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LOWEST-ORDER EQUIVALENT NONSTANDARD FINITE ELEMENT
METHODS FOR BIHARMONIC PLATES

CARSTEN CARSTENSEN"2 AND NEELA NATARAJ?*

Abstract. The popular (piecewise) quadratic schemes for the biharmonic equation based on triangles
are the nonconforming Morley finite element, the discontinuous Galerkin, the C° interior penalty, and
the WOPSIP schemes. Those methods are modified in their right-hand side F € H 2() replaced
by F o (JIm) and then are quasi-optimal in their respective discrete norms. The smoother JIy is
defined for a piecewise smooth input function by a (generalized) Morley interpolation Iy followed by a
companion operator J. An abstract framework for the error analysis in the energy, weaker and piecewise
Sobolev norms for the schemes is outlined and applied to the biharmonic equation. Three errors are
also equivalent in some particular discrete norm from [Carstensen, Gallistl, Nataraj, ESAIM: M2AN
49 (2015) 977-990.] without data oscillations. This paper extends the work [Veeser and Zanotti, STAM
J. Numer. Anal. 56 (2018) 1621-1642] to the discontinuous Galerkin scheme and adds error estimates
in weaker and piecewise Sobolev norms.
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1. INTRODUCTION

The paper contributes to lower-order nonstandard finite element methods for a biharmonic plate problem in
a real Hilbert space (V,a). Given F € L?(Q), [23] compares the errors for nonstandard finite element methods
(FEM) of the clamped biharmonic plate problem based on piecewise quadratic polynomials, namely the non-
conforming Morley FEM [26], the symmetric interior penalty discontinuous Galerkin FEM (dGFEM) [28], and
the C? interior penalty method (CYIP) [6], with respective solutions uy, up, and urp; Table 1 displays details
of the respective schemes. For F' € L?(§2), dGFEM and hp-dGFEM for biharmonic and fourth-order problems,
are extensively studied in [27,28,30,31, 36,37, 39].

For a general right-hand side F' € H~2(Q), the standard right-hand side F(v;,) remains undefined for non-
standard finite element methods. A postprocessing procedure in [6] enables to introduce a new C°IP method
for right-hand sides in H~2(€2). In [41-43], the discrete test functions are transformed into conforming func-
tions (J is called smoother in those works) before applying the load functional and quasi-optimal energy norm
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TABLE 1. Overview of notation for four discrete schemes with discrete bilinear form (5.12)

Schemes
Notation Morley FEM  dGFEM C"IP WOPSIP
Section reference  Section 3.2 Section 7 Section 8 Section 10
Vi M(T) Py (T) S§(T) Py(T)
Ap apw in (3.3)  Aag in (7.1) Arp in (8.1) Ap in (10.2)
by 0 —0J — J*in(62 -©J — J"in(62) 0
ch 0 cac in (4.3) crp in (8.2) cp in (10.1)
In:M(T) - Vi id id I in (8.4) id

estimates

lu—umlpw = min_|Ju—ovmlpw, | —wplp ® min _flu—vple
’UMEM(T) ’UIPEIP(T)

are derived for the Morley FEM and C°IP method.

The papers [41-43] discuss minimal conditions on a smoother for each problem, while this paper presents one
smoother JIy; for all schemes; the best-approximation for the dGFEM is a new result. The smoother JIy; also
allows a post-processing with a priori error estimates in weaker and piecewise Sobolev norms.

Table 1 summarizes the notation of spaces, bilinear forms, and an operator for the four second-order methods
for the biharmonic problem detailed in Section 3.2 and in Sections 7, 8, and 10.

Contributions

The main contributions of this paper are

(a) the design and analysis of a generalized Morley interpolation operator Iy for piecewise smooth functions in
H*(T),

(b) the design of modified schemes for Morley FEM, dGFEM, C°IP method, and a weakly over-penalized
symmetric interior penalty (WOPSIP) method for the biharmonic problem for data in F' € H~2(Q),

(c) an abstract framework for the best-approximation property and weaker (piecewise) Sobolev norm estimates,

(d) a priori error estimates in (piecewise) Sobolev norms for the lowest-order nonstandard finite element meth-
ods for biharmonic plates,

(e) an extension of the results of [23] to an equivalence

lu—unlln = llu = uplln = lu — uac|ln = ||(1 = o) D?ul| 1, (1.1)

without data oscillations for the modified schemes,
(f) the proof of the best approximation for the modified dGFEM that extends [42] and Theorem 4.3 of [23].

Remark 1.1 (Medius analysis). The quasi-optimality of nonconforming and discontinuous Galerkin methods
was established in the seminal paper [34] for the original method up to data oscillations for F' € L?*(Q).
Arguments from a posteriori error analysis [44] give new insight in the consistency term from the Strang-Fix
lemmas. The techniques in this paper circumvent any a posterior: error analysis and take advantage of the extra
benefits of the companion operator J.

Remark 1.2 (Smoother). The fundamental series of contributions [41-43] on the quasi-optimality concerns
best-approximation for a modified scheme with F} := F o J for a smoother J. Elementary algebra indicates
a key identity (of (5.5) below) that is already mentioned in (5.15) of [6] and makes the source term in the
consistency disappear.
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Remark 1.3 (Extension to higher order). A (general) Morley interpolation allows for a simultaneous analysis
of four lowest-order schemes, but appears to be restricted to piecewise quadratics at first glance. But the
combination of JI as an averaging smoother with higher-order bubble-smoothers shall enable applications to
higher-order schemes as indicated in [42].

Remark 1.4 (Extension to 3D). Although the plate problem is intrinsic two-dimensional, there are three-
dimensional Morley finite elements with a recent companion operator [18] that guarantees the fundamental
properties in 3D such that the abstract framework applies.

Organization

The remaining parts of this paper are organised as follows. Section 2 provides an abstract characterization of
the best-approximation property that applies to the various applications considered in this and future papers
[25]. Section 3 presents preliminaries, a nonconforming discretisation, introduces a novel generalized Morley
interpolation operator for discontinuous functions, and states a best-approximation [16] result for nonconforming
discretisations with data F' € H~2(Q). Section 4 proves a crucial equivalence result of two discrete norms for
a piecewise H?(T) function, and proves approximation properties for the generalized Morley interpolation
operator. Section 5 provides a framework for dG methods and the proof of a best-approximation property under
a set of general assumptions. Section 6 develops the abstract result for a priori error estimates in weaker and
piecewise Sobolev norms. Sections 7 and 8 recall the dG and C°IP schemes and verify the assumptions of
Sections 5 and 6 for the best-approximation result in the energy norm as well as weaker and piecewise Sobolev
norms without data oscillations. The paper concludes with the equivalence (1.1) of errors in Section 9 and a
proof of quasi-optimality up to penalty for the WOPSIP scheme in Section 10.

General notation

Standard notation of Lebesgue and Sobolev spaces, their norms, and L? scalar products applies throughout
the paper such as the abbreviation || e || for || @ [|12(q). For real s, H*(2) denotes the Sobolev space associated
with the Sobolev-Slobodeckii semi-norm | e |gs(qy [33]; H*(T) := H*(int(T")) abbreviates the Sobolev space
with respect to the interior int(7T") # @ of a (compact) triangle 7. The closure of D(Q2) in H*() is denoted

by H§(Q) and H~*(2) is the dual of H{(f2). The triple norm || e || := | ® |g2(q) is the energy norm and
ol =10z = HDI%W.H is its piecewise version with the piecewise Hessian D2 . Given any function
v € L*(w), define the integral mean f vdx := 1/|w| [ vdx; where |w| denotes the area of w. The notation

A < B abbreviates A < CB for some positive generic constant C, which depends only on Q and the shape
regulatity of 7; A ~ B abbreviates A < B < A.

2. PROLOGUE

This section characterizes the best-approximation property of a class of non-conforming finite element meth-
ods. The biharmonic problem is put in an abstract framework in real Hilbert spaces X and Y and a bounded
bilinear form a : X xY — R satisfying an inf-sup condition. Given a right-hand side F' € Y*, the exact problem
seeks © € X with

a(z,e)=F inY.

The discrete problem is put in an analog framework with finite-dimensional real Hilbert spaces X} and Y}, and a
bilinear form ay : X;, XY, — R. The discrete space X}, (resp. Y3,) is not a subspace of X (resp. Y) in general, but
X and X}, (resp. Y and Y}) belong to one common bigger vector space that gives rise to the sum X=X+X h
(resp. Y=Y+ Y%). It is not supposed that this is a direct sum, so the intersection X N X, (resp. Y NYy)
may be non-trivial. We suppose that X and Y are real Hilbert spaces with (complete) subspaces X, X} and Y,
Y}. The linear and bounded map @ € L(Y};Y) links the right-hand side F' € Y* of the exact problem to the
right-hand side Fj, := F o @ € Y};* of the discrete problem. The map @ is called smoother in [41-43] because
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it maps a (possibly) discontinuous function y; € Y}, to a smooth function Qy, in applications. The resulting
discrete problem seeks xj € Xj with

ah(xh, .) = F(Q.) in Yh. (2.1)

We also suppose that the exact and discrete problems are well-posed and this means in particular that dim X =
dimY; < oo and that the bounded bilinear forms a and a;, satisfy inf-sup conditions with positive constants
a and «j, and are non-degenerate such that the associated linear and bounded operators A € L(X;Y™) and
A, € L(X},;Y}) are bijective; the associated linear operators are defined by Az := a(z,e) € Y* for all z € X
and by Apxp = ap(zh,e) € V) for all z, € Xp.

The general discussion in [41-43], leads to an optimal smoothing @ = Ily|y, for the orthogonal projection

Iy € L(Y) onto Y. This is a global operation in general and hence infeasible for practical computations. Notice
carefully that all examples in [41-43] discuss Q € L(Y;Y) with Qz = z for all z € Y}, NY, abbreviated by

Q=idinY,NY. (2.2)

This paper introduces a smoother JIy for the discontinuous Galerkin schemes that satisfies (2.2) and is quasi-
optimal in the following sense with a constant Aq > 0 that is exclusively bounded in terms of the shape
regularity of the underlying triangulations.

Definition 2.1 (Quasi-optimal smoother). A linear bounded operator @ € L(Y3;Y) is called a quasi-optimal
smoother if there exists some Aq > 0 such that

lyn — Qunlly < Aqllyn — yllp for all y, € Yy and all y €Y. (2.3)

The proofs of Lemma 2.2 and 2.4 below rely on compactness arguments whence in the Appendix A, the
constants Ap and Aq depend on the discrete space. The point is that this paper designs a smoother in Section 4.3
with a constant that does not depend on the mesh-size.

Lemma 2.2. The operator @ € L(Yy;Y) is a quasi-optimal smoother if and only if (2.2) holds.

The (nonconforming) finite element method is characterized by the operator M € L(X; X},) that maps any
z € X to a right-hand side F := a(z,e) € Y* and then to the solution Mz := z), = A; '(Q*F) to (2.1), i.e.,
Mz := A;l(a(m, Qe)) € X}, for all z € X, or, in operator form,

M= A;'Q*A € L(X; Xy).
In other words, the subsequent diagram commutes.

A

X > Y *
A
|
PIl| M Q*
|
—1 \L
R Z Ah )
X}’L & YI’L

This diagram also depicts some (linear and bounded) operator P : X;, — X that will become a quasi-optimal
smoother in the context of the best-approximation property of M below. A synonym to the best-approximation
property of M is to say M is quasi-opimal in the following sense.
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Definition 2.3 (Quasi-optimal). The above operator M is said to be quasi-optimal if

(QO) ICH>0VreX ||x—MmH)?§quxrréi§} |z — zn| 5.

)

A first characterisation of (QO) has been given in [41] in terms of
M =id in X), N X. (2.4)
Lemma 2.4 ([41]). Under the present notation, (QO) is equivalent to (2.4).

The above lemmas characterize Cq, and Aq by a compactness argument and it remains to control Cy, and
Aq in terms of mesh-size independent bounds in applications. This paper designs in Section 4.3 a smoother in
the spirit of [41-43] based on earlier work in the context of a posteriori error control [9,12,22] and adaptive
mesh-refinement [14,17-19]. The outcome is a quasi-optimal smoother P € L(X}; X) with a constant Ap that
depends only on the shape regularity of the underlying finite element mesh and

|zn — Pyl ¢ < Apllzn, — x| ¢ for all z) € Xj, and all z € X. (2.5)
The proof of the following characterization of best-approximation shall be given in the Appendix A.

Theorem 2.5. Suppose P € L(Xp;X) and Ap satisfy (2.5). Then (QO) is equivalent to the existence of
Ay > 0 with

(H) an(zn,yn) — a(Pzp, Qun) < Aullzn — Pap|| g |lynlly, for all zp € Xj and yp, € Y.

In particular, if (H) holds, then (QO) follows with a constant Cy, that depends solely on ay, An, Ap, ||Q]],
and || AJ|.

The next theorem presents a key estimate that is crucial for goal-oriented error control and duality arguments
for weaker norm estimates. The proof and the dependence of contants are presented in the Appendix A. The

motivation for (Q/a) is exemplified in Theorem 2.7 below.

Theorem 2.6. Suppose P and Q are quasi-optimal smoothers with (2.3)—(2.5) and suppose (QO). Then the
existence of Cqo > 0 with

(Q/a) a(lx — PMz,y) < EQ\OHJJ — Mz||¢|ly —ynlly forall z € X, yeY, and y, €Y
is equivalent to the existence of XI\{ > 0 with
(H) an(zy,,yn) — a(Pzy,, Qyn) < Aullzy, — Py | gllyn — Qunlly for all z), € X}, and yp € V).

In particular, if (/H\) holds, (fi\O) follows with a constant a:o that depends solely on |lal|, A5, Ap, and Aq.

The a priori error estimates in weaker Sololev norms (weaker than the energy norm) are a corollary of
Theorem 2.6 and the elliptic regularity, the latter is written in an abstract form by the assumption that Xg and
Y, are two Hilbert spaces with X C X and Y; C Y such that

(R) 3Creg >0VF € X ||[AT"F]

v, < Cregl| Fllxx
for the solution y := A™*F €Y; CY to a(e,y) = F € X¥ C X*.
Theorem 2.7 (Weak a priori). Under the assumptions of Theorem 2.6, (Q/O\) and (R) imply

|z — PMz|

X, Sa;Hx—MxHX sup inf ||y —ynlly for all z € X.
Yn€Yn

YEYs
lyllys <Creg
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Proof. Given x — PMx € X C X, a corollary of the Hahn-Banach extension theorem leads to some F €
X € X* with norm [|[F||x: < 1 in X7 and |z — PMz|x, = F(z — PMz). The dual solution y € Y to

F = a(e,y) € X* satisfies (R) and (Q/a) leads to

|z — PMz||x, = a(z — PMz,y) < Coollz — Mz| 5 lly — ynlly
for any y € Y. This and [|y||ly, < Cregl|F||xs < Creg conclude the proof. O

Example 2.8 (Standard). For the m-harmonic operator A = (=1)™A™ and X = HJ*(?) =Y, (R) holds for
Xs=H"°(Q), Ys = H™(Q) and 1/2 < s < 1, m = 1 or 2. Typical first-order approximation properties of
the discrete finite element spaces result in

s inf ||y — ynllo = O(h
sup - inf, ly — ynlly (Piax)
[9llyy <Cres

in terms of the maximal mesh-size hy,x of the underlying finite element mesh.

Remark 2.9 (Best-approximation constant). The paper [41] gives a formula for the best-approximation con-
stant Cy, for some slightly simpler problem in one Hilbert space.

Remark 2.10 (Injective smoother). Under the above notation Q € L(Y};Y) is injective if and only if M €
L(X; X},) is surjective [41]. Then there exists a right-inverse P € L(Xp; X) to M and (H) holds with Ay =0
(this follows with the arguments of the proof of Theorem 2.7 for P’ that is in fact a quasi-optimal smoother
owing to (A.5)). Consequently, the discrete scheme is equivalent to a conforming Petrov—Galerkin scheme.

Remark 2.11 (Non injective smoother). In case @ € L(Y;;Y) is not injective, the discrete problem may
reduced to the range X; := R(M) of M and the orthogonal complement Y} of the kernel of @ in Y. However,
the explicit computation of the reduced discrete spaces X, and Y, may be costly and hence this paper outlines
a general analysis that allows non-injective quasi-optimal smoothers.

Example 2.12 (Smoother for Morley). For the standard Morley interpolation operator Iy : H3(2) — M(T)
and a companion operator J : M(7) — HZ(Q) (cf., Lem. 3.7 below for details) the smoother Q = JIy is
injective because J is a right-inverse of Iy;.

Example 2.13 (Smoother for dG). This paper advertises a smoother Q) := JIy for a (generalized) Morley
interpolation Iy : (Po(7) + H3(Q)) — M(T) (cf., (3.5) below for details) followed by a companion operator
J from the previous example for the dG FEM. Then dim P(7) = 6|7 is strictly larger than dim M(7) =
V()] + |E(Q)]; whence @ cannot be injective.

The situation for the C° IP with the discrete space S3(7) (of the same dimension as M(7)) is more involved
and is discussed in more details in Section 8 below.

3. PRELIMINARIES

3.1. Continuous model problem

Suppose u € V := HZ(Q) solves the biharmonic equation A?u = F for a given right-hand side F € V* =
H~2(Q) in a planar bounded Lipschitz domain § with polygonal boundary 9. The weak form of this equation
reads

a(u,v) = F(v) forallveV (3.1)

with the scalar product a(v,w) := [, D*v : D*wdx for all v,w € V. It is well known that (3.1) has a unique
solution u and elliptic regularity [1,3,32,38] holds in the sense that F' € H~*(Q) implies u € V N H*=%(Q) for
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all s with 2 — 0yeg < 5 < 2 with the index of elliptic regularity oveg > 0. The lowest-order nonconforming finite
element schemes suggest a linear convergence rate in the energy norm for a solution u € H*(Q) at most for all
t > 3. Therefore o := min{1, 0,z } is fixed throughout this paper and exclusively depends on €. The regularity
is frequently employed in the following formulation.

Example 3.1 (Regularity). There exists a constant 0 < o < 1 such that FF € H*(Q) with 2 —0 < s < 2
satisfies w € V N H*~%(Q) and

[ell 4=+ (@) < Creg($)1F [l -+ () (3.2)

for some constant Cheg(s) < 0o, which depends on © and s. (The dependence on s results from the equivalence
of Sobolev norms that may depend on the index s in general.)

It is true that pure Dirichlet boundary conditions in the model example lead to ¢ > 1/2 and then allow for
a control of the traces D?u in the jump terms. This paper circumvents this argument and all the results hold
for 0 > 0. The new discrete analysis is therefore much more flexible and allows for generalizations of the model
problem e.g., for mixed and boundary conditions of less smoothness.

3.2. Nonconforming discretisation

Throughout the rest of this article, the following notations are adopted. Let 7 denote a shape regular
triangulation of the polygonal Lipschitz domain into compact triangles. Associate its piecewise constant mesh-
size hy € Po(T) with hy := hy|r := diam(T) ~ |T|'/? in any triangle T' € T of area |T| and its maximal
mesh-size hpax = max hy. Let V (resp. V() or V(992)) denote the set of all (resp. interior or boundary)
vertices in 7. Let & (resp. £(2) or £(9N)) denote the set of all (resp. interior or boundary) edges. The length
of an edge E is denoted by hg. Let II; denote the L%(2) orthogonal projection onto the piecewise polynomials
Pu(T) := {v € L3(Q) : VT € T, v|r € Pi(T)} of degree at most k € Ny. Let the Hilbert space H'(T) =
[Trer H*(T). Define the jump [¢]g := ¢|r, —¢|r_ and the average (¢)p := 5 (|1, + ¢|r_) across the interior
edge E = 0T N9OT- € £(Q) of ¢ € HY(T) of the adjacent triangles T} and 7_ € 7 in an order such that
the unit normal vector vz, |p = v = —vr_|g along the edge E has a fixed orientation and points outside 7'
and inside T_; vp is the outward unit normal of T along JT. The edge-patch w(FE) := int(T} U T_) of the
interior edge E = 0Ty NIT_ € £(X?) is the interior of union 74 UT_ of the neighboring triangles T and T_.
Extend the definition of the jump and the average to an edge E € £(9) on the boundary by [¢]g := ¢|g and
(p)E := p|E owing to the homogeneous boundary conditions. Jump and average are understood componentwise
for any vector function. The edge-patch w(E) := int(T4) of an edge E € £(9) on the boundary is simply the
interior of the one triangle T'y with the edge F in the triangulation 7.

The nonconforming Morley finite element space [26] reads

Vg - VpwUM are continuous at the midpoints of interior edges

M/(T) = {UM € Py(T)

vMm 1S continuous at the vertices and its normal derivatives }
)

Vg - VpwUm vanish at the midpoints of boundary edges

M(T) = {vM e M/(T)

vy vanishes at the vertices of 92 and its normal derivatives}

Figure la depicts the degrees of freedom of the Morley finite element

(T,PQ(T), (6. :2 € V(T)) U (é O,y 0 ds: E e €(T))>

(in the sense of Ciarlet) in the triangle T' with set of vertices V(T') and set of edges (7).
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id(T)

\4

FIGURE 1. (a) Morley (left) and (b) HCT (right) finite element.

The semi-scalar product apy, is defined by the piecewise differential operator Df)w and

Apw (Vpws Wpw ) 1= Z /TDQUPW : D*wpy dx - for all vy, wpy € HA(T). (3.3)
TeT

It induces a piecewise H? seminorm [l e || = apw(®, )12 that is also a norm in M(7). Then (M(7), apw)
is a (finite-dimensional) Hilbert space so that, given any Fj, € M(7)*, there exists a unique discrete solution
upm € M(T) to

apw(Unm, vm) = Fp(vm)  for all vy € M(T). (3.4)

3.3. Interpolation of discontinuous functions

Lemma 3.2 (Interpolation estimates I [8,10]). The Morley interpolation operator Iy : V- — M(T) is defined
by (Inv)(2) = v(2) and f, 220 ds = f, 22 ds for any z € V() and E € E(Q). It satisfies

ovg ovg

(a) the integral mean property of the Hessian, DgWIM =II,D?,
(b) Efn:() R 2| — Dol gy < 2[|(1 — o) D?v|| 27y for allv € H*(T) and any T € 7,
() llv — Dhuvll o S hiaxllvll g2+s () for allv e H*T5(Q) and all 0 < s < 1.

pw ~
A reformulation of Lemma 3.2a is the best-approximation property
apw (v — Inv,w2) =0 for all v € V and all we € Po(7). (3.5)
A reformulation of Lemma 3.2b is the existence of a universal constant £ > 0 with
|h72 (v — Ivyv)]|| < Kllv — Iuvll,,, forallveV. (3.6)

(In fact k = 0.25745784465 from [10] is independent of the shape of the triangle T'.)

Remark 3.3 (Pythagoras). The functions vpy, wpw € H*(T) := {vpw € L*(Q) : VT € T, vpy|r € H*(T)} are
orthogonal iff apw (Vpw, Wpw) = 0 holds and then the Pythagoras theorem leads to

2 2 2
llo = wnllpy = llv = Dol + llwm = Dol (3.7)

for all v € V and wy € M(7). In particular, [lv — Ivvll,,, = ming,ep,(7) [lv — v2| -
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Definition 3.4 ((local) Morley interpolation). Given any 7' € 7 and vpy, € H?(T), the (local) Morley inter-
polation Iy |7 € Po(T) is defined by the degrees of freedom of the Morley finite element such that, for all
z € V(T) and for all E € E(T),

(U = vpu)|7(2) = 0 and ][(B(IMC”pw Vpw)|7/vi) ds = 0.
E

The Morley interpolation allows for an extension (still denoted by Iy1) to piecewise H? functions in H?(T) =
[Trer H?(T) by averaging the degrees of freedom.

Definition 3.5 (Morley interpolation). Given any vy, € H?(T), define Iyjvpy := vy € M(7) by the degrees
of freedom as follows. For any interior vertex z € V() with set of attached triangles 7 (z) that has cardinality
|7(2)| € N and any interior edge E = 0T} N 0T € £(N) and its mean value operator (o), (the arithmetic
mean of the two traces from the triangles T and T_ € 7 along their common edge E = 9T} N IT_), set

_ (9’[) 8'U W
w(z) = ITEIT Y (lr)(z) and - f T ds: ]i<afE> s
E

TeT (z)

(The remaining degrees of freedom at vertices and edges on the boundary are zero for homogeneous boundary
conditions.)

Remark 3.6 (Standard Morley interpolation ws. Def. 3.5). The interpolation operator Iy of Definition 3.5
extends that of standard Morley interpolation operator in the sense that the two definitions coincide for functions
in HZ(Q). This justifies the use of the same symbol Iy;.

3.4. Companion operator and best-approximation for the Morley FEM

A conforming finite-dimensional subspace of HZ(f2) is provided by the Hsieh—-Clough-Tocher (HCT) FEM
([26], Chap. 6). For any T' € 7T, let K(T) := {Tg : E € £(T)} denote the triangulation of T" into three
sub-triangles Tg := conv{E, mid(T)} with edges E € £(T) and common vertex mid(7") depicted in Figure 1b.
Then,

HCT(T) := {v € H{(Q) : v|p € P3(K(T)) for all T € T }. (3.8)

The degrees of freedom in a triangle T € T are the nodal values ¢ (z) and its derivative Vi)(z) of the function
1 € HCT(T) at any vertex z € V(T') and the values 0¢/0vg(mid(E)) of the normal derivatives at the midpoint
mid(FE) of any edge E € £(T).

Lemma 3.7 (Right-inverse [17,29,41]). There exists a linear map J : M(T) — (HCT(T) + Ps(7T)) N HZ(S2)
and a constant Ay (that exclusively depends on the shape reqularity of T ) such that any v € M(T) satisfies
(a)-(e).

(a) Jom(z) =vm(z) for any z € V;

(b) V(Jom)(2) = |T(2)| ™' Lrer ) (Vomlr)(2) for z € V(Q);
(¢) fz0Jvnm/OvEds = f, (%M/ayE ds for any E € &;

(d) Jlom = Jomllyy, < Aymingey flon — o]

(e) vm — Jom L Po(T) in L?(Q).

PW’

The operator J of Lemma 3.7 with (a)—(c) is a right-inverse for Iy : V. — M(7), i.e

e

InJ =id in M(T). (3.9)
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Examples are provided in [17,29,41]. For earlier references in the literature, see [5,13,20]. A right-inverse
with benefits like (d) and (e) is called companion operator and [17] defines J : M(7) — V so that (a)—(e) of
Lemma 3.7 hold (c¢f., in particular [17], Lem. 5.1 for the analysis of (d) and (e)).

Given F € L?(Q), we may choose F, = F in the discrete scheme (3.4); but otherwise F}, = FoJ is the option
throughout this paper; other choices are proposed in [6,42]. Given any Lebesgue function F = Fj, € L?(Q) with
its L? projection IIo F onto P2(T), define its oscillations osca(F, T) := ||h%-(F — II2F)||.

Theorem 3.8 (Best-approximation up to data approximation [23,34]). The constant Cy := max{kAjy, 1+ As},
the solution uw € V to (3.1) with F € L?*(2), and the solution uyy € M(T) to (3.4) with Fy, = F satisfy
Or Ml = wntllyy < llu = Iully, + osca(F, T).

The discrete scheme (3.4) requires a discrete right-hand side Fj}, for a general F' € H~2(£2). The evaluation
of Fy, := F o J is feasible with Fj,(vm) := F((Jon) for all vy € M(T) and the (modified) nonconforming scheme
seeks the solution upy € M(7T) to

apw (un, vm) = F(Jum)  for all vy € M(T). (3.10)

Let Ay denote the norm of 1 — J, where the right-inverse J € L(M(7); V) is regarded as a linear map between
M(7) and V,

Ao:= sup lom = Jomlly /ol < Ay (3.11)
oMEM(T)\{0}

Theorem 3.9 (Best-approximation [16,43]). The solution u € V to (3.1) with F € V* and the solution
uyv € M(T) to (3.10) satisfy flu — umll,, < 1+ Agllu — Ivull,,,. The constant \/1 4 A is optimal.

Remark 3.10 (Extra orthogonality in Lem. 3.7e). The L? orthogonality in Lemma 3.7e allows control over
dual norm estimates of the form [jvy — Jum|g-+(q) S [R5 (vm — Jonm)|| for 0 < s < 2. This is critical in
eigenvalue analysis or problems with low-order terms; for e.g., in [14,17]. The L? orthogonality in Lemma 3.7e
also allows a direct proof of Theorem 3.8 that circumvents the a posteriori error analysis of the consistency
term as part of the medius analysis [34]. Notice that the proof of the best-approximation of Theorem 3.9 for
the modified scheme does not require the L? orthogonality in Lemma 3.7e.

Remark 3.11 (Minimal assumptions on the smoother). The series of papers [41-43] addresses the question on
the minimal assumptions on the smoother (partly as a right inverse only). This paper utilizes a smoother J
with the properties of Lemma 3.7a—d.

The point in the subsequent example is that the smoother JIy; may be more costly than averaging in other
examples but it is at almost no extra costs for the case of point forces, which are of practical importance in civil
engineering.

Example 3.12 (Point forces). Let m denote the point forces in the right-hand side, i.e., let
m
F=>a;d,, (3.12)
j=1

the triangulation can be adopted such that the concentration point a; becomes a vertex in the triangulation.
The right-inverse property of Iy displays that (JIyvm)(z) = vm(z) holds at any vertex z € V and for any
Morley function vy € M(7T). Hence the evaluation of the modified right-hand side F}, := F o J leads for (3.12)
to Fron = Z;nzl aij(aj). The averaging of Iy in Definition 3.5 shows in the more general case Vj, C P»(Q2)
that Fj, := F o JIy leads to Fpom = 3270, /|7 (a7)| Xorer(a,)(vnlr)(a;). The same formula applies to other

smoothers like the enrichment in [6,41-43].
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4. INTERPOLATION OF PIECEWISE H? FUNCTIONS

4.1. Equivalent norms

The Hilbert space H*(T) = [[c7 H*(T) is endowed with a norm || e ||, from [23] defined by
opse 7 = Nopwllh + dn(vpw)?  for all vy, € H(T). (4.1)

The homogeneous boundary conditions in HZ(£2) are included in the the jump contributions

w)? =3 > hglllomle()P +

Ee€ zeV(E) Ecé&

i (4.2)

][ [Ovpw /OvE] ; ds

by [Vpw]5(2) = Vpwlw(r)(2) for z € V(99) and [aUpW}E = 6UPW >|p for E € £(09) at the boundary with jump

partner zero owing to the homogeneous boundary conditions in (3.1).
The discontinuous Galerkin schemes of [2,28] are associated with a another family of norms ||e|lqc depending
on the two positive parameters o1, 09 > 0 in the semi-norm scalar product

OV OWpy
CdG(Upw;pr) = / va wpw] ds+-— 7 / |:8 . :| |: P L ] ds (4.3)
EES E Ve Jpl OVE lg

for all vpw, wpw € H2(T). The DG norm |[[e||qc is the square root of

2
[vpwllac = Nvpwllpw + cac (Vpw, vpw) (4.4)

for all vy, € H2(T). It depends on the parameters o1, 02 > 0 and so do all constants in the sequel; in particular
those suppressed in the abbreviations < and . The conditions on the ellipticity of the scheme in Lemma 7.1
below will assert that o1 and o9 are sufficiently large. The analysis of this paper assumes this and simplifies the
notation o1 ~ 1 = os.

One result in Theorem 4.1 of [23] shows that ||e||;, ~ ||e|lac in HZ(Q) + P2(T); but the two norms are
equivalent in the larger vector space H?(7).

Theorem 4.1 (|| o ||;, = ||8|lac)- The function || e ||;, from (4.1) and ||e|lac from (4.4) define norms in H?(T)

with
2

[vpwlln 2 l[vpwllac S D 1 2vpulam(zy  for all vpy, € H(T).
m=0
Remark 4.2 ({j, = 0} N P»(7) = M(7)). For any vy € P(T), the condition jj(ve2) = 0 is equivalent to
vy € M(T). (This follows from the definitions of M(7') and jj.)

Proof of || e ||, < ||ellac. The (possibly discontinuous) piecewise affine interpolation vy € Py(7) of vy € H?(T)
is defined by nodal interpolation vi|r(z) = vpw|r(2) at the three vertices z € V(T') in each triangle T € 7. It is
well known from standard finite element interpolation [4,6,26] that the error w := vy, —v1 € H?(T) satisfies

2
> P wl gy < lvpwl i) (4.5)

m=0

for each triangle T' € 7 with explicit constants [21] that exclusively depend on the maximal angle in the
triangulation. The nodal interpolation implies [vpw]g(2) = [v1]E(2) at each vertex z € V(E) of an edge E € £.
Since [v1]g is an affine function along the edge E € &, an inverse estimate shows

2
hE/6 Z | Ul < ”[Ul}EHL’z(E) < 2” Upw EHL?(E) + 2”[ }EHL2(E) (4~6)
z€V(E)
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with a triangle inequality in the last step for w = vpyw — v1. (The constant hg/6 in the first inequality of (4.6)
stems from the eigenvalues hg/2 and hg/6 of the 2 x 2 mass matrix of piecewise linear functions in 1D.) This
implies an estimate for the first term of the definition of jj, (vpw):

S nele@ <1230 05t ([owlpl ey + Iwlelias )-

E€& zeV(E) Ec&
A typical contribution (f,[0vpw/OvE],ds)? for the second term (in the definition of jj) is controlled with a
Cauchy inequality by h;H[ava/Bl/E]EH%Q(E). This results in
2
wp)? < 3 05" 12(h52 (Ivpwle 320y + Ilwlsl3a e ) + 1000w /0vE] gl iy )
Ec&

A triangle inequality |[[w]g|r2m) < llwlz, |22(B) + [lwlr_||£2(E) for an interior edge £ = 0Ty NOT_ € £(N)
shared by the two triangles T4 € 7 plus trace 1nequaht1es on Ti show

1/2
h 2 Nwlel 2 ey S 1wll 2y + hel Vw2 wie) < || Dy vowl| 12 ) (4.7)

with (4.5) in the end. The omission of 7_ in the above arguments for an edge E € £(0Q2) on the boundary
provide (4.7) with w(F) =T
This and the finite overlap show ) .o h3||[w ]E”L?(E) < lvpw |||12)W In conclusion,

. _ _ 2
Inpn)® Slopwlliy + D 25 Mool llZ2 5y + D 15" [[0vpw /OvE] [ 2 -
Ee& Ee&

The upper bound in the latter estimate is ||vpw||3e up to the weights oy ~ 1 &~ o5. O

Proof of ||e|lac < || ® || Recall the piecewise affine interpolation v, € Py(7) of vpy € H3(7) and w := vpy —
vy € H%(T) with (4.5) from the previous part of the proof. Standard trace inequalities as in (4.7) for the first
term (and an analog for the second term hgl/QH[@w/ayE]EHLQ(E)) for £ € &€ provide

—3/2 —1/2
W PNl el e + e 2110w/ 0velll 2y S | Diwvow | 22 oy (4.8)
This and triangle inequalities result in

—3/2 —1/2
hi 2 wowl el 22 () + hig 2 [0vpw/Ove] 2l L2 (5)

S g Pllor] plla e + b 21100 /0vel sl 2 s + | Dawvow| 2y

The constant factor 1/2 in the upper bound of the first subsequent inequality (displayed as 2 in the lower bound)
stems from the eigenvalues hg/2 and hg/6 of the 2 X 2 mass matrix of piecewise linear functions in 1D,

2hp Milel e < hp” D Nnle()P =hg® Y llople=)

zEV(E) z€EV(E)

with the nodal interpolation property v1|r(z) = vpw|r(2) for z € V(T'), T € T, in the last step. The jump
[0v1/OvE]E is constant along the edge E and so
+ ‘][ [Qw/0vE], ds
E

151100/l = | f 001 /00

< ‘][ [Ovpw /OVE]  ds
E
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with a triangle inequality in the last step. A Cauchy inequality ||Vwpy | r1 (g < h}a/QHprwHLz(E) and a trace

inequality show (as above in (4.8)) that

—1/2
< hp 2110w/ 0vE] gll 2 oy S 1D vow | 2y

][ 0w/ vs] p ds
E

The combination of all aforementioned estimates reads

hESH[UPW]EHiZ(E) + hilH[ava/ayE]EH;(E) S HDE’WUPWHiQ(w(E)) +hp® Z |[UPW]E(’Z)|2
z€V(E)
2

+ ‘][ [Ovpw /OVE] ; ds
E

The sum of all those estimates over E € £ plus ||vpw H|12)W leads to an estimate with the lower bound |jvpw 3¢
up to the weights o1 = 1 & o3. The finite overlap of the edge-patches (w(F) : E € &) shows that the resulting
upper bound is < |[vpw||n- O

Proof of the upper bound. The proof of the asserted inequality starts with triangle inequalities for the jumps of
vpw € H?(T) and the shape regularity for hg ~ hr for E € £(T). This and a Cauchy inequality IVopwll ey <

hif* [V op | 12 () lead to

Jnlopw)? S D0 (022 D0 Iopwlr) )P + 2t Y0 IVepwliem

TeT zeV(T) Ee&(T)

A one-dimensional trace inequality (with a factor 1 that follows from 1D integration)

—1/2 1/2
W |7) ()] < B lvpwll 2y + B [V 0pue 22 ()

along the edge E € £(T) of the triangle T € T with vertex z € V(F) results in

2
. _ _ m— 2
]h(Upw)2 < Z (hT3||Upw||%2(aT) +hT1||v'UPWH%2(6T)) S Z Z|h7 2va H™(T)
TeT TeT m=0

with standard trace inequalities on 0T for wvn, and Vup, in the last step. The right-hand side is
_ Upw|57m  as asserted. The remaining details are omitted for brevity.
R 1 T A ted. Th ining detail itted for brevit 0
4.2. Interpolation errors

The interpolation error estimates are summarised in one theorem.

Theorem 4.3 (Interpolation). Any vpy € H?(T) and its Morley interpolation Injvpy, € M(T) from Defini-
tion 3.5 satisfy

2 — .
(a) Ym0 17 2 (Upw = Invpw) | (1) S ||(1 = To) DEyvpw]| + 3 (vpw) < llvpwll,;
2 _ . : 2 _
(b) Zm:0|hn7} 2(Upw - IMUpW)‘Hm(T) ~ mlaneM(T)”va - wM”h ~ o My eM(T) Zmzo |h? 2(Upw -
wM)|Hm(T).
Proof of (a). The first step reduces the analysis to piecewise quadratic functions by the piecewise Morley

interpolation I}3¢. Definition 3.4 shows fE V(Iﬁcva — va)|T ds = 0 for an edge E € E(T) of the triangle T
and therefore D? (I}@CUPW) lr = H0D2UPW|T a.e. in T € T . Notice that the piecewise defined Morley interpolation
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vy = I19°v,y, € P2(7) is discontinuous (and shares none of the compatibility or boundary conditions) in general.
The interpolation error estimates of Lemma 3.2b read

2
Z hg}72|1)2 - ’Upw|H’"(T) < 2”(1 - HO)DQUPWHLZ(T).

m=0
This and a triangle inequality show that it remains to prove that vy := Invpw satisfies

2
> vy — omlamr) S dn(vpw, T) (4.9)

m=0

for the jump terms localised to a neighbourhood Q(T") of T' € 7 as follows. The neighbourhood Q(T') is the
interior of the union U{K € 7 : dist(7, K) = 0} of T € 7 plus one layer of triangles in 7 around. Then

Ovpw
Jn(Vpw, T’ Z Z B2 [vpw] P (2)]? + Z ]i{aqu]EdS

2€V(T) FE&(2) Ee&(T)
is the contribution from 7" and its neighbourhood (T') to the full jump term ji (vpw)? with the spider £(z) :=
{Fe&:zeV(F)} of edges with one end-point z € V(T).

The second step reduces the analysis to piecewise quadratic functions. The first obervation is that the
averaging of the degrees of freedom in the definition of Iy merely employs the data of vy = I}3°vp,, in the sense
that vm = Inmvpw = Imve. This explains why jj, (vpw,T) = jn(ve, T) in the asserted estimate (4.9). The second
observation is that the left-hand side of (4.9) involves the polyonomial (v — vy)|r € Po(T) that allows for
inverse estimates

2

2
Z hg}_2|112 — IMUQ‘HM(T) < hj_«2H’U2 — IM'UQHLZ(T)-
m=0

The overall conclusion is that it suffices to prove, for all vo € Py(7), that
hytllva = Iwvs |2y S dn(vz, T)%. (4.10)

In fact, equation (4.10) and the aforementioned arguments lead to a localised form of the assertion. The sum
over all T' € 7 and the bounded overlap of (Q(T') : T' € 7) then conclude the proof of the theorem.

The third step reduces the proof of (4.10) to six coefficients. The six degrees of freedom on a triangle T' € T
are the three point evaluations d, at the three vertices z € V(T') and the three integral means of the normal
derivatives f,. 8, ® ds along the three edges E € £(T). The six dual basis functions ¢, for z € V(T') and ¢ for
E € £(T) in Po(T) are defined by the duality relations ¢ p(z) =0 = f, 0,y¥.ds and ¢.(2) =1 = f, 0,9 ds
for all z € V(T) and E € E(T), while ¢, (2) = 0 = §,9,,1r ds for all vertices z # y € V(T) and edges E #
F € E(T). Those functions are known and given explicitly (e.g., in [22] in the context of a short implementation
of the Morley FEM in 30 lines of Matlab) with a scaling (which is generally understood and follows from the
explicit formulas)

[all2ery = ITIM? = by and  |¢gllL2cr) ~ he|T[V? ~ b7

for all z € V(T') and E € £(T). On the other hand, given the dual basis of P»(T), any function wy := v — vy €
Py (T) for vy := Imve allows for a representation

Wy = Vg — U\ = Z w(z) Y, + Z w(E)Yg inT

2eV(T) Ee&(T)

with the real coefficients w(z) := va|r(z) — vm(z) and w( = {5 0upv2|rds — f, Oypomds for z € V(T)
and E € &(T). Notice that the contributions of the plecevvlse quadratlc vy are taken from 7" € 7 and this is
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written explicitly by ve|p in the coefficients, while the corresponding values of the Morley function vy € M(7)
are independent of T as long as z € V(T') or E € £(T). Given the coefficients w(z) and w(E), the triangle
inequality in L2(7T) and the scaling of the dual basis functions lead to

lve = onll2y Shr D [w@)|+h7 Y [w(EB)|. (4.11)

zeV(T) Ee&(T)

The fourth step analyses the coefficients in (4.11). Let the triangles 7(z) = {T' € T : z € V(T)}
{T(1),...,T(J)} at the vertex z € V be enumerated such that T'(j) and T'(j + 1) share an edge 97T(j)
OT(j+ 1) =: E(j) € E(2) for j =1,...,J. For an interior vertex z € V(2), the patch is closed and then T(
and T'(J) share an edge 9T'(1) N 9T (J) =: E(J) € £(z) as well. Define x; := ((v2 —vm)|7@;))(2) for j = 1,..
and observe for an interior vertex z € V(Q) that Z}I=1 x; = 0 (from the choice of va(z) as the arithmetic mean
of the vz|7(;)) and that

“Z o

J
> el = 3l —a

Be&(2)
with 2741 := 21 (recall z € V() here). Since the arithmetic mean of the real numbers 21, ...,z s vanishes, zero
belongs to their convex hull; whence m := min;_ 1 g2 <0 <maxj—q, . jx; = . A triangle inequality in
this sequence x1,...,2; shows that m —m < Z 1 |w]+1 x| (even with an omitted factor 1/2). It follows

1], ]z < ijl |zj41 — z;| and so, for a triangle T € 7 (z) in the notation of (4.11),

) < Y ledp=) < V2 [ g (4.12)

EcE(z) EcE(z)

follows (with a Cauchy inequality in R” in the end). This is suboptimal and the best constant in a squared
version of this argument is contained in Appendix C of [17]. Observe that J < 1 is bounded from above by the
shape regularity of the triangulation 7.

In the remaining case of a vertex z € V(0f2) on the boundary, vnp(z) = 0 and, in the above notation
T(2)={TeT:z2cVT)}={T1),...,T(J)} and z; = ((va — v™m)|7( )( ) = (v2|T ))(z) for j =1,...,J.
The homogeneous boundary conditions enter in the jump terms for E(1) := 77 N9 and E(J) := T; N IN and

J—1
Y alp@)] =l + lesl + Y i — ).
Eec&(z) Jj=1
Triangle inequalities show |x1|, ..., |z | < |x1|+ |z s] + Z}]:_f |zj11 — ;| (even with an omitted factor 1/2) and

the above arguments lead to (4.12) as well. (The optimal constant for this argument may be found in Lem. 4.2
of [11].)
Recall the design of the Morley interpolation in Definition 3.5 with the arithmetic mean fE Opp,omds =

fE< Ovy > ds of the two normal traces for an interior edge £ = 9T N JT_ € £(N2). This leads to the edge
E

contribution 5
1
E) = f aVEU2|TdS - ][ <U2> ds = if][ [aI/Ev2]EdS
E e\OVE /g 2 Jg

in (4.11) with a sign &+ for 7' = T%. The boundary conditions for a boundary edge E € £(02) and the jump
convention for [e]g (recall that vg points outwards for E C 99Q) directly show w(E) = §,[0,,v2] 5 ds. It follows

mm<%mmws

for any E € E(T). (4.13)
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The fitfh step finishes the proof. Recall that the coefficients w(z) for z € V(z) and w(E) for any F € £(T) in
(4.11) satisfy (4.12) and (4.13). The resulting estimate reads

hrtllvs —omllaery She® Y D lels@)+ Y

2€V(T) B€E(2) E€&(T)

2
~ jn(ve, T)?

][ [0ypv2] p ds
E

with the shape regularity hp =~ hy for F' € £(z) and z € V(T) in the end. This concludes the proof of (4.10)
and thus that of (a) as outlined at the end of the second step. (]

Proof of (b). Given any wy € M(7), part (a) shows that the first term T3 in the equivalence (b) is Ty <
llvpw — wnlly, + 3n (Vpw —wm) < [Jvpw —wml[n = Tz With jn(vpw) = jn(vpw —wm) in the last step. Theorem 4.1
applies to vpw —wy € H2(T) and proves Tp < Z?n:() |h33_2(vafwM)\Hm(T) =: T5. The estimates T1 < Ty < T3
hold for all wy € M(7) and so for the respective minima as well. Since Iyjvpw € M(T), the remaining estimate
miny, enme7y T3 < T is obvious. O

Remark 4.4 (IyyJIy = Iy in H*(7T)). Let J be any right-inverse of Iy in the sense of (3.9). Since IyJ is
identity in M(7), InJ InmUpw = Imvpyw holds for any vy, € H(T).

4.3. Approximation errors

The subsequent theorem discusses the approximation properties of J o Iy for piecewise smooth and piecewise
quadratic functions. It is formulated in terms of ||e||;, ~ ||®|lag and the norm equivalence implies an (undisplayed)
analog for | e||qc as well.

Theorem 4.5 (Approximation). Any vy € H*(T) and ve € P2(T) satisfy (a)-(d).
(@) [[vpw = JImvpw|ln S I1(1 — HO)Dngpwan(Q) + ming, e g2 (o) [vpw — vlln;
2 m— . 2 m—

(b) Zm:o |h7 2(Upw - JIMUpw)|Hm'(T) S - HO)DivawHL?(Q) +mlnueH§(Q) Zm:o |h7 2(Upw - U)|Hm(7);
(C) ||U2 — JIM’UQH;L ~ minveHg(Q) HUQ —’UHh = Z;:O |h?_2(1}2 — JIM’UQ)|Hm(T) ~ minveHg(Q) anzo |h?_2(02 _

U) ‘Hm(T) ;
(d) |lvz — JInvallge(1) S hias min,cyz(o) [[v2 — vlln  holds for any 0 <'s < 2.
Remark 4.6. Theorem 4.5 implies that P = @ = J o Iy is a quasi-optimal smoother with constant Ap = Aq
that depends only on the shape regularity of the triangulation.
Remark 4.7 (Remainder in (a) and (b)). The extra term [[(1 — HO)DngpWHLQ(Q)
vanish for piecewise quadratic functions but cannot be omitted in (a) and (b). For a proof of the latter statement
by contradiction consider some vy, € HE(Q) \ (HCT(T) + Ps(7)). Since JIyvpw € HCT(T) + P3(T), the left-
hand side in (a) and (b) is positive, while v = vy, € HZ() leads to a right-hand side zero if the term
[(1 = o) D2, vpw |l L2() was neglected.

in the upper bound will

Proof of (a). Theorem 4.1 implies the first estimate (4.14a) below and Theorem 4.3a asserts the second (4.14b)
for the Morley interpolation vnm = InmUpw Of vpw € H?*(T) in

2
om = ontlh S 3 B2 0 = 080y S 11~ T D2t oy + G- (A1)
m=0
Notice that jn(vm — Jom) = 0 implies [|om — Jomlln = [lom — Jomll,, < llom — v, for any v € V' from

Lemma 3.7d in the last step. This and a triangle inequality, (4.14), and [vpw — v[l, + Jn(Vpw) < V2||vpw — V||
show

lont = Jontlln < flvpw = vll + vpw = vatllpee < 111 = Tlo) DR vpllz2() + [vpw — vlln- (4.15)

This and a triangle inequality |[vpw — JIMmUpw||n < ||vpw — vml|n + |lvm — Jom || and (4.14), (4.15) conclude
the proof of (a). O
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Proof of (b). Adapt the notation of part (a) and recall that Theorem 4.3a provides (4.14b), the second estimate
n (4.14). Since vy — Joy = ImJom — Juy (from (3.9)), Lemma 3.2 controls this interpolation error of Juy €
HZ(2) and shows

SR on = T oy < 2lont = Tontlye S 1= T0) D2 | ) + 0w = 01l

m=0

with (4.15) in the last step. Theorem 4.1 applies to vpy, —v € H?(7). The combination of the resulting estimate
with the previous one concludes the proof of (b). O

Proof of (¢). The assertions (a) and (b) apply to vpy 1= va € P»(T) and the extra term || (1 —1IIo) D2, vpw [l 22 (0)
vanishes. The resulting estimates allow for obvious converse inequalities and so prove, for vo € P»(7) and
oM = Imvs € NI(’T)7 that

2
~ 3 _ m—2 _ m2
vz = Joul ~ min vz = vlla S 3 W77 (02 = Ton0) |y ) = U;gl;nglh 2= 0| gy

with Theorem 4.1 in between the two equivalences. A triangle inequality, the estimate (4.14b), the estimate for
(1—J)vm in the proof of (b) and (4.1) applies to vpy := va € Po(7T) and shows 21271:0 |2 (vg — Jom)| gy S
gn(v2) + llva = vlln = jn(va — v) + v — vl < 2|lva — v for any v € HZ(). This concludes the
proof of (c). O

Proof of (d). The equivalence of the Sobolev—Slobodeckii norm and the norm by interpolation of Sobolev spaces
([35], Rem. 9.1), for instance for a fixed reference triangle T' = Tyt with Ca(s) = Ca(s, Tyet), provides for
w = (vy — JIyvs)|7 € H*(T) the estimate

lwl| s (1) < Ca(s) Hw||fq_1?T)Hw| ‘;I_Zl(T) for 1 < s < 2. (4.16)

A straightforward transformation of Sobolev norms ([26], Thm. 3.1.2) show (4.16) for any triangle T' € 7 with
Co(s) = Ca(s,T) = k! T5Cq(s, Tyer) for the condition number x = o1/ of the affine transformation a + Bx of
Tret to T with the 2 X 2 matrix B and its positive singular values o5 < 7. A more detailed analysis [15] reveals
that Cy(s) exclusively depends on s (but exploits singularities as s approaches the end-points 0 and 1). The
estimate (4.16) shows the first inequality in
2(s—1
Ca(s) 7 Nlwlligery < Il el 7scr) < ol ry + ol ol
with the subadditivity (a + b)? < aP 4+ bP for a,b > 0and 0 < p=s—1<1 (e.g., from the concavity of x > zP
for non-negative z) in the last step. An elementary estimate is followed by the Young inequality ab < a?/p+b?/q

forp=02-s5)"tqg=(—-1)"t a= ||h;1w||§{(f(7;)), and b = |w\i§§(T) to prove
hrzrgx2 lw ”Hl €)| ‘il(;(;)) < Hh wHHl(T)' ﬁi(j( =4 = Hh wHHl(T) + |w@12(T)'

This and the trivial estimate h%;;l) < diam(Q)z(s’l) leads to
s 12
holldrry < Coh2e? (107wl oy + vz )
for C3 = Cy(s)?(1 + diam(Q)2(*~1). The sum over all those contributions over T € 7 proves

lva = JInva || oy < Cy/*h2s (HhEI(UQ = JIvva)|| g oy + o2 = JIMU2\||pw)

max
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S M i [[va = o]

with Theorem 4.5¢ in the last step. This concludes the proof of (d) for 1 < s < 2. The assertion (d) is
included in Theorem 4.5¢ for s = 0,1,2. The remaining case 0 < s < 1 is similar to the above analysis
with [|w]| gs 7y < Cg(S)HU}H};(ST)Hw||‘;p(T) replacing (4.16) and analogous arguments; hence further details are
omitted. O

5. ABSTRACT FRAMEWORK FOR BEST-APPROXIMATION OF LOWER-ORDER METHODS

5.1. Discretisation

Suppose that Vi, € H?(T) is the finite-dimensional trial and test space of an abstract (discontinuous Galerkin)
scheme with a bilinear form
Ap (Vh + M(T)) X (Vh + M(T)) — R

that is coercive and continuous with respect to some norm || e ||, in H2(7) in the sense that, for all vy, wy, € Vj,

allonlli; < An(vn,vi) and An(vn, wn) < Mlfvalln]lwlln (5.1)
hold for some universal constants 0 < a, M < oo. Suppose that || e ||, is a norm in H?(7) and equal to the
norm [l e ||, := apw (e, ¢)/2in V + M(T) and stronger in general, i.c.,

(@) [l @ ll <[l ®llnin H*(T) and (b) @[l =l el inV+M(T). (5-2)

Given a linear operator JIy : Vj, — V with the companion operator J from Lemma 3.7 and the (extended)
linear interpolation operator Iy; from Section 3.3 the discrete problem reads: Given F € V* = H~2(Q) seek the
discrete solution up € Vj, to

Ah(uh,vh) = F(JIM’Uh) for all vy, € Vj. (53)

The Lax-Milgram lemma assures the existence of a unique discrete solution uy to (5.3).

Remark 5.1 (|| e||5,). The examples of Sections 7 and 8 utilize || ® ||, given in (4.1) and (4.2), but the abstract
framework allows more general Aj, and || e ||;, with (5.1) and (5.2) in (5.3).

5.2. First glance at the analysis
This subsection motivates the abstract conditions and emphasises the relevance of the discrete consistency
condition (dcc)

apW(IMw ep — IMeh) + bh(IMu, ep — IMeh) S Adcmu - IMu|HpW||eh||h (54)

that leads to the best-approximation in terms of |lu — Ivull,,, = min,,ep,(r) [lu — v2[l,,, from (3.7). The test
function ey, := I Iyu — up € Vi, C H?(T) is the discrete approximation of the error u — uy, with Iy : H*(7) —
M(7) from Definition 3.5 and a transfer operator Ij, : M(7) — V4, from Section 5.3 below. For the dGFEM of
Section 7 and the WOPSIP scheme of Section 10, I, is the identity 1 and otherwise it is controlled nicely (cf.,
(5.11) below for details) [23]. So we may neglect the difference 1 — I, for the sake of this first look at the analysis
and suppose I, = 1. The key identity from the continuous problem (3.1) and the discrete one (5.3) reads

a(u, JIvien) = F(JIwen) = Ap(un, en). (5.5)
The stability of the scheme al|es||? < Ap(en, en) < M|les||? motivates the investigation of

Ap(en,en) = apw(en,en) + brlen, en) + cnlen, en) (5.6)
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for the three bilinear forms that define the class of problems in (5.12) displayed in Table 1. The stability term
cn(e,e) is controlled nicely in harmony with the discrete norm || e ||, while by (e, e) drives the method and
completes the leading term apy (o, ).

The definition of e, in (5.6) leads to

Ah(eh, eh) = apW(IMu, eh) - Ah(uh, eh) + bh(IMU, eh) + ch(IMu, eh) (57)

Since J is a the right-inverse of Iy, (3.5) implies apw (Imu, Imer, — JImep) = 0. This and elementary algebra
show

apw (I, en) = apw (Imu, ep, — Iver) + apw (I, JIvep,).
This in combination with (5.5) leads in (5.7) to
Ap(en,en) = apw(Imu, ep, — Inep) + apw (Imuw — u, JIvep) + by (Iaw, ep) + cp(Imu, ep). (5.8)

The second term in the right-hand side of (5.8) is equal to apw (Imuw — u, JInen, — Ivep) and the stabilisation
term is equal to ¢ (Imu — u,ep). They are controlled by [lu — Inul|, [len|ln- The bilinear form by, enjoys the
miraculous property by (Iyu, Iner) = 0 for the discontinuous Galerkin schemes of this paper. The remaining
term on the right-hand side of (5.8) is apw (Imu, er, — Imen) + b (Imu, e, — Inep,) and in fact controlled by the
dec (5.4). The proof of dcc in Section 8 is one key argument in this paper.

Remark 5.2. The arguments in this section applies to the case where Ay (e, ) satisfies an inf-sup condition;
(and not the coercivity condition). The key idea is to estimate the consistency error F(JIyvvp) — Ap(Ivu, vp)
using (5.5) and (5.6) and the orthogonality of the interpolation operator.

5.3. Transfer operators between V;, and M(7)

Recall Iy : H2(T) — M(T) from Definition 3.5, and suppose the existence of some constant Ay > 0 with
lorn — Inorlln < Amllon — vl|n for all v, € Vi, and all v € V. (5.9)
Suppose the existence of constants Ay, My > 0, and boundedness in the sense that

lor, — Ivon||n < Ai\/[”UhHh for all vy, € Vj,
Ivvnll, < Mmllonlln  for all vy, € Vi, (5.10)

pw —

Apparently A}, < Ay (with v = 0) and My < 1+ A}, (with (5.2a) and a triangle inequality). The possibly
smaller constant My, enters in Theorem 5.4a, while Ay appears in Theorems 5.4b and 6.2 below. The above
conditions control the transfer from Vj, into M(7') via In; : V 4+ Vi, + M(T) — M(T).

The transfer from M(7) into V}, is modeled by some linear map Ij, : M(7) — V}, that is bounded in the sense
that there exists some constant Ay > 0 such that

lom = Ipomlln < Apflom — o], for all vm € M(7) and for all v € V. (5.11)

The examples of this paper concern the discrete norm from (4.1), (4.2) and then the estimates of this
subsection follow for piecewise quadratic discrete spaces.

Example 5.3 (Equations (5.9) and (5.10) hold for V};, C P»(7) and (4.1), (4.2)). Suppose that the discrete
norm || e ||, is defined by (4.1), (4.2) and V}, C P2(7). Then (5.2) and (5.9), (5.10) follow.
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Proof of (5.9) and (5.10). Given any vy € P»(7) and any v € V, a triangle inequality shows

llve — Invz||n < |lve — JImvz||n + | Ivmve — JIvve||n =: €1 + ta.

Theorem 4.5¢ controls the first term 1 := ||Jva — JIyv2]ln S |Jv2 — v||n on the right-hand side. Since jj,(vnm) = 0
in (4.2) vanishes for vy := Inv2 € M(T), the second term &5 := [lom — Jom||,,, < [lom — 0], With Lemma 3.7d
in the last step. Since ||(1 — Ilo) D3, v2|| = 0 vanishes for vy € P»(T), Theorem 4.3a shows [luy — vo low =

Jn(ve) = jn(ve —v) < |lvg — vl|, with (4.1) and (4.2) in the last two steps. This and a triangle inequality prove
ta < |lva — v||n. The combination of the estimates for ¢t + to < ||va — v||p proves (5.9); and (5.9) immediately

~ ~

implies (5.10) as discussed above. O

5.4. Sufficient conditions for best-approximation

The bilinear forms Ay, apw,bp,cn @ (Vi + M(7T)) x (Vi + M(7)) — R in the discrete problem (5.3), (all
bounded because Vj, + M(7) is finite dimensional) read

Ap(B,B) 1= apy (3, ®) + by (3, @) + e (9,@) for all 5, @ € Vi, + M(T). (5.12)

The key assumption in abstract form is the discrete consistency condition with a constant 0 < Ag. < oo: All
functions vy € M(7T'), wy, € V},, and all v, w € V satisfy

apw(vM, Wh — IMwh) —+ bh(vM,wh — IMwh) S AdchM — ’Umpw”wh — w||h. (513)

(This is a straightforward generalization of (5.4) from Sect. 5.2.) Assume that by, : (V3+M(7))x(V5+M(7)) — R
is bounded in V; + M(7) by a constant 0 < M}, < oo and vanishes in M(7) x M(7) in the sense that all
v, wp, € V3, and all vy, wy € M(7T) satisfy

by (vn, wm) = 0, (5.14)

by (v + vm, wi, + wn) < My ||vp + oml|nllwn + ww||s- (5.15)
Suppose that the bilinear form cp, : (V3 + M(7)) x (V, + M(7)) — R and a constant 0 < A, < oo satisfy
en(vn, wr) < Acllv — vpllpl|w — wpl|p for all vy, wp, € Vi, and v, w € V. (5.16)

Theorem 5.4 (Best-approximation). Suppose (5.1), (5.2) and (5.9)—(5.16). Let u € V solve (3.1) and let
up, € Vi, solve (5.3). Then

(a) [lu = unlln < Coollu — Imull,,, and () [lu — Jhvus|l < (1 + An)(1 + Ag)l[u — un|n
hold with the constant Cqo := 1+ Ap + o= H (Ao My + Ap(1 + Mp) 4+ Aac + Ac(1 + Ap)).

Remark 5.5. The Morley FEM is included in the (non-symmetric) abstract framework of Theorem 5.4 and
leads to a sub-optimal best-approximation constant Cqo = 1 + Ag.

The error analysis of a post-processing dates back at least to [6] with a design of an enrichment operator for
COIP functions replaced here by the smoother JIy. For F € H=*(Q) with 2 — 0 < s < 2 (and u € H*5()
from elliptic regularity), Theorem 5.4 verifies

llu = Jhvunll < Cao(1 + An) (1 + Ag)llw = Dully, S i Fll-+0)-

pw ~
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5.5. Proofs

Abbreviate ep, == InIvu — up € Vi, and (apw + bp)(®, @) := apy (e, @) + by (e, @) for the sum of the bilinear
forms.

Lemma 5.6 (Key identity). It holds

Ap(en,en) = apw(u, (1 — J)Imen) + (apw + br) (In — 1) Iy, ep)
+ (apw + bn) (Ivu, e, — Iven) + cn(Inyu, ep).

Proof. The test function v := JIyiep, € V in (3.1) and the test function vy, := e € Vj, in (5.3) lead to
a(u, JIiep) = F(JIver) = Ap(un, ep).
This and the definition ej, = I, Imu — up, result in
Ap(en,en) = Ap(Invu, er) — alu, JIyep).
The identity apw(u, Inepn) = apw (Imu, Inep) from (3.5) shows that this is equal to
apw (U, (1 — J)Iver) + Ap(InIvu, en) — apw (I, Inep).

The last term apw (Imu, Inep) is part of Ap(Ivu, Iven) by (5.12), while by (Ivu, Iner) = 0 owing to (5.14).
This and elementary algebra conclude the proof. (I

Lemma 5.7. The assumptions (3.5), (3.9), (3.11), and (5.10) imply
apw(u, (1 = J)Imen) < AoMmllu — Iaull . [lenlln-

Proof. Set vy = Imep, and recall Iy(vy — Joy) = 0 from (3.9). The orthogonality (3.5) and the Cauchy
inequality with respect to apw (e, ) imply

apw (u, (1 = J)onr) = apw(u — Iuw, (1 = J)om) < flu = Inull (1= T)omll -
The boundedness of 1 — J in (3.11) and the boundedness of I in (5.10) show
(1 = Dvmll e < Aollomll,y, < AoMuillen[n-
The combination of the two displayed inequalities concludes the proof. O
Lemma 5.8. The assumptions (5.2), (5.11), and (5.15) imply
(@pw + 0n)((In = DIvu, en) < An(1+ My)|lu — Daull,y,[len]n-
Proof. For e}, € Vj, and Iyyu € M(7T), the Cauchy inequality plus (5.2a) show
apw ((In — 1) Ivus en) < [[(1 = Tn) Inul|nl[en[n-
This and the boundedness of b, in (5.15) result in
(apw + bn)((In = ) Ivu, en) < (1+ Mp)[|(1 = In) Inwlnlen]|n-
The inequality (5.11) with vy = Iyu and v = u reads
11 = Tn) Ivul[n < Apflu — Ivull,y,-

The combination of the last two displayed inequalities concludes the proof. (]
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Lemma 5.9. The assumptions (5.2), (5.11), (5.13), and (5.16) imply
(apw + bn)(Imu, en, — Iven) + cn(Inlvu, en) < (Ade + Ac(l + Ap))lu — Ivaull ., llenlln-

Proof. The discrete consistency condition (5.13) for vy := Iyu, wy := ep, v := u, and w := 0 lead to the upper
bound

(apw + br)(Imu, e — Iven) < Adcllu — Inull,y, llenlln

for the first term on the left-hand side of the asserted estimate. The remaining contribution cp, (I Imu, ep,) is
controlled in (5.16) with vy, := IpIyu, wy == ep, v = u, and w = 0 by

en(Inhvu, en) < Acllu — InIvul|sllen||n-
A triangle inequality in || e ||, (5.11) with vy := Iyu and v = u, and (5.2b) show
|u— Indvulln < (1 + Ap)flu — Daul| -
The combination of the resulting inequalities concludes the proof. (I

Proof of best-approzimation in Theorem 5.4a. The discrete ellipticity (5.1) is followed by Lemma 5.6 with terms
controlled in Lemmas 5.7-5.9. This leads (after a division by ||ep]|s, if positive) to

allenlln < (AoMwm + Ap(1+ My) + Ade + Ac(1 + Ap))[lu — Daul| -

On the other hand, ||(I, —1)Iyullp < Ah|||u—IMuH|pw from (5.11) for vy := Iyqu and v := w. Triangle inequalities
in || e||n, (5.2b), and the last two inequalities result in

lu—unl[n < flu = Ivully, + [[Iaw = InIvulln + llenlln < Coollu — Duull,,,,
with the constant Cy, displayed in the assertion. O

Proof for post-processing in Theorem 5.4b. The assertion (b) is formulated in terms of v and w;, but holds for
general v, € Vj, and v € V and the abbreviation vy := vy, € M (7). A triangle inequality and Lemma 3.7d
prove

lv = Jvmll < flv = vmllp + 111 = Domll,y < (14 Ag)llv = omlly -

A triangle inequality, (5.2a) twice, and (5.9) show
lo = onllpy, < flo = onllpy, + llon = omlln < (14 Ani)lfo = vl

pw —

The combination of the two displayed estimates reads

llo = Jomll < (1 + As) (1 + Am)llv = vala-

6. WEAKER AND PIECEWISE SOBOLEV NORM ERROR ESTIMATES

6.1. Assumptions and result

This subsection presents one further condition sufficient for a lower-order a priori error estimate for the
discrete problem (5.3) beyond the hypotheses of Sections 5.1-5.4: The dual discrete consistency with a constant
0 < Agac < oo asserts that any v, € Vy,, wy € M(7), and any v, w € V satisfy

apw (Uh — Invp, W) + bk (Vh, wn) < Addcl|v — vnllnllw — wn - (6.1)
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Remark 6.1 (Symmetry). If the bilinear form (apw +bs)(e, ®) is symmetric, then (5.13) and (5.14) imply (6.1).
(Rewrite the left-hand side in (6.1) with (5.14) and symmetry into the left-hand side of (5.13) with vy and wy
replacing wy, and vy to establish (6.1).)

Since uy, € V, may not belong to H*(2) for 2 — 0 < s < 2 in general, the post-processing JIyju, € V arises
in the duality argument with 0 < o <1 from Example 3.1.

Theorem 6.2 (Lower-order error estimates). Suppose the assumptions of Theorem 5.4, (6.1), and2—0 < s < 2.
Then there exist constants Cy(s), Cs(s) > 0 such that (a) and (b) hold for any F € H~5(Q) with solution u € V
to (3.1) and the solution uy, € Vi, to (5.3). (a) |[u—JInun| ge) < Cal(s)hinslu—unlln and (b), if up € Po(T),

then |lu — up| s (1) < Cs(s)hiaillu — unlln-

6.2. Duality and algebra

The duality of H=*(Q) and H{(Q) reveals for the exact solution v € V to (3.1) and the post-processing
v:= JIvuy € V of the discrete solution uy, € V}, to (5.3) that

Glu—wv
lu—vlgsy = sup ( ) =Gu—v).

ozcer ) |G-+

The supremum is attained for some G € H~*(2) C V* with norm [|G||z-+() = 1 owing to a corollary of the
Hahn-Banach theorem. The functional a(z,e) = G € V* has a unique Riesz representation z € V in the Hilbert
space (V,a); z € V is the weak solution to the PDE A%z = G. The elliptic regularity (as in Example 3.1) leads
toz € VN H%(Q) with 2 <4 — s <2+ 0 and (3.2); hence

|lu —v|gs) = alu—v,2) and ||z| gi-s(q) < Creg-

The proof of Theorem 6.2 consists of a series of lemmas to establish an upper bound of a(u — v, z) for the above
z € VN H**(Q). The notation

v:= JIyup €V, zn = Iplyz €V and (:=Jlhyzp €V
for the discrete, exact, and dual solution wuy,u, and z applies throughout this section.
Lemma 6.3 (Key identity). It holds

alu—v,2) =a(u—v,2— () + apw(ur — v, — z1) + apw(Ivun — v, 2, — Inzp)
+ apw(un — Iaun, Inzn — C) + An(un, 2n) = apw (un, Inzn) + apw (un — Intn, 25).-

Proof. Let ¢ = JIyz, € V substitute the test function v in (3.1). This and the test function v, := zp, in (5.3)
lead to

a(u, () = F(¢) = An(un, zn).

This identity and elementary algebra result in

alu—v,¢) = apw(up —v,¢ — 2) + apw(Imun — v, 25) + apw (un, (1 — J)Ivzn)

+ Ap(un, 2n) — apw (un, Inzn) + apw (un — Inun, 2n)-

The formulas apw ((1 — J)Ivun, Inzn) = 0 = apw(Ivmun, (1 — J)Imzs) (from (3.5) and (3.9)) and elementary
algebra conclude the proof. O
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6.3. Elementary bounds

Lemma 6.4. Each of the following terms (a) a(u—v,z—C), (b) apw(up—v,(—21), (¢) apw(Imun—v, zn,— I zp),
and (d) apw (up, — Imun, Imzp —C) is bounded in modulus by a constant < (14 (1 + Ay)(1+ A))2(1+Ay) times
lu = unllnllz = Dazll -

Proof. The assumption (5.9) (with (v,vy) replaced by (u,up) and (z, z)) implies
[lup, — Inup|ln < Amllu—uplln and  |lzn — Inzelln < AMllz — 268 (6.2)
Recall v = JIyup, and ¢ = JIyzp € V to deduce from Lemma 3.7d that

lo - Bunlly < Asllu - Byunll,, and ¢ — Tuzl

pw < AJH|Z — IMZh|"pW~ (63)
The combination of (6.2)-(6.3) with (5.2a) and triangle inequalities lead to
[ = vll < llw = Ivunfl pyy + llv = Il g, < (04 Ap)llu = Iaunll,y,

< (T + Ay (e = unll e + llun — Inunlln) < (1 + Ag) (1 + Am)l[u — unn- (6.4)

The above arguments have not utilized any solution property and hence also apply for (z,(,zp,) replacing
(u,v,up) to reveal (instead of (6.4))

Iz =<l < (1 +A5) (X + Am)llz = zalln- (6.5)
Consider vy := Imz € M(7) with z, = I Iz = vy in (5.11) to show
l2n = Izl < Anllz — Izl - (6.6)

This, a triangle inequality, and (5.2b) result in

Iz = 2nlln < (L4 An)llz = Izl - (6.7)

The combination of (6.5) and (6.7) proves
Iz =<l < (1+ A1+ M) (1 + A)llz — Iuz]l,,y,- (6.8)
Proof of (a). This follows from a Cauchy inequality plus (6.4) and (6.8). O

Proof of (b). A triangle inequality, (5.2a), and (6.4) verify
lun = vl < llun = vlln < (14 (14 Ag) (L + Am))llu — unlln-

pw —

The triangle inequality with (5.2a) and (6.7)-(6.8) show
I = 2nllpw < 1€ —2nlln < (1 + An)(X 4+ (1 + Ag) (L + An))llz — Inz]l .-

A Cauchy inequality and the preceding estimates conclude the proof of (b). O

Proof of (¢). The estimate (6.3), a triangle inequality, (5.2a), and (6.2) show

v = Inunll < Asllu — Inunll e < As(1+ An)flu — ualln- (6.9)
The combination of (6.2) and (6.7) after (5.2a) leads to

lzn — Imznll e < ll2n — Ivznlln < Am(1+ Ap)llz — In2]|,, - (6.10)
A Cauchy inequality and the preceding estimates conclude the proof of (c). O

Proof of (d). This follows from a Cauchy inequality with (5.2a) and the estimates for [[up — Inun||n in (6.2)
and [|¢ — Imzn|,,, in (6.3). )
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6.4. Discrete consistency bounds

Lemma 6.5. It holds
Ap(un, 2n) — apw(un, Inzn) + apw(un — Inun, 25)

< (L AR (2 + Mp) ARy + (Ade + Adac) (1 + Am)Ag + Ac)u — un[ullz = Tzl -

Proof. Recall by, (Injup, Inzn) = 0 from (5.14) and exploit (5.12) with elementary (but lengthy) algebra to check
that the left-hand side LHS of the assertion is equal to

LHS = (2apw + bh)(uh — Ivup, zp — IMZh) + (apw + bh)(IMuh, Zn — IMZh> (6.11)
+ (apw(uh — Ivup, IMZh) + bh(uh, IMzh)) + ch(uh, Zh) (6.12)

with the short notation, e.g., (2apw + bp)(e,®) := 2apy(e,0) + by (e, ), for the sum of the bilinear forms
announced in Section 5.5. The two lines (6.11) and (6.12) of expressions for the LHS give rise to four estimates.
The continuity of apy (e, e) and by, (e,e) in (5.15), (6.2), and (6.10) prove

(2apw + bn) (un — Datn, zn — Iazn) < (24 M)A (1 + Ap)Ju — un|[nllz — hazll,,-

The discrete consistency (5.13) leads in the last term in (6.11) to a product of [[v — Ivuall,,,, controlled in (6.9)
and ||z — zp||n controlled in (6.7). This results in

(apw + bh)(IMuh,Zh - IMZh) < AdCAJ(l + AM)(l + Ah)Hu - ’LLhth”Z - IMZl”pw

The dual discrete consistency in (6.1) applies to the first two terms in (6.12) and leads to Agqc||u — up||n times
I¢ = Taznll,, controlled with (5.2b) in (6.3). This with (6.2b) and (6.7) result in

apw(un — Inmtun, Imzn) + b (un, Imzn) < AdadeAs(1+ An) (1 + Ap)|lu — unllnllz — Inz|l ., -
The last term in (6.12) is controlled in (5.16). This and (6.7) show
cn(uny zn) < Acllu —unllnllz = 2nlln < Ac(l+ Ap)llu — unllnllz — Iuzll,y -
A combination of the preceding four estimates with (6.11) and (6.12) concludes the proof. O

6.5. Proof of Theorem 6.2

Given 2 — o < s < 2, there exists a constant 0 < Ciy(s) < oo (which exclusively depends on the shape
regularity of 7 and s) such that the solution z € V' of the dual problem in Section 6.2 satisfies (with Lem. 3.2¢)
that
< Cine(8)himaxll 2 mra-20) < Cint(8)Creg () hinax |G | -+ (02)- (6.13)

”|Z - IMZMpw = max

Proof of (a). Recall ||u — v||gs(q) = a(u — v, z) from Section 6.2 and its formula in Lemma 6.3. Lemma 6.4
applies to the first four terms and Lemma 6.5 to the remaining three. The resulting estimate reads

[l = vl s () < Collu = unllnllz = Izl

with Cg = (14 Ap)(4(1+ (14 Ay)(1+ Am))? + (2 + Mp)AZ; + (Ade + Adac)(1 + An)Ay + Ac)). This and
lz — vz, < Cint(8)Creg(s)h253 from (6.13) prove Theorem 6.2a. O

pw — max

Proof of (b). The norm in H*(T) = [[ ;o7 H*(T) is the £% norm of those contributions || e[| =7y for all T € T
The Sobolev—Slobodeckii semi-norm over 2 involves double integrals over 2 x £ and so is larger than or equal
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to the sum of the contributions over T' x T for all the triangles T' € 7, d.e., Y por | ® |§{S(T) <|e |%IS(Q) for any
1 < s < 2. Hence Theorem 6.2a implies

lu— JIvup || (1) < Ca(s) Bimsllu — up|p  for all s with2 — o <5 < 2. (6.14)

Since up, € Py(T), Theorem 4.5d provides the estimate

lun — JIvun| s (1) S homasllu — unlln.

The triangle inequality in the norm of H*(7) concludes the proof of Theorem 6.2b. (]

6.6. Verification of (H) and (/H\)
For the choice P = Q = J o I, Theorem 4.5¢ shows that (2.3)—(2.5) hold for all the lowest-order schemes
Vi, € Py(T) considered in this paper. This subsection verifies (H) and (H).

Lemma 6.6 (Verification of (H) and (/I-T)) Suppose the assumptions of Theorems 5.4 and 6.2. Any v, € Vp,
v:=Jlyvp, €V, wy € Vp, and w = JIywy, € V satisfy

(H) An(vn, wn) — a(v,w) < Agflon, = vf|n[[wn[n,

(H) An(vn, wn) — a(v,w) < Agllvn, — v|n[[wn — wl|n

with Ay == (1+AM)(AdC+AJMMHJ||)+(].“rMb)AM -I—AC, and Ay := Addc+(1+Mb)A§/I+(1+AM)(]—+AM+
Adc) +AC.

Proof of (H). For wy := Iqw, and vy := Iyw, (3.9) implies wy = Iyjwy, and vy = Iyop. The definition of
Ay, (e, @), algebraic manipulations, and (5.14) result in

Ap(vn, wp) — a(v, w) = apw(vp, wy) + by (vh, wi) + cp(vp, wy) — a(v, w)
Apw (U — UM, wh) + bp(Vh — VM, Wh) + apw (Um, W — W) + by (VM WL — W)

+ cp (v, wp) + apw (vumr, W) — a(v, w). (6.15)

The boundedness of apw (e, ), (5.15), (5.9), and (5.2) prove
apw (Vn = UM Wh) + by (vn — var, wr) < (14 My)Aillon — vllallwalls-
The discrete consistency condition (5.13) (with w = 0), a triangle inequality, (5.9), and (5.2) show
apw (UM, wh = wnm) + by (om, i — wm) < Ade(1 + Am)llon = v||n|lwlln-
The bound in (5.16) with the choice w = 0 implies
cn(vn, wn) < Acllon = vllallwnlln-

The orthogonality condition (3.5), Lemma 3.7d, (5.9), and (5.10), result in

pw (UM, W) = a(v, W) = apw (1= J)om, Jwn) < Ag(1+ Anvg) M| I [[lon = vl whl[n-

A combination of the last four displayed estimates in (6.15) leads to the desired result. ]
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Proof of (H). An alternate split of the left-hand side of the desired estimate leads to

Ap(vp,wp) — a(v,w) = apw(vh — Onm, wn) + b (Vh, WM) + apw (Vv — VM, WL — W)
+ bp (v, — vn, Wi — WM) F Apw (Vnt, Wy — wat) + bp (v, W — W)
+ apw (Um, W) — a(v, w) + ep(vp, wr). (6.16)

The discrete consistency condition (6.1) shows
apw (Un — Om, W) + by (Vn, wn) < Adacl[v — vallnllw — wa -
The boundedness of apy (e, ), (5.15), and (5.9) prove
apw (Vh — vm, W, — W) + by (v, — om, wp, — wm) < (14 Mp)A3|lon — vl|nllwn — w]|n.
The discrete consistency condition (5.13) and (5.2) lead to
apw (UM, wh — war) + bp(om, win — wm) < Ade(1+ Anr)[lon — v|lnllwn — w[n
The orthogonality condition (3.5) and (5.9) result in
Apw (UM, W) — A(0, W) = —apy (v — vy, w — wyr) < (14 Anp)?[|on — v||nljwn — w||n.
The bound in (5.16) implies
ch(0n, wn) < Acllon = vl[n][wn = wl|n-
A substitution of the last five displayed estimates in (6.16) leads to the desired result. g

Remark 6.7 (Thm. 2.6 implies Thm. 6.2). For v := JIyuy, € V, recall ||u — v|[gsq) = a(u —v,2) from
Section 6.2. Theorem 2.6 applies as Lemma 6.6 holds and with (5.2) leads to a(u—wv, z) < a:oHufuhHthfIMth.

7. MoDpIFIED DGFEM
The bilinear form Ay, (e, e) := Agc (e, ®) [2,28] is defined, for all vy, wy € V}, := Pa(7T), by

Aag(ve, w2) := apw (V2, w2) + by (v2, wa) + cac (v2, w2), (7.1)

by (ve, wa) := —OT (v2, wa) — T (w2, v2), (7.2a)

J (va, we) := Z / [Vowt2lp - <D§W’LU2>EVE ds (7.2b)
pee’ E

with cqc(e,e) from (4.3) and given —1 < © < 1. Let the jumps [e]g across and the averages (o), at an
edge E € & from Section 4.1 act componentwise. Recall from Theorem 4.1 the equivalent discrete norms
| oln~ | ol|lag in H*(T) defined in (4.1), (4.2) and (4.4). Set © =1 (resp. © = —1) to obtain the symmetric
(resp. non symmetric) interior penalty Galerkin formulation; see [39] for an alternative formulation. Appropriate
positive parameters 01,02 in (4.3) guarantee (5.1).

Lemma 7.1 (Boundedness and ellipticity of Aqg(e,e) [28,39]). (a) Any ve,we € Po(T) satisfy Aac(va, w2) S
|vollac|wallag- (b) For © = —1 and any gac = 01 = 02 > 0, |lv2]3c < Aac(ve,v2) holds for all vo € Pa(T).
(c) For —1 < © <1 and a sufficiently large parameter oqc = 01 = 09 > 0, there exists a« > 0 (which depends
on aac and the shape reqularity of T ) such that allve||3g < Aac(v2,ve) for all va € Py(T).
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Throughout this paper, the parameter o4g is chosen to guarantee the ellipticity of Aqg(e,e) in Lemma 7.1
with the short notation oqc = 1 ~ a. The modified dGFEM (5.3) seeks the solution uqg € P2(T) to

Adg(udg, 1}2) = F(JIMUQ) for all vy € PQ(T) (73)

Theorem 7.2 (Error estimates). The solution u € V to (3.1) and the solution uag € Po(T) to (7.3) satisfy (a)
Ju—uac|ln < lu—Iaull,, and (b) if ©® =1 and F € H=*(Q2) for 2 -0 < s < 2, then ||u — JImuac | ms(o) +

lu = wacllrs (1) S Piasllu — wac|n-
Overview of the proof. The assertion (a) follows from Theorem 5.4 for the particular spaces, operators, norms,

and bilinear forms defined below. The application of Theorem 5.4 requires the proof of the abstract conditions
(5.1) and (5.2), (5.9)—(5.16). The assertion (b) follows from Theorem 6.2 provided (6.1) holds.

Setting and first consequences. Recall V3, := Po(7T) and the norms || e ||;, and || e |lag in (4.1), (4.2) and (4.4).
Recall the Morley interpolation operator Iy; from Definition 3.5 and the companion operator J from Lemma 3.7.
Recall that Lemma 7.1 guarantees (5.1) and (5.2). The dGFEM in (7.3) corresponds to (5.3) with the solution
up = uqg. Example 5.3 implies (5.9) and (5.10). Set I, := id and observe (5.11) holds for Ap = 0. Recall
Ap(e,0) := Agc(e,e), by(e,0) := —OFT (e, 0) — T*(e,0), and cj(e,e) := cqc(e,e) in (5.12).

Proof of (5.13). Since the integral [,,[Vywvn]p ds = 0 vanishes for vy € M(7) and since <Dgww2>E is constant
on any edge F € & for any wy € Py(T),

J (op, wa) = Z / [Vowtml g - <D§Ww2>E1/E ds = 0. (7.4)
Ece’E

Hence the term ©J (vm, we — Inws) disappears below in definitions of (apy + bp)(e, ®), written in the short
notation of Section 5.5; (apw + bp)(vm, we — Inwz) is equal to

Z / D?)WUM : Dgw(w2 - IMU)Z) dx — Z / [pr(’lUQ — IMU)Q)]E . <DI2)W1}M>EI/E ds.
TeT ' K pec ' E

A piecewise integration by parts of the term apw (vam, wa — Imwz) shows equality to

Z /E<[pr(w2 — IMIUQ) . (DI%W’UM Z/E)]E - [va(’wg — IM’LUQ)]E . <DI2>WUM>EVE) dS.
Eec€&

The product rule for the jump terms results in

(apus + b)(ony w5 — Iygtg) = 3 / (Vs (02 — Tnwa)) - [D20m1] v ds. (7.5)
pec’E

The further analysis concerns the split of the vector (Vyy (we — Inw2)) € P1(E;R?) = Py(F)? into normal and
tangential components,

(Vpw(wa — Iyjws)) p = (O(wa — Inws)/OvE)pvE + (0(w2 — Iyws)/0s) 5TE.

The integral of the normal component (J(ws — Injws)/OvE) g over an edge E € & vanishes by definition of Injws
in Definition 3.5. Since the jump [02_, vwm| pi=VE" [DngM} pVE 18 constant along E, the integral S5 (0(ws —
Ing)/8VE>E[83EVEvM]Eds = 0 vanishes. The tangential components with [8ZEVE11M}E = TE [DQ’UM]EVE
remain in

(apw + bp) (oM, wo — Iyqws) = Z /E<8(w2 — Invws) /0s) [GEEVEUM]E ds.
Ec&
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The Hadamard jump condition asserts that the jump in the derivative of a globally continuous function that is
smooth up to the boundary on either side of an interface E points merely in the normal direction vg only. The
function Jvy has a continuous gradient VJwvy and VJvy is smooth on each triangle T in the HCT refinement
of 7. Hence [82 JUM] = 0 along E. Consequently,

TEVE

(apw + bp)(vm, w2 — Infws) = Z /E@(wg — Inws)/0s) g [02,,, (1 — J)UM}E ds. (7.6)

Ee&

For an interior edge £ = 0T N 91_ = aﬁ N OT_ with the neighbouring triangles T+ € 7 and the two
neighbouring sub-triangles Ty := conv(FE,mid(7T4)) from the HCT refinement of 7 with patches W(E) =
int(Ty UT-) C w(F) = int(T} UT-), Cauchy and triangle inequalities show

I(B) = / (Ows — Iyuwn) /05) s [02,,, (1 — J)ou] , ds
E
1
< §(|\V(w2 — haw2)|r, ||l L2(m) + | V(w2 — Inw2)|7_ || £2(8))
x (1021 = Tyoulg, sz + D21 = Dowlz e )-

Since (wg — IMw2)|j§i resp. (1 — J)’uM\fi is a polynomial of degree at most 2 resp. 3 in the triangle fi, the
discrete trace inequalities

|V (w2 — Inws) |7, HLQ(E) < h}g/ZCﬂHh}inw(wz - Isz)‘

L2(Ty)

HD2(1 — J)oulz,

—1/2 R
’L2(E) < hpg TGN = T)oml ez

hold for a constant C7 = 1 that solely depends on the shape regularity of fi (and so on the shape regularity
of T'). This leads to

I(E) < C3||hz" Vpu (w2 — IMw2)||L2(a(E)) 1D5 (1= J)”MHLz(a(E))

for any interior edge E € £(Q) with the reduced edge-patch &(E). The same estimate follows for a boundary edge
E € £(09) (the proof omits T, T, and some factor 1/2 above). Since the reduced edge-patches (O(F) : E € &)
have no overlap, the sum of all the above estimates of I(E) in (7.6) and Cauchy inequalities prove

(@pw + bn) (vn, w2 = Ivywz) < CF[hz! (w2 — Iaws)| gy o) 11 = T)vally- (7.7)
Recall from Theorem 4.3a (with ||(1 — IIo) D2, wa|| = 0 for wy € Po(7T)) that
|h’}1(w2 - IMw2)|H1(T) S jh(w2 - ’LU) S ||w2 - th

for all w € V. Lemma 3.7d shows [|(1 — J)om|l,,, < Asllom — ]|, for any v € V. The combination of this with

(7.7) concludes the proof of (5.13). e O
Proof of (5.14). This follows from (7.4). O
Proof of (5.15). This follows from the boundedness of by (e, e) (see [28,39)]). O

Proof of (5.16). The jump contributions in (4.3) vanish for arguments in V', cqg(ve, ws) = caa (v — v, w — wa)
on the left-hand side of (5.16). Recall that cqc(e, ) is a semi-norm scalar product and the Cauchy inequality
with the induced semi-norm | @ |, := cqc(e,®)/? < || ® ||qc is a part of the discrete norm || e ||qg. This leads
to (5.16) with Ae = 1.

Proof of (6.1) for © = 1. This follows from Remark 6.1. O
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8. MoDIFIED C°TP METHOD

For the right-hand side F' € H~2(f2), the modified C°TP method is based on the continuous Lagrange P>
finite element space V}, 1= S3(7) := P»(T)NHE(Q) and penalty terms along edges. The scheme is a modification
of the dGFEM in Section 7 but with trial and test functions restricted to S3(7) := P5(7) N H}(). The norm
l||tp is || ® |lag With restriction to S2(7) and excludes one of the penalty parameters of the modified dGFEM.

Given o1p > 0, the bilinear forms [6,24] for vip, wip € SZ(7T) are defined by

Arp (vip, wip) 1= apw (vip, wip) + bp(vip, wip) + cip (vip, wip), where (8.1)

o Ov ow
crp (vip, wip) = L / {aVIP] [81}?} ds, (8.2)
EeS BlE ElE

and by, (e, ®) = by (e, ®)[g2(7) from (7.2a).
The modified C°TP method is of the form (5.3) and seeks urp € SZ(7) such that

AIP(UIP, UIP) = F(JIMUIP) for all vIp € Sg(T) (8.3)

For all v +vp € V + S2(T), the discrete norm reads |[v + vipllip = (Jv +v1p\||iw + crp(vrp, vip))Y/? and
jh(’UIp) = (ZEeg(fE[avlp/al/E]E dS)2)1/2. Theorem 4.1 shows H'UIP”h ~ H'UIP”IP- The COGI‘CiVity H”%P ,S AIP(', )
on S2(7) holds provided op is sufficiently large [6,24]. The boundedness Arp (vip, wip) < |[vip|/ip|jwip|/1p holds
for all vip, wrp on S3(7) and (8.3) has a unique solution uip € S3(7).

Theorem 8.1 (Error estimates). The solution uw € V to (3.1) and the solution uip € S3(7T) to (8.3) satisfy (a)
lu—uplln < flu— Ivull,,, and (b) if © =1 and F € H=*(Q) for 2 — o < s < 2, then [lu — JIvurp || #s (o) +

Ju—wrp || (1) S hamasllt — urp||n-

Remark 8.2. A C°IP discrete scheme is analysed in [6] for a general F € H°~2(Q). The consistency of the
scheme allows a best approximation ([6], Lem. 8) (since V}, subset H?>~7(£2) in the pure Dirichlet problem for
COIP).

For F € H7%(£), a modifed scheme and error estimates for the post-processed solution are derived in (4.17)
and Theorem 4 of [6].

Overview of the proof of Theorem 8.1. The proof follows the lines of that of Theorem 7.2 and partly from the
analysis provided there. The bilinear forms in the C°IP are exactly the respective bilinear forms of the dGFEM
when restricted to the subspace S3(7) + M (7). With the single exception of (5.11), all the estimates in (5.9)—
(5.16) and (6.1) for © = 1 follow for V}, = S3(7) in the C°IP from the respective properties verified in Section 7
for Vj, = P»(T) in the dGFEM. The remaining detail is the analysis of the operator I}, = Ic : M(T) — S3(7)
(denoted by I3 in Lem. 3.2 of [23]) defined by averaging the values of a function vy € M(7) at the midpoint
of an interior edge F,

om(z) for all z € V,
(Icvm)(2) = 4 (vm) g(2) for z = mid(E), E € £(Q), (8.4)
0 for z = mid(FE), E € £(09Q).

Proof of (5.11). This is included in Lemma 3.2f of [23] in a slightly different notation. In the notation of this
paper, Lemma 3.2 of [23] shows

lost = Ieomlli S Y b [fo] p(mid(E)) (8.5)
Ec&
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for any vy € M(T). Lemma 3.3 of [23] controls the upper bound of (8.5) by the a posteriori terms
> pee hEl [DngM]ETEH%Q(E). The latter is efficient, i.e., < [lum — v, for any v € H§(Q). This leads to
(5.11). Theorem 4.5 allows for an alternative proof that departs at (8.5) with the quadratic function [vm]g
along the edge E € £. Since [vnm] vanishes at each end point z € V(E) (owing to the continuity of the Morley
function vy € M(7T) at the vertices), the (exact) Simpson’s quadrature rule asserts

o] p(mid(E)) = 3/2][ fond] s ds.

E

A Cauchy inequality, the continuity of Juy € V), triangle and trace inequalities lead to

1
_ . _ 2
hE2HUM]E(m1d(E))| < h 2o — Jowm] E||L2 () S Z’hg, 2(uy — JUM)’Hf(w(E))'
=0

This estimate and the finite overlap of the edge-patches (w(FE) : E € &) lead to an upper bound in (8.5) as in
Theorem 4.5¢ and so to [lom — Icvml[n S lom — vl = lom — vl - O

Remark 8.3 (Q is not injective). An illustration shall be given for a triangulation 7 = {71, T2} of a convex
quadrilateral Q = Ty UTy = conv{P;, P, P3, P,}. There is exactly one basis function by € S3(7) = Vj,
defined on Ty = conv {Py, Ps, Py} and on Ty = conv { P, P5, P4} by bg = 4pap4 for the nodal basis functions
©1, P2, 3, pa. Given by for the edge E = conv {Pa, P,} = 0Ty N 97>, the normal derivative of by along E on
Ty reads in its integral

/ c’)bE\Tl/é)yE ds = Vg - / VbE|T1 ds = 4Z/E . / (QOQVQD4|T1 + QO4V<,01|T1) ds
E E E
=2|ElvE - (V2| + Veu|r) = =2|Elvg - Vi |n

with V(1 4+ ¢2 + ¢4) = 0 in T in the last step. Elementary geometry shows Vi|p, = vg/pg 1 for the height

PEL = 2‘%“ of F in T} and vg pointing from 77 into T5. Consequently, fE Obg|r, /Ove ds = % The analogous
calculation for 75 leads to fE Obg|r,/Oveg ds = —% with a change of sign because Vys|r, = vg/pr2. The

definition of Ibg takes the average of the two integral means

1 E
— <][ 8bE|T1/aI/E +][ 8bE|T2/aI/E> ds = L

as the value for fE OIybg/Ovg ds. Since this is the only degree of freedom in M(7) for the triangulation
T = {T1, Tz}, it follows that I : S3(7) — M(T) is injective if and only of |T}| = |T3|. (This condition is
independent of shape-regularity of 7 and thus more involved.)

(ITy | = T2 )

9. COMPARISON

The paper [23] has established equivalence of discrete solutions to Morley FEM, C°TP and dGFEM up to
oscillations for F' € L?(2) and for the original schemes with Fj, = F. The subsequent theorem establishes the

three modified schemes with Fj, = F o J without extra oscillation terms. Throughout this section, the norm
| - ||n is defined in (4.1) and (4.2).

Theorem 9.1. The discrete solutions uy, urp and uqg of the Morley FEM, C°IP and dGFEM satisfy
lu = untln & lu = uaglln = [lu = wip|ln ~ (1 = o) D*ul| L2(q)

The equivalence constants =~ depend on shape reqularity and on the stabilisation parameters oqq,op =~ 1.
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Remark 9.2 (Discrete dG norm equivalence, Theorem 4.1, [23]). The norm ||-||,, satisfies

lolln = [l o llps o V +M(T),
[elln ~ [lellac  on V' + P5(T),
lolln ~ [lollp on V' + S3(T).
Proof. Lemma 3.2a, the Pythogoras identity, and Theorem 2.2 of [16] show

(1= T0)D2u] . gy = e — Pl < [~ ]

pw — S ”|U' - IMumpw

pw ~
The L? best-approximation property of Igu, (5.2a), Theorem 7.2, and Lemma 3.2a lead to

1—1I,)D? = i - <l —
¢ 0)D7ul|2(a) Uhg;ﬁﬂllu vnlln < [lu — uac|ln

< llu = Inull,, = [1(1 = To) D?ul| L2 (0.

Theorem 8.1 leads to similar results for |[u —up||s. A combination of the above displayed inequalities concludes
the proof. O

10. MobIiriED WOPSIP METHOD

The weakly over-penalized symmetric interior penalty (WOPSIP) scheme [7] is a penalty method with the
stabilisation term

cp(Vpws wpw) = ) Y hip! ([pw] (2)) ([wpw]e(2)

Ee€& zeV(E)

+ ) hp’ < fE (00 /OVE] ds) (]i [Owpw /OVE] ds) (10.1)

EcE

for piecewise smooth functions vpy, wpw € H2(7). This semi-norm scalar product cp(e, e) is an analog to that
one behind the jump j; from (4.2) with different powers of the mesh-size. It follows as in Theorem 4.1 that

Ap (Vpw, Wpw) 1= Gpw (Vpws Wpw ) + P (Vpw, Wpw)  Tor all vpy, wpw € H*(T) (10.2)

defines a scalar product and so || e ||p := Ap(e, )'/? is a norm in H?(7). Consequently, there exists a unique
solution up € Vj, := P2(7) to

Ap(up,va) = F(JIyque)  for all vy € Po(T). (10.3)

The increased condition number in the over-penalization of the jumps by the negative powers of the mesh-size
in (10.1) can be compensated by some preconditioner ([7], p. 218f) and the entire WOPSIP linear algebra with
(10.3) becomes intrinsically parallel.

Theorem 10.1 (Error estimate). Any F € H*(Q) with 2 — 0 < s < 2, the solution u € V to (3.1) and the
solution up € Po(T) to (10.3) satisfy

2 .
pw’

llu = upllyy + cp(up,up) < (1+AR)u — Inull}, + AR lhr Ivull

lu = JIvup || =) + llu — upllg=(7) < Cs(s)himsllu — up||p.

The constant Ap exclusively depends on the shape reqularity of T, while Cy depends on the shape regularity of
T and on s.
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The subsequent lemma specifies the constant Ap in the best-approximation estimate.

Lemma 10.2. There exists some positive Ap < 0o, that exclusively depends on the shape reqularity of T, such
that ||hz* (va — Inqu2) |2, + I1(1 — DN Iyvs |2, < A2|jvy — v||2 holds for all vy € Py(T) and allv € V.

2
llpw pw =

Proof of Lemma 10.2. The analysis of ||h;" (ve — Iyvs)|| pw returns to the proof of Theorem 4.3 that eventually
provides (4.11) for one fixed triangle T' € 7 with its neighourhood Q(T') for any vy € P5(7). The substitution of
va by hy'vg (with a fixed scaling factor hr) in (4.11) after a standard inverse estimate shows, for all vy € Py (T),
that

_ _ . _ 2
h?|va = Dava|fe gy S hplllva — hava[ 2y S dn(hytoe, T) .

The shape regularity of 7 implies that all edge-sizes in the sub-triangulation 7 (2(T")) that covers the neigh-

bouhood Q(T) (of T and one layer of triangles around T') are equivalent to hr. Hence jj, (thvg, T) is equivalent
to the respective contributions in cp(ve, v2):

- —1 2 —4 2 —2 ?
WS 35 mtea? s 3 0 (]{E [ava/avE1Eds) |

2eV(T) Fe&(z) Eec&(T
The combination of this estimate with the previous one and the sum over all those estimates lead to

Ih7" (va = Inwa) [y S cp(v2, 02) (10.4)

pw ~
owing to the finite overlap of the family (Q(7T) : T' € 7). The second term ||(1 — J)Ipvs is controlled with
g Y y pw

Lemma 3.7d and a triangle inequality in

AT = D) hgvally, < v = Invall e < o = vall g + lloz = Ingvafly-

pw — pw —
Since the the last term [lvz — Imvz||,y, < Fmax Ihst (vg — Iyva)l,,, is bounded in (10.4), the summary of the
aforementioned estimates concludes the proof of the lemma. O

Proof of energy norm estimate in Theorem 10.1. The equations (3.1) and (10.3) show the key identity
a(u, JIMep) = F(JIMGP) = apw(uP, ep) + CP(UP, ep) for ep := Iyu — up € PQ(T)

Remark 4.2 applies verbatim and provides cp(Imu,ep) = 0. This, the key identity, and the definition of the
norm || e ||p := Ap(e,e)/? lead to

lep|| = apw (I, ep) — a(u, JIvep) = apw(u, ep — JIvep) (10.5)

with (3.5) in the last step. Set ey := Iyep € M(7) and split ep — JIyiep = (ep — em) + (1 — J)em. The last
term in (10.5) is equal to

Apw (U, ep — em) + Gpw (U, em — Jem) = apw (IMmu, ep — enm) + apw (v — Inqu, en — Jem)
< lhr Ivull 127 (ep = enn)ll oy + llu = Ivull llen — Jenll,

2 2
< Ap(lhr Il gy, + lle — Ingull, )2 lleplp

with (3.5) twice in the first equality, (weighted) Cauchy inequalities for the inequality in the third line, and
Lemma 10.2 (with v = 0) in the end. The combination with (10.5) proves

2 2
lewl? < A3 (hz vl + lu — Il ).

This and the Pythagoras theorem (3.7) conclude the proof. O
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Proof of error estimates in weaker (piecewise) Sobolev norms in Theorem 10.1. The error analysis in weaker
norms adapts the notation of the beginning of Section 6.2 on v := Jlyup € V and ( := JIyz € V for
the dual solution z € V' with ||z g4-5(q) < Creg and

lu —vllge ) = alu—v,2) = a(u,z — ) + apw(up — v, 2)

with the key identity a(u, () = F(¢) = Ap(up, Imz) = apw(up, Im2) = apw(up, z) (from Rem. 4.2 and (3.5)) in
the last step. Since apw (Imu, z — ¢) =0 (from (3.5) with Iniz = Im¢ from (3.9)), the first term

a(u, z = () = apw(u = Ivqu, 2 = €) < (14 Ay)(1+ An)[lu = Iuull Iz = Dzl

is controlled by (6.5) (with 2z, = Imz, I, = id). The analysis of the second term apw(up — v,() follows the
corresponding lines of the proof of the best-approximation in Theorem 10.1 with uy (= Inup, up — v =
up — up + (1 — J)uy. This shows

apw (Up — U, 2) = apw (up — Um, 2) + apw (UM — Jun, 2)
= apw(up — um, Inm2) + apw (um — Jum, 2 — In2)
< Nhr Izl b7 (up = unt) e + 1z = Izl lluns — Junlly,,

9 9 1/2
< Ap(Inr bl + 1o = azl2,) u—uplp

from Lemma 10.2 with v = u. The final argument is the regularity of z and the approximation estimates
Iz = vzl < Cint(5)Creg(s)hingy from Section 6.5. The combination of the above arguments shows

lu = JIvup || s ) S himasllu — up||p.

Theorem 4.5d applies to up € P»(7) and the remaining arguments follow the last lines in the proof Theorem 6.2b
with a triangle inequality in H*(7) in the end. O

APPENDIX A.

Proof of Lemma 2.2. For z € Y3, NY, (2.2) implies ||z — Qz|lp = 0, and hence (2.3) holds. The converse is a
consequence of the finite dimension of Y. In the context of Peetre-Tartar lemma [40], let ¥ := (1 —Q)(Y}) C Y
denote the range of 1 — @ and abbreviate A :=1 —IIy and B := Ily. Then A € L(?; }7) is injective because
Ay =0 means y € Y NY for some yn € Yy with y = (1 — Q)yn, whence yp, € ¥, NY and y = 0 from (2.2). Notice
that B € L(Y;Y) is compact (for ¥ has finite dimension). Since § = Aj + By implies 1yl < 1Ay + || Byll¢
for all y € lA/, the Peetre-Tartar lemma proves v||ylly < ||Ay|y for all y € Y and some constant ~ > 0. This
implies for all yp, € Y}, that

Yyn = Qurlly < | A(yn — Qun)lly = llyn — My ynlly < llyn — yllp for all y €Y.

This is (2.3) with Aq := 1/y > 0. The point in those compactness arguments is that we do know that v =
1/Aq > 0 with (2.3) exists, but we do not know how it depends, e.g., on dim Y},. |

Proof of Lemma 2.4. It is obvious that (QO) implies (2.4). The converse follows from a compactness argument
from dim X, < co. The subspace X := (1 — M)X C X is complete because 1 — M : (X, N X)L N X — X is
linear, bounded, and bijective for the (complete) orthogonal complement (X, N X)X N X of X; N X in X. Then
A:=1-TIx, € L(X;X) is injective (as Az =0 implies T = (1 — M)z € Xj,, whence z € X;, N X and 7 =0 in
X from (2.4)). Since B := Ix, € L(X; Xh) is compact and © = Az + B implies

17|l ¢ < ||AZ|| ¢ + || BZ|| ¢ for all = € X,
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the Peetre—Tartar lemma [40] leads to some v > 0 with
YA = M)z|g <[JAML = M)z| g = [l — x| g < |z —znlg
forall z € X and (1 — M)z € X and for all 2, € X;,. This is (QO) with Cy :=1/7. |

Proof of Theorem 2.5. [Proof of “="] Suppose M satisfies (QO) with constant Cy,. Then for all zy, ys, the
definition of M Pz leads to the identity

an(zh, yn) — a(Pzn, Qun) = an(xn — M Pz, Qyn) = (Q An(zn — MPxp), yn)yv,; xv;,
< Q% Awll lynllvi #n — M Pzp| x, -

It remains to prove that |zp — MPxy|x, < (14 Cgo)l|zn — Pzpllg. This follows from a triangle inequality
lxp, — M Pzl x, < |lxn— P.’L‘hH)A( + || Pz, — Mth”)? and (QO) in ||Pxp — MP.%‘hH)A( < CyollPzp, — 'th)? In
conclusion, (H) holds with Ay := |Q*Ap||(1 + Cqo).

~

[Proof of “<=="] Let IIx, € L(X) denote the orthogonal projection onto the closed subset X}, in the Hilbert
space X. Given any = € X, let x} := Ilx,z = arg ming, ¢ x, [|# — &/ ¢ denote the best-approximation of z in

X}, in the Hilbert space X and set ep =z, — Mz € Xj,. The inf-sup condition for aj(e,e) leads to y;, € ¥}
with norm ||y ||y, < 1 such that

anllenllx, = anlen,yn) = an(zy, yn) — an(Mz,yn).
Recall the definition of zj, := Mz = A, 'Q* Az as the discrete solution for the right-hand side a(x, Qe) to verify
an(Mz,yn) = an(zn, yn) = a(z, Qyn).
This leads to the identity
anllenllx, = an(wh, yn) — alz, Qyn)- (A1)
Hypothesis (H) and ||yn|ly;, <1 lead to the first and (2.5) to the last inequality in
an(xy,, yn) — a(Pzy, Qyn) < Aulley, — Prjllg < Aulpllr — 27 5. (A.2)
A triangle inequality and (2.5) imply
l — Prjllx <z =24l g + [loh — Prjllg < (14 Ap)lle — 2/l 5.

With the operator norm ||Q* Al| in L(X; Y};") and the duality brackets (e, 8)y« v, in Y}’ x Y3, this and [[yally, <1
show

a(Pz, — x,Qun) = (Q"A(Pxy, — ), yn)v; <y, < QA1+ Ap)llz — 7]l 5 (A3)
The combination of (A.1)-(A.3) reads
anllenllx, < (Audp +[|QAN(1 + Ap))|lz — 2} -
Define Cyo := 1 + o ' (AuAp + |Q* A (1 + Ap)) and rewrite the last estimate as
1Mz — 2| x, = llenllx, < (Cgo = Dz — a7 [l 5 (A.4)

A triangle inequality ||z — Mz|| ¢ < ||z — 2| ¢ + [[M2 — 2}/ x, and (A.4) prove (QO) because of ||z —z}| ¢ =
ming, ex, || — znl g O
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Proof of Theorem 2.6. [Proof of “="] Given ) € X;, let N := Ker M C X; and let N* denote the
orthogonal complement of N in the Hilbert space X. The restriction M|y: : Nt — X} of M is linear,
bounded, and bijective and hence has a linear and bounded inverse S := (M|y.)~! : X; — N<L. Since
N is closed in X = X + X, the orthogonal projection Iy € L()?) onto N is well-defined and so is its
restriction Hy|x; € L(Xj;X). Given S € L(X};X) and Ily|x;, define P’ := lIy + S € L(Xj;X). Let
x = Pz} =1Ilyz), +Sz) € X and observe M X = M|n.(SX}) =2, and MP’' =idin X;. Let £ :=1Ixz), € X
be the best-approximation of x5 in X with respect to the norm of X. Since ¢—P'ME{eN La,—Px) e Nt
the Pythogoras theorem in X reads
€ = ), + P'(af, = ME)|% = llah — Pyl + 1€ — P'ME|%

The left-hand side of the above displayed equality is an upper bound of ||z}, — Px;ZH} and is smaller than or
equal to the square of

1€ = ah + Py, = ME| g < (1= Tx)apll g + [P]] |2y, — M| x,
with the operator norm ||P’|| of P’ € L(X}; X). Consequently,
ek = Ppllg < 11— Tx)ah |l g + 1P| [k, — M¢|lx, -
A triangle inequality and (QO) with ||{ — M{|| ¢ < Cqoll§ — 27, || ¢ show
[k — MEllx, < NI§ = 2hllg + Caoll€ — hllg = (1+ Coo) € — 2l -

The combination of the previous two displayed estimates with (1 —IIx)z} | ¢ < ||z}, — Pz}, ||¢ (from Pz) € X
and the definition of Ixx,) and Ap: := 1+ ||P’||(1 + Cyo) proves

leh — P'apllz < Aprlla, — Pajll - (A.5)
This and y := Qyp, € Y lead in (Q/a) to

a(P'zy, — PMP'z),, Qyn) < Coollzy, — P'zj[l g lyn — Qualls-

Recall the definition of z;, = Mz = A,;lQ*Ax as the discrete solution to the right-hand side a(z, Qe) to verify
an(Mz,yn) = an(xn,yn) = a(z, Qyr). The combination with the last displayed inequality with MP'x} = z},
leads to

a(P'x), — PMP'x), Qyn) = an(z},,yn) — a(Px),, Qyn) < Coollz), — Pyl ¢llyn — Qualls-

This and (A.5) prove (H) with Ay = CqoAp = Cao(1 + ||P]|(1 + Cyo)).
[Proof of “<="] Given any x € X and y;, € Y3, let 2}, := Mz € X}, with ap (2}, yn) = a(x, Qys). This shows in
(H) that
a(x — PMz, Qyn) < As|lwy, — Pyl gllyn — Qually-
This and the operator norm ||a|| of a(e, ) show
CL(I* PM:E7y) = Q(QZ—PM:ZZ7y—th) +(7’(':67131\4177th)
< llalllz = PMax|x|ly — Qunlly + A5 M2 — PMa| g llyn — Quallp-

This and the elementary inequalities
|lv — PMz||x < ||z — Mz| ¢+ |[|[M2z — PMz| ¢, |[Mx — PMz| ¢ < Apllz — Mz| ¢,

and
ly — Qurlly < llyv —wynlly + llyn — Qunllg, llun — Qunlly < Aqlly — ynlls

conclude the proof of (6\0) with 6(; = |la]|(1 4+ Ap)(1 + Aq) + ASApAqg. O
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