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The convexified Landau-Lifshitz minimisation problem in micromagnetics leads to a degenerate variational problem. There-
fore strong convergence of finite element approximations cannot be expected in general. This paper introduces a stabilised
finite element discretisation which allows for the strong convergence of the discrete magnetisation fields with reduced con-
vergence order for a uniaxial model problem.

1 Introduction

Numerical simulations of stationary micromagnetic phenomena are most frequently based on the mathematical model named
after LANDAU and LIFSHITZ. In the case of vanishing exchange energy, the problem reads: Minimise

E(m) :=
∫

Ω

φ(m) dx−
∫

Ω

f ·m dx+
1
2

∫
Rd

|∇u|2 dx over A :=
{
m ∈ L∞(Ω;Rd)

∣∣ |m(x)| = 1 a.e.
}
. (1)

Here, Ω ⊂ Rd, d = 2, 3, is a bounded Lipschitz domain and φ ∈ C(S;R≥0) is an even function on the unit sphere
S =

{
x ∈ Rd

∣∣ |x| = 1
}

. For uniaxial materials, φ reads φ(x) = 1
2

(
1 − (x · e)2

)
with a fixed e ∈ Rd, |e| = 1, called

easy axis. The function f ∈ L2(Ω;Rd) models an exterior field. The potential u is given by ∇u ∈ L2(Rd;Rd) in the
magnetostatic Maxwell’s equation div(−∇u+m) = 0 in Rd in the sense of distributions. Since the stray field∇u is unique
(see [2, Proposition 2.1]), Pm := ∇u is well-defined.

The minimum of (1) is in general not attained, as infimizing sequences (mj) develop finer and finer oscillations without
strong limit. However, there exists a weak limit m, which is a solution of the convexified problem:

Minimise E∗∗(m) over A∗∗ = conv(A) =
{
m ∈ L∞(Ω;Rd)

∣∣ |m(x)| ≤ 1 a.e.
}

(2)

with E∗∗(m) :=
∫

Ω

φ∗∗(m) dx−
∫

Ω

f ·m dx+
1
2

∫
Rd

|∇u|2 dx

with φ∗∗(x) being the convex hull of φ(x) defined for |x| ≤ 1. Problem (2) is the weak L2-Γ-limit of the classical model by
LANDAU and LIFSHITZ with vanishing exchange energy. Solutions of (2) are equivalently characterised by the corresponding
Euler-Lagrange equations (see Theorem 4.2 in [4] or [2, (2.5)–(2.6)]): Find (λ,m) ∈ L2(Ω)× L2(Ω;Rd) such that

Pm+∇φ∗∗(m) + λm = f with λ ≥ 0, |m| ≤ 1, λ(1− |m|) = 0 a.e. in Ω. (3)

Existence of solutions is shown in Theorem 4.2 of [4], whereas Theorem 2.2 of [2] yields uniqueness of the quantities Pm,
∇φ∗∗(m) and λm. In the uniaxial case, even m is unique.

2 Discrete Model

In our efforts towards discretisation, we follow an approach studied in [3] and use a piecewise constant approximation: The
side-constraint |mh| ≤ 1 is replaced by a penalisation term, and a stabilisation term σ is added:

Minimise E∗∗
ε,h(mh) over L0(T ) with (4)

E∗∗
ε,h(mh) :=

∫
Ω

φ∗∗(mh) dx−
∫

Ω

f ·mh dx+
1
2

∫
Rd

|Pmh|2 dx+
1
2

∫
Ω

1
ε
(|mh| − 1)2+ dx+

1
2
σ(mh,mh)

Here T is a partition of Ω, L0(T ) denotes the space of all T -elementwise constant functions, and h ∈ L0(T ) is the mesh-size
function, i.e. h|T := hT := diam(T ). The stabilisation σ is a positive semi-definite bilinear form and (·)2+ := max{·, 0}2.

Theorem 2.3 of [2] guarantees (4) has at least one solution mh. The quantities Pm and ∇φ∗∗(mh) are unique among the
solutions. In the uniaxial case, the solution is unique.
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3 Convergence Result

Suppose that T is a regular triangulation in the sense of Ciarlet and let S1(T ) =
{
ϕ ∈ C(Ω)

∣∣ ∀T ∈ T , ϕ|T ∈ P1(T )
}

denote
the finite element space consisting of globally continuous and T -piecewise affine functions. Let Ah : L2(Ω;Rd)→ S1(T )d
be a linear operator which satisfies (with an h-independent constant c1 > 0)

• ‖Ahm‖L2(Ω) ≤ c1‖m‖L2(Ω) for all m ∈ L2(Ω;Rd),

• ‖m−Ahm‖L2(Ω) ≤ c1‖hDm‖L2(Ω) for all m ∈ H1(Ω;Rd) and h → 0,

• ‖D(m−Ahm)‖L2(Ω) ≤ c1‖Dm‖L2(Ω) for all m ∈ H1(Ω;Rd) and h → 0,

Examples for such operators Ah are the L2-projection onto S1(T )d as well as the Clément interpolation operator. With a
suitably chosen constant c2 > 0 (see [2, (3.2)]), we define for mh,nh ∈ L0(T ) the following stabilisation term:

σ(mh,nh) =
1
c2

{
〈(id−Ah)mh ; (id−Ah)nh〉L2(Ω) + 〈hDAhmh ; hDAhnh〉L2(Ω)

}

Denote hmax = max
T∈T

hT and hmin = min
T∈T

hT . For d = 2 and the discrete energy E∗∗
ε,h in (4) equipped with this stabilisation

term, Thoerem 3.1 of [2] states the following: If (λ,m) and mh are the solutions of (3) and (4) for the uniaxial case,
respectively, and if m, λm ∈ Hα(Ω;R2) for some α ∈ (0, 1] and ε = O(hα

max), then

‖m−mh‖L2(Ω) = O(h3α/2
max /hmin).

This yields convergence for quasiuniform meshes and α > 2/3.

4 Error Estimators

The following result provides error estimations of the stray field and the magnetisation in the direction of the easy axis of the
uniaxial case. Theorem 3.3 of [1] shows without stabilisation (σ = 0), that with an h-independent constant c3 > 0

‖Pm− Pmh‖L2(Rd) + ‖∇φ∗∗(m)−∇φ∗∗(mh)‖L2(Ω) ≤

≤ c3

{
〈(f − fT )− (Pmh − (Pmh)T ) ; m−mT 〉L2(Ω)

+ ‖(|mh| − 1)+ ((f − fT )− (Pmh − (Pmh)T )) ‖L2(Ω) + ‖(|mh| − 1)+‖L2(Ω)

}
.

The first term on the right hand side, though not being a posteriori, can be dominated with Hölders inequality. This estimate
gives rise to several error estimators that are either reliable, or (expected to be) efficient, but not both. This phenomenon is
called Reliability-Efficiency-Gap and illustrated in Figure 1.
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Fig. 1 Numerical solution of a problem with m /∈ H1 (a) and Reliability-Efficiency-Gap of error estimators (b).

Acknowledgements The second author DP thankfully acknowledges the support of the Austrian Science Fund FWF under grant P15274.
The third author WB thankfully acknowledges the support of the Deutsche Forschungsgemeinschaft (DFG) through the RTG 1128.

References
[1] C. Carstensen, D. Praetorius, Numerical analysis for a macroscopic model in micromagnetics, SIAM J. Numer. Anal., 42, (2005).
[2] C. Carstensen, D. Praetorius, Stabilization yields strong convergence of macroscopic magnetization vectors for micromagnetics with-

out exchange energy, IMA J. Numer. Anal., (to appear).
[3] C. Carstensen, A. Prohl, Numerical analysis of relaxed micromagnetics by penalised finite elements, Numer. Math., 90 (2005).
[4] A. De Simone, Energy Minimizers for Large Ferromagnetic Bodies, Arch. Rat. Mech. Anal., 125 (1993).

© 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

ICIAM07 Minisymposia – 15 Modelling and Simulation for Industry 1151204
 


