CPDE I1, SuSe 19

Humboldt-Universitat zu Berlin
Institut fur Mathematik

Lecture: Prof. Fleurianne Bertrand
Tutorials: Philipp Bringmann (stand-in: Ngoc Tien Tran)

Exercise Sheet 11

Discussion on 09 July 2019

Please be prepared to present one or more of the following exercises on the

blackboard.

Exercise 1 (Crouzeix-Raviart typed functions of second order). Recall from the lecture
the spaces P4.(T"), B;~(7) and PAL(T).

(a) Compute dim(Bf(7)).
(b) Prove the split P2.(7") = PX(T) & B4(T) = PH(T) & PP\N(T) & BL(T)).
Exercise 2 (Strang’s first lemma). Consider the variational formulation, find u € V
a(u,v) = f(v) foranyveV

with a Hilbert space V, a V-elliptic bounded bilinear form a and RHS f € V*. For V}, Cc V,
suppose that ap : V), X V) — R (resp. f, : V), = R) is a Vj-elliptic bounded bilinear form
(resp. bounded linear functional). Prove that the solution uj € Vj, to the discrete problem

ap(up, vp) = f(vy) forany vy € Vy

satisfies the a priori estimate

. a(vp, wp) — ap(vp, wp) fwr) = fra(wh)
lu—wlly < inf (llu=oglly + sup ) + .
VrEVh wheV), | wh v wheV), [lwhllv

Exercise 3 (Strang’s second lemma for PMP). Let u € H;(Q) solve the weak formulation

of the Poisson model problem —Au = f with some RHS f € L?(Q). For the nonconforming
discretization CR}(7") ¢ H,(Q), suppose that u, € CRy(7") solve the discrete problem

/ Vowtth + Vpwop dx = / fopdx  forany vy € CR(l)(T).
Q Q

Prove that

. (Vat, Vipwwi) = (f, wh)
IVpw( = unliizy € inf [Vl = vp)llpze) +  sup - :
oR€CRY(T) wecri(r) IVpwwallz)



