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Classical mechanics

e functions f € C*°(RR?)
0
o Ef = {f, H}
o {x,p}=1
‘L x

A

Quantum mechanics

e operators f on L2(RR2)
L0 = n
° 1ha<f>_<[f,H]>
o [x,p] =in
[p[?




Classical mechanics Quantum mechanics

o functions f € C*°(R?) o operators f on L2(R2)
0 I
oaf:{f,H} o1ha<f>_<[f,H]>

o {x,p}=1 o [%5] = ih
2
D ¥

— T
A

Canonical quantization (Dirac, Groenewold & Moyal)

[7,8] = in{f, g} + O(?)

@ commutative fg = gf @ commutative limit 7 — 0
@ star product @ non-commutative

fxg fg=>Ffxg



Given: any Poisson bracket on C*°(IR9):
Q@ Odd: {f,g}=—{g,f}
@ Jacobi: {f,{g,h}}+{g,{h,f}} +{h {f.g}} =0
@ Leibniz: {fg, h} = f{g, h} + g{f,h}

Deformation quantization



Given: any Poisson bracket on C*°(IR9):
@ Odd:  {f,g}=—{g.f}
@ Jacobi: {f,{g,h}}+{g,{h f}}+{h{f,g}} =0
@ Leibniz: {fg,h} = f{g, h} + g{f, h}

)

Deformation quantization

Problem: Find product x on C>(IR9)[[R]] with
QO fx(gxh)= (f*g)*h
Gf*g—fg+21h W(f,8)

n=1

Q@ fxg—gxf=ih{f g}+ O(h?)

[Bayen, Flato, Fronsdal, Lichnerowicz, Sternheimer]



Every Possion bracket admits a x product!

Kontsevich's universal formula

Bn(f, 8) Z we - Bg(f, 8)
| [ \

real number differential operator




Every Possion bracket admits a x product!

Kontsevich's universal formula

B(f,8) = =3 we- Be(f8)

real number  differential operator

Graphs G:

e {1,...,n}: 2 edges going out % on

e {L,R}: nothing going out

X 1N P




Operator Bg(f, g)

{zi, 2z}

G = H {wlmxl}

e coordinates (xi,...,xq) € R?

. 9
@ derivatives 0; = —

xj



Operator Bg(f, g)

e coordinates (xi,...,xq) € R?

@ derivatives 0; = Ix
x:
g

Bolfoe)— D }




Operator Bg(f, g)

e coordinates (xi,...,xq) € R?

@ derivatives 0; = Ix
x:
d

Bete)= - J




Operator Bg(f, g)

e coordinates (xi,...,xg) € R?

@ derivatives 0; =

B

Bo(f,g) = Dxin ) - 0} [0k }




Operator Bg(f, g)

e coordinates (xi,...,xq) € R?

@ derivatives 0; =

B

st - N B }




Operator Bg(f, g)

e coordinates (xi,...,xq) € R?

@ derivatives 0; =

B

ik, 1=1

d
Botre) = > [ - O }




@ coordinates at each vertex:

z1=0 zzg=1 z1,...,zp e H={x+1iy: y >0}
o differentials for each edge i — j: (harmonic propagator)

1 Zi — Z;
degisj = %darg = .

Z,'—Zj

@ n vertices = edges €1, ..., e

WG:/H de A ... Adde, €R J




Weight wg

@ coordinates at each vertex:

z1=0 zzg=1 z1,...,zp e H={x+1iy: y >0}
o differentials for each edge i — j: (harmonic propagator)
1 Zi — Z;
dgij = 5—darg =——
27 Zi — zj
@ n vertices = edges ey, ..., e,
WG:/ de A ... Adde, €R J
]Hn
@ or log propagator: [Alekseev—Rossi—Torossian-Willwacher]
zi — zj
dejj = s—dlog =—



1 z z—1
G:/\ a:(blﬁLdGblaR:WlOg%dlog?_l

Integral:

WG:/da
H



1 z z—
G = /\ a=¢1, dp1r = i) Iog% d|0g2

Integral:

WC.;:/]Hda D
:|im/ dazlim/@a )

A\

-1

o\




1 z z—
G = /\ a=¢1, dp1r = i) Iog% d|0g2

Integral:

WC.;:/]Hda D
:|im/ dazlim/@a )

-1

"N

A /

a5 -



1 z z—1
G=/\ a=¢14 dpr1r = ngg dlog;

Integral:

WG:/da
H z

= Iim/ da = Iim/@a )
oy e

First term in Kontsevich's formula:

Bi(f,g) = weBq(f, &) Z{thj}(a f)(0g) = 5 {f,g}

= fxg="fg+3ih{f.g}t+...



Generalizations:
@ Graphs with n 4+ m vertices " LI @™ (previously: m = 2)

o Configuration space of marked discs:
Cn,m: (Hn\U{Zi:Zj}) X{ql < <qm}/1R>41R><
i<j
o dim(Cpm) =2n+m—2
o Cio= GCop = {pt}



Generalizations:
@ Graphs with n 4+ m vertices " LI @™ (previously: m = 2)

o Configuration space of marked discs:

Cn,mz(1H"\U{Zi=zj})><{C71<--°<qm}/1R><1RX

i<j

dim(Cpm) =2n+m—2

o Gio= Cop = {pt}
@ Integrands:
wG = /\ dd)e € Q.(Cn,m)
edges e
e Forgetful maps: Coyrmis — Com

Integration over fibres:

/ we € Q°(Com)
Cn+r,m+s—>cn,m



© Star product:

hn
f*g:fg+znl</c wg>Bg(f,g)
nG n,2

@ Formality Lo morphism U: Tyory(R?) — Dpory(IR9) [Kontsevich]

Z/l,,(’yl,...,'y,,):z </C wg> Be(v1,---,Vn)

m,G



© Star product:

hn
frxg= fg+ZF </ wg> Bg(f, g)
nG Cnp2

@ Formality Lo morphism U: Tyory(R?) — Dpory(IR9) [Kontsevich]

U,,(’yl,...,'y,,):z </C wG> Be(v1,---,Vn)

m,G
© Lift to homotopy Gerstenhaber formality [Willwacher]
Graphs, ,, — Q*(Cp,m), G — / we
Cn+r,m+sﬁ>cn,m
@ Formality of little discs D, [Kontsevich, Lambrechts & Voli¢]

Graphs, — Q°*(C,), G+ / we
Cn+r4>Cn



What are these integrals?



What are these integrals?

[Special cases: Kontsevich, Merkulov, Kathotia, Ben Amar, Van den Bergh,

Buring, Kiselev, .. .]

~ AMATIA

weight wg




What are these integrals?

[Special cases: Kontsevich Merkulov, Kathotia, Ben Amar, Van den Bergh,

Buring, Kiselev, ...

~ AMAFLA

weight wg 15

Not always rational: [Felder & Willwacher]

Graph G £:>L

: 1 17¢(3)? 22427 65¢(3)¢(5) | 417¢(3,5)
weight wg 1920 ~ 64 #0 1990656000 102475 T 1024070

Zeta values:
> 1 > 1
CB)ZZF 4(5):Zﬁ Z Z k3l5

k=1 k=1 k=1I=k+1



Transcendence conjecture
7,¢(3),¢(5),¢(7), ... are algebraically independent. = ((3)%/7° ¢ Q




Transcendence conjecture

7,¢(3),¢(5),¢(7),. .. are algebraically independent. = ((3)?/7° ¢ Q

Multiple zeta values (MZV): [Ecalle, Zagier, ...] (“weight”)
1
@ ((s1,-..,54) = Z Pl s|=s1+...+ 4
1<ki<--<kyg 1 d
e many relations: ((2) = 72/6, ¢(1,2) = ¢(3), [Euler,. . .]

¢(1,1,2) = (4/3)¢(2,2) = 4¢(1,3) = ((4) = 7*/90

Theorem & Algorithm (Banks—Panzer-Pym)

WG € Znym—2 Where 2, = Z .C(S) Q




Transcendence conjecture

7,¢(3),¢(5),¢(7),. .. are algebraically independent. = ((3)?/7° ¢ Q

Multiple zeta values (MZV): [Ecalle, Zagier, ...] (“weight”)
1
@ ((s1,-..,54) = Z Pl s|=s1+...+ 4
1<ki<--<kyg 1 d
e many relations: ((2) = 72/6, ¢(1,2) = ¢(3), [Euler,. . .]

¢(1,1,2) = (4/3)¢(2,2) = 4¢(1,3) = ((4) = 7*/90

Theorem & Algorithm (Banks—Panzer-Pym)

we € Zpim—2 wWhere Z, = - Q
|s|zs:w (i)'
n 0 3 5 6 7 8
RZ, 1 C_Sr36)_2 4(37)TC(5)7 4(7?75)
Sz ¢3) <) <)
n ins im iT

Zf‘)WGEQforhgin fxg



Software (on BitBucket):
@ computation of weights wg

@ expansion of x-products

Example: log-canonical bracket
° R2 = {(Xa)/)} with bracket {X,y} = Xy

@ Kontsevich x-product:

R h3

h
xxy=xyll+-4+—=———

2 24 48

h4
1440

17

N [2514(3)2

204876 184320

@ Transcendentals do not cancel.

o Nevertheless, x x y = e’y x x.

h5
* 280

]h6+...



Some non-constant fibre integrals:

G / we
Cn,m—> C-2,0

3 _

1 Z1— 2o

i log —

iT Z — Z

1@ 2 2 1

3 — _
1 — 1 — —
. <Iog 7] fz) L dlog (fl Zz)(fl fz)
1 9 2im Zy — 21 dir (21 — 22)(21 — 22)




Some non-constant fibre integrals:

G / we
Cn,m—>C2,O
3 —
1 Z1— 2o
2‘7 |Og —
4 ) iT Z— 271
3 _ _
1 — 1 — —
: <|0g 4 fz) 1 fioglar— 2z~ 2)
1 9 2im Zy — 21 dir (21 — 22)(21 — 22)
3 3 1 71— 2\ 1 . (z1 — 21)(z2 — 22)
—— | —log - ——Lia(1—- —
4 4in Tz —27 82 (z1 — 22)(z1 — )
16 @2
Polylogarithms:
z dt
Lii(z) = —log(1 — 2) = T3
X zk z dt
Lis(z) = Z Pl T'—'s—l(t)



Rational forms on Confypqm(C): [Arnol'd]

dlog(z; — z),d log(zi — Z),

A*(Com) = Q dlog(z; — q;),d log(z; — q;)

C Q*(Chm)

@ double interior points to punctured curve

C\X where X={z1,Z1,...,2n,Zns Q15 - -, qm}

holomorphic hyperlogarithms [Lappo-Danilevskyy, Goncharov, Brown]

Vom=Q(Lw(c): ow € £¥)

single-valued real analytic functions:

' (Vam) € Q%(Com)

Theorem & Algorithm (Banks—Panzer-Pym)

/ we € A*(Com) ® £*(Vim)
Cn+r,m+s—>Cn,m




Rational forms on Confypqm(C): [Arnol'd]

dlog(z; — z),d log(zi — Z),

A*(Com) = Q dlog(z; — q;),d log(z; — q;)

C Q*(Chm)

@ double interior points to punctured curve

C\X where X={z1,Z1,...,2n,Zns Q15 - -, qm}

holomorphic hyperlogarithms [Lappo-Danilevskyy, Goncharov, Brown]

Vom=Q(Lw(c): ow € £¥)

single-valued real analytic functions:

' (Vam) € Q%(Com)

Theorem & Algorithm (Banks—Panzer-Pym)

/ we € A*(Com) ® £*(Vim)
Cn+r,m+s—>Cn,m




Single-valued integration [O. Schnetz]

© Find a primitive:

/dE/\(dz dz)_
C Z z—1 z—p -




Single-valued integration [O. Schnetz]

© Find a primitive:

dz dz dz _
/_/\( — )Z/d[|0g2<
C Z z—1 z—p C z

@ Make it single-valued: [F. Brown]

dz

:/Cd [(Iog?—i—logz) (z— ]

dz
z—p

)




Single-valued integration [O. Schnetz]

@ Find a primitive:
/ dz < dz dz )
— A - =
Cc Z z—1 z—p

@ Make it single-valued: [F. Brown]

:/@d [(|ogz+log2) (Zd_zl B zd—zp)]

© Truncate C\ {0,1,p} = U0

€
we{0,1,p,00}

= 2ir log |p|?

, apply Stokes:

log |z|? ( dz__

dz)
z—p



@ holomorphic hyperlogarithms:

ng(z):/: ;0

t—o

e MZVs: Z=3%,QLu(1)




holomorphic hyperlogarithms:

z dt dz
Low(z) = /0 L) = L) = S L)
MZVs: Z2=3%", QL,(1)
real-analytic, single-valued variants: [F. Brown]
— dz
w = uv Ly L, -L. ow = w
Zw(2) ; cuvlu(z)L(2) st 0Z,w(2) P UZ (2)

single-valued MZVs: Z%¥ =3~ Q% (1) # ¢(2),¢(3,5)



@ holomorphic hyperlogarithms:

z dt dz
Low(2) _/0 L) = L) = S L)
o MZVs: Z =3, QLy(1)
@ real-analytic, single-valued variants: [F. Brown]
=Y @) st 0Zpu(z) = 2
’ zZ—0

@ single-valued MZVs: Z%¥ =3~ Q.2 (1) # ¢(2),¢(3,5)

Single-valued integration on C”

1 1
feQ |z z,—— f] = f/\d2z, (2im)" 2

)
Z,'—Zj Z,'—Zj

Jodzndz =) 2ir - [ dz



Generalization to integrals over H":

@ The integrand w = A d¢. is a rational form on

Moz2nss = (C\{0, 1) \|J({z = z} u{z =z} U{z = 2})

iJ

Integrate one variable at a time:
Mo2n+3 — Mo2nt1 — -+ — Mo3

Find primitive o of w = da with multiple polylogarithms on 9t 2543
Make « single-valued (cancel unipotent monodromy)

Apply regularized Stokes' theorem (new boundary [, & corners)

Repeat until n = 0, leftover polylogs on 903 = P\ {0,1,00}:

Lo[Sd—lll...0[S1—1]1(1) = (_l)dC(sb RS Sd)



@ Quantization:

Quantlzatlon

Tp =px TAPEP*T
m,¢(3),¢(5),. ..



@ Quantization:

Quantlzatlon
Tp = px TAPEP*T
™,¢(3),¢(5), -
@ Every Poisson bracket on RY can be quantized: (Kontsevich)
f*g—ngrZ(n ZWGBG (f,g)

n=1



@ Quantization:

Quantlzatlon
Tp = px TAPEP*T
™,¢(3),¢(5),...
@ Every Poisson bracket on RY can be quantized: (Kontsevich)
f*g—ngrZ(n ZWGBG (f,g)
n=1

Q weights wg € ZS (i) |Q multiple zeta values



Next steps

© Replace Axelrod-Singer/Fulton—-MacPherson operad {?n,m} by
algebraic varieties with mixed Tate cohomology

@ Define motivic lifts w® € O(lsom®(wg, wqr))
© I action of the motivic Galois (Tannaka) group of MT(Z)
@ Compare with GRT action on stable formality morphisms

© Generalize disc {z € C: |z| < 1} to higher genus surface



Poisson o-model: [Cattaneo & Felder]

(Frg)(x) = |

i
o XX 20 (51X, 12X][1)
@ Poisson manifold (M, )
o X:HH— M
@ 7 is a section of T*H ® X~ 1(T*M)

Sl = [ (@) 7 dX/(@) + ZrTCX (@) A 1y(w)



Path concatenation

Let %7 denote the concatenation of v and 7 at (1) = n(0) = (y*n)(2):

W

To decompose

[ wmn= [ ey e)osn) wm)(n),

Y*N 0<t;<tr,<1

split the interval
{a<tl={n<n<}u{n<i<nlu{;<n<t}

wawi
f"/*"



Path concatenation

Let %7 denote the concatenation of v and 7 at (1) = n(0) = (y*n)(2):

~

1 to n

To decompose

[ = (7 % 0)" (wa) () (7 % )" (wa) (1),

ykn 0<t;: <tr<1

split the interval
(a<nl={a<n<itu{n<i<nlu{i<n<n}
N—— N————

waw1 f 1%
I |



Path concatenation

Let %7 denote the concatenation of v and 7 at (1) = n(0) = (y*n)(2):

31 Y to 1

To decompose

A Jen= [ ) (w)()( ) () (1),

split the interval

{tl < t2} {tl <t < }U{tl % t2}U{2 <t < tg}

waw1 fww fwfw
f“r*n 721 n2’vl




Path concatenation

Let %7 denote the concatenation of v and 7 at (1) = n(0) = (y*n)(2):

~
n
t1 P

To decompose
[ = (7 ) (w2) (t2) (7 % )" (wa) (1),
ykn 0<t;: <tr<1
split the interval
{1<b)={t1<n<i}u{h<;<nlu{;<n<b}
————

f wWow1 f worwi f wgf w1 f wow1
Rl bl 7 Y n




Path concatenation

Let %7 denote the concatenation of v and 7 at (1) = n(0) = (y*n)(2):

~
n
t1 P

To decompose

/ Worw1 :/WQLU1+/(U2/CU1—|—/U)20)1,
Y*n v n Y n

split the interval
(h<tl={a<o<u{u<li<nlu{d<u<t}

f wWow1 f worwi f wgf w1 f wow1
Rl bl 7 Y n




Path concatenation

Let %7 denote the concatenation of v and 7 at (1) = n(0) = (y*n)(2):

~
n
t1 P

To decompose

/ Worw1 :/WQLU1+/(U2/CU1—|—/U)20)1,
Y*n v n Y n

split the interval
(h<tl={a<o<u{u<li<nlu{d<u<t}

f wWow1 f worwi f wgf w1 f wow1
Rl bl 7 Y n

More generally, the path concatenation formula reads

r
/ Wr“'wl:Z/Wr"'wk—f—l/wk"'wl-
Y*n k=0"" Y



Shuffle product

The shuffle product of two words
Wnim** Wpy1 W Wp-- Wy = Z Wo(n+m) =" Wo(1)
a

is the sum of all their shuffles o, i.e. permutations which preserve the
relative order of letters in both factors:

o)< <o Hn) and o Hn+1)< <o Hn+m).

For arbitrary words u and v, we find that ([ is linearly extended)

(o) (L) = [ewn

/wa . /w2w1 = / (w3wow1 + wowswy + worwiws3)
v v 5

{3} x{th<tl={t<tb<tlu{t<ts<blU{ts<t; <t}




Classical mechanics

States: phase space {(x,p)} = R? p
@ position x ‘ " ‘ ‘ o, X
@ momentum p S T
Observables: functions f € C*°(IR?) Poisson bracket:
® X, p (f.g) of 0g Of Og
2 R
o H(x,p) = £ + V(x) 81T 9xap ~ ap ox
Equations of motion: x(t), p(t) (Hamilton 1833)
0 Lo P oH
a” " m  ap d
—f={f,H
0 ——V’(x)——aH g’ — W H
ot" - Ox

Canonical brackets: {x,x} = {p,p} =0, {x,p} =1



Quantum mechanics

2
States: Hilbert space L?(R) of wave [l
functions
’(/J: R — (D xT

Observables: operators Expectation value:

o X(x) = x¢(x)

o Pu(x) = —ihLe(x) / P(x) - x - P(x) dx
Equations of motion: (x, t) (Schrodinger 1925)

8%y = (70 AiF)

0 - .
ihs v =Hy = ihg

Canonical commutators: [x,X] = [p,p] =0, [x,p] =ik



