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Abstract: This paper provides a discrete Poincaré inequality in n space dimensions on a simplex K with
explicit constants. This inequality bounds the norm of the piecewise derivative of functions with inte-
gral mean zero on K and all integrals of jumps zero along all interior sides by its Lebesgue norm times
C(n) diam(K). The explicit constant C(n) depends only on the dimension n = 2, 3 in case of an adaptive trian-
gulation with the newest vertex bisection. The second part of this paper proves the stability of an enrichment
operator, which leads to the stability and approximation of a (discrete) quasi-interpolator applied in the
proofs of the discrete Friedrichs inequality and discrete reliability estimate with explicit bounds on the con-
stants in terms of the minimal angle wy in the triangulation. The analysis allows the bound of two constants
A1 and A3 in the axioms of adaptivity for the practical choice of the bulk parameter with guaranteed optimal
convergence rates.
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1 Introduction

The first topic is the discrete Poincaré inequality on a simplex K with diameter hgx and a refinement T
by newest-vertex bisection (NVB) of K. Then any compatible piecewise Sobolev function vyc, such as
Crouzeix—Raviart functions, with integral mean zero over K and the piecewise gradient Vycvnc satisfies

Ivacllza < C(n)hgllVacvaellza k) (1.1)

with a universal constant C(n), which exclusively depends on the dimension n. This paper provides bounds
of C(n) for any dimension n in terms of the refinements from [10, 14] with C(2) < \/g orC(3) < g and utilizes
them to prove an explicit constant in an interpolation error estimate for a discrete nonconforming interpola-
tion operator. The discrete Poincaré inequality (1.1) is utilized, e.g., in [7, 13] without further specification
of the discrete Poincaré constant.

The second topic is an enrichment operator J; : CR})(‘I ) — S(l)(‘T ) between the nonconforming and con-
forming P, finite element spaces with respect to a regular triangulation T into triangles for n = 2 with local

mesh-size hy (defined by h|x = hx = diam(K) on K € T) and the approximation property

IR5" (ver = Jiver)llrza) < CapxllVncverllzz)  forall veg € CRY(T) (1.2)
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and some global constant capx < C(T)+/cot(wo) for the minimal angle wy in the triangulation and some topo-

logical constant C(7) which depends only on the number of triangles that share one vertex in 7. The combi-

nation of (1.2) with an inverse estimate implies stability of J; with respect to the piecewise H! norms.
Another application of (1.2) is the discrete Friedrichs inequality for Crouzeix—Raviart functions

Iverlzz) < carllVncverllzz)  forall vegr € CRE(T) (1.3)

and some global constant cgg.
The third topic is the quasi-interpolation J := J; o Iyc : Hé(Q) - Sé(‘]‘ ), which combines the nonconform-
ing interpolation operator Iyc with the enrichment operator J1, and guarantees the error estimate

Ih3' (id -DVliz20) < caillvil - forall v e Hy(Q)

for some global constant cq. This first-order approximation property with cqr and some stability constants
are derived explicitly in terms of capx. A special case of this operator yields a discrete quasi-interpolation
Jaau : S§(T) — S3(T) for a triangulation T with refinement T such that any V¢ € S}(7) satisfies ¥¢ = Jaqi¥c on
unrefined elements T N 7. This enables applications to the discrete reliability, e.g., in [4] and generally in the
axioms of adaptivity [2, 8] and leads to constants, which allow for a lower bound of the bulk parameter in
adaptive mesh refining algorithms for guaranteed optimal convergence rates.

The remaining parts of this paper are organized as follows. The necessary notation on the triangulation
and its refinements follows in Section 2 with a discrete trace identity. The discrete Poincaré inequality (1.1)
is established in Section 3. The analysis provides an easy proof of the Poincaré constant in 2D for a triangle
with constant % which is not too large in comparison with the value 11% from [12] for the first positive root
j1,1 of the Bessel function of the first kind. Section 4 introduces and analyses the enrichment operator J; with
bounds on capx in (1.2) and cqr in (1.3). The quasi-interpolation follows in Section 5 and the application to
discrete reliability in Section 6 concludes this paper.

The analysis of explicit constants is performed in two space dimensions for its clear geometry of a nodal
patch with an easy topology. The three-dimensional analog is rather more complicated as there is no
one-dimensional enumeration of all simplices, which share one vertex in a triangulation. The results are
valid for higher dimension as well but the constants are less immediate to derive. The work originated
from lectures on computational PDEs at the Humboldt-Universitdt zu Berlin over the last years to introduce
students to the discrete functions spaces without a deeper introduction of Sobolev spaces.

2 Notation

For n = 2, 3 and any bounded Lipschitz domain Q ¢ R" with polyhedral boundary, let 7 denote a regular
triangulation of Q into n-simplices. Let & (resp. £(Q) or £(0Q)) denote the set of all sides (resp. interior sides
or boundary sides) in the triangulation and N (resp. N(Q) or N(0Q)) denote the set of all nodes (resp. interior
nodes or boundary nodes) in the triangulation. For any n-simplex T € T with volume |T}, let £(T) denote the
set of its sides (edges for n = 2 resp. faces for n = 3), N(T) the set of its nodes, and let hr := diam(T) be its
diameter. For any L? function v € L?(w), define the integral mean § vdx :=|w|™" [ vdxforw =T e T or
w = E € & with surface measure |E|. For any node z € N, let T7(z) := {T € T | z e N(I)} and w; := Uregy) T
the nodal patch. For E € €, let wg = Urcg pee(ry T- For T € T, let wr := J,enr) @z and let (T, z) denote the
interior angle of T at the node z € N(T).

The unit normal vector v along o T points outward. For any side E = 0T, n 0T € & shared by two sim-
plices, the enumeration of the neighboring simplices T. is fixed. Given any function v, define the jump of v
across an inner side E € £(Q) by [v]g := v|r, — v|r_ € L(E) and the jump across a boundary side E € £(0Q)
by [V]g :=v.

Definition 2.1 (Bisection). Any n-simplex T = conv{Pi, P,, ..., Py} is identified with the (n + 1)-tuple
(P, Py, ..., Py.1). Its refinement edge is P, P,,;1 and

bisec(T) := {T1, T>}
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is defined with Ty := conv{P1, 3(P1 + Pps1), P2, ..., Py} and T, := conv{Pp1, 3(P1 + Pns1), P2, ..., Pn}.
The ordering of the nodes in the (n + 1)-tuples and thus, the refinement edges, for the new simplices T; and
T, are fixed and for n = 3 additionally depend on the type of the (tagged) n-simplex [14].

Remark 2.2. There exists M = M(n) € N such that any n-simplex K and
T := bisec™ ({K}) := bisec(bisec(. . . (bisec({K})). ..))

satisfies 0

max{hy | T € T} < TK
It holds that M(2) = 3 and M(3) = 7. (The latter follows from mesh-refining of the reference tetrahedron of all
types [14] by undisplayed computer simulation.)

Definition 2.3. Given any initial triangulation Ty, let T = T(Ty) be the set of all regular triangulations
obtained from T, with a finite number of successive bisections of appropriate simplices. For any T € T
and w € Q, let T(w) :={K € T| K < w}. Let |JT the set of all admissible simplices T with T € T for some

T € T. The level of an n-simplex T € | JT with T € K € Ty is defined as €(T) := logz(%) € No.

Remark 2.4. For any T € T and T € |JT (not necessarily T € T), T(T) satisfies exactly one of the following
statements.

(a) There exists K € T such that T ¢ K.

(b) T(T) € T({T}), in particular, T(T) is a regular triangulation of T with 2 < |T(T)|.

Definition 2.5. Define the spaces

HYT) :={v e L*(Q) | vIr € H'(int(T)) = H(T), T € T},

Hyo(7) := {vNc e HY(T)

][[VNC]E ds=0, Ec 8(0)}.
E
Define the discrete spaces
P1(T) :={v; € L?(Q) | forall T € T, v1|r is polynomial of degree < 1 on T} ¢ HY(T),
So(T) := P1(T) N HH(Q) € HA(Q),
CR%(T) :={vcr € P1(7) | vcr continuous at mid(E), E € £(Q), ver(mid(E)) =0, E € E(0Q)} ¢ HI{IC(‘I).
For a function v € HY(7) let Vycv denote the piecewise weak gradient and for any measurable subset

w < Q,let[vlincw) = IVNcVIiL2(w)s IVlne := lIVinc) the nonconforming energy norm and for v e HY(Q), let
Vllw := VVIL2(w) and [Vl := llvilq-

A piecewise application of the Gauf} divergence theorem leads to the following discrete trace identity.

Lemma 2.6 (Discrete Trace ldentity). Let T = conv{E, P} be an n-simplex with vertex P € N(T) and opposite
side E € E(T) and T a regular triangulation of T. Then any vxc € Hllqc(‘I ) satisfies the trace identity

fVNC ds = J: Vne dx + l :l:(X — P) - VncVne dx.

n

E T
Proof. The proof is a generalization of the continuous trace identity [6]. Let &(int(T)) the interior sides with
respect to the triangulation 7. The identity

divnc((- = P)vne) = nvne + (- = P) - Vnevne,

where (- — P)(x) = (x — P) for x € T, a piecewise application of the Gauf3 divergence theorem, and the defini-
tion of the normal jumps [vnclF - VF = vnclr, VT, + VNclr vr for F =0T, noT-, Ty € 7, lead to

n J vne dx + J(x —P) - VyncVnc dx = Z J[VNC]F(X - P)-vpds+ Z j VNc(x = P) - vpds
7 7 Fe&(int(T)) 7 Fe&(D\{E}

+ J. vnc(x — P) - vg ds.
E
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The observation of

(x-P)-vp=creR onany F € E(int(T)),
(x-P)-vp,=0 on F € &(T) \ {E},
(x—=P)-vg =dist(P,E) = % onE
conclude the proof. O

Lemma 2.7. Any n-simplex T with vertex P € N(T) and the identity mapping - (i.e. (- — P)(x) =x-Pforx € T)
satisfy

n
.- P <
I l2(m) < \/n =3

Proof. Let Aq,...,An+1 € P1(T) be the barycentric coordinates of the n-simplex T = conv(P, ..., Ppi1).
Without loss of generallty, assume P = Pp,1 = 0. The identity x = Z"*l Aj(x)P; implies

n n |T|
= Z/\]PI = z P]ij/l]/lkdX= z P Pk+Z|P|2)(n+l)(n+2)

=1 2T jk=1 T (1 k=1

hr|T|V2.

” T P"%Z(]")

with the integration formula for the barycentric coordinates

ITI(1 + 6jk)
JA’Akd n+1)(n+2)°
T
The Cauchy inequality and |Pj| < hr lead to the assertion. O

3 Discrete Poincaré Inequality

This section establishes a discrete Poincaré inequality on an n-simplex K ¢ R" with a constant

4M(n)—3)1/2

Cn) = ( 3n(n+2)

with M(n) from Remark 2.2 and so C(2) = \/g and C(3) =
Theorem 3.1 (Discrete Poincaré Inequality). Let K be an n-simplex and T € T({K}) be a regular triangulation

of K. Then any vxc € Hyo(7) satisfies

VNC — ][ vnc dx < C(m)hxlllvaelinea -

X L2(K)

The proof of this theorem utilizes a distance function

2

&, T) = ”f—][fdx
T

LX(T)
and its behavior under hisection for any f € L?(T) in an n-simplex T ¢ R".

Lemma3.2. Let T € T({K}), T € |JT({K}), and {T1, T»} = bisec(T). Then any vxc € HI{IC(T) satisfies

d*(vne, 1) < (n(n +2)) 7t max hZT |||VNC|||NC(T) + Z d*(vxc, Tj)-
j=1,2
Proof. Let F :=0T1 n 0T, and let Py, P, € N(T) with T; = conv{F, P;} for j =1, 2. Since T € |JT({K}) and
T € T({K}), itholdseither T c T € T forsome T € T or T(T) is aregular triangulation of T. Hence, vyc € HI{IC(‘I )
implies that | cLvnclFds = 0 in both cases and vr := f ¢ Vxc ds is well-defined. Similarly, for j = 1, 2, either
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Tj c Tj € T for some Tj € T or T(T;) is a regular triangulation of Tj. Therefore, it holds vclr, € H(T}) or

Vnclr; € HI{IC(‘I (T;)) and thus, Lemma 2.6 is applicable on T; and T,. With v; := fT. vne dx for j =1, 2, the
J

Cauchy-Schwarz inequality and Lemma 2.7 imply

nlvj - vel = ][(x - Pj) - Vncvne dx

T;

lvncllinecr)

<+ = PjliLary) T
j

Vnhr,

< ———[llvnclineey)- (3.1)
\J(n+ 2)|T;

With v := ](T vnc dx = 3(Vy + V), the triangle inequality yields
_ 1 _ _
Y -Vl =S -val < 3 W - vl
j=1,2 j=1,2
This, the orthogonality of vyc — vj onto v - v in LZ(T,-), and |T¢| = |T,| show
d*(vne, T) = v = Vil g, + Ivwe = Vi,
_ 12 T 7|2
= X (vne =il gy + IV = Vil )
j=1,2
.12 - 2
< ;2 (Ivne = VliZa g,y + 1T3115 = vel).
=1,

The combination with (3.1) concludes the proof. O

Proof of Theorem 3.1. Let Ty := {K} and let T, := bisec(e)(‘I 0) € T(Tp) for any € € Np. For any multiindex
a=(ay,...,a) € {1,2}¢ of length dima = ¢ € Ny, define the n-simplex K, recursively by K, := K and
{K(a,1), K(a,2)} = bisec(K,) for extended multiindices (@, 1) and (a, 2) in {1, 2}***. Thus, T, = {K, | dim a = ¢}
and he := maxre7, hr satisfies hey1 < he. Remark 2.2 shows that any ¢ € Ny satisfies heppr < % for fixed
M = M(n) € N, thus hi < ho27% for k € Ny. This implies

0 oo (k+1)M-1 [ 0 4Mh2
Yhp=> Y hjsMY hif <MY hi2=—-0 (3.2)
£=0 k=0 e=kM k=0 k=0 3

With di := d?(vne, K, for any ¢ € No and any a € {1, 2}’, Lemma 3.2 and the abbreviation y := (n(n + 2))~!
show

2 2 2 2
d < Yhgim geallvclliye,) + Z dig,j -
j=1,2

The sum over all multiindices of length k € N, reads
Z dz < yh]2(+1"|VNC”|12\1C(K) + Z dlz; .
ae{l,2}k Bef1,2}k+1

Successive applications of this result and any choice of L > maxres €(T) lead to

ds < yR}livacleg + Y. d

£=1,2
<y(h} + h)livaclEeg + Y, d2
ae{1,2}?
L 2
<--e < y( z h§)|||VNC|||12\1c(K) + Z dg . (3.3)
=1 ae{1,2}L

Since L > maxres £(T), it follows that T = bisec'? (K) is finer than 7. Therefore vyc| k, € H'(Ky) fordima > L
and the Poincaré inequality shows

2

21,2 2
< Cphdim a llvne ”lK,x .

L2(Ka)

d2

a =

VNC — f VNC dx
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Thus, any L > maxrcy £(T) satisfies

2 2.2 2
Z dg < hpcplivaeliyee -

ae{1,2}L

The combination of this result with (3.2)-(3.3) yields

VNC — { VNC dx

2 L
< y( D h%)mvNcnmc(K) + hi cllvacie
(X)
K

L2 =1

( (Z h; - hz) )|||vNc|||NC(K)

y(4M - 3)h2
< (P55 v i el
The passage to the limit L — co and h; — 0 concludes the proof with C(n)? = 321-3,. .

The remainder of this section is devoted to an alternative proof of the Poincaré inequality in two dimensions
in the continuous case with suboptimal constant 6~1/2. The proof utilizes the techniques of the previous proof
with red-refinement instead of bisection for a slightly better constant. Note that the proofs of Theorems 3.1
and 3.3 utilize only the existence of a Poincaré constant cp, with neither its value nor its optimality. Com-
pared to the optimal constant i ~ 0.26 in two dimensions [12], the suboptimal constant 6~1/2 ~ 0.41 of
Theorem 3.3 is competitive although it utilizes elementary tools.

Theorem 3.3 (Poincaré Inequality). Let K ¢ R? be a triangle and T € T(K) a regular triangulation of K. Then
any v € HY(K) satisfies
hy

V—J:vdx <
L2(K) V6

K

villx-

The proof relies on the subsequent key lemma.

Lemma 3.4. Anyv € HY(K) in a triangle T < K and its red-refinement {T1, T», T3, T4} = red(T) satisfy

e < hz iviliz & v T
1)< max S+ W T).
j=1
Proof. Let Fj := 0Tjn 0T, and Q1, Q, Q3 € N(T,4) with T4 = conv{Fj, Q;} forj =1, ..., 4 as depicted in Fig-
ure 1. Forj = 1, 2, 3, define wj := fF. vdsandforj=1,...,4,letv;:= fT. vdx. Lemmas 2.6-2.7 imply, for
] ]
j = 1: 2) 3)

N ) -
" |vllr, and nivs-wjl < 3

(n +2)|Tj| ' (n+2)|T4l

With v := f vdx = 7(¥}_, ¥)), a minimization in R and the weighted Young’s inequality yield

nlvj - wj| <

liviliz, - (3.4)

Z(v, v)? —mmZ(v, x)? <Z(v, v,)?

j=1 j=1
3 2
_ 4(wj —vy)
< —w)r e —
< Z 4(vj — wj)® + 3
j=1
This, the orthogonality of v — v; onto v — vj in LZ(T]'), and |T1| =---=|T4| = % show

4 4

2 —_— —_— —_— —_—

0, 1) = Y IV -V = 21V =Vjllfar, + 1TV - I
j=1 j=1

4 3 =2
_ 1/ _ 4(w; — Vy)
< Z"V - vjlliz(T’_) +|T| z Z<4(Vj —wj)? + ’T)
j=1 j=1

The combination of this with (3.4) concludes the proof. O
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P

Q2 F3 Q1

Fq F>

Py Qs P,

Figure 1: Red refinement of T.

Proof of Theorem 3.3. Analogously to the proof of Theorem 3.1 but with red-refinement instead of bisection,
let Tp := {K} and Tp := red©(Tp) € T(To) for any £ € No. For any multiindex a = (a1, ..., a.) € {1,..., 4} of
length dim a = € € Ny, define the n-simplex K, recursively by Ky := K and {K(a,1), - - . , K(a,4)} = red(Ky) for
extended multiindices (a, 1), ..., (a, 4) in {1, ..., 4}**1. Thus, T, = {K | dima = ¢} and h, := maxreg, hr
satisfies hpyq < % Consequently,

00 00 - 4h2
D hp<hgy 47 =—=%
£=0 £=0

Successive applications of Lemma 3.4 as in the proof of Theorem 3.1 lead to

O N 14—
<( Y h; S+ hicplIvil
L2(K) =1

v—][vdx

hg 120 2
< (K + m2cd v
The passage to the limit as L — co and h; — 0 concludes the proof. O

The following theorem utilizes the discrete Poincaré inequality to prove a generalization of the error estimate
for nonconforming interpolation [3] to nonconforming functions and also for n = 3.

Theorem 3.5 (Discrete Nonconforming Interpolation). Setkj. := C2(n) + (n + 1)"}(n + 2)~1n~2. Furthermore,
let IncVcr € CRé(‘J‘ ) with (IncVcr)(mid(E)) = ]f E vcr ds for all E € & denote the nonconforming interpolation of
the Crouzeix—Raviart function Vcg € CRé(‘T ) on the refinement T € T(T) of T. Then

Rt IVer - IncVerllzzo < kncllver — IncVerlline)  forany K € 7.

Proof. Let M = mid(K), let E(K) = {E1, ..., Ens1}, and let Tj = conv{Ej, M} forj =1, ..., n+ 1. Then it holds
that Wcr := (Ver — IncVer)|lx € HI{IC(‘T(I<)) satisfies jE_ wcr ds = 0 and so Lemma 2.6 shows
]

n+1
. R . 1 .
wg|K] := JWCR dx = Z JWCR dx = o J(M— X) - VNcWcRr dx.
K =1, K

This and the discrete Poincaré inequality prove
A2 i S0 P,
IWerllz2 () = IWer — Wll72 k) + IKITWK]
< Cz(n)h%(l”WCRl”I%]C(K) + n_2|K|_1"|WCR|"§1C(K) - - M”%zgq-

A modification in the proof of Lemma 2.7 with M = 0 and therefore ZZZ; P;j - Py = 0 proves

h2|K|
2 K
I =Mli00 < Giym+ -

This concludes the proof. O
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4 Enrichment Operator

This section contains an interpolation estimate for a discrete interpolation operator J¢ : CR},('J’) - Sé(‘I ) and
the discrete Friedrichs inequality. Throughout this section, consider n = 2.

Remark 4.1 (Three-Dimensional Case). The techniques of this section apply to the three-dimensional case
as well, but lead to more complicated constants and are not minutely detailed for brevity. The point is that
there is no elementary enumeration of all simplices in a nodal patch. Therefore, the examination of different
configurations leads to an eigenvalue problem with constants depending on the shape of the simplices.

Lemma 4.2. Forany2 <] € Nandx € R/, let xj.1 := x1, min x := min{xq, ..., Xy}, max x := max{xy, ..., xj}.
Then it holds
|x]2 _ lyl?
S e 7
x€R/\{0}, min x<O<max x ijl(xﬁl — Xj)z yeR/\{0} Zj:l(yf“rl _ y].)Z + (1 + y])z
1

Proof. Define
K; :={x e R’/ \ {0} | minx < 0 < maxx]},
K; := {x e R/ \ {0} | min x = 0},
K5 :={x e R\ {0} | x; = O}.

For x € K1 and minx < y < maxx, y := (xj — u)j=1,...; € K1 and

This quadratic function of u attains its maximum at min x or max x; then
|x|2 B max{|x — min x|?, |x — max x|%}
J - J :
Zj:l(xjﬂ - Xj)2 Zj=1(xj+1 - Xj)2

Consequently, (x — min x), —(x — max x) € K, and the permutability of the indices show that

|x|? |x|2 |x|2
max ———————— =max —————— =Max ——————.
xeK, Zj:1(xj+1 _ X}.)Z xekK, Zj:l(XHl _ X].)Z xeK3 Zj:l(xiﬂ _ X].)z
Furthermore, any x € K3 satisfies Z]Iﬂ(x,-ﬂ - x]-)2 = x% + Z][;Zl (Xj+1 — x,-)2 + x} =X-Ax with X = (x2, ..., x7)
and the tridiagonal (J — 1) x (J — 1) matrix
2 -1
-1 T J-)x0-1)
A= e R .
|
-1 2

A direct calculation with the trigonometric addition formulas for the sine function shows that for any
k=1,...,J] -1, the vector x* with components

. (kjm
k_
Xj = sm(T)

is an eigenvector of A with eigenvalue

Ak = 2(1 —cos(an)) >0,

see [15, Theorem 3.2 (v)]. Since 0 < A1 < --- < Aj_1, A is positive definite and A;|x|? = A1|X|?> < X - A% con-
cludes the proof of the first equality.
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For the second equality, observe that any y € R/ \ {0} satisfies Z][ﬂ(yﬁl -yj)? + (y1 +yy)? = y - By with
the tridiagonal matrix

B= .. e R,

A straight-forward calculation shows that the vectors y* ¢ R/ with components

y]’.‘ = (1 + cos(k—n»sin(@) —sin(k—n)cos(@) fork=1,...,J-1

J J J J
and .
y! = cos id
i ]
are eigenvectors of B with eigenvalues Ay := 2(1 - cos(k]—”)) >0fork=1,...,J,see[15, Theorem 3.4 (iii)].
Consequently, A1|y|? <y - By. O

Let vcg € CRY(T) and v¢ := Jc(ver) € Sg(T) with
ve(z) € conviver|r(2) | T € T(2)} for any z € N(Q). (4.1)
The shape regularity of T leads to a minimum angle wg in 7, i.e. 0 < wo < min <7. Let

Mine := max{|T(2)| | z € N(Q)} > 2,
Mpq := max{|T(z)| | z € N(0Q)},
Mpatch := max{Mint, Mpd},

and define
@ __V3cotlwo)
apx 2 _ 2 cos( M;:tch)

Remark 4.3. The estimate (1 - cos(x))™! < =% for 0 < x < Z leads to the simpler estimate

(2V3 COt(wo))l/szatch
- .

Capx <
Remark 4.4. For the case of a triangulation with right isosceles triangles,

Capx = ( V3

1/2
T{)s(g)) <3.3729.
Theorem 4.5 (Interpolation Error for J¢). Any interpolation operator J¢ : CR})(‘I ) — S(l)(iT ) with (4.1) satisfies
||h¢}1(1 —Joverllrz)y < Capxllverlline.
This estimate also holds for any T € T in that
IRz (1 = Je)verlzz(r < capxllverllinciwy) -

Proof. Forany T € T and z € N(T), let

er(z) := verlr(2) - ve(z) and e(z)*:= ) er(2)’.
TeT(2)

With er := (er(2))zen(r) € R3, a direct calculation with mass matrix

7| 2 1 1
M:— ]R3><3
B 1 2 1 ]e€
1 1 2
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V3h3
4

of the barycentric coordinates with eigenvalues '—TZ' and '3ﬂ and the estimate |T| <

1
1
3h3

shows

-2 2 -2 2
hrlver = velliz ) = hy“er - Mer < ler|” <

L 2
e zegm er(z)?. (4.2)

Any T € T and p; € P1(T) satisfy

hllp iy

| T]
This, % < 4 cot(wp) and the triangle inequality show that any 0T, N 0T- € £(Q) with z € N(E) and T+ € T
satisfies

2
max z1) - p1(22))? <
L, max [p1(z1) — p1(22)|

ler, (2) — er_(2)| = |verlT, (2) — verlT_(2)]

[verlT, (2) — ver(mid(E))| + [ver(mid(E)) — verlr_(2)]

IN

IN

1
Z  max |v z1) -V z)|+= max |v z1) -V z
2thzeN(ml crlt, (21) — verlT, (22)] 2z1,z2eN(T,)| crlT_(21) — verlT_(22)]

< cot(wo)*(llverllz, + liverlir)

< (2 cot(wo)) 2 lIverlinc(wr) - (4.3)

Analogously, E € £(0Q) with T € T, E € &(T), and z € N(E) satisfies |eT(2)| < cot(wo) /?[Ivcrlline(r)-
Consider z € N(0Q) with T(z) ={T1, ..., Ty} and let

E1:=0T1ndQ,  Ejp:=0T/ndQ,  Ejq:=0TjndTj € &Q) forj=1,...,]-1.

With ej := er,(2) forj=1,...,J and ej;1 := ey, the previous estimates show that IejI2 < COt(wo)|||VCR|||§C(T,.)
forj=1,Jand |ej - ej.1]” < 2cot(wo)llvaRlllﬁc(wEM) forj=1,...,] - 1. Hence
2 4 2 2 $ 2 2 2
lex +ejl> + ) lejin —ejl” = 2ler|* + ) lejir — ej]” + 2lej|* < 4 cot(wo)llverllie e, -
j=1 j=1

This and Lemma 4.2 show that e = (e1,...,e5)" € R/ satisfies

2 cot(wo)

2 2
e(z)"=le|" < ————
@ = lef' < T

2
”lVCR”lNC(wZ) .

Let z € N(Q) with T(z) = {T1, ..., Ty} and
Tys1 :=Ta, 0T;noT; € E(Q), oTjnoTj1 € E(Q) forj=1,...,]-1.

Then (4.3) shows that |ej — e,-+1|2 <2 COt(wO)"|VCR”|IZ\IC(T,~UT/~+1) forj=1,...,]J. Since 0 € conv{ey, ..., e}, it
follows that min e < 0 < max e and Lemma 4.2 leads to
2 cot(wo)
2 2 2
e(z)” =lel* < ——————Ilv . 4.4
@ =1el” < T—qogm Merllic, (4.4)

Altogether, any z € N satisfies

ZCOt(a)()) 4

2 2 2 2

e(z)” < V = —C V .
(2) 1 cos( pnamh)”' CR”'NC(wz) \/_ apx”l CRl”NC(wZ)

This, (4.2), and an overlapping argument show the local estimate

) 1 Iverlicq,
MW= Vel < = Y e@rs ¥ cip—3 2 < vl
zeN(T) zeN(T)

The sum over all T € T and the previous arguments lead to

2
C
-1 2 apx 2 2 2
Ih7 (ver = vOlfz(0) < =57 X IVerlRcqw,) = Copliverlite, (4.5)
zeN

as desired. O
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Examples 4.6. (1) One example of J¢ : CR(T) — S§(T) with (4.1) is the enrichment operator J¢ := J; (see
[1, p. 297]) with

Jiver(z) :=1T(2)| " ). (verlr)(z) forany z € N(Q). (4.6)
TéT(2)

(2) Another is the (possibly new) precise representation Jcvcr := Icvg with

Ievig(z) = 2m™ Y AT, 2)(verlr)(z) foranyz € N(Q). (4.7)
TeT(z)

(3) Other examples are the maximum or minimum at each node,

Jcver(2) := max (verlr)(z) forany z € N(Q)
TeT(2)
or
Jcver(2) := min (ver|r)(2) forany z € N(Q).
TeT(2)

(4) A discrete quasi-interpolation for the proof of optimal convergence rates of adaptive methods motivates
the next example in a general formulation here. In the context of adaptive methods, U = T n T < 7 for a trian-
gulation 7 and refinement T, see Remark 5.2.Ina general setting, let vcg € CR(l)(‘.T) and suppose there exists
U ¢ T such that for any K1, K, € U with a shared node z € N(K;) n N(K>), the value of vcp at z coincide, e.g.,
verlk, (2) = verlx, (2). Hence, Jorver € Sé(‘.T) is well-defined and satisfies (4.1) for

verlk(z) if there exists K € U with z € N(K),
Jarver(2) := { el (4.8)

Jiver(z) else.

OVer

Remark 4.7. Similar calculations with 2|er, (z)-er_(2)| < nE := |E||[52 ]g| for E € £(Q)in (4.3), 2]er(2)| < nE
forE € £(0Q),and Y ¢ n}zs < 30 cot(wo)lllver — Vllinc forany v € Hé(Q) lead to a generalized version of Theo-
rem 4.5 with C% = 15 cot(wp)/(8V3 min{1 — cos(1r/Mint), 1 — cos(rt/(Mpg + 1))}),

Ih51(1 - Jo)verllzza) < C1 min [lver - Viinc.
veH(Q)

Lemma 4.8. For the special case J¢c = J1 from (4.6), an improved constant in the estimate of Theorem 4.5 reads

V3 cot(wo)

2min{1 - cos(#%), 1 - cos(-)}’

Capx(]l)2 =

Proof. The only change with respect to the proof of Theorem 4.5 concerns the estimate (4.4) of e(z)? for
inner nodes z € N(Q). Recall that for z € N(Q) with patch T(z) = {T1, ..., T;} and e; = vcrlr,(2) - vc(2) for
j=1,...,],(4.3) shows

lej — ejs1l* < 2 cot(o)lVerllye(rur,,,y fori=1,....J

(with ej1 := eg and T4 := Tp). Definee = (ey, ..., e;)T € R and

2 -1 -1

-1 2

C= e R
2 -1

-1 -1 2

Consequently,
e-Ce= i lej — ejs1l* < 4 cot(wo)lIverllfca,)- (4.9)

j=1
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For an approach similar to the one in the proof of Lemma 4.2, compute the eigenvalues0 = 1o < A; < --- < Ag
of the matrix C € R/ with K := [ /| with floor function |-| (i.e. K = £ for even J and K = 15! for odd J),
Ag=2-2 cos(%) (see [15, Theorem 3.4 (v)]) fork =0, ..., [%J. Indeed, the trigonometric addition formu-
las for sine and cosine show that the vectors xX, yX ¢ R/ with x]’.‘ = cos(Zj]ﬂ), y]’.‘ = sin(Zj]ﬂ) forj=1,...,J,
are the O-vector or non-zero eigenvectors of C with eigenvalue Ax for k = 0, ..., K. An analysis of linear inde-
pendence of xX, y¥ # 0 for even and odd J shows that there are J linearly independent eigenvectors. In any
case, C is positive semi-definite with eigenvalues 0 = Ag < 11 < --- < Agand Ag = O is a simple eigenvalue with
the eigenvector u = (1, ..., 1)7 that is orthogonal to all other eigenvectors of C.

The identities e = (vcrlT, (2), . . ., VerlTy (2))T - vc(z)u and the definition of v¢(z) imply the orthogonality

e-u = 0.Hence, 1;]e|? < e - Ce and therefore (4.9) shows

4 cot(wo) 2 cot(wo)
e(z)” = le]” < ————lIvcrllNcws) = ————lIverlincw.)-
A 1 - cos(%f)
The remaining parts of the proof of Theorem 4.5 apply verbatim with different constants. O

Example 4.9. For the case of a triangulation of a convex domain with right isosceles triangles,

V3

1/2
_— <1.6002.
2 - ZCOS(%))

Cap12) = (

The use of this discrete interpolation estimate enables a proof of the discrete Friedrichs inequality and an
interpolation estimate for a new quasi-interpolation operator J : Hé(Q) — 5(1)(7 ) with the help of an inverse
estimate.

Lemma 4.10 (Inverse Estimate). Any T € 7, p; € P1(T), and the constant

c2 1= 24 cot(wo)(2 cot(wg) — cot(2wo) + ((2 cot(wyp) — cot(wo))? - 3)Y/?)

inv
satisfy
pallr < cinvhztIP1lL2cr-

Proof. An analysis of the eigenvalues of the stiffness and the mass matrix and o = ZzeNm cot(4(T, z)) leads
to the local inverse estimate

6(0 +Vo? - 3)"p1"%2(]‘)
IT]
1

A maximization shows o < 2 cot(wg) — cot(2wg) and m s h}24 cot(wg) concludes the proof. O

2
llplliz <

For right isosceles triangles, the constant ciny = V72 and all estimates in the proof are sharp.

Corollary 4.11 (Discrete Friedrichs Inequality). Any vcg € CR})(‘I) and the constants

width(Q
Car = hmaxCapx(1) + CE (@)1 + CinCapx1)) and  p(2) = D

satisfy
Iverllz2co) < carlllverlline.

Proof. Givenvcy € CR})(‘J‘ ), let vc = J1(vcr) for the enrichment operator J; from Remark 4.6 so that Lemma 4.8
shows

Ilver = vellza(@) < hmaxCapx 1) lverline.

< diam(Q)lvcll
= I

Lemma 4.10, the Friedrichs inequality [vcl12(q) , and the triangle inequality yield

Ivellzzqay < ce@llveling < ce(@Q)Iverlll + cinvllhG (Ve = ver)llz2())
< cp(Q)(1 + CinvCapxU1))lIverlline. (4.10)

The triangle inequality [[vcrllz2(q) < lIver — vellzzq) + llvellzz (o) concludes the proof. O
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5 Quasi-Interpolation

This section proves an estimate for a quasi-interpolation operator J : Hé(Q) — Scl)(ir ) as conclusion of the
enrichment operator of Section 4. For n = 2, let Ixc : H(l)(Q) — CR})(T) denote the nonconforming interpola-
tion operator with (Iycv)(mid(E)) = J(E vdsforallE € € and v € HL(Q).

Theorem 5.1 (Quasi-Interpolation). The bounded linear projection J := J¢ o Inc : Hé(Q) — S}J(T)for any map-
ping Jc : CRY(T) — S§(T) with (4.1) and any v € H}(Q) satisfy
15 (1 = DViz2(g) < (% + Cipx)mIIIVIII,

vl ML = Dvil < ce(Q)(1 + CinvCap) IV

with the constant x = (z%s + j[fl)l/ 2 and the first positive root j1 1 of the Bessel function of the first kind. Addi-
tionally, forany T € 7, fl, € SY(T(wr)) implies

Ar=UDIr. (5.1)
With 1 1
C2 = 5 4 (1 + im ) Capn( 7 + D),
J1,1 J1,1
Co 1= sin(wp) M M1 5}
c(7):= max % : I% "
" 1eT, zeN(\ 1 — | cos(L(T, 2))| ’

anyv e H*(Q)n H(l)(Q) additionally satisfies the second-order approximation property
1h52(1 = DVIIr2cay + 1h5 V(1 = DV)liz2ca) < C2ID? Vil (q)-
Proof. For the proof of the first estimate, the triangle inequality implies
IR (v = JeIneV) 2y < 1h3H (v = IneW)llz2 () + 1h5H (1 = Jo) IneV)llL2 () -

The interpolation estimate for the nonconforming interpolation operator with x = (4—18 + ]-1’21)1/ 2=0.29823
(see [3]), Theorem 4.5, and the orthogonality of Vyc (v — Incv) onto VycIncV in L2(Q) yield

Ih5 (v = JeInevlzz ) < (2 + cap) Y2 IIVIIL

For the second estimate, observe that J : Hy(Q) — H(Q) is a projection in (Hy(Q), (V-, V-)12(q)) and thus,
11 =Tl ayms@)y = o @:mia) (see [11]). Consequently, (4.10) from the proof of the discrete Friedrichs
inequality and [|IncVlinc < VIl show

"]"L(Hé(());H[l)(Q)) < ¢cp(Q)(1 + CinvCapx)-
For T € T and fl,, € SY(T(wr)) as in (5.1), any z € N(T) satisfies
UcnchH)(2) = UcUncflw))(2) = Uc(flw,))(2) = f(2).

For the proof of the second-order approximation property, let v e H*(Q) n Hé(Q) and let Iv € S(l)(‘I ) with
Iv(z) = v(z) be the nodal interpolant. Then (1 — J¢)Iv = 0 implies (1 — J)v = (1 = Inc)v + (1 = Jeo)(UncV - Iv).
The triangle inequality yields

Ih52(1 = DVilr2(q) < 1h5% (1 = Inc)Vlizzca) + 1h52 (1 = Jo)Unev = V)20
The second-order interpolation errors of nonconforming [3] and nodal interpolation [6] read
_ _ K
Ih5* (1 = Inc)VIlL2 () < klIh7 Vne(1 = Inc)VIir2(q) < ].1—1||Dz Vi),

||h}1V(1 - DVl2q) < c(DID? Vi2(q)-
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Consequently, a slight modification of the proof of Theorem 4.5 in (4.5) with the estimate

hr < max hg < cyhr foranyz e N, T € T(z),
KeT(2)

and a triangle inequality imply
Ih52(1 = Jo)(Unev = M)llr2 (o) < CwCapxllhs VacUney = IV)llr2q)
< CuCapx(j1 1 + C(T)ID* ViiL2(0)-
This results in the estimate of the first term in the assertion
1h5?(1 = DVl2() < (k/j1.1 + CoCapx (7 y + C(DNID? ViiL2(q)-
The split from above yields
Ih5' V(1 = D)2 < 1h5' V(A = Ine)V) 2 (@) + I1h5 V(1 = Jo)Unev = V)2 (@)
The inverse estimate leads to ||h}1V((1 —Jo)Uncv = V)2 ) < cinvllh}2(1 - Jo)Uncv - Iv)l12(q) and therefore
17 V(L = DWli2) < (74 + CinvCaCapx (7 + C(DN)ID? ViiL2(0)- O

Remark 5.2 (Discrete Quasi-Interpolation). Consider a triangulation T and refinement J. For any V¢ € Sé(‘j )
and K € U := Tn T, Inciclk = Vclk. Hence, any K1, K, € U with z € N(K;) N N(K) satisfy

IncVclk, (2) = Ve(2) = IncVclx, (2)-
Consequently, the application of Theorem 5.1 with J¢ = Jo; from (4.8) yields a discrete quasi-interpolation
Jaar := Jar ° Inclgy s, = S5(T) — S5(T) such that any ¢ € Sg(7) satisfies V¢ = Jaar’c on T n T and
Ih7' (1 - JaaDVellai) < (€% + cap) V2 HIoell. (5.2)

A thorough inspection of the proofs of Theorems 4.5 and 5.1 shows that this interpolation operator can be
extended to Jqqr : S(T) — S'(7) with the same properties and constant

, V3 cot(wg)
2 min{1 - cos(3f-), 1 - cos(g3=7)}

Capx =

arising from the eigenvalue problem [15, Theorem 3.2 (viii)].

6 Constants in the Axioms of Adaptivity

This section recapitulates the proof of optimal convergence rates of the Courant and the Crouzeix—Raviart FEM
in two dimensions in the axiomatic framework of [2, 8] with explicit constants. Define a(u, v) := (Vu, Vv)12(q)
for any v, w € H}(Q). Given f € L?(Q), the CFEM seeks u¢ € S§(7) with

a(uc,ve) = (f,ve)re forany ve € SH(T). (6.1)
For any admissible triangulation T € T with CFEM solution u¢ € CR})(T )to (6.1) and K € T, define

Ne(T, K) = KA g + 1KIY2 Y IVuc - VeIl -
EcE(K)NE(Q)

For T € T and refinement T with solutions u¢ € S}(7) and @t¢ € S3(7), define
8¢c(T,T) := lluc - acll.

The optimality proof of [2] relies on axioms (A1)-(A4) below with constants O < Ay, Ay, A3, A4 < co and
0 < p; < 1. Any T € T and refinement T satisfy Stability (A1)

(T, TNT) - nc@, TnT)| < A16c(T, T) (6.2)
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and Reduction (A2)
N, T\T) <02nc(T, T\T) + A26c(T, T).

Moreover, [2] shows discrete reliability (A3) on a simply-connected domain Q < R?,
82(T,T) < Asna(T, T\ 7). (6.3)

The Quasi-Orthogonality (A4) shows that the output T, k = 1, 2, ..., of the adaptive algorithm with corre-
sponding quantities ny := n¢(Tx, Tx) and any £, m € N satisfy

+m

Z 82(Tk, Thewn) < Aamp.
k=¢
The main result [2, Theorem 4.5] and the axioms of adaptivity state that (A1)—(A4) with the above-mentioned
constants yield optimal convergence rates of the adaptive Crouzeix—Raviart FEM with Dérfler marking for any
bulk parameter
0<0<8:=1+AA3)" (6.4)

This is a sufficient condition for optimal rates and requires the quantification of 6, and so to calculate A1 and
A5 explicitly.

The proof of Stability (A1) is essentially contained in [9] but is included here for explicit gathering of
the constants.

Theorem 6.1 (Stability (A1) for CFEM). The constants

|K1] 2cot(wp)

Cquot = max 2
Atk KoeT, e(KnE ()20 |K2| ~ sin(wo)

and

A2 = 6 cot(wo)V2(1 + clly)?

satisfy (6.2).

Proof. The reverse triangle inequality for vectors with entries | T|/*||[Vuc - vE]glz2(E) resp. | T|V 4||["a—'isf] el

forany T € Tn T and E € &(T) shows

Me@,T0T) -ne@ TN < Y Y ATM(IVuc - veleleg - 1Vile - vellg)’-
TeTnT E€&(T)

Furthermore, the reverse triangle inequality in L2(E) imply that any T € Tn T and E € &(T) satisfy

[IVuc - velel2 e — Vi - vEIEN 28y | < 1[VNc(uc = c)]ElL2 8-

The triangle inequality and the trace identity show that the function pg := Vnc(uc - tic) € Po(T; R?) satisfies
onoT,NnoT-=Ec&Q)withT,,T_€7T,

||[150]E||%2(E) < (Ipol . lz2cey + IPolT_llz2(x)?
= EI(T 172 Ipollzcr,y + 1T-17Y?1Pollr2(r_y)?
<IEIT 7 +1T-17D1Pol 2 g, -

The estimates | T, |12 + |T_|Y/? < |T_|V2(1 + céﬁ)t) and |T.|7Y/2 < 2 cot(wg) /?|E|"! show

(T V2 | TV ET T + 1T < IEI + b2 )T 17V + T 1T V)

quot
1/2 Ao— A
< 2cot(@o) 2 (1 + cara)(L + | TL V2| T_|112)

1/2

< 2 cot(wo)/2(1 + Canot)? =t Cor

The estimates ||t < 4 cot(wo)|E| 2, |T:| < 3|Elh; ,and hy < % imply
2 cot(wo)

C < — .
ot = “sin(wo)
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The summation over T n T and the finite overlap of (&) ge2 leads to

(@, TN T) = ne@, TN < csr Y IVncUue = 8072 g, < 3CstlVncue — 4ol q)- m
Eecé

Theorem 6.2 (Discrete Reliability (A3) for CFEM). The constant
A3 = 4 cot(wo)(k* + cape)(1 + 6 cot(wo)/* (1 + Ciny))
satisfies (6.3).

Proof. With solution uc € 56(7) (resp. uc € S(l)(‘f)) to the discrete problem with respect to T € T (resp.
Te T(7)), define éc := iic — uc and discrete quasi-interpolation ec € S*(7) of é¢ € S1(T) from Remark 5.2.
The Galerkin orthogonality a(éc, ec) = 0, éc — ec = 0on T N T and a piecewise integration by parts show

82(T,T) = alitc, éc - ec) — aluc, éc - ec)

- [ aprec-eax- ¥ [vuc-vlec - ec)ds.

NG Ee€(QNE(T\T)

The Cauchy and the trace inequality (6.8) prove

5%;(7,6)s(uhqﬂuzmjﬁﬁctrJ Y ENVuc - VEIEND ) IR (8c - ed)lr o)
Ec&(T\T)

The estimates h < 4 cot(wo)IK], |E| < 2 cot(wo)'/?|K|*/? for any K € T and the first-order approximation
property (5.2) prove the assertion with A3 = (k? + ¢2,,) (4 cot(wo) + 6¢f; cot(wo)'/?). O

Example 6.3. For right isosceles triangles, A? < 40.36, A5 <9201 and (6.4) lead to 6y > 2.6 x 107° for the
Courant FEM, despite the general wisdom that 8 = 0.3 leads to optimal convergence.

The remaining part of this section proves an explicit bound for the bulk parameter for the Crouzeix—Raviart
FEM with solution ucg € CR}(T) to anc(ucr, ver) = (f, Vcr)12(q) for any ver € CRY(T) with

anc(Vcr, Wer) := (VNCVCER, VNCWCR)I2(Q)-

For any admissible triangulation 7 € T and K € T, define
2

auCR]

Me(T.K) 1= KA gy + K12 Y ][ S5

Ee&(K)

12(E)
For T € T and refinement T with solutions ucg € CR(l)(‘.T) and ticR € CRé(‘T), define
8cr(T, T) := lllucr - tcrllnc-
The proof of Stability (A1) from Theorem 6.4 applies verbatim with % replaced by 7 in 0/0s.
Theorem 6.4 (Stability (A1) for CRFEM). The constants cquot from Theorem 6.1 and
A? = 48 cot(wo)(2 sin(wp)) /2
satisfy (6.2).
Theorem 6.5 (Discrete Reliability (A3) for CRFEM). For a simply-connected domain Q c R?, the constant
A3 =12 cot(wo)(k? + cpx)(1 + Ciny)
satisfies (6.3).

Proof. Given the solution ucg € CR})(‘I ) (resp. licR € CR%(@ )) to the discrete problem with respect to 7 € T
(resp. T € T(7)), consider a discrete Helmholtz decomposition of Vxcucr € Po(T; R?) € Po(T; R?),

VNcUcr = VNcAcr + Curch (6.5)
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for unique @cg € CR}(7) and B¢ € S*(T)/R so that
82T, T) = llucr - crllFc = llacr — dcrllifc + Bl (6.6)

Abbreviate Vcg := icr — &cr € CR})(‘j) and vcg := IncVcr € CR(l)(‘.T ). An analogous proof to the interpolation
estimate for Inc : Hé(Q) — H(l)(Q) (see [5, Theorem 2.1]) with the discrete Poincaré constant cp = \/% from
Theorem 3.1 and the discrete trace identity (Lemma 2.6) yields kcg := ( + ¢3)/? = 2712 with

15 (Ver = ver) 2y < KerllVerlline.

Since iicg solves the discrete problem on T,

lléicr — acrllifc = anc(@icr, Vcr) — anc(@cr, ¥cr) = F(Vcr) — anc(@crs Vcr)-
The orthogonal decomposition (6.5) and IIoVncVcr = VneIncVer = VneVer imply

anc(acr, Vcr) = (VncUcr, VNcVer) = (VncUcr, VNcVer) = F(Ver)-
The three last displayed formulas, the Cauchy inequality and cg — vcr = 0 on T n T yield
llicr — acrllfe = F(Vcr — ver) = (f, Ver — Ver) 2y < KerIPTfll 2 llEtcr — acrlline.

This and h < 4 cot(wo)IK] for K € T show

2llicr - acrllfc < 1hafI7, 5, < 4cot(wo) Y IKIIAZ - (6.7)
KeT\T

The estimate of |||BC||| utilizes the discrete quasi-interpolation ¢ € S*(7) of BC € S1(9) from Remark 5.2.
A piecewise integration by parts, B¢ = fc on Tn T, and T\ T) := | ke E(K) show

IBcll? = j Curl B¢ - Vicucg dx = j Curl(Bc - Be) - Vncucr dx

) Q
A N ou

=y JCul’l(ﬁC—ﬂC)'VNCuCRdX: > J(BC_BC) angS

KE‘I\‘j'[( KG‘J’\‘j’aK

. ou
- 3 [de-po Gt e
~ S E
Ee&(T\T) E

The trace identityonany T € T and E € &(T) with v := (ﬁc — Bc)? and the Cauchy inequality lead to
EIMBe - Bellfagy < ITI7(1Bc = Bellfa gy + hrliBe - BellanlBe - Bellnen)-
The estimate |T|™! < 4 cot(wo)h}2 and the weighted Young inequality for any A > 0 show
EI"MIBc = Bellfa gy < 4 cot(@o)((1+ QA ™MIAG (Be = Bz ry + A/2M1Be = BellReer)-

2
Hence, the inverse estimate and the direct minimization min-o((24)~1 + @) = Ciny prove, for the constant
cfr := 4 cot(wo)(1 + Ciny), the trace inequality

EI™M1Bc = Bellfg < callhz! (Be = Bolzaw,)- (6.8)

This and the Cauchy inequality imply
B -1/27 Oucr
llBcll® < E jIEI 1/zlﬁc—ﬁclllill/zl[—a;: ]Elds

Ee&(T\T) E
_ ouc 2
< Z |E|’1||ﬁc—ﬁc||1%2(5) Z |E|“[ 0 R]
Ee&(T\T) E€E(T\T) e
L ou 2
< V3eulhy' (Be - B2y ). 'E'"[ aCR] '
B . S 1ElL2(E)
e&(T\9)

The first-order approximation property (5.2) of the discrete quasi-interpolation, |E| < 2 cot(wo)/?|T|'/2, (6.6)
and (6.7) with 2 cot(wo) < 24 cot(wo)*?(k? + ¢2,,)(1 + Ciny) conclude the proof. O
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Example 6.6. For right isosceles triangles, it holds
A? <34.97 and Aj <4521

and (6.4) leads to 6y > 6.3 x 107 for the Crouzeix-Raviart FEM, despite the general wisdom that 6 = 0.3
leads to optimal convergence.
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