 where, as above, the singular
block is hatched, “O” and “€@” mark the position of approximants which
arise in (25) on the left and right hand side, respectively. Note that the
“most efficient rule” is obtained choosing i=min{v|k, =k,}.
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