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Please be prepared to present one or more of the following exercises on the
blackboard. If not stated otherwise, algorithms or code can be displayed in Matlab
or pseudocode.

Exercise 1 (Discrete Ladyzhenskaya lemma). Let Q C R? be a convex polygonal domain
with regular triangulation 7. Given any py € Po(7 ) N L3(Q), i.e., po € Po(7) with pr dx =0,
show that there exists some positive generic constant C and vcg € CR} (7 ;R?) with

divocg =po  and || Dpw verllzzo) < Clipollzz(q)-

Find out, whether this result can be generalised to higher spatial dimensions and weaker regu-
larity assumptions on Q.

Hint: Use the continuous version of this result from the lecture and the commutativity div I[Icg =
I1j div of the canonical Crouzeix-Raviart interpolation operator.

Exercise 2 (Divergence-free Crouzeix-Raviart basis). Find a basis of the piecewise divergence-
free Crouzeix-Raviart functions

Zcr = {ocr € CR(l)(T;RZ) : dinW vcr = 0}.

Hint: Find suitable linear independent functions and use a dimension argument. There are two
kinds of divergence-free Crouzeix-Raviart functions. One kind is associated with the interior
edges and are tangential to them. The second kind is associated with interior nodes and look
like curls around these nodes.

Exercise 3 (Nonlinear variational formulation). Given some homogeneous hyperelastic
material law W : Mi — R, consider the weak formulation with u € Hll)(Q; R3) such that

fDW(Du):Dvdx:ff-vdx—fg-vda for every v e HL(Q;R?).
Q Q In

Use the Galerkin method with some discrete subspace U, C Hf)(Q; R®) and derive a discrete
formulation of this variational formulation. This system of nonlinear equations

A6) = F

with the coefficient vector ¢ € REMUn) of up, can be solved using Newton’s method. Therefore,
describe the computation of A(¢), D A(¢), and F. Give the pseudocode of the resulting Newton’s
method.



Exercise 4 (A posteriori error estimation for linear elasticity; implementation). For the
lowest-order pure displacement formulation of the linear elasticity equation from Exercise 3.4,
implement the following residual-based a posteriori error estimator

1
BT T) = = TP gy + 1T > llowvlelifg,
# FeF (TN ()
with oy, := Ce(uc) in the jump

_ | (onlr, —onlr)lpv if F € F(Q),
[onv]F = ,
opv—t if F e ¥ (In).

Add the error estimation to your existing code and create a convergence history plot. Hint: The
code for the convergence history plot will be provided on the lecture’s homepage the upcoming
days.
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