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Abstract A refined a posteriori error analysis for symmetric eigenvalue problems
and the convergence of the first-order adaptive finite element method (AFEM) is
presented. The H'! stability of the L? projection provides reliability and efficiency of
the edge-contribution of standard residual-based error estimators for P finite element
methods. In fact, the volume contributions and even oscillations can be omitted for
Courant finite element methods. This allows for a refined averaging scheme and so
improves (Mao et al. in Adv Comput Math 25(1-3):135-160, 2006). The proposed
AFEM monitors the edge-contributions in a bulk criterion and so enables a contrac-
tion property up to higher-order terms and global convergence. Numerical experiments
exploit the remaining L? error contributions and confirm our theoretical findings. The
averaging schemes show a high accuracy and the AFEM leads to optimal empirical
convergence rates.

Mathematics Subject Classification (2000) 65N12 - 65N25 - 65N30 - 65N50

Supported by the DFG Research Center MATHEON “Mathematics for key technologies” in Berlin and
the Hausdorff Institute for Mathematics in Bonn, Germany.

C. Carstensen (X) - J. Gedicke

Institut fiir Mathematik, Humboldt-Universitit zu Berlin,
Unter den Linden 6, 10099 Berlin, Germany

e-mail: cc@mathematik.hu-berlin.de

J. Gedicke
e-mail: gedicke @mathematik.hu-berlin.de

C. Carstensen
Department of Computational Science and Engineering,
Yonsei University, Seoul 120-749, Korea

@ Springer



402 C. Carstensen, J. Gedicke

1 Introduction

While error estimates for adaptive methods for space and time dependent PDEs have
been studied in great detail in recent years, error estimates and adaptive algorithms
for eigenvalue problems are still under development. A priori error estimates for
elliptic operators [4,5,12,16,19,21-23] assume that the mesh-size is sufficiently small.
Knyazev and Osborn [17] overcame this difficulty and presented the first truly a priori
error estimate for symmetric eigenvalue problems.

The a posteriori error analysis for symmetric second order elliptic eigenvalue prob-
lems started with Verfiirth [24] and Larson [18] for L? and H! error estimates based
on duality. An energy-based technique due to Durén et al. [13] controls the error by
some edge and volume residual plus a higher-order term. This paper will provide a
refinement without the volume contribution for all eigenvalues which generalises and
simplifies the proof in [13]. Mao et al. [20] suggested some local averaging technique
which we improve by neglecting the volume contributions. The first convergence of
an adaptive algorithm with oscillation terms can be found in [14], which we further
develop here for a refined adaptive scheme.

Nonsymmetric elliptic eigenvalue problems are analysed by Heuveline and
Rannacher in [6, 15] and lay beyond the scope of this paper.

Throughout this paper, we study the following general formulation. The weak form
of the symmetric eigenvalue problem involves two real Hilbert spaces (V, a) and
(H, b) with V.C H C V*. The scalar products a and b induce norms in respective
spaces, namely

Il = a(, )" and || =bC, )2
and the embedding of V in H is continuous and compact,
c
V — H.

The continuous eigenvalue problem consists in finding a pair (A, ) of A € R (actually
A >0)and u € V with |ju|| = 1 and

a(u,v) =Ab(u,v) forallveV. (1.1)

Given any finite-dimensional subspace V; of V, the discrete eigenvalue problem con-
sists in finding (A¢, ug) € R x Vp with [Jug|| = 1 and

a(ug,ve) = reb(ug, vg) forall vy € V. (1.2)
Throughout this paper, the min-max principle [23] allows some ordering of the discrete
eigenvalues with 0 < A < A,.

Typical examples for eigenvalue problems include the Poisson problem

—Au=Au inQ and u=0 ond
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(for the Laplace operator A) and the Lamé problem
—A*u=2pu inQ and u=0 ondQ

from harmonic dynamic of linear elasticity (with the Lamé operator A* and the
density p).

Given an initial coarse mesh 7, an adaptive finite element method (AFEM) succes-
sively generates a sequence of meshes 77, 7, ... and associated discrete subspaces

VoeVigc--CVeCVen &---CV

with discrete solutions consisting of discrete eigenpairs (A¢, u¢). A typical loop from
Vi to Vo1 (at frozen level £) consists of the steps

SOLVE — ESTIMATE — MARK — REFINE. (1.3)

This paper contributes to the a posteriori error analysis [13,20,25] of eigenvalue prob-
lems and to the design and convergence of AFEM [14]. Here we give a shorter proof
of the edge-residual estimator in [13] and improve the results from [20], in the sense
that in the estimator no additional volumetric part is needed. Additionally, we show
that the higher-order terms can really be neglected and underline that by numerical
experiments. In contrast to [14] we proof the convergence of AFEM without the inner
node property. Our global convergence proof seems to be the first that does not need
the usual assumption that the mesh size is small enough.

The outline of the remainder of this paper is as follows. Section 2 describes an adap-
tive mesh-refinement algorithm that allows for the H' stability of the L? projection.
In Sect. 3, the algebraic aspects of the a posteriori error analysis are provided. Section 4
presents the edge residual and the refined averaging technique. Section 5 analyses the
convergence of the AFEM illustrated in Sect. 6 by numerical experiments.

2 Adaptive mesh refinement algorithm

This section describes the algorithm REFINE of one loop of AFEM from (1.3) in
order to state precisely conditions for the H! stable L? projection required below.

2.1 Input: assumptions on course triangulation 7y

The initial mesh 7y is a regular triangulation of 2 C R” into closed triangles in the
sense that two distinct closed-element domains are either disjoint or their intersec-
tion is one common vertex or one common edge. We suppose that each element with
domain in 7 has at least one vertex in the interior of 2.

Given any T € 7y, one chooses one of its edges E(T) as a reference edge from
the set of Edges £(T') such that the following holds. An element T € 7 is called
isolated if E(T) either belongs to the boundary 9€2 or equals the side of another ele-
ment K € Ty with E(T) = dT N 9K # E(K). Given a regular triangulation 7y,
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3 3

red green

news news \

1 2 1 2
newi newi

blue left blue right

news \ news

14— 2 1 L ——— o
newi newi

Fig. 1 Red, green and blue refinement. The new reference edge is marked through a second line in parallel
opposite the new vertices newp, new; or news

Algorithm 2.1 of [8] computes the reference edges (E(T') : T € 7p) such that two
distinct isolated triangles do not share an edge. This is important for the H' stability
of the L? projection in Sect. 2.4.

2.2 Red-green—blue refinements

Given a triangulation 7; on the level £, let £ denote its set of interior edges and sup-
pose that E(T') (E(T) : T € 7;) denotes the given reference edges. There is no need
to label the reference edges E(T') by some level € because E (T) will be the same edge
of T in all triangulations 7,, which include T. However, once T in 7; is refined, the
reference edges will be specified for the sub-triangles as indicated in Fig. 1. The mesh-
refinement strategy consists of the following five different refinements. Elements with
no marked edge are not refined, elements with one marked edge are refined green,
elements with two marked edges are refined blue, and elements with three marked
edges are refined red.

2.3 Marking and closure

The set of refined edges M, C & is specified in the algorithm MARK. The closure
algorithm computes the smallest subset My of & which includes M, such that

(E(T): T eT with &T)nM, # 0} < M.

In other words, once an edge E of an element 7 is marked for refinement (written
E € /Wg), the reference edge E(T) of T is marked as well. Consequently, each
element has either k = 0, 1, 2, or 3 of its edges marked for refinement, if £ > 1,
the reference edge belongs to it. Therefore, exactly one of the five refinement rules
of Fig. 1 is applied. This specifies sub-triangles and their reference edges in the new
triangulation 7y 1.
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2.4 Properties of the triangulations

This subsection lists a few results on the triangulation 7, obtained by REFINE under
the assumptions on 7y of Sect. 2.1. The non-elementary proofs can be found in [8].

(i) 7y is a regular triangulation of € into triangles; for each T € 7; there exists
one reference edge E(7") which depends only on 7 but not on the level £.

(i) Foreach K € 7y, Tylxk := {T € 7y |T < K} is the picture under an affine
map ® : K — T,.r onto the reference triangle 7.y = conv{(0, 0), (0, 1),
(1,0)} by ®(E(K)) = conv{(0, 0), (1, 0)} and det D® > 0. The triangulation
Tx = {®(T) : T € T,T C K} of K consists of right isosceles triangles.
(A right isosceles triangle results from a square halved along a diagonal.)

(ili) The L2 projection ITonto V; := P (7g) NV is H ! stable. The piecewise affine
space are defined by

Pu(T;R™) :={v € C®(T;R"™) : v affine on T},
Pi(Te: R™) == {v € L¥(Q; R™) : VT € Ty, vy € Pi(T; R™)}.

Foranyv e V := HO1 () the L? projection ITv on V; satisfies
VIl 12() < Cstab VUl L2

(iv) The approximation property of the L? projection states

_ —1/2
Dl W = T2 + D I 2@ = T2, ) < CappI VoI g
TeT; Ee&;

for all v € V. The constants Cs;qp and C,p,, depend exclusively on 7.

3 Algebraic aspects of an a posteriori error analysis

Throughout this section, (A, u) solves (1.1) and (A, u¢) solves (1.2). Suppose that the
orientation of the unit vectors u and u, is normalised to b(u, ug) > 0. Setey := u—uy
and

Resp := Aeb(uyg, ) —a(ug, ) € V*

such that V; C ker(Resy).

Lemma 3.1 Let (A, u) and (7¢, ug) be eigenpairs of (1.1) and (1.2). Then it holds

lleel® = Allecll® +Ae — A = (A + Ae)lleell®/2 + Rese(ep).
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Proof The first identity follows from

a(eg, ep) = g+ X —2a(u, ug)
= ¢ — A+ 20(1 = b(u, uy))
=A¢ — A+ Ab(eg, ep)

and the second follows from

aleg,e) = au, ee) +alug, ug) —alug, u)
= Ab(u, ep) + Aeb(ug, up) —a(ug, u)
= b(Au — houy, ep) + deb(ug, u) —a(ug, u)
= b(Au — Agug, er) + Resg(u)
=+ o) (1 = b(u, ug)) + Rese(eq)
A+ A
T2

b(er, ep) + Reso(ep).

O

For the discussion of |le¢|| < |[|e¢|l, suppose that the eigenvalues and the Ny = dim(V;)
discrete eigenvalues are enumerated

O<Ai <A <--- and O <Ag) < - < Agng.

Let (u1,u2,u3,...) and (ug1,...,uen,) denote some b-orthonormal basis of V
and V; of corresponding eigenfunctions. Suppose that there exist a cluster of eigen-
values A,11 < --- < Auym, of multiplicity m € N with eigenspace W :=
span{uy+1, ..., Up4m,}. Define their index set I := {n + 1, ..., n + m} and the com-
plement Ny(I) := {1, ..., N¢}\I. The minmax principle and known a priori error
estimates [23] show for some sufficiently small global mesh-size h( that there exists
some separation bound

A
0 < Mi(I) := sup max max — %
reNy JENe) kel IAe,j — Ml

Let Wy := span{ug 11, ..., U ntm} and set dist) (v, Wy) := min{|lv — wg| : w; €
W,}. In the following, the map P : V — W denotes the b-orthogonal projection onto
W,b(Pv—v,-)|lw=0forallveV, P, : V— W, the b-orthogonal projection onto
We, b(Pgv — v, -)|lw, = O0forallv € V,and G, : V — V, the Galerkin projection,
a(Gev —v, )|y, =0forallv e V.

Proposition 3.1 Let uy € W be some b-normalised eigenfunction to the k-th eigen-
value , with k € 1. Then it holds

dist) | (Geug, We) < Mi(D)|lug — Geugll.
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Proof Setv := Gyuy — Py(Gyuy) for the b-orthogonal projection P, onto Wy. Then
dist) | (Geug, We) = ||v|| withv := ZjENg(I) ajue jand Wy L span{u; : j € Ne(1)}
implies

b | Pe(Gouy), Z ajug; | =0.

JEeNe(I)
The pairwise b-orthogonality of the basis functions uy 1, ..., u¢, N, yields
? 2
> a.;M_A—iAkue,j = > (Mk—ﬁkk) aF < M{(Dlv]?.
JEN(D) J jeNe(n N

The Galerkin orthogonality a(Geuy, ue j) = a(uy, ug ;) forall j =1, ..., Ny shows
(Ae,j — M)b(Goug, ue, j) = Acb(up — Goug, ue ),

because Arb(Guy, ug, ;) occurs on both sides [23, Lemma 6.4]. This, some algebra,
and elementary estimates show

Wwi>=bGeur. D ajue;|=blu—Guy, D oj———
JEN((I) JEN(I)
Therefore,
2 A
vl < llugx — Geugl aj————uyg ;|| < MiDllug — Gouglllv]l.
Ao i — Ak
JeNe(I) g
m]

Proposition 3.2 Let (A k, ug k) denote some discrete eigenpair number k € I and
let Pugx = || Pug i ||uj for some uy € W with |\ui|| = 1. Then it holds

||uz - W,k”2 _ dist) | (uek, W)2
2 L+ || Pug il

2 2
<M5(I)max|lu; — Geujll
Jjel

with Ma(I) == m(Q2m + 1)(1 + M1 (I)).

Proof Notice that for e} = u} — ugy, lleflI> = lef — Pefl|> + ||Pe}||* and
lef — Peill? = lluex — Pugil® = disty(uex, W)?* as well as

IPefN> = lluf — Pueil® = (1 — | Pucil)?.
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Moreover, b(Pug i, ugx) = || Pug||b(uy, ue ) and
buy, ugx) = b(ug, Pug i) = b(Pugy, Pugi)/|Pueil = | Pugil = 0.
Therefore, disty | (u¢x, W)* = 1 — || Pug ||* and it follows
lef I = 1= | Pugil® + (0 = [ Puesl)® =201 — | Pugil)

1— [[Pugr®>  disty(uer, W)2
L+ [[Pugl L+ [[Pugll

This proves the first equality. For a proof of the second inequality notice that
(Up+1s .-, Un+m) 1s some b-orthonormal basis of W and therefore Pu,i =
zje, b(Pug k, uj)u ;. Suppose that the global mesh-size is small enough in the sense
that & := max{|lu; — Peuj||l : j € I} < 1. With Kronecker’s delta, §;; = 0 fori # j
and §;; = 1 fori = j, it follows forall i, j € [

[b(Peui, Pouj) — 8;51 = |b(u;, Pouj) — 8| = |b(u;, Pouj —u;j)| <e.

Thus, (Peup+1, ..., Peltyym) is a basis of Wy and ug = Zj€1 aj Pguj for some ;.
Leti € I, from

i, uer) = D ajb(ui, Pouj) = + > aj(blui, Peuj) — 8ij)
Jjel jel

it follows

leu ] < 1b(ui, ue )| + D lejlIbui, Peuj) =8| < 146> |ajl.
jel jel

Suppose that 0 < ¢ < 1/(2m), then summation over i yields

D leil <m+em D ol

iel jel

and hence

Z|Oli| <m/(1 —em) <2m.

iel
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Thus, |oj — b(ugk, uj)| < 2me and it holds

diSt||,|| (u[,k, W) = Z(Oljpguj — b(Pug,k, uj)uj)
jel

=D (@ Pouj — blug . uj)uj)
Jel

= Z ((j = bug g, uj)Pouj+ bug i, uj)(Pouj —uj))
Jjel

<mQ@2m+ 1)max|u; — Pyujl.
jel
The triangle inequality leads to
disty | (uj, W) < ||I/L] — G(zujH + dist (Gguj, Wo).

The previous two inequalities plus Proposition 3.1 conclude the proof. O

Theorem 3.1 For sufficiently small mesh-size
he ;= max{hy : T € Ty} with hy := diam(T)

there exists 0 < 8y < 1 with

2

jel

Pug,j

Zjel |||Res€»j|||*
— 8y jel W07 s
| Pug;ll

- 1—36¢

and lim §; = 0.
he—0

Proof The eigenvalue problem (1.1) corresponds to the boundary value problem to
find z € V such that

a(z,v):/fvdx forallv e V.
Q

Suppose this problem is H'*$-regular for all f € L*(Q),i.e.,z € H'*$(Q)NV with
Izl g1+ @) < Cregll f1l12(q)- Then the following convergence estimate holds for the
Galerkin projection G : V — V;

llz — GKZ"Hl(Q) = Ccunvhi”Z”Hlﬂ'(Q)
for the maximal interior angle w and 0 < s < 7/w [7, Theorem 14.3.3]. Under

the above assumption, that the problem is H'*-regular, the Aubin—Nitzsche duality
technique leads to

””] - G(Z“]” = Cregcconvh; |||u] - GEuj |” .
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Suppose that A, is sufficiently small such that ¢ := max{||Pus; — ug;jll
j € I} < 1/(2m). Then, with the same argumentation as in Proposition 3.2,
(Pugpt1, ..., Pugpnim) is a basis of W and uy = Zjel ajPuy ; for some o; with

lej] <1+2em < 2andk € I. Since Gy is Galerkin projection with best approxi-
mating property, it holds for vy := >~ ., ;|| Pug, jllue,j € Wy

jel
e, j
lux — Gourll < lug — vell < ur ! ;e 3.1
J
With the Friedrichs inequality ||v|| < CF ||v|| for all v € V, Lemma 3.1 yields
Puy ; Puy
Lomug || < D [1Rese |+ Cr=" D0 ot — e
jel
Suppose that &, is sufficiently small such that
8¢ = \/EhzmMZ(I)CrechonvCF()" + )‘@,n-i-m) < L
Then Proposition 3.2 together with (3.1) lead to
Z Puy j < Zjel |”R€Se,j|||*
- j —_ - .
| TPuc 1 =4
O

Notice that 1 /(1 — §¢) — 1 as the maximal mesh-size hy — 0.

4 Two a posteriori error estimators

The a posteriori error estimates of this section employ the abstract framework of [10]
by estimating the dual norm of the residual || Res¢||,. The first a posteriori error esti-
mator is explicit residual-based and the second improves the averaging error estimator
of [20].

4.1 Residual-based error estimator

The book of Verfiirth [24] summarises a few equivalences of a posteriori error esti-
mates. This and the following estimate allow for reliable and efficient error estimators
via other estimators as well. Given any interior edge E, written E € &, of length hg
and with normal unit vector vg let [Vuy] := Vue|7, — Vug|r_ denote the jump of the
piecewise constant gradient across E = 074 N d7— from the neighbouring element
domains Ty € 7;. The notation x < y abbreviates the inequality x < Cy with a
constant C > 0 which does not depend on the mesh-size.
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Theorem 4.1 Let (A, u) and (¢, ug) be eigenpairs of (1.1) and (1.2). Then it holds

2 2. 2 2
IReselly S mp:= D helllVuel - vEll7s gy < lleell.
Ee&y

Proof (reliability) Let v be the L? projection of v in V;. The approximation property
(iv) of Sect. 2.4 for the edges reads

—1/2
Dok P = vy S IV
Ee&y

The definition of the residual and some elementary algebra yields

Resg(v) = Resg(v — vy) = Agb(ug, v —vp) —a(ug, v — vp)

= —a(ue,v—v)=— D [ (Vuel vE)( — v) ds

EG(S({E
1/2 —1/2
< > 2 NVuel vl 2 Ih g 0 = vl 2
Ee&
1/2 172
—1/2
< | 2 hellVuel-vell7a D = v e,
Ec& Ee&y
S el Vol 2 g)-

]

Proof ((global) efficiency) Utilizing the bubble function technique of Verfiirth [24,
Lemma 1.3], Duran, Padra, and Rodriguez proved local efficiency for the edge-
residuals [13, Lemma 3.4], namely

1/2
WP NVuel - vell 2 S IVeell gy + hog 12— hettell 20, ),

for the edge patch wg := T4 U T_ of E. With hy := max{hr : T € 7y}, the global
version reads

ny S Neell® + hglhu — heuell*.
Some elementary algebra in the spirit of Lemma 3.1 shows
Ihue = deuel® = Ghg = 2)> + Ahellee].

Lemma 3.1 yields (Ay — 1)% < |le¢||* and Ad¢|lec]|> < A¢ llec||*. Since A; is bounded
by A it holds

2 2
ng S lleell
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even for larger mesh-sizes hy < 1. O

4.2 Averaging technique for a posteriori error control

Let Ay : ng - Sl(Tp)? = Vld N C(2)¢ be some local averaging operator. For
example,

1
Ae(Vug) = /we dx | ¢,

w
Z€M| Z| o

2z

with nodal hat functions ¢,. Alternative estimators from [9] could be employed as
well.

Theorem 4.2 Let (A, u) and (A¢, ug) be eigenpairs of (1.1) and (1.2). Then it holds

IReselly S 1 = D IAe(Vue) = Vuel oy < lleell .
TeT

Proof Let v, be the L? projection of v in V;. Since A¢(Vuy) is globally continuous,
the divergence theorem is globally applicable. Notice that for the finite dimensional
subspace V, there holds the local inverse inequality

||hT div(ve)||Lz(T) < Cinv”vean(T)‘

Together with the the approximation property (iv) of Sect. 2.4,

—1
Dol @ = w7y SNV,
TeTy

it follows

—/Ae(Vug)V(v —v)dx = /(v —vg)div(Ae(Vuy)) dx
Q Q

- Z/hr div(A¢(Vug)hy' (v — ve) dx
T r

<D by div(A(Vue)=Vu) || 20y 117 @ =0l 2
T

< Ciny DN Ac(Vug) = Vel g2y Ih7 (0 = vo)ll 2
T
S NAc(Vue) — Vuell 2 IVl L2(q)-
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This inequality and the stability (iii) of Sect. 2.4,

IVuell 2@y S IVUll 2
lead to

Resy(v) = Agb(ug, v —vg) —a(ug, v —ve) = —a(ug, v — vy)

= _/AZ(VMK)V(U —vg) + /(AZ(VW) — Vug)V(v —vy)
Q Q
S rellVollpzg)-

Hence we have proved reliability. The efficiency is proved by the known fact that
the averaging estimator is equivalent to the edge-residual estimator [24]. Since the
edge-residual estimator is efficient, so is w¢. A direct proof of efficiency for a class of
averaging operators follows as in [9]. O

5 AFEM convergence

The main results are discussed in the first subsection and proven in the subsequent
ones.

5.1 Global strong convergence and contraction property

Let k be some fixed positive integer and suppose dim Vy > k. Let (Vy)¢=0.1.2,... denote
the nested sequence of discrete spaces computed by the adaptive algorithm based on
the residual

Resp := Aeb(uy, -) —a(uy, -)

for the k-th algebraic eigenvalue A, of the discrete eigenvalue problem on the level
£ with some eigenvector uy € Vy. Suppose that V; C ker(Resy) and |lu,| = 1
and notice that at least the orientation of u, is arbitrary even if the discrete eigen-
span of Ay is one-dimensional. The procedure MARK employs the edge-contributions
ng) = hlgzn[Vug] -VEll L2y and computes M, C & (with minimal cardinality) such
that

0)2 — 0)?
= S <0t 3

Ee& EeM,

with some global parameter 0 < 6 < 1. The global convergence result will be proved
throughout the remaining part of this section.

Theorem 5.1 (global convergence) The sequence of discrete eigenvalues (Ay) con-
verges towards some eigenvalue i of the continuous problem. Each subsequence (uy;)
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414 C. Carstensen, J. Gedicke

of discrete eigenvectors has a further subsequence which converges strongly towards
some u in'V and u is an eigenvector of A.

Theorem 5.1 shows that spurious eigenvalues do not occur: Every accumulation
point of discrete eigenvalues is an exact eigenvalue. Moreover, for a simple eigenvalue
A (i.e., the eigenspan is one-dimensional) it shows that, up to a proper choice of the
sign of +uy, the complete sequence converges strongly to the eigenvector +u of A.

Notice that there is monotone convergence of the discrete eigenvalues to an exact
eigenvalue L. The Rayleigh-Ritz principle guarantees that A is amongst the exact
eigenvalues number k or higher but it remains open to conclude that A equals the k-th
one. Spurious eigenvalues cannot appear as any limit is some exact eigenvalue, but,
without further assumptions we cannot guarantee that some exact eigenvalues are left
out. To avoid that, one requires some global assumption such as that the mesh-size is
globally fine enough.

In the restricted case of a simple eigenvalue A the following contraction property
holds.

Theorem 5.2 (contraction property) If the triangulation 1y is sufficiently fine, i.e., hg
is sufficiently small, and X is simple, then there exists y > 0 and 0 < p < 1 such that,
forallt =0,1,2,...,

ynger + = uer1* < p (yn? + llu — uell?).

An alternative name for the contraction property is Q-linear convergence and this
holds for the combination of error and estimator. An immediate consequence is R-
linear convergence of the errors in the sense that, forall £ =0, 1,2, ..., it holds

2
lu — uell® < o°.

The proofs of the two theorems will be the content of the subsequent subsections.

5.2 Strong convergence of subsequences

The Raleigh—Ritz principle shows for the nested discrete spaces Vo € Vi C V, C ---
that (A¢) is monotone decreasing and hence convergent to some reel number Ao, > 0
which is even bigger than or equal to the k-th exact eigenvalue. In particular, (A;) is
a Cauchy sequence. Notice that A, = ||ug II? and hence (u;) is bounded in the Hilbert
space V. Since each bounded sequence in V has some subsequence which is weakly
convergent in V and strongly convergent in H towards some element in V, there exist
some subsequence (u ej) and some weak limit uo, € V such that

lim uee — M@jH =0 while (ugj) — Uso In V.
J—>00

The arguments from the first part of Lemma 3.1 show for £ < m that

2 2
N — uell” = Ae — A + Al — uell
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and, for subsequences, the right-hand side tends to zero as £ — oo and hence (u ej) is
a Cauchy sequence in V. Consequently,

Jim [l = e, | =0

In particular, ||uso|| = 1 and the residual Reso, reads
Resao = Aoob (o, ) — a(lte, -) € V*.

It remains to prove Ress, = 0. The aforementioned convergence properties show the
weak convergence

(Resg;) = Resoo  in V™.
So it remains to conclude

lim [ Rest, ||, = 0

J

which will follow from the reliability of Theorem 4.1 and the convergence of the esti-
mators in Lemma 5.2 below. The proof of that follows from an estimator perturbation
result similar to [11].

Lemma 5.1 There exist some C > 0 and 0 < p < 1 such that, for all non-negative
integers { and m, it holds

2 2 2
Negm = PNg + C lluerm — uell”.

Proof Forall E € & we have either E € &, or otherwise there exist E1, ..., E; €
Erym With E = EyU---UE; and J > 2. In the second case E € & \ Epyp, for any
0<8<0/2-0),

J J
¢ 2
ng "% = W Vit -ve,
j=1

j=1
J
< >3, (1 +IVued ve, P+ (1 +1/8)[Vutgsn — Vuel-vi, )
j=1
J
< (L48)/20" + (14 1/8) D [Vign — Vuel v .

j=1

@ Springer



416 C. Carstensen, J. Gedicke

Notice that the factor 1/2 results from J > 1 refinements (at least one bisection) of
E € &\E¢+m- Therefore,

Do =492 3 on a4+ > ong?

E€£Z+m Eeg@ \gier EESZ mg@+1n
ECUE&,

+(141/8) Z W3 \[Vitgsm — Vuel - vel*.
E€€iim
ECUE,
For any E € Epym with E € U, [Vug] - veg = 0 on E. Hence

4 2
N2 = B2\ [Vugym — Vuel - vel.

Therefore,

M <(A+8/2 D> > +a+8 D> apf?

Eegl\g[+m Eegfmgler
+A+1/8) D hEl[Vuepm — Vuel - vl
EEEH,,,

Since Vi, — Vuy is piecewise constant with respect to the shape regular triangu-
lation Zp 4,

hE\[Vitgsm — Vuel - vEl? S I Vitesm — Vel 20

for the edge patch wg of E in 7y4,,. Since there is only a finite overlap of all edge
patches,

W <1482 D 2+ 0+8) D 9%+ Cllugsm — uell®
EeM, Ec&\ M,

The bulk criterion leads to

12 30 %+ 20 gt =wi =12 3 = e/

EecM, Ee&\ My EeM;

Since § < 6/(2 — 0), the resulting estimate proves the assertion:

M < (1481 —0/2)1% + C llugsm — uell®.

Lemma 5.2 For the subsequence (uy;) it holds

lim W =0.

Lj—00
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Proof Since (uy;) is a Cauchy sequence and Lemma 5.1 yields

n2, < ond, 4 C fluey,y —ug || foralj=1,2, ...

one concludes the assertion with some elementary analysis and the geometric series.
O

This concludes the proof of Theorem 5.1 on the global convergence.

5.3 Contraction property

Throughout this subsection, let (A, ) denote some eigenpair of the continuous eigen-
value problem, (A¢, u¢) denotes some discrete eigenpair with error estimator 7, and
e¢ = u — ug. Suppose that A is a simple eigenvalue and that the global mesh-size
is sufficiently small such that A, is well separated from the remaining part of the

spectrum.

Theorem 5.3 There exist constants 0 < o < 1 and y > 0 such that, for all { =
0,1,2,...,

Vi1 + lleestl? < 0 (yn3 + lleell®) + 3herllecs1ll® + 3nellec]|.
Proof Let p denote the constant in Lemma 5.1 which, for m = 1, becomes
ey < png + C lluerr — uell.

This and some algebra (since (A, #) and (A¢, uy) are eigenpairs) lead to

Netesr — uell> = lleel® — lleer1 1> — 26t — Aorugsr, uesr — ue).
Thus,

2 2 2 2
Y01 + leertll™ < pyng + lleell™ — 2b(Au — Agrueyr, ue+1 — ug).

Set

py+crel
=<

p<o:
Y+ Cre

Then

yit +leenl? < o (yn? + leel?) + (o — @)ynt + (1 = ) leell

—2b(Au — Apprtpt1, gy — Ug). (5.1
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Lemma 3.1 plus Young’s inequality yield
2lleell® <+ 2o)llecl” + 2 lIResell Neell < (r+ Ao lleell® + lIResells + lleell -
This and the reliability estimate of Theorem 4.1
I Reselly < Creimg
result in
lleel® < O+ 2o)lleell® + Cremy.
The last term in (5.1) reads

—2b(Au — Agy1Uest, g1 — Ug)
= =20b(u, ugy1 — ug) + 20 1b(et1, g1 — ug)
= Mleertl® = Mleel® + hegtlluesr — uell®.

Young’s inequality for |[u¢+1 — ug 1% yields
—2b(Au — hpprttgrrs togt — ug) < Qhpgr + M llecill> + Qhogr — Mllec]?.
Since & < Ag4+1 < Ag, this and (5.1) lead to
2 2 2 2 2
yiter + leel? < 0 (vi + ledd) + (0 — 0y + Cra(1 = 0)) 1}
+30¢r1llecrtl* + 3hellecl®.

By definition of o, (p — 0)y + Crer(1 — 0) < 0. This completes the proof of Theo-
rem 5.3. O

Proof of Theorem 5.2 For sufficiently small mesh-sizes hy < hy < 1, Proposition 3.2
and Theorem 3.1 show

leell> <2M3 () CFy C2pp g lleell* and legs1 | <2M5 (1) CFo C2 g’ llees1 I
Hence Theorem 5.3 yields the contraction property with a constant
0+ 6MM3(W)C} C2,  hi’
GBI
This concludes the proof of Theorem 5.2. O
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function [x,lambda] = EWP(coordinates,elements,dirichlet,k)

sparse(size(coordinates,1),size(coordinates,1));
sparse(size(coordinates,1),size(coordinates,1));
zeros(size(coordinates,1),1);

w
wonon

for j = 1:size(elements,1)
A(elements(j,:),elements(j,:)) = A(elements(j,:),elements(j,:))+...
stima(coordinates(elements(j,:),:));
B(elements(j,:),elements(j,:)) = B(elements(j,:),elements(j,:))+...
det([1,1,1;coordinates(elements(j,:),:)’])*(ones(3)+eye(3))/24;
end

freeNodes = setdiff (1:size(coordinates,1),unique(dirichlet));
[V,D] = eigs(A(freeNodes,freeNodes),B(freeNodes,freeNodes) ,k,’sm’);
x(freeNodes) = V(:,1);lambda = D(1,1);

function stima=stima(vertices)

P = [ones(1,size(vertices,2)+1);vertices’];

Q = P\[zeros(1,size(vertices,2));eye(size(vertices,2))];
stima = det(P)*Q*Q’/prod(1:size(vertices,2));

Fig.2 17 lines of MATLAB

6 Numerical experiments
6.1 Numerical realisation
This section is devoted to four numerical experiments on the square, the L-shape,

and the slit domain for the Laplace operator as well as tuning fork vibrations. The
edge-based residual estimator and the averaging estimator read

12
ne =\ 2_hellVuel - velja, ) and ©.1)
Ee&
1/2
we = Do NA(Vue) = Vuela gy ) (6.2)
TeT

The numerical examples show that the a posteriori error estimators are reliable and
efficient and that the remaining term is indeed of higher order when compared to the
estimators.

The MATLAB implementation follows the spirit of [2,3] and Fig. 2 displays the
kernel MATLAB function EWP . m of the computer program utilised in this section.

6.2 Unit square

The first example consists of the eigenvalue problem of the Poisson problem on the
unit square with Dirichlet boundary condition, that means: seek for the first eigenpair

(A, u) = 272, 2sin(xm) sin(y))
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O m(©=0.1) 10 O u(@=0.1)
—e—e(0=0.1)
8- n(H=02)
—8—e(0=02)
X (0=03)
—x—e(0=03)

0 (0=0.4) 10
——e(0=0.4)
+ 0 (0=05)
—+—e(6=0.5) -

* n(0=06) = ] Y
—%—e(0=06) _‘ il”z —¥—e (0=0.6)
QO m(O=07) 10 © u(O=07)
——e(0=07) —6—e(8=07)
V- n(®=08) Voon(0=08)
—7—e(0=08)
> (=09
—b—e(0=09) .
10 ESICER)) 10~ * o ou(=1)
10° 10° N 10 —+—e(0=1) 10° 10° 10* —4—e(0=1)
N

Fig. 3 Convergence history for n, (left) and w, (right) with different choices of 6 for the unite square

—©—n(®O=1)
—E-u(O=1)
——hot ©=1)
—— 1 (6=0.5)
——nhot 0 =05)
——u (6 =0.5)
—&—uhot (0 =0.5)

Fig. 4 Comparison of the estimator and the h.o.t. for ny and p, for the unite square

of the Laplace operator in 2 = [0, 1] x [0, 1] with
—Au=iu in2 and u =0 alongodf.

Figure 3 shows the convergence history for |[le¢||, n¢ (6.1) and p (6.2) for different
choices of 6. Notice that 6 = 1 results in uniform refinement while 6 < 1 leads to
adaptively refined meshes. One observes that (1, is asymptotically exact. In Fig. 4 it
is numerically shown that

h.o.t. = A¢llecl®/ leell

is really of higher order compared to the estimator 7, or u,. Figure 5 shows that the
constant C with ||[u — uy|| < C |lu — Gu|| which is bounded in Proposition 3.2 is
numerically less than 1 and the L?-error is of higher order compared to the energy
error of the Galerkin projection as shown in Theorem 3.1.
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©

=
£ 10 P et epsteimto 40t [ o TOlIU=G Ul (0 =1)
£ o Nlellllu-Gulll (6 = 1)
% n llelilu-Gyull (6 = 0.5)
5 107} n lell/llu-Gyulll (6 = 0.5)
o
= 5w lleliflu-Gull (6 = 0.5)
S wllelllu-Gulll (6 = 0.5)
Q e
110
=
o
35 107
?
3
=
o —4
= 10 L L

10° 10*

N

Fig.5 Size of the constant C with ||u —uy|| < C |lu — Gul| and higher order convergence of the L2-norm
compared to the energy norm for the unite square

O m(=0.1) 10 O u(O=0.1)
—6—e(0=0.1) —6—e(0=0.1)
@ (0=02) o u(0=02)
—5—e(6=02) —B—e(0=0.2)
X m(0=03) X u(0=03)
—=—e(0=0.3) —>—e(0=03)

n(0=04) w(0=0.4)
——e(8=04) ——e(0=04)
+n(6=05) + u(=05)
—+—e(6=05) —+—e(0=0.5)
*n(0=06) * n(0=06)
—*—e(0=06) —k—e (0=0.6)
O m(e=07) O u(©=07)
——e(6=07) —o—e(0=07)
vV n(®=08) Voou(0=08)
—F—e(0=08) —%—e(0=08)
B> n(©=09) D> u(©=0.9)
—P>—e(0=09) —p—e (0=09)
*omO=1) Foou(@=1)
—x—e(0=1) —*—e(®=1)

Fig. 6 Convergence history for 1, (left) and g (right) with different choices of 6 for the L-shaped domain

6.3 L-shaped domain

Seek for the first eigenpair (A, u) of the Laplace operator in Q = [—1, 1] x [0, 1] U
[—1,0] x [—1,0].

—Au=iu inQ2 and u =0 alongdf.

Because the first eigenfunction of the L-shaped domain is singular, the energy error
llegll is estimated by

lleel® = 2* + ke — Ab(u*, ue),
for some known approximation 1* = 9.639723844 to A with high accuracy and an
approximation u* to u with second order P, FEM. Figure 6 shows the convergence

history of ny and p¢. Notice that adaptive refinement (for & < 1) is much better than
uniform refinement (for & = 1). Adaptive refinement results in optimal convergence
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10° —o—n@=1)
—Eu(®=1)
—=—h.ot. @=1)
——1 (6=0.5)
——nh.ot 0=0.5)
——u(0=0.5)
—4—uh.o.t. 0 =0.5)

e

10' 10° 10° 10

Fig. 7 Comparison of the estimator and the h.o.t. for ny and p, for the L-shaped domain

10° G Hx@OaK Gy o TellMu=-Gull (6 = 1)

o NlellMiu-Gylll (9 = 1)
o llellflu-Gull (8 =0.5)
__nlleli/iu-Gyulll (6 = 0.5)
_o_ullelllu-Gull (0 = 0.5)
s ullelllu=-Gyulll (8 = 0.5)

IIeII/IIu—GluII, IIeII/IIIu—GluIII for uniform, n, u

)
&

-
o

Fig.8 Size of the constant C with ||u —uy|| < C |lu — Gul| and higher order convergence of the L2-norm
compared to the energy norm for the L-shaped domain

O(N, [ 1/ 2) where uniform refinement results in only O(N, [ 1/ 3) convergence, with
Ny = dim(Vy) and Ne_ 12 ~ hy for uniform refined meshes. Notice that p, is not
asymptotically exact for uniform refinement because of the singularity at the re-entrant
corner, but only for the elements at the corner and therefore there is only a small dif-
ference. Again in Fig. 7 it is shown that the h.o.t. is of higher order. Figure 8 shows
that the constant C in [[u — ug|| < C ||lu — Goul| is about 1 and that the L2-error is
again of higher order, although the solution is singular. Towards the corner singularity
at the origin adaptive refined meshes are shown in Fig. 9.

6.4 Slit domain

Although the slit domain Q2 := (—1, 1)? \ [0, 1] x {0} is not a Lipschitz (the domain
is not on one side of the slit) the benchmark serves as an extreme example, where one
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1 1
0 0
o 0 17 0 1
1 1
AN
/‘\
0 - 0
i 0 T ) 1

Fig.9 Adaptive meshes generated with & = 0.5 for the a posteriori error estimator 1, (fop) and 1, (bottom)
for about 100 and 1000 nodes for the L-shaped domain

O (e=01) 10" O n(0=01)
—e—e(6=0.1) —6—e (9=0.1)
8- 1(6=02) B u(0=02)
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X7 (0=0.3) . X (0=03)
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. n}e:ov“)) 10° e (0=04)
——e(0=04) e(0=04)
+ =05 | + w(®=05)
——e(6=05) | . 1 ——e (0=05)
* n(0=06) | = —_Ji4[ * n0=08
—k— =0. —k— =

o momom | 107 o vio-07
——e (0=0.7) 1/2 & —$—e(0=0.7)
v n(©=08) 7 Von(0=08)
——e(0=08) ——e(0=08)
P n(0=09) P u(0=0.9)
——e (6=09) . ——e (0=09)
*on(0=1) 10~ B n *op@=1)
—*—e(@=1) 10’ 10 —F—e(@=1)

N

Fig. 10 Convergence history for n, (leff) and 1, (right) with different choices of 6 for the slit domain

seeks the first eigenpair (A, u) of the Laplace. Similar to the L-shaped domain, the
first eigenfunction is singular and the energy error |[|e¢|| is estimated by

lleell> = A% + xp — Ab (¥, uy),

with 1* = 8.371329711 of sufficient accuracy and u* is an approximation to u with
second order P, FEM. As in the previous example Fig. 10 shows the convergence

1/2)
while uniform refinement results in only O(N, 1 4) convergence. Figure 11 shows

that the h.o.t. = A¢|le¢||>/ lleell is of higher order. Figure 12 shows that the constant
Cin |lu —ugl| < C |lu — Geul| is about 1 and that even in this extreme example with

history of 7y and w¢. Adaptive refinement results in optimal convergence O(N,
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10° ¢
—©—n®=1)
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—<—hot @=1)
——1(6=05)
——nhot 0=0.5)
——u(0=0.5)
—+—uhot 0=05)

‘
10’ 10° 10° 10 10
N

Fig. 11 Comparison of the estimator and the h.o.t. for , and g for the slit domain
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Fig. 12 Size of the constant C with ||u — ug|| < C |lu — Ggu|| and higher order convergence of the
L2%-norm compared to the energy norm for the slit domain

poor regularity the L>-error is of higher order. Different adaptive meshes are shown
in Fig. 13.

6.5 Elastic vibrations of a tuning fork

The harmonic dynamic of linear elasticity (involves the Lamé operator A* := divCe
for the linear Green strain ¢ := symV of the displacement u € V := HO1 (Q: R?) and
the density p) leads to the eigenvalue problem of the Lamé operator

—A*u=2xpu inQ and wu=0 onadlp.

The domain €2 is displayed with the initial triangulation 7 in Fig. 14 where I'p =
a2 N ([—1, 1] x {0}) and the traction vanishes along d2\I"p. The weak formulation
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0 1
N
NS
P 0 B 0 1

Fig. 13 Adaptive meshes generated with 6 = 0.5 for the a posteriori error estimator 7, (fop) and g
(bottom) for about 100 and 1000 nodes for the slit domain

initial mesh T0
301

251

20

151

101

-8 -6 -4 -2 0 2 4 6 8
147 nodes

Fig. 14 Initial triangulation 7 for the tuning fork

involves the bilinear forms

a(u,v) = /e(u) :Ce(v)dx and b(u,v) =/pu -vdx foru,veV.
Q Q

We refer to [3] for details on the model and the elasticity tensor C with Poisson’s
ratio 0.3, Young’s modulus E = 214GPa, density p = 1, as well as to the MAT-
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-5 0 5 -10 -5 0 5 10 15 7[%5 -10 -5 0 5 10 15

Fig. 15 The first six eigenforms of the tuning fork (from left to right, top to bottom) computed on adaptively
refined meshes for the corresponding discrete eigenvalue on level £ = 7 with about 500 nodes, stretched
by a factor 20

2
107 1 —e—n?2 uniform
—&— uz uniform
. Ix—k‘l uniform
10 2
—n (0= 0.5%
-4l for n® (6 = 0.5)
N
= 107 —o—u?(0=05)
~ -2 foru® (6= 0.5)
<
L0ty
10°
-8
10 . . .
10° 10* 10°
N

Fig. 16 Convergence history for the first eigenvalue of the tuning fork

LAB simulation tools for the numerical experiments. The first six eigenforms for the
discrete eigenvalues on level £ =7

Ael, -5 M6 ~0.0013049, 0.014685, 0.068861, 0.1748, 0.28598, 1.2361

of the tuning fork are shown in Fig. 15. The convergence history for the error in the
first eigenvalue A; &~ 0.00119135 is displayed in Fig. 16. The expected eigenforms
give rise to completely different adapted meshes and seem to correspond reasonably
to the eigenmodes.
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