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Symplectic field theory is a general framework for defining invariants of contact
manifolds and symplectic cobordisms between them via counts of “asymptotically
cylindrical” pseudoholomorphic curves. In this first lecture, we’ll summarize some
of the historical background of the subject, and then sketch the basic algebraic
formalism of SF'T.

1.1. In the beginning, Gromov wrote a paper

Pseudoholomorphic curves first appeared in symplectic geometry in a 1985 paper
of Gromov [Gro85]. The development was revolutionary for the field of symplectic
topology, but it was not unprecedented: a few years before this, Donaldson had
demonstrated the power of using elliptic PDEs in geometric contexts to define in-
variants of smooth 4-manifolds (see [DK90]). The PDE that Gromov used was a
slight generalization of one that was already familiar from complex geometry.

Recall that if M is a smooth 2n-dimensional manifold, an almost complex
structure on M is a smooth linear bundle map J : TM — TM such that J? = —1.
This makes the tangent spaces of M into complex vector spaces and thus induces an
orientation on M; the pair (M, J) is called an almost complex manifold. In this
context, a Riemann surface is an almost complex manifold of real dimension 2
(hence complex dimension 1), and a pseudoholomorphic curve (also called J-
holomorphic) is a smooth map

u:x—>M
satisfying the nonlinear Cauchy-Riemann equation

(1.1) Tuoj=JoTu,
1
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where (X, 7) is a Riemann surface and (M, J) is an almost complex manifold (of
arbitrary dimension). The almost complex structure J is called integrable if M
admits the structure of a complex manifold such that J is multiplication by 7 in
holomorphic coordinate charts. By a basic theorem due to Gauss, every almost
complex structure in real dimension two is integrable, hence one can always find
local coordinates (s,t) on neighorhoods in ¥ such that

J0s =0y jOr = —0s.
In these coordinates, (1.1) takes the form
Osu + J(u)du = 0.

The fundamental insight of [Gro85] was that solutions to the equation (1.1)
capture information about symplectic structures on M whenever they are related to
J in the following way.

DEFINITION 1.1. Suppose (M,w) is a symplectic manifold. An almost complex
structure J on M is said to be tamed by w if

w(X,JX)>0 forall X eTM with X # 0.
Additionally, J is compatible with w if the pairing
9(X,Y) = w(X,JY)
defines a Riemannian metric on M.

EXERCISE 1.2. Show that an almost complex structure J is compatible with a
symplectic form w if and only if it is tame and w is J-invariant.

We shall denote by J (M) the space of all smooth almost complex structures on
M, with the C{° -topology, and if w is a symplectic form on M, let

B To(M,w), T(M,w) < T(M)

denote the subsets consisting of almost complex structures that are tamed by or
compatible with w respectively. Notice that J,(M,w) is an open subset of J (M),
but J(M,w) is not. Proofs of the following may be found in [MS17, §2.5] or
[Wend, §2.2], among other places.

PROPOSITION 1.3. On any symplectic manifold (M,w), the spaces J.(M,w) and
J(M,w) are each nonempty and contractible. O

Tameness implies that the energy of a J-holomorphic curve v : ¥ — M,

E(u) := L urw,

is always nonnegative, and it is strictly positive unless u is constant. Notice moreover
that if the domain ¥ is closed, then E(u) depends only on the cohomology class
[w] € H3z (M) and the homology class

[u] := u,[S] € Hy(M),

so in particular, any family of J-holomorphic curves in a fixed homology class sat-
isfies a uniform energy bound. This basic observation is one of the key facts behind
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Gromov’s compactness theorem, which states that moduli spaces of closed curves in
a fixed homology class are compact up to “nodal” degenerations.

The most famous application of pseudoholomorphic curves presented in [Gro85]
is Gromov’s nonsqueezing theorem, which was the first known example of an obstruc-
tion for embedding symplectic domains that is subtler than the obvious obstruction
defined by volume. The technology introduced in [Gro85] also led directly to the
development of the Gromov-Witten invariants (see [MS12, RT95, RT97]), which
follow the same pattern as Donaldson’s earlier smooth 4-manifold invariants: they
use counts of J-holomorphic curves to define invariants of symplectic manifolds up
to symplectic deformation equivalence.

Here is another sample application from [Gro85]. We denote by

A-BeZ

the intersection number between two homology classes A, B € Hy(M) in a closed
oriented 4-manifold M.

THEOREM 1.4. Suppose (M,w) is a closed and connected symplectic 4-manifold
with the following properties:

(1) (M,w) does not contain any symplectic submanifold S < M that is diffeo-
morphic to S* and satisfies [S] - [S] = —1.

(ii) (M,w) contains two symplectic submanifolds Sy, Sy < M which are both
diffeomorphic to S, satisfy

[S1] - [S1] = [S2] - [S2] = 0,
and have exactly one intersection point with each other, which is transverse
and positive.
Then (M,w) is symplectomorphic to (S? x S% 01 @ 03), where for i = 1,2, the o;
are area forms on S? satisfying

[REEEN

SKETCH OF THE PROOF. Since S; and S; are both symplectic submanifolds,
one can choose a compatible almost complex structure J on M for which both of
them are the images of embedded J-holomorphic curves. One then considers the
moduli spaces M;(J) and My(J) of equivalence classes of J-holomorphic spheres
homologous to S7 and S5 respectively, where any two such curves are considered
equivalent if one is a reparametrization of the other (in the present setting this just
means they have the same image). These spaces are both manifestly nonempty,
and one can argue via Gromov’s compactness theorem for J-holomorphic curves
that both are compact. Moreover, an infinte-dimensional version of the implicit
function theorem implies that both are smooth 2-dimensional manifolds, carrying
canonical orientations, hence both are diffeomorphic to closed surfaces. Finally, one
uses positiwity of intersections to show that every curve in M;(J) intersects every
curve in Ms(J) exactly once, and this intersection is always transverse and positive;
moreover, any two curves in the same space M;(J) or My(J) are either identical
or disjoint. It follows that both moduli spaces are diffeomorphic to S?, and both
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consist of smooth families of J-holomorphic spheres that foliate M, hence defining
a diffeomorphism
Ml(J) X MQ(J) — M

that sends (u, us) to the unique point in the intersection im u; nim us. This identifies
M with S§% x 5% such that each of the submanifolds S? x {*} and {+} x S? are
symplectic. The latter observation can be used to determine the symplectic form
up to deformation, so that by the Moser stability theorem, w is determined up to
isotopy by its cohomology class [w] € H2z(S? x 5?), which depends only on the
evaluation of w on [S? x {*}] and [{*} x S?] € Hy(S? x S?). O

For a detailed exposition of the above proof of Theorem 1.4, see [Wen18, The-
orem EJ.

1.2. Hamiltonian Floer homology

Throughout the following, we write
St :=R/Z,

so maps on S! are the same as 1-periodic maps on R. One popular version of the
Arnold conjecture on symplectic fixed points can be stated as follows. Suppose
(M,w) is a closed symplectic manifold and H : S x M — R is a smooth func-
tion. Writing Hy := H(t,-) : M — R, H determines a 1-periodic time-dependent
Hamiltonian vector field X; via the relation’

(1.2) w(X,, ) = —dH,.

CONJECTURE 1.5 (Arnol'd conjecture). If all 1-periodic orbits of X; are nonde-
generate, then the number of these orbits is at least the sum of the Betti numbers

of M.

Here a 1-periodic orbit v : S — M of X, is called nondegenerate if, denoting
the flow of X, by !, the linearized time 1 flow

d‘Pl (7(0)) : T“/(O)M - T“/(O)M

does not have 1 as an eigenvalue. This can be thought of as a Morse condition for
an action functional on the loop space whose critical points are periodic orbits; like
Morse critical points, nondegenerate periodic orbits occur in isolation. To simplify
our lives, let’s restrict attention to contractible orbits and also assume that (M, w)
is symplectically aspherical, which means

W |woary = 0 ie. w], [u]) = 0 for all continuous maps u : S* — M.
[w]lraan) = 0, ([wl, [u]) p

Then if C*

© (ST, M) denotes the space of all smoothly contractible smooth loops
in M, the symplectic action functional can be defined by

Ay C* (Sl,M)HRzyH—Jf‘y*er Ho(v (1)) dt,

contr
D St

IElsewhere in the literature, you will sometimes see (1.2) without the minus sign on the right
hand side. If you want to know why I strongly believe that the minus sign belongs there, see
[Wenc], but to some extent this is just a personal opinion.
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where 4 : D — M is any smooth map on the closed unit disk D < C satisfying

(™) = (t),
and the symplectic asphericity condition guarantees that Ay (7y) does not depend
on the choice of 7.

EXERCISE 1.6. Regarding C% . (S', M) as a Fréchet manifold with tangent
spaces T,C% (S, M) = T'(v*T' M), show that the first variation of the action func-

tional Ay is

Adun = [ Lotiom +dmn) = | wli= X))t

for n € T'(v*T'M). In particular, the critical points of Ay are precisely the con-
tractible 1-periodic orbits of X;.

A few years after Gromov’s introduction of pseudoholomorphic curves, Floer
proved the most important cases of the Arnol'd conjecture by developing a novel
version of infinite-dimensional Morse theory for the functional Ag. This approach
mimicked the homological approach to Morse theory which has since been popular-
ized in books such as [AD14,Sch93], but was apparently only known to experts at
the time. In Morse homology, one considers a smooth Riemannian manifold (M, g)
with a Morse function f : M — R, and defines a chain complex whose generators
are the critical points of f, graded according to their Morse index. If we denote the
generator corresponding to a given critical point x € Crit(f) by (), the boundary
map on this complex is defined by

Kxy= " >, #(Mlx,y)/R) ),

ind(y)=ind(z)—1

where M (z,y) denotes the moduli space of negative gradient flow lines u : R — M,
satisfying dsu = —V f(u(s)), lims, o, u(s) = = and lim,_, o, u(s) = y. This space
admits a natural R-action by shifting the variable in the domain, and one can show
that for generic choices of f and the metric g, M(z,y)/R is a finite set whenever
ind(xz) —ind(y) = 1. The real magic however is contained in the following statement
about the case ind(z) — ind(y) = 2:

PROPOSITION 1.7. For generic choices of f and g and any two critical points
x,y € Crit(f) with ind(z) — ind(y) = 2, M(z,y)/R is homeomorphic to a finite
collection of circles and open intervals whose end points are canonically identified
with the finite set

OM(x,y) := U Mz, 2) x M(z,y).

ind(z)=ind(z)—1

We say that M(z,y) has a natural compatification M (z,y), which has the
topology of a compact 1-manifold with boundary, and its boundary is the set of
all broken flow lines from z to y, cf. Figure 1.1. This set of broken flow lines
is precisely what is counted if one computes the (y) coefficient of 0?(z), hence we
deduce

0% =0
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FiGURE 1.1. One-parameter families of gradient flow lines on a
Riemannian manifold degenerate to broken flow lines.

as a consequence of the fact that compact 1-manifolds always have zero boundary
points when counted with appropriate signs.” The homology of the resulting chain
complex can be denoted by HM,(M ; g, f) and is called the Morse homology
of M. The well-known Morse inequalities can then be deduced from a fundamen-
tal theorem stating that HM,(M ; g, f) is, for generic f and g, isomorphic to the
singular homology of M.

With the above notion of Morse homology understood, Floer’s approach to the
Arnol’d conjecture can now be summarized as follows:

Step 1:

Step 2:

Step 3:

Under suitable technical assumptions, construct a homology theory
HF,(M,w; H,{J}),

depending a priori on the choices of a Hamiltonian H : S' x M — R with
all 1-periodic orbits nondegenerate, and a generic S!'-parametrized family
of w-compatible almost complex structures {J;};cs:. The generators of the
chain complex are the critical points of the symplectic action functional
Ay, i.e. 1-periodic orbits of the Hamiltonian flow, and the boundary map
is defined by counting a suitable notion of gradient flow lines connecting
pairs of orbits (more on this below).

Prove that HF,(M,w) := HF.(M,w; H,{J;}) is a symplectic invariant,
i.e. it depends on w, but not on the auxiliary choices H and {J;}.

Show that if H and {J;} are chosen to be time-independent and H is
also C?-small, then the chain complex for HF,(M,w; H,{J;}) is isomor-
phic (with a suitable grading shift) to the chain complex for Morse ho-
mology HM,(M; g,H) with g := w(-,J;-). The isomorphism between
HM,(M; g,H) and singular homology thus implies that the Floer com-
plex must have at least as many generators (i.e. periodic orbits) as there
are generators of H,(M), proving the Arnol’d conjecture.

2Counting with signs presumes that we have chosen suitable orientations for the moduli spaces
M(z,y), and this can always be done. Alternatively, one can avoid this issue by counting modulo 2
and thus define a homology theory with Zy coefficients.
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The implementation of Floer’s idea required a different type of analysis than
what is needed for Morse homology. The moduli space M(z,y) in Morse homol-
ogy is simple to understand as the (generically transverse) intersection between the
unstable manifold of x and the stable manifold of y with respect to the negative
gradient flow. Conveniently, both of those are finite-dimensional manifolds, with
their dimensions determined by the Morse indices of x and y. We will see in Lec-
ture 3 that no such thing is true for the symplectic action functional: to the extent
that Ay can be thought of as a Morse function on an infinite-dimensional manifold,
its Morse index and its Morse “co-index” at every critical point are both infinite,
hence the stable and unstable manifolds are not nearly as nice as finite-dimensional
manifolds, providing no reason to expect that their intersection should be. There
are additional problems since C® . (S, M) does not have a Banach space topology:
in order to view the negative gradient flow of Ay as an ODE and make use of the
usual local existence/uniqueness theorems (as in [Lan99, Chapter IV]), one would
have to extend Ag to a smooth function on a suitable Hilbert manifold with a Rie-
mannian metric. There is a very limited range of situations in which one can do
this and obtain a reasonable formula for VAy, e.g. [HZ94, §6.2] explains the case
M = T?" in which A can be defined on the Sobolev space H'/2(S*, R?") and then
studied using Fourier series. This approach is very dependent on the fact that the
torus T?" is a quotient of R?". For general symplectic manifolds (M,w), one cannot
even define H'/2(S', M) since functions of class H/? on S! need not be continuous
(H'Y? is a “Sobolev borderline case” in dimension one).

One of the novelties in Floer’s approach was to refrain from viewing the gradient
flow as an ODE in a Banach space setting, but instead to write down a formal
version of the gradient flow equation and regard it as an elliptic PDE. To this end,
let us regard C2, .. (S, M) formally as a manifold with tangent spaces

contr
T,CE (S', M) :=T(v*TM),

contr
choose a formal Riemannian metric on this manifold (i.e. a smoothly varying family
of L*inner products on the spaces I'(y*T'M)) and write down the resulting equation
for the negative gradient flow. A suitable Riemannian metric can be defined by
choosing a smooth S'-parametrized family of compatible almost complex structures

{Jre T(M,w)},eq1

abbreviated in the following as {.J;}, and setting

€= | wl€(®), Jfe) d

Sl

for £, e D'(v*T'M). Exercise 1.6 then yields the formula

dAu(Y)n = (H(y = Xe(0), mr2,
so that it seems reasonable to define the so-called unregularized gradient of Ay by
(1.3) VAp(y) == Ji(y — Xi(7)) e T(v*TM).
Let us also think of a path u: R — C% . (S', M) as amap u: R x S! — M, writing

contr

u(s,t) := u(s)(t). The negative gradient flow equation dsu + VAg(u(s)) = 0 then
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FiGURE 1.2. A family of smooth Floer trajectories can degenerate
into a broken Floer trajectory.

becomes the elliptic PDE
(1.4) Osu + Jy(u) (Qpu — Xy(u)) = 0.

This is called the Floer equation, and its solutions are often called Floer tra-
jectories. The relevance of Floer homology to our previous discussion of pseudo-
holomorphic curves should now be obvious. Indeed, the resemblance of the Floer
equation to the nonlinear Cauchy-Riemann equation is not merely superficial—we
will see in Lecture 6 that the former can always be viewed as a special case of the
latter. In any case, one can use the same set of analytical techniques for both: el-
liptic regularity theory implies that Floer trajectories are always smooth, Fredholm
theory and the implicit function theorem imply that (under appropriate assump-
tions) they form smooth finite-dimensional moduli spaces. Most importantly, the
same “bubbling off” analysis that underlies Gromov’s compactness theorem can be
used to prove that spaces of Floer trajectories are compact up to “breaking”, just as
in Morse homology (see Figure 1.2)—this is the main reason for the relation 0% = 0
in Floer homology.

We should mention one complication that does not arise either in the study of
closed holomorphic curves or in finite-dimensional Morse theory. Since the gradient
flow in Morse homology takes place on a closed manifold, it is obvious that every
gradient flow line asymptotically approaches critical points at both —oo and +o0.
The following example shows that in the infinite-dimensional setting of Floer theory,
this is no longer true.

ExAMPLE 1.8. Consider the Floer equation on M := S* = Cu {0} with H := 0
and J; defined as the standard complex structure ¢ for every t. Then the orbits of
X, are all constant, and a map u : R x S* — S? satisfies the Floer equation if and
only if it is holomorphic. Identifying R x S* with C* := C\{0} via the biholomorphic
map (s,t) — e+ a solution u approaches periodic orbits as s — +oo if and
only if the corresponding holomorphic map C* — S? extends continuously (and
therefore holomorphically) over 0 and co. But this is not true for every holomorphic
map C* — S?, e.g. take any entire function C — C that has an essential singularity
at oo.
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EXERCISE 1.9. Show that in the above example with an essential singularity
at oo, the symplectic action Ag(u(s,-)) is unbounded as s — oo.

EXERCISE 1.10. Suppose u : R x S' — M is a solution to the Floer equation
with limg_,4o u(s, ) = 4 uniformly for a pair of 1-periodic orbits 74 € Crit(Ag).
Show that
(1.5)

A=) — Alyg) = J w(0su, dyu — Xi¢(u)) dsdt = J w(0su, Jy(u)dsu) ds dt.
Rx St Rx St

The right hand side of (1.5) is manifestly nonnegative since J; is compatible
with w, and it is strictly positive unless 7. = 7,. It is therefore sensible to call
this expression the energy E(u) of a Floer trajectory. The following converse of
Exercise 1.10 plays a crucial role in the compactness theory for Floer trajectories, as
it guarantees that all the “levels” in a broken Floer trajectory are asymptotically well
behaved. We will prove a variant of this result in the SF'T context (see Prop. 1.24
below) in Lecture 9.

PROPOSITION 1.11. Ifu: R x S — M is a Floer trajectory with E(u) < o and
all 1-periodic orbits of Xy are nonegenerate, then there exist orbits y_, vy, € Crit(Apy)
such that limg_, 1 u(s, ) = v4 uniformly.

REMARK 1.12. Tt should be emphasized again that we have assumed [w] |,y =
0 throughout this discussion. Floer homology can also be defined under more general
assumptions, but several details become more complicated.

For nice comprehensive treatments of Hamiltonian Floer homology—unfortunately
not always with the same sign conventions as used here—see [Sal99, AD14]. Note
that this is only one of a few “Floer homologies” that were introduced by Floer in the
late 80’s: the others include Lagrangian intersection Floer homology [Flo88a] (which
has since evolved into the Fukaya category, see [Sei08 FOOOO09]), and instanton
homology [Flo88c], an extension of Donaldson’s gauge-theoretic smooth 4-manifold
invariants to dimension three. The development of new Floer-type theories has since
become a major industry; see [AS] for a survey.

1.3. Contact manifolds and the Weinstein conjecture

A Hamiltonian system on a symplectic manifold (W, w) is called autonomous if
the Hamiltonian H : W — R does not depend on time. In this case, the Hamiltonian
vector field Xy defined by

w(X H, ) = —dH
is time-independent and its orbits are confined to level sets of H. The images of
these orbits on a given regular level set H~'(c) depend on the geometry of H~!(c)
but not on H itself, as they are the integral curves (also known as characteristics)
of the characteristic line field on H~!(c), defined as the unique direction spanned
by a vector X such that w(X,Y) = 0 for all Y tangent to H!(c). In 1978, Weinstein
[Wei78] and Rabinowitz [Rab78] proved that certain kinds of regular level sets in
symplectic manifolds are guaranteed to admit closed characteristics, hence implying
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A

F1GURE 1.3. A star-shaped hypersurface in Euclidean space

the existence of periodic Hamiltonian orbits. In particular, this is true whenever
H~1(c) is a star-shaped hypersurface in the standard symplectic R*" (see Figure 1.3).

The following symplectic interpretation of the star-shaped condition provides
both an intuitive reason to believe Rabinowitz’s existence result and motivation for
the more general conjecture of Weinstein. In any symplectic manifold (W, w), a
Liouville vector field is a smooth vector field V' that satisfies

Lyw = w.

By Cartan’s formula for the Lie derivative, the dual 1-form A defined by A := w(V,-)
satisfies d\ = w if and only if V' is a Liouville vector field; moreover, A then also
satisfies LA = A, and it is referred to as a Liouville form. A hypersurface

M < (W,w) is said to be of contact type if it is transverse to a Liouville vector
field defined on a neighborhood of M.

EXAMPLE 1.13. Using coordinates (qi, pi, - - -, @, Pn) on R?", the standard sym-
plectic form is written as

Wstd = de] N dgjv

j=1
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and the Liouville form Agq := %Z?Zl(pj dq; — q; dp;) is dual to the radial Liouville

vector field
1 & 0 0
Vstd-=§§ <Pj%+%a—qj)-

j=1 J
Any star-shaped hypersurface is therefore of contact type.

EXERCISE 1.14. Suppose (W,w) is a symplectic manifold of dimension 2n, M c
W is a smoothly embedded and oriented hypersurface, V' is a Liouville vector field
defined near M and A := w(V,-) is the dual Liouville form. Define a 1-form on M
by a := A7u-
(a) Show that V is positively transverse to M if and only if « satisfies
(1.6) a A (da)" ! > 0.

(b) If V' is positively transverse to M, choose € > 0 sufficiently small and
consider the embedding

Q:(—¢,€) x M —W:(r,x)— ¢ (x),
where ¢!, denotes the time ¢ flow of V. Show that
O*)\ = €',
hence ®*w = d(e"a).

The above exercise presents any contact-type hypersurface M < (W,w) as
one member of a smooth 1-parameter family of contact-type hypersurfaces M, :=
ol (M) = W, each canonically identified with M such that w|ry, = € da. In
particular, the characteristic line fields on M, are the same for all r, thus the ex-
istence of a closed characteristic on any of these implies that there also exists one
on M. This observation has sometimes been used to prove such existence theorems,
e.g. it is used in [HZ94, Chapter 4] to reduce Rabinowitz’s result to an “almost
existence” theorem based on symplectic capacities. This discussion hopefully makes
the following conjecture seem believable.

CONJECTURE 1.15 (Weinstein conjecture, symplectic version). Any closed contact-
type hypersurface in a symplectic manifold admits a closed characteristic.

Weinstein’s conjecture admits a natural rephrasing in the language of contact
geometry. A 1-form a on an oriented (2n — 1)-dimensional manifold M is called a
(positive) contact form if it satisfies (1.6), and the resulting co-oriented hyperplane
field

E:=keracTM

is then called a (positive and co-oriented) contact structure.” We call the pair
(M,€) a contact manifold, and refer to a diffecomorphism ¢ : M — M’ as a

3The adjective “positive” refers to the fact that the orientation of M agrees with the one deter-
mined by the volume form a A (da)"~1; we call a a negative contact form if these two orientations
disagree. It is also possible in general to define contact structures without co-orientations, but con-
tact structures of this type will never appear in these notes; for our purposes, the co-orientation is
always considered to be part of the data of a contact structure.
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contactomorphism from (M, &) to (M, &) if p, maps £ to £ and also preserves
the respective co-orientations. Equivalently, if £ and & are defined via contact forms
a and o respectively, this means

p*a’ = fa  for some fe C(M,(0,0)).

Contact topology studies the category of contact manifolds (M, &) up to con-
tactomorphism. The following basic result provides one good reason to regard &
rather than « as the geometrically meaningful data, as the result holds for contact
structures, but not for contact forms.

THEOREM 1.16 (Gray’s stability theorem). If M is a closed (2n—1)-dimensional
manifold and {& }ieo1] i a smooth 1-parameter family of contact structures on M,
then there exists a smooth 1-parameter family of diffeomorphisms {;}ieo1] such that

wo = 1d and (¢1)«&o = &-
PROOF. See [Gei08, §2.2] or [Wend, Theorem 1.6.12]. O

A corollary is that while the contact form « induced on a contact-type hyper-
surface M < (W, w) via Exercise 1.14 is not unique, its induced contact structure is
unique up to isotopy. Indeed, the space of all Liouville vector fields transverse to M
is very large (e.g. one can add to V' any sufficiently small Hamiltonian vector field),
but it is conwvex, hence any two choices of the induced contact form a on M are
connected by a smooth 1-parameter family of contact forms, implying an isotopy of
contact structures via Gray’s theorem.

EXERCISE 1.17. If « is a nowhere zero 1-form on M and & = ker a, show that o
is contact if and only if dae defines a symplectic vector bundle structure on £ — M.
Moreover, the orientation of ¢ determined by this symplectic bundle structure is
compatible with the co-orientation determined by « and the orientation of M for
which a A (da)"! > 0.

The following definition is based on the fact that since dale is nondegenerate
when « is contact, ker da < T'M is always 1-dimensional and transverse to &.

DEFINITION 1.18. Given a contact form « on M, the Reeb vector field is the
unique vector field R, that satisfies

do(R,,-) =0, and «a(R,)=1.

EXERCISE 1.19. Show that the flow of any Reeb vector field R, preserves both
¢ = ker a and the symplectic vector bundle structure dale.

CONJECTURE 1.20 (Weinstein conjecture, contact version). On any closed con-
tact manifold (M, ) with contact form «, the Reeb vector field R, admits a periodic
orbit.

To see that this is equivalent to the symplectic version of the conjecture, ob-
serve that any contact manifold (M, £ = ker ) can be viewed as the contact-type
hypersurface {0} x M in the open symplectic manifold

R x M, d(¢"a),
called the symplectization of (M, ¢).
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EXERCISE 1.21. Recall that for any smooth manifold M, the cotangent bundle
T*M carries a tautological 1-form A € QY(T*M) that locally takes the form \ =
>.j—1 Pjdg; in any choice of local coordinates (qi,...,¢,) on a neighbood U = M,
with (p1,...,p,) denoting the induced coordinates on the cotangent fibers over U.
This is a Liouville form, with d defining the canonical symplectic structure of T*M.
Now if £ € T'M is a co-oriented hyperplane field on M, consider the submanifold

SeM :={peT*M | kerp = £ and p(X) > OVX € TM pos. transverse to £} .

Show that ¢ is contact if and only if S¢M is a symplectic submanifold of (T*M, d\),
and the Liouville vector field on T*M dual to A is tangent to S¢ M. Moreover, if § is
contact, then any choice of contact form for { determines a diffeomorphism of S M
to R x M identifying the Liouville form A along S¢M with e"a.

REMARK 1.22. Exercise 1.21 shows that up to symplectomorphism, our defi-
nition of the symplectization of (M, ) above actually depends only on £ and not
on «.

In 1993, Hofer [Hof93] introduced a new approach to the Weinstein conjecture
that was based in part on ideas of Gromov and Floer. Fix a contact manifold (M, ¢)
with contact form «, and let

J(a)c J(R x M)

denote the nonempty and contractible space of all almost complex structures J on
R x M satisfying the following conditions:

(1) The natural translation action on R x M preserves J;

(2) JO, = R, and JR, = —0,, where r denotes the canonical coordinate on the
R-factor in R x M:;

(3) J¢ =€ and da(-, J-)|¢ defines a bundle metric on &.

It is easy to check that any J € J(«) is compatible with the symplectic structure
d(e"a) on R x M. Moreover, if 7 : R — M is any periodic orbit of R, with period
T > 0, then for any J € J(«), the so-called trivial cylinder

u:RxS' >R x M:(s,t)— (Ts,y(Tt))

is a J-holomorphic curve. Following Floer, one version of Hofer’s idea would be to
look for J-holomorphic cylinders that satisfy a finite energy condition as in Prop. 1.11
forcing them to approach trivial cylinders asymptotically—the existence of such a
cylinder would then imply the existence of a closed Reeb orbit and thus prove the
Weinstein conjecture. The first hindrance is that the “obvious” definition of energy

in this context,
J u*d(e"a),
Rx St

is not very useful: this integral is infinite if u is a trivial cylinder. To circumvent
this, notice that every J € J(«) is also compatible with any symplectic structure of
the form

w, = d(e?Ma),
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where ¢ is a function chosen freely from the set
(1.7) T :={peC”R,(-1,1)) | ¢ > 0}.

Essentially, choosing w, means identifying R x M with a subset of the bounded
region (—1,1) x M, in which trivial cylinders have finite symplectic area. Since
there is no preferred choice for the function ¢, we define the Hofer energy’ of a
J-holomorphic curve v : ¥ — R x M by

(1.8) E(u) := supf U Wy,
peT JY

This has the desired property of being finite for trivial cylinders, and it is also
nonnegative, with strict positivity whenever u is not constant.

Another useful observation from [Hof93] was that if the goal is to find periodic
orbits, then we need not restrict our attention to J-holomorphic cylinders in par-
ticular. One can more generally consider curves defined on an arbitrary punctured
Riemann surface ‘

Y= X\T,
where (X,7) is a closed connected Riemann surface and I' < ¥ is a finite set of
punctures. For any ¢ € I', one can find coordinates identifying some punctured
neighborhood of ¢ biholomorphically with the closed punctured disk

D := D\{0} c C,
and then identify this with either the positive or negative half-cylinder
Z, :=[0,0) x 8*,  Z_:=(-00,0] x S*
via the biholomorphic maps
Z,—D:(s,t) »e 26t 7 LD (s,t) > 2T,

We will refer to such a choice as a (positive or negative) holomorphic cylindrical
coordinate system near (, and in this way, we can present (Z, j) as a Riemann
surface with cylindrical ends, i.e. the union of some compact Riemann surface with
boundary with a finite collection of half-cylinders Z, on which j takes the standard
form jo, = 0,. Note that the standard cylinder R x S is a special case of this, as it
can be identified biholomorphically with S*\{0, o0}. Another important special case
is the plane, C = S?\{0}.

If u: (2,j) — (R x M,J) is a J-holomorphic curve and ¢ € I is one of its
punctures, we will say that u is positively /negatively asymptotic to a T-periodic
Reeb orbit v : R — M at ( if one can choose holomorphic cylindrical coordinates
(s,t) € Z4 near ¢ such that

u(s,t) = expgs.(rey) M(s,t)  for |s| sufficiently large,

where h(s,t) is a vector field along the trivial cylinder satisfying h(s,-) — 0 uniformly
as [s| — oo, and the exponential map is defined with respect to any R-invariant

4Strictly speaking, the energy defined in (1.8) is not identical to the notion introduced in
[Hof93] and used in many of Hofer’s papers, but it is equivalent to it in the sense that uniform
bounds on either notion of energy imply uniform bounds on the other.
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x M
{oo} >
v
: a
(Co)x M > ——

FIGURE 1.4. An asymptotically cylindrical holomorphic curve in a
symplectization, with genus 1, one positive puncture and two negative
punctures.

choice of Riemannian metric on R x M. We say that u : (X,j) — (R x M, J) is
asymptotically cylindrical if it is (positively or negatively) asymptotic to some
closed Reeb orbit at each of its punctures. Note that this partitions the finite set of
punctures I' = ¥ into two subsets,

r=rtul-,
the positive and negative punctures respectively, see Figure 1.4.

EXERCISE 1.23. Suppose u : (Z, j) — (Rx M, J) is an asymptotically cylindrical
J-holomorphic curve, with the asymptotic orbit at each puncture ¢ € I't denoted
by ¢, having period Ty > 0. Show that

DM Te- )] Tczfu*doz>0,

Cel+ Cel— z
with equality if and only if the image of u is contained in that of a trivial cylinder.
In particular, u must have at least one positive puncture unless it is constant. Show
also that E(u) is finite and satisfies an upper bound determined only by the periods
of the positive asymptotic orbits.

The following analogue of Prop. 1.11 will be proved in Lecture 9. For simplicity,
we shall state a weakened version of what Hofer proved in [Hof93], which did not
require any nondegeneracy assumption. A T-periodic Reeb orbit v : R — M is
called nondegenerate if the Reeb flow ! has the property that its linearization
along the contact bundle (cf. Exercise 1.19),

Aol (7(0))le, o) : &40) = &0)

does not have 1 as an eigenvalue. Note that since R, is not time-dependent, closed
Reeb orbits are never completely isolated—they always exist in S!-parametrized
families—but these families are isolated in the nondegenerate case. A nondegen-
erate contact form is one for which every closed Reeb orbit is nondegenerate—one
can show that this condition is generic, meaning for instance that on any closed man-
ifold, the nondegenerate contact forms constitute a C'*-dense subset of the space
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of all contact forms (see Remark 1.25 below). The following result is the contact
analogue of Proposition 1.11.

PROPOSITION 1.24. Suppose (M, ) is a closed contact manifold with a nonde-
generate contact form . If u: (3,7) » (R x M, J) is a J-holomorphic curve with
E(u) < o on a punctured Riemann surface such that none of the punctures are

removable, then u is asymptotically cylindrical.

The main results in [Hof93] state that under certain assumptions on a closed
contact 3-manifold (M, ¢), namely if either £ is overtwisted (as defined in [Eli89])
or my(M) # 0, one can find for any contact form a on (M, &) and any J € J(«) a
finite-energy J-holomorphic plane. By Proposition 1.24, this implies the existence
of a contractible periodic Reeb orbit and thus proves the Weinstein conjecture in
these settings.

REMARK 1.25. The standard genericity result mentioned above for nondegen-
erate contact forms can be proved in various ways, e.g. it follows from a slightly
more general result about generic regular level sets in Hamiltonian systems proved
in [Rob70]. A more direct proof via the Sard-Smale theorem that is similar in
spirit to the transversality arguments in Lecture 8 may be found in the appendix of

[ABW10).

1.4. Symplectic cobordisms and their completions

After the developments described in the previous three sections, it seemed nat-
ural that one might define invariants of contact manifolds via a Floer-type theory
generated by closed Reeb orbits and counting asymptotically cylindrical holomor-
phic curves in symplectizations. This theory is what is now called SF'T, and its basic
structure was outlined in a paper by Eliashberg, Givental and Hofer [EGHO00] in
2000, though some of its analytical foundations remain unfinished as of 2020. The
term “field theory” is an allusion to “topological quantum field theories,” which
associate vector spaces to certain geometric objects and morphisms to cobordisms
between those objects. Thus in order to place SFT in its proper setting, we need to
introduce symplectic cobordisms between contact manifolds.

Recall that if M, and M_ are smooth oriented closed manifolds of the same
dimension, an oriented cobordism from M_ to M, is a compact smooth oriented
manifold W with oriented boundary

oW = -M_[ [ M.,

where the symbol “~” in this setting means orientation-preserving diffeomorphism,
and —M_ denotes M_ with its orientation reversed. Given positive contact struc-
tures {4+ on M, we say that a symplectic manifold (W, w) is a symplectic cobor-
dism from (M_,£_) to (M, &) if W is an oriented cobordism® from M_ to M,
such that both components of W are contact-type hypersurfaces with induced con-
tact structures isotopic to £&1. Note that our chosen orientation conventions imply
in this case that the Liouville vector field chosen near dW must point outward at

"We assume of course that W is assigned the orientation determined by its symplectic form.
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([0,€) x M_,d(e"a_))

FIGURE 1.5. A symplectic cobordism with concave boundary
(M_, &) and convex boundary (M, &, ), with symplectic collar neigh-
borhoods defined by flowing along Liouville vector fields near the
boundary.

M, and tnward at M_; we say in this case that M, is a symplectically convex
boundary component, while M_ is symplectically concave. As important special
cases, (W,w) is a symplectic filling of (M, £, ) if M_ = ¢, and it is a symplectic
cap of (M_,& ) if M, = . In the literature, fillings and caps are sometimes also
referred to as convex fillings or concave fillings respectively.

The contact-type condition implies the existence of a Liouville form A near 0W
with d\ = w, such that by Exercise 1.14, neighborhoods of M, and M_ in W can
be identified with the collars (see Figure 1.5)

(—e,0] x M, or [0,€) x M_
respectively for sufficiently small € > 0, with A taking the form
A=¢e"ay,

where ay 1= A|pp, are contact forms for &4, and r as usual denotes the canonical
coordinate on the first factor in R x M. The symplectic completion of (W, w) is

—~

the noncompact symplectic manifold (W,&) defined by attaching cylindrical ends
to these collar neighborhoods (Figure 1.6):

(W, %) = ((—0,0] x M_,d(e"a_)) un_ (W,w)

(1.9) uar, ([0,00) x My, d(e"ary)) .

In this context, the symplectization (R x M, d(e"«)) is symplectomorphic to the
completion of the trivial symplectic cobordism ([0, 1] x M, d(e"«)) from (M, =
ker ) to itself. More generally, the object in the following easy exercise can also
sensibly be called a trivial symplectic cobordism:

EXERCISE 1.26. Suppose (M, ) is a closed contact manifold with contact form
a, and fi : M — R is a pair of functions with f_ < f, everywhere. Show that the
domain

{(rre)eRx M| fo(z) <7< fi(e)} cRx M
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([0,00) x M, d(e"ay))

((—€,0] x My, d(e"ay))

(W, w)

([0,€) x M_,d(e"a_))

((—00,0] x M_,d(e"a_))

FIGURE 1.6. The completion of a symplectic cobordism

defines a symplectic cobordism from (M, &) to itself, with a global Liouville form
A\ = ¢"a inducing contact forms e/~a and e/+a on its concave and convex boundaries
respectively.

We say that (W, w) is an exact symplectic cobordism or Liouville cobor-
dism if the Liouville form A can be extended from a neighborhood of 0W to define
a global primitive of w on W. Equivalently, this means that w admits a global Li-
ouville vector field that points inward at M_ and outward at M, . An exact filling
of (M,,£&,) is an exact cobordism whose concave boundary is empty. Observe that

if (W,w) is exact, then its completion (ﬁ\/, W) also inherits a global Liouville form.

EXERCISE 1.27. Use Stokes’ theorem to show that there is no such thing as an
exact symplectic cap.

The above exercise hints at an important difference between cobordisms in the
symplectic as opposed to the oriented smooth category: symplectic cobordisms are
not generally reversible. If W is an oriented cobordism from M_ to M, , then
reversing the orientation of W produces an oriented cobordism from M, to M_.
But one cannot simply reverse orientations in the symplectic category, since the
orientation is determined by the symplectic form. For example, many obstructions
to the existence of symplectic fillings of given contact manifolds are known—some
of them defined in terms of SFT—but there are no obstructions at all to symplectic
caps, in fact it is known that all closed contact manifolds admit them (see [EHO02,
CE, Laz]).
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& =D
—_—
)

FIGURE 1.7. An asymptotically cylindrical holomorphic curve in a
completed symplectic cobordism, with genus 2, one positive puncture
and two negative punctures.

The definitions for holomorphic curves in symplectizations in the previous sec-
tion generalize to completions of symplectic cobordisms in a fairly straightforward
way since these completions look exactly like symplectizations outside of a compact
subset. Define .

TW,w, oy, 0-) = T (W)

as the space of all almost complex structures J on W such that
Jlw e T(W,w), Jooyxn, € T(ay) and  J|woxm € T ().

Occasionally it is useful to relax the compatibility condition on W to tameness,
ie. Jlw € J(W,w), producing a space that we shall denote by

jT(V[/a W, Oy, a—) = j(ﬁ\/)

As in Prop. 1.3, both of these spaces are nonempty and contractible. We can then
consider asymptotically cylindrical J-holomorphic curves

w: (S=S\(T" ul7),j) — (W, ),

which are proper maps asymptotic to closed orbits of R, in M, at punctures in I+,
see Figure 1.7.

6

One must again tinker with the symplectic form on W in order to define a notion
of energy that is finite when we need it to be. We generalize (1.7) as

T :={pe C*R,(~1,1)) | ¢ > 0 and p(r) = r near r = 0},

5Tt seems natural to wonder whether one could not also relax the conditions on the cylindrical
ends and require J|¢, to be tamed by day |¢, instead of compatible with it. I do not currently
know whether this works, but in later lectures we will see some reasons to worry that it might not
(see §6.7.2).
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and associate to each ¢ € T a symplectic form &, on W defined by

d(e*May)  on [0,0) x M,
Dy 1= w on W,

d(e?Ma_) on (—w0,0] x M_.

One can again check that every J € J(W,w,a,,a_) or J,(W,w,a,,a_) is com-
patible with or, respectively, tamed by @, for every ¢ € 7. Thus it makes sense to

define the energy of u : (X, ) — (17[\/, J) by

E(u) := supf (B
eeT Jy
It will be a straightforward matter to generalize Proposition 1.24 and show that
finite energy implies asymptotically cylindrical behavior in completed cobordisms.

EXERCISE 1.28. Show that if (W, w) is an exact cobordism, then every asymp-
totically cylindrical J-holomorphic curve in W has at least one positive puncture.

1.5. Contact homology and SFT

We can now sketch the algebraic structure of SF'T. We shall ignore or suppress
several pesky details that are best dealt with later, some of them algebraic, others
analytical. Due to analytical problems, some of the “theorems” that we shall (often
imprecisely) state in this section are not yet provable at the current level of tech-
nology, though we expect that they will be soon. We shall use quotation marks to
indicate this caveat wherever appropriate.

The standard versions of SFT all define homology theories with varying levels of
algebraic structure which are meant to be invariants of a contact manifold (M, ¢).
The chain complexes always depend on certain auxiliary choices, including a nonde-
generate contact form « and a generic J € J(«). The generators consist of formal
variables ¢, one for each” closed Reeb orbit 7. In the most straightforward gen-
eralization of Hamiltonian Floer homology, the chain complex is simply a graded
Q-vector space generated by the variables ¢,, and the boundary map is defined by

Occugy = Z # (M(7,7)/R) gy,
v

where M(~,v’) is the moduli space of J-holomorphic cylinders in R x M with a
positive puncture asymptotic to v and a negative puncture asymptotic to 4/, and the
sum ranges over all orbits 4’ for which this moduli space is 1-dimensional. The count
# (M(7,v")/R) is rational, as it includes rational weighting factors that depend on
combinatorial information and are best not discussed right now.®

"Actually I should be making a distinction here between “good” and “bad” Reeb orbits, but
let’s discuss that later; see Lecture 11.

8Similar combinatorial factors are hidden behind the symbol “#” in our definitions of dcn
and H, and will be discussed in earnest in Lecture 12.
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“THEOREM” 1.29. If a admits no contractible Reeb orbits, then d3qy = 0, and
the resulting homology is independent of the choices of o with this property and

generic J € J(«).

The invariant arising from this result is known as cylindrical contact homol-
ogy, and it is sometimes quite easy to work with when it is well defined, though it
has the disadvantage of not always being defined. Namely, the relation 0aqy = 0
can fail if @ admits contractible Reeb orbits, because unlike in Floer homology, the
compactification of the space of cylinders M(v,~’) generally includes objects that
are not broken cylinders. In fact, the objects arising in the “SFT compactification”
of moduli spaces of finite-energy curves in completed cobordisms can be quite elab-
orate, see Figure 1.8. The combinatorics of the situation are not so bad however
if the cobordism is exact, as is the case for a symplectization: Exercise 1.28 then
prevents curves without positive ends from appearing. The only possible degen-
erations for cylinders then consist of broken configurations whose levels each have
exactly one positive puncture and arbitrary negative punctures; moreover, all but
one of the negative punctures must eventually be capped off by planes, which is why
“Theorem” 1.29 holds in the absence of planes.

If planes do exist, then one can account for them by defining the chain complex
as an algebra rather than a vector space, producing the theory known as contact
homology. For this, the chain complex is taken to be a graded unital algebra over
Q, and we define

aCqu = Z #(M(fyvfybafym)/R) q"/l "'q’yma

(Y15--57m)

with M(7;71, ..., Ym) denoting the moduli space of punctured J-holomorphic spheres
in R x M with a positive puncture at v and m negative punctures at the orbits
Y1, - - -, Ym, and the sum ranges over all integers m > 0 and all m-tuples of orbits for
which the moduli space is 1-dimensional. The action of dcy is then extended to the
whole algebra via a graded Leibniz rule

den(ayay) = (dengy) v + (—1)"gy (Ocngy ) -

The general compactness and gluing theory for genus zero curves with one positive
puncture now implies:

“THEOREM” 1.30. 0%y = 0, and the resulting homology is (as a graded unital
Q-algebra) independent of the choices a and J.

Maybe you’ve noticed the pattern: in order to accommodate more general classes
of holomorphic curves, we need to add more algebraic structure. The full SFT
algebra counts all rigid holomorphic curves in R x M, including all combinations of
positive and negative punctures and all genera. Here is a brief picture of what it
looks like. Counting all the 1-dimensional moduli spaces of J-holomorphic curves
modulo R-translation in R x M produces a formal power series

H:= ) # (Mg(%*,...,va ; vf,...,%ﬁ,)/R) Gor - Qo Dot - Do T
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(MJr;ng) ,ﬂ{}f R MJr
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=

FIGURE 1.8. Degeneration of a sequence uy; of finite energy punc-
tured holomorphic curves with genus 2, one positive puncture and two
negative punctures in a symplectic cobordism. The limiting holomor-
phic building (v;, v, vy, vy, v3 ) in this example has one upper level
living in the symplectization R x M, , a main level living in W, and
three lower levels, each of which is a (possibly disconnected) finite-
energy punctured nodal holomorphic curve in R x M_. The building
has arithmetic genus 2 and the same numbers of positive and negative
punctures as uy.

where the sum ranges over all integers g, m,, m_ > 0 and tuples of orbits,  and p,
(one for each orbit 7) are additional formal variables, and

MgV T s s Y )
denotes the moduli space of J-holomorphic curves in R x M with genus g, m,
positive punctures at the orbits ~; ... ,%jur, and m_ negative punctures at the
orbits 77 ,...,7 . We can regard H as an operator on a graded algebra 20 of

formal power series in the variables {p,}, {¢,} and h, equipped with a graded bracket
operation that satisfies the quantum mechanical commutation relation

[p% qv] = K4,

where k, is a combinatorial factor that is best ignored for now. Note that due to the
signs that accompany the grading, odd elements F € 20 need not satisty [F,F] = 0,
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and H itself is an odd element, thus the following statement is nontrivial; in fact,
it is the algebraic manifestation of the general compactness and gluing theory for
punctured holomorphic curves in symplectizations.

“THEOREM” 1.31. [H,H] = 0, hence by the graded Jacobi identity, H deter-
mines an operator
Dspr : W —> W : F — [H F|
satisfying D3 = 0. The resulting homology depends on (M, &) but not on the
auziliary choices o and J.

It takes some time to understand how pictures such as Figure 1.8 translate
into algebraic relations like [H, H] = 0, but this is a subject we’ll come back to.
There is also an intermediate theory between contact homology and full SF'T, called
rational SFT, which counts only genus zero curves with arbitrary positive and
negative punctures. Algebraically, it is obtained from the full SFT algebra as a
“semiclassical approximation” by discarding higher-order factors of A so that the
commutation bracket in 20 becomes a graded Poisson bracket. We will discuss all
of this in Lecture 12.

1.6. Two applications

We briefly mention two applications that we will be able to establish rigorously
using the methods developed in this book. Since SFT itself is not yet well defined
in full generality, this sometimes means using SFT for inspiration while proving
corollaries via more direct methods.

1.6.1. Tight contact structures on T3. The 3-torus T? = S x S x St with
coordinates (t, 0, ¢) admits a sequence of contact structures

&k := ker (cos(27kt) df + sin(27kt) d¢) ,

one for each k € N. These cannot be distinguished from each other by any classical
invariants, e.g. they all have the same Euler class, in fact they are all homotopic as
co-oriented 2-plane fields. Nonetheless:

THEOREM 1.32. For k # (, (T3,&,) and (T3,&,) are not contactomorphic.

We will be able to prove this in Lecture 10 by rigorously defining and computing
cylindrical contact homology for a suitable choice of contact forms on (T3, &).

1.6.2. Filling and cobordism obstructions. Consider a closed connected
and oriented surface ¥ presented as ¥, ur ¥_, where ¥4 < ¥ are each (not neces-
sarily connected) compact surfaces with a common boundary I'. By an old result of
Lutz [Lut77], the 3-manifold S' x ¥ admits a unique isotopy class of S'-invariant
contact structures & such that the loops S' x {z} are positively /negatively transverse
to &p for z € Zoli and tangent to & for z € I Now for each k € N, define

(Vi &) == (8" x %, &p)

where > = X, ur X_ is chosen such that I' has k connected components, Y _ is
connected with genus zero, and ¥, is connected with positive genus (see Figure 1.9).
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FI1GURE 1.9. This exact symplectic cobordism does not exist.

THEOREM 1.33. The contact manifolds (Vi,&) do not admit any symplectic
fillings. Moreover, if k > £, then there exists no exact symplectic cobordism from

(‘/;67 gk) to (‘/Ka gﬁ)

For these examples, one can use explicit constructions from [Wen13b, Avd] to
show that non-exact cobordisms from (V, &) to (V4,&,) do exist, and so do exact
cobordisms from (V, &) to (Vi, &), thus both the directionality of the cobordism
relation and the distinction between exact and non-exact are crucial. The proof
of the theorem, due to the author with Latschev and Hutchings [LW11], uses a
numerical contact invariant based on the full SF'T algebra—in particular, the curves
that cause this phenomenon have multiple positive ends and are thus not seen by
contact homology. We will introduce the relevant numerical invariant in Lecture 13
and compute it for these examples in Lecture 16.
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In this lecture we begin studying the analysis of J-holomorphic curves. The
coverage will necessarily be a bit sparse in some places, but more detailed proofs of
everything in this lecture can be found in [Wend].

2.1. Linearized Cauchy-Riemann operators

In order to motivate the study of linear Cauchy-Riemann type operators, we
begin with a formal discussion of the nonlinear Cauchy-Riemann equation and its
linearization.

Fix a Riemann surface (X, j) and almost complex manifold (W, J). The nonlinear
Cauchy-Riemann equation for maps u : X — W then takes the form

Tuoj=JoTu,

which in any choice of local holomorphic coordinates (s,t) on suitably small neigh-
borhoods in ¥ is equivalent to

Osu + J(u)ou = 0,
where we've explicitly written the dependence of J : T,,)W — T,yW on u(z)
at each point z € ¥ in order to emphasize the nonlinearity of the equation. The
linearized equation at a given solution u : > — W is obtained by considering a
smooth 1-parameter family of solutions u, : ¥ — W for p € (—¢,¢€), with uy = w.
Writing 0,u,|,—0 = n € I'(«*TW), choosing a connection V on W and taking the
covariant derivative of the nonlinear equation with respect to the parameter gives

0=V, [0su, + J(up)dew,]|,_ = Vpé’suplpzo + J(u)Vpé’tup‘pzo + (V,J)dsu.
Note that since dsu + J(u)dyu = 0, the expression on the right does not depend on
the choice of connection. In particular, if we choose V to be symmetric, then we

25
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can replace V,0, and V0, with V0, and V.0, respectively, so that the linearized
equation takes the more appealing form

Vi + J(u)Vin + (V,J)ou = 0,
or in coordinate-free terms,
Vn+ J(w)Vnoj+ (V,J)oTuoj=0.

This is a globally well-defined linear first-order PDE for sections n € T'(u*TM).
We will often abbreviate it in the form D,n = 0, defining the so-called linearized
Cauchy-Riemann operator at u by

D, : D(w*TW) — Q"1 (S, u*TW)

2.1
21) n— Vn+Jw)Vnoj+ (V,J)oTuoj.

Here we have used a bit of standard notation from complex geometry: Q%! (3 u*T M)
denotes the space of u*TW-valued (0, 1)-forms on ¥, where “(0,1)” means 1-forms
that are complex-antilinear.! Equivalently, elements of Q% (X, u*T M) are smooth
sections of Home (TS, u*TW) = TO'S@cu*TW , where T%'Y denotes the (0, 1)-part
of the complexified cotangent bundle.”

The linearized Cauchy-Riemann operator arises in the following application.
Suppose we wish to understand the structure of some space of the form

(2.2) {u:¥ - W |Tuoj=JoTu plus further conditions} ,

where the “further conditions” (which we will for now leave unspecified) may impose
constraints on e.g. the regularity of u, as well as its boundary and/or asymptotic
behavior. The standard approach in global analysis can be summarized as follows:

Step 1: Construct a smooth Banach manifold B of maps u : ¥ — W such that all
the solutions we're interested in will be elements of . The tangent spaces
T, B are then Banach spaces of sections of u*TW .

Step 2: Construct a smooth Banach space bundle £ — B such that for each u € B,
the fiber &, is a Banach space of sections of the vector bundle

Home(TE, u*TW) — X

of complex-antilinear bundle maps (7%, j) — (u*T'W, J). Since our purpose
is to study a first-order PDE, we need the sections in &£, to be “one step
less regular” than the maps in B, e.g. if B consists of maps of Sobolev class
W*P_ then the sections in &, should be of class Wk=1P,
Step 3: Show that
0j:B—E&:uw—du+ J(u)oduoj

defines a smooth section of & — B, whose zero set is precisely the space of
solutions (2.2).

IComplex-linear 1-forms are similarly called (1,0)-forms.

2In more straightforward terms, 7913 — ¥ is a complex line bundle whose fiber at any given
point z € ¥ is the space of complex-antilinear maps 7,% — C. Similarly, fibers of T19% —
3. are spaces of complex-linear maps 7. — C. The direct sum of these two bundles is the
complexification of T*Y., whose fiber at z € 3 consists of all real-linear maps 7,3 — C.
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Step 4: Show that under suitable assumptions (e.g. on regularity and asymptotic
behavior), one can arrange such that for every u € d;'(0), the linearization
of 5 J,3

Doy(u) : T,B — &,
is a Fredholm operator and is generically surjective. (In geometric terms,
this would mean that 0 is transverse to the zero section.)

Step 5: Using the implicit function theorem in Banach spaces (see [Lan93]), the
surjectivity and Fredholm property of Dd;(u) imply that 0;'(0) is a smooth
finite-dimensional manifold, with its tangent space at each u € d;'(0)
canonically identified with ker Dd;(u), hence the dimension of 0;'(0) near u
equals the Fredholm index of Dd;(u).

In this context, the linearization of the section d; at a point u € d;'(0) will be
given by the natural extension of D, : T'(u*TW) — QUYZ,u*TW) to a suitable
Banach space setting, e.g. if B consists of maps ¥ — W of Sobolev class W*?_ then
D, will be extended to a map from the W*P-sections of u*T'W to the W*~1P_sections
of Home (TS, u*TW).

DEFINITION 2.1. Fix a complex vector bundle E over a Riemann surface (¥, j).
A (real) linear Cauchy-Riemann type operator on F is a real-linear first-order
differential operator
D:I'(E) - Q"(Z,E)
such that for every f e C*(X,R) and n e I'(E),

(2.3) D(fn) = (2f)n + fDn,
where Jf denotes the complex-valued (0, 1)-form df + i df o j.

Observe that D is complex linear if and only if the Leibniz rule (2.3) also holds
for all smooth complex-valued functions f, not just real-valued. It is a standard
result in complex geometry that choosing a complex-linear Cauchy-Riemann type
operator D on F is equivalent to endowing it with the structure of a holomorphic
vector bundle, where local sections 1 are defined to be holomorphic if and only
if Dp = 0. Indeed, every holomorphic bundle comes with a canonical Cauchy-
Riemann operator that is expressed as ¢ in holomorphic trivializations, and in the
other direction, the equivalence follows from a local existence result for solutions to
the equation Dn = 0, proved in §2.5 below.

EXERCISE 2.2. If D is a linear Cauchy-Riemann type operator on E, prove that
every other such operator is of the form D + A where A : E — Hom¢(T%, F) is

3The linearization of a section s : B — E of a smooth vector bundle E — B at a point = €
s71(0) c B is a linear map Ds(x) : T, B — E, that can be computed by choosing any connection
V on E and setting Ds(z)v := V,s. The result is independent of the choice of connection since
s(z) = 0. Equivalently, one could choose a local chart and trivialization near x, compute the
differential of the section at x in coordinates, and argue in the same way that the resulting map
T.B — E, is independent of choices.

4This statement about the existence of holomorphic vector bundle structures is true when
the base is a Riemann surface, but not if it is a higher-dimensional complex manifold. In higher
dimensions there are obstructions, see e.g. [Kob87].
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a smooth linear bundle map. Using this, show that in suitable local trivializations
over a subset U4 < ¥ identified biholomorphically with an open set in C, every
Cauchy-Riemann type operator D takes the form

D=0+A:C*U,C") - C°U,C™),
where J = 0, + id; in complex coordinates z = s + it and A € C* (U, Endg(C™)).

EXERCISE 2.3. Verify that the linearized operator D, of (2.1) is a real-linear
Cauchy-Riemann type operator.

2.2. Some useful Sobolev inequalities

In this section, we review a few general properties of Sobolev spaces that are
essential for applications in nonlinear analysis. The results stated here are explained
in more detail in Appendix A.

Throughout this section we consider functions with values in C unless otherwise
specified, and defined on an open domain U in either R™ or a quotient of R™ on
which the Lebesgue measure is well defined. Certain regularity assumptions must
generally be placed on the boundary of I/ in order for all the results stated below
to hold; we will ignore this detail except to mention that the necessary assumptions
are satisfied for the two classes of domains that we are most interested in, which are

U=DcC,
U=(0,L)xS'=C/iZ, 0<L<w.

Here I denotes the closed unit disk, I is its interior, and the identification of (0, L) x
St = (0,L) x (R/Z) with a subset of C/iZ arises from the obvious identification of
R? with C. Certain results will be specified to hold only for bounded domains, which
means in practice that they hold on D and (0, L) x S* for any L > 0, but not on
(0,00) x St

Recall that for p € [1,00) we define the L” norm of a measurable function f :

U — R™ to be
1/p
Flr = ( [ |f|”) .
U

For the space L* we define the norm to be the essential supremum of f over U.
Denote by

Co' (U) = C™(U)

the space of smooth functions with compact support in /. We say a function f has
a weak j-th partial derivative g if the integration by parts formula holds for all
so-called test functions ¢ € C°(U):

£ﬂ¢=—Lf@%

Equivalently, this means that ¢ is a partial derivative of f in the sense of distribu-
tions (see e.g. [LLO1]). Higher order weak partial derivatives are defined similarly:
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recall that for a multiindex o = (41, ...7,,) we denote
olel £
oxtt ... dxin’

where |a := };i;. We then write 0 f = g if for all p € Ci°(U),

L gp = (=) L foe.

Now we may define W*P(U) to be the set of functions on U with weak partial
derivatives up to order k lying in LP, and define the norm of such a function by

| flwse = X 10%f 2o

lo <k

This definition gives WOP(U) = LP(U), and in general W*P(U) can be identified
with a closed subset of a product of finitely many copies of L”(U), one for each
multiindex of order at most k. This identification shows that is a Banach space;
moreover, it can be shown to be reflexive and separable for 1 < p < o0.

While the Sobolev spaces W¥P(I{) are generally defined on open domains, we of-
ten consider the closure U as the domain for spaces of differentiable functions C*(Uf)
and C*(U). For instance, C*(U) is the Banach space of k-times differentiable func-
tions on U whose derivatives up to order k are bounded and uniformly continuous
on U; note that uniform continuity implies the existence of continuous extensions
to the closure U. Given suitable regularity assumptions for the boundary of U, one
can show (with some effort) that C*(I{) is precisely the set of functions which admit
k-times differentiable extensions to some open set containing U.

The following result is an amalgamation of frequently used special cases of the
Sobolev embedding theorem and the Rellich-Kondrachov compactness theorem. See
Theorems A.6 and A.10 in Appendix A for the more general versions, proofs of which
may be found e.g. in [AF03].

o f =

PROPOSITION 2.4 (embedding/compactness). Assume 1 < p < o0 and k € N.

(1) If kp > n, then for every integer d = 0, there exists a continuous inclusion
WP (U) — CU(U),

which is compact if U is bounded.
(2) If 1 < g < o and m = 0 is another integer such that k = m, p < q and
k — % >m — %, then there exists a continuous inclusion

WEPU) — W™,
which s compact if U is bounded and the inequality k —

>m— 3 18 strict.

0

The most important case of the second inclusion is W*+1P(Uf) — W P(U), whose
continuity is obvious, and the compactness in the case of bounded U can be regarded
as a natural analogue of the fact (arising from the Arzela-Ascoli theorem) that the

inclusions C**1(U) — C*(U) are compact when U is compact. A useful way to

n
p
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remember the hypotheses in Proposition 2.4 is by thinking of W*?(U{) as a space of
functions that have “k — % continuous derivatives”.

EXERCISE 2.5. Show that the compactness of the inclusions in Proposition 2.4
fails in general for unbounded domains, e.g. for R.

The next three results for the case kp > n are proved in §A.2 as corollaries of
the Sobolev embedding theorem. The first is a Sobolev analogue of the fact that
the product of a C™-function with a C*-function for k > m is also of class C™.

PROPOSITION 2.6 (Banach algebra property). Suppose 1 < p,q < o, kp > n,
k=m and k—% > m—%. Then the product pairing (f,g) — fg defines a continuous
bilinear map

WHEEU) x W™I(U) — W™U).
In particular this applies when m = k and q¢ = p, hence W*P(U) is a Banach
algebra. O

The continuity statements above translate into inequalities between the norms in
the respective spaces. For example, continuous inclusions Wk*4? < C4 or WkP <
W4 respectively imply that

[flce < el fllweser or [ flwma < e flwnn

for some constants ¢ > 0 which may depend on d, k, p, m, ¢ or U, but not f.
Similarly, the Banach algebra property means there is an inequality

[ fgllwne < el flwnrlglwe

whenever kp > n, where again the constant c is independent of g and f.

We state the next result only for the case of bounded domains; it does have
an extension to unbounded domains, but the statement becomes more complicated
(cf. Theorem A.18). Given an open set {2 = R", we denote

WEP(U, Q) = {u e WhP(U, R ‘ u(Ul) © Q} .
Note that this is an open subset if kp > n, due to the Sobolev embedding theorem.

PROPOSITION 2.7 (C*-continuity property). Assume 1 < p < o, kp > n, U is
bounded and €2 = R™ is an open set. Then the map

CHORY) x WHU, Q) — WHURY) : (fu) — fou
s well defined and continuous. 0

REMARK 2.8. In the settings of Propositions 2.6 and 2.7, it is also often impor-
tant to know that the classical formulas for computing derivatives of fg or fowu via
the product or chain rules remain valid for computing weak derivatives of functions
that are not necessarily classically differentiable. This is not true in general, but
does hold in these specific settings due to the fact that Sobolev spaces contain dense
subspaces of smooth functions. For details, see Proposition A.16 and Theorem A.18
in Appendix A.
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REMARK 2.9. Though we will not yet use it in this lecture, Propositions 2.4,
2.6 and 2.7 are the essential conditions needed in order to define smooth Banach
manifold structures on spaces of W*P-smooth maps from one manifold to another,
cf. [Eli67, Pal68]. This only works under the condition kp > n, as the smooth
category is not well equipped to deal with discontinuous maps!

The following rescaling result will be needed for nonlinear regularity arguments;
see Theorem A.21 in Appendix A for a proof.

PROPOSITION 2.10. Assume p € [1,00) and k € N satisfy kp > n, let D" denote
the open unit ball in R™, xq € D" q ﬁxed point, and for each f € Wk’p(]D)") and e >0
sufficiently small define f, € Wk’p(]D)") by

fe(x) := f(xo + €x).

Then for any a € (0,1) satisfying o < k — n/p, there exists a constant C > 0 such
that for every f € W5P(D") and all e > 0 smaller than the distance from xq to D",

[fe = FlO)lwragsny < Ce[f = F(@o) lwrgsn-
U

EXERCISE 2.11. Working on a 2-dimensional domain with kp > 2, prove directly
that for any multiindex « of positive order k,

H&afEHLP(]f))) < Ek_Z/pH&afHLP(]fD)

for f € W*P(D). Find examples (e.g. in WL2(ID)) to show that no estimate of the
form

HaaszLp(ij)) < Cef - f(fEO)HWk,p(H‘jJ)
with lim._,g+ C. = 0 is possible when kp < 2

2.3. The fundamental elliptic estimate

We will make considerable use of the fact that the linear first-order differential
operator

8= 0, +id, : C*(C,C) — C*(C,C)

is elliptic. There is no need to discuss here precisely what ellipticity means in full
generality (see [Wend, §2.B] if you're curious about this); in practice, the main
consequence is the following pair of analytical results.

THEOREM 2.12. If 1 < p < 0, then 0 : WLP(D) — LP(D) admits a bounded
right inverse T : LP(D) — W2(DD).

THEOREM 2.13. I]fl < p < and k € N, then there exists a constant ¢ > 0 such
that for all f € WP (D),

1f e < €2 it
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Here W, (D) denotes the W*P-closure of the space C’go(]ﬁ)) of smooth functions
with compact support in D.

The complete proofs of the two theorems above are rather lengthy, and we shall
refer to [Wend, §2.6 and 2.A] for the details, but we can at least explain why
they hold in the case p = 2. First, it is straightforward to show that the function
K € L} (C) defined by

1
K(z) = 21z
is a fundamental solution for the equation du = f, meaning it satisfies

0K =0

in the sense of distributions, where ¢ denotes the Dirac d-function. Hence for any
f € CF(C), one finds a smooth solution u : C — C to the equation du = f as the
convolution

u(z) = (K « f)(2) = LK(Z ~OFQ) du(C),

where du(¢) denotes the Lebesgue measure with respect to the variable ¢ € C. It
is not hard to show from this formula that whenever f € C{°, K # f has decaying
behavior at infinity (see [Wend, Lemma 2.6.13]). Thus if u € CF and du = f, it
follows that w — K = f is a holomorphic function on C that decays at infinity, hence
u= K« f. Since C(D) is dense in LP(D) for all p < o0, Theorem 2.12 now follows
from the claim that for all f € C°(ID), there exist estimates of the form

(2.4) 1K« fllowy < clfllowy 105K = Doy < llf ey
with 0; = 05 or ¢, for j = 1,2 respectively, and the constant ¢ > 0 independent of f.

EXERCISE 2.14. Use Theorem 2.12 and the remarks above to prove Theorem 2.13
for the case k = 1 with f € CP(D), then extend it to f € W, (D) by a density
argument. Then extend it to the general case by differentiating both f and 0f.

The first estimate in (2.4) is not too hard if you remember your introductory
measure theory class: it follows from a general “potential inequality” for convolu-
tion operators (see [Wend, Lemma 2.6.10]), similar to Young’s inequality, the key
points being that K is locally of class L' and D has finite measure. For the second
inequality, observe that 0(K = f) = f, and the rest of the first derivative of K = f is
determined by 0(K = f), where

Differentiating K in the sense of distributions provides a formula for 0(K = f) as a
principal value integral, namely

oK + )(2) = — Tim L_ ) 1) gu0).

=0t (z=¢)

This is a so-called singular integral operator: it is similar to our previous con-
volution operator, but more difficult to handle because the kernel Z% is not of class
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Ll

loc
(2.5) |0(K )| < ¢||f|rr  for all feCP(D)

follows from a rather difficult general estimate on singular integral operators, known
as the Calderdon-Zygmund inequality, cf. [Wend, §2.A] and the references therein.
The good news however is that the first step in that proof is not hard: that is the
case p = 2.

As is the case for all elliptic operators with constant coefficients, the L?-estimate
on the fundamental solution of ¢ admits an easy proof using Fourier transforms. In
general, a sufficiently nice function v : R" — C is related to its Fourier transform
u:R" — C by

on C. The proof of the estimate

u(e) = [ @) dufp),

where x - p denotes the standard Euclidean inner product on R”. It thus satisfies
the identity

(2.6) Oju(p) = 2mip;i(p).
It follows more generally that for any differential operator D of order £ € N with

constant coefficients acting on complex-valued functions on R", there is a unique
polynomial PP : R" — C of degree k such that

Du(p) = P (p)i(p)
for reasonable functions u : R® — C. We call D an elliptic operator if PP(p) =
PP(p) + O(|p/F~1) and the homogeneous kth-order part PP satisfies’

PP(p)#0 forall p=#0.

Since PP is homogeneous with degree k, this condition implies that PP satisfies an
estimate of the form

IPP(p)| = c|p|® for all p e R™ outside of some compact subset.

Now if a is any multiindex of order |a| < k, (2.6) implies %(p) = (2mip)*u(p)
with |(27ip)®| < ¢|p|l®! < ¢|PP(p)] for all [p| » 0 and some constant ¢’ > 0. Since
(27ip)®/PP(p) is now a bounded function outside of some compact subset K < R",
one therefore obtains via Plancherel’s theorem a bound of the form

[0%u] 2y = [|0°ul L2(rny = [[(27ip)* ]| L2(Rn)
= “(27T’lp)aﬁ“L2(K) + “(27T’lp)aﬁ“L2(Rn\K)
< cfla] g2y + | PP (p)il| L2 @eie) < cllull 2@ny + ¢ Dl 2eny.

In the case of D := 0 and 0“ := 0 on R? = C, this story becomes especially
simple since

—~

(2.7) “a(¢) = 2mica(¢),  du(¢) = 2mica((),

5In the more general setting of a differential operator sending sections of one vector bundle to
sections of another, the polynomial PP in this discussion would take values in a space of linear
maps from one finite-dimensional vector space to another. One then calls D elliptic if and only if
the linear transformation PP (p) is invertible for all p # 0
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i.e. both 0 and ¢ are first-order elliptic operators.
PROPOSITION 2.15. For all f € CF(C), we have |0(K = f)|rz = ||f|Lz2-

PROOF. We write u = K = f, so 0u = f, and combining (2.7) with Plancherel’s
theorem gives

|0 * )llz2 = |0ul 2 = |0ulz = |2iCal 2

_ ngmga = |2mical 2 = | flie = |22

L2

COROLLARY 2.16. The estimate (2.5) holds in the case p = 2. O

2.4. Regularity

We will now use the estimate |[u]yr» < ¢/|0uyr-1, from the previous section to
prove three types of results about solutions to Cauchy-Riemann type equations:

(1) All solutions of reasonable Sobolev-type regularity are smooth.

(2) Every sequence of solutions satisfying uniform bounds in certain Sobolev
norms has a C|°.-convergent subsequence.

(3) All reasonable Sobolev-type topologies on spaces of solutions are (locally)

equivalent to the C*-topology.
In the following,
D, cC

denotes the closed disk of radius » > 0, and ]]O)r denotes its interior. Note that func-
tions of class C*(ID,.) are assumed to be smooth up to the boundary (or equivalently,

on some open neighborhood of D, in C), not just on D).

2.4.1. The linear case. Recall from Exercise 2.2 that every linear Cauchy-
Riemann type operator on a vector bundle of complex rank n locally takes the form
0+ A, where 0 = 0, + id;, and A is a smooth function with values in Endg(C").
Using the Sobolev embedding theorem, the following result implies by induction
that weak solutions of class Lj, for 1 < p < o to linear Cauchy-Riemann type
equations are always smooth. The associated local estimate will also play a major
role in our proof of the Fredholm property in Lecture 4.

THEOREM 2.17 (Linear regularity). Assume 1 < p < o0, m and k are integers
withm =2k >0, A: D — Endg(C") is a C™-smooth function, f € W™P(D,C") and
ue WrP(D,C") is a weak solution to the equation

(0+ A)u = f.
Then:

(1) u is of class W™LP on every compact subset of D.
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(2) For every r € (0,1), there exists a constant ¢ > 0 dependent on the Sobolev
parameters k,m,p, the radius r and the zeroth-order term A, but not on u
or f, such that

HUHWmH(]ﬁ)r) < CHuHW’%P(]f))) + CHfHWmm(]ﬁ))-

PROOF (EXCLUDNG THE CASE k = 0 OF (1)). We begin with a proof of state-
ment (2), assuming that statement (1) is already known. It will suffice to prove
the estimate for the case m = k, because if m > k, one can then repeat the
same argument m — k + 1 times, shrinking to a slightly smaller compact subset
of D each time. With this understood, let us fix an integer £ > 0 and consider a
weak solution u € W*?(D) to the equation (¢ + A)u = f with f € W*?(D) and
A € CH(D,Endg(C")). For any r € (0,1), statement (1) in the theorem implies
u e WE2(DD,), and our objective is to bound |wllyyrsiomy in terms of [ullyeng
and [ fllyrn)-

In order to apply the fundamental elliptic estimate, we need to work with func-
tions with compact support in the interior of D, thus we choose a smooth bump
function

B e Gy (D,[0,1])
that satisfies |p, = 1. Using this choice, we now give two slightly different proofs
of the required estimate. The first is based on the observation that since w is locally
of class WH+1? on D, Bu € WOkH’p(]ﬁ)), so Theorem 2.13 can be applied to fu, giving

lulrsrn,) < 1Blwrrng < cld(Bu)lwes < el(0B8)ulwrr + c|B(f — Au)lwes

< dlulwes + I flwes,

where the use of the Leibniz rule to compute J(Bu) is unproblematic since 3 is
smooth, and we have absorbed the C*-norms of 3, 0 and A into the constant ¢’ > 0.

The following alternative proof of this estimate is valid only if £ > 1 and is
slightly less direct, but contains useful ideas that we will need to recycle in the proof
of statement 1. By assumption, we already have a bound on Hunk,p(m), so the

required W**1P_bound will follow if we can also find W*P-bounds over D, for the
weak partial derivatives d;u, j = 1,2. These functions are (according to statement 1)
of class W*P and since k > 1 and 3 oju € Wok (D), we can now apply Theorem 2.13

loc »
to B d;u, giving

5l wras,) < 18 3ulwrs) < ¢ 2B cing)
< ¢|(38) (05 w10 + ¢| B (050 |yi-rs-

The first term on the right hand side is bounded by ¢’|[uy+» for some constant ¢’ > 0
that depends on the C*1-norm of d5. To control the second term, we differentiate
the equation du = —Au + f, giving

(7/3((’/3JU) = —(8JA)U —A aju + ajf,

where the Leibniz rule has been used to compute d;(Au) in light of Remark A.17 and
the continuous product pairing C* x W*? — WP, The W*~1P-norm of 8 (0;u) is

(2.8)
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now bounded by a constant times |ulyr-1 + || 0julyr-15 + | 0; fllwr-10 < 2] u|yprs +
| f|we», where the constant in question depends only on |5||cr-1 and || Al cx.

We now prove statement (1) in the case k > 1; the case k = 0 requires a different
argument and will be dealt with as an addendum at the end of this subsection. For
k > 1, we can use an adaptation of the second proof of statement 2 above, where
instead of proving bounds on partial derivatives d;u, we consider the corresponding
difference quotients

u(z + he;) —u(z)

3 )
Here e, := 0,, e5 := 0, and the domain of D;Lu can be taken to be D, for any
r € (0,1) if h € R\{0} is sufficiently close to 0. It suffices again to consider only
the case m = k, so let us suppose u, f € W’“’p(ﬂo])) and A € C¥(D). The difference
quotients D;Lu are then also of class I/Vllf)cp on their domains, so for the smooth cutoff

DMu(z) :=

j=12

function 8 € C°(D) with S|p, = 1, we can assume for all |h| > 0 sufficiently small
that SD"u is in WP (D). The analogue of (2.8) in this context is then

Dbl < 18D ulyrasy < €2 (8 D%0) sy

< c/|(08)(Du) -1 + | B (D) [yyri-1.

The first term is bounded independently of h since d;u € W’“*Lp(]ﬁ)), implying a
uniform W¥*~'P-bound on D?u as h — 0; cf. Appendix A.3. To control the second
term, we can apply the operator D;L to the equation du = —Au + f, giving

0(Du) = DI(0u) = —(DjA)u — ADju + D' f.
Since A € C*(D), D"A is uniformly C*~'-bounded as h — 0, and d;u,d;f €
WH12(D) similarly implies uniform W* 'P-bounds on Diu and DI'f, thus the
whole expression is uniformly W*~!'P-bounded on some open disk containing the
support of §, implying
| D} ullypings,y < €

for some constant ¢ > 0 that does not change as h — 0. This implies u € W*+1r(DD,)
via a standard application of the Banach-Alaoglu theorem. Indeed, the latter implies
that if there is a uniform bound on |D"ul|z» as h — 0, then any decaying sequence

h, — 0 has a subsequence for which D?”u is weakly LP-convergent. The limit of this

o

subsequence belongs to LP(ID,.), and it is straightforward to show using the definition
of weak derivatives that this limit is d;u. One finds a similar result in the presence
of uniform W#P-bounds for any k¥ € N by applying this argument to higher-order
derivatives of dju; for details, see Theorem A.22 in Appendix A.3. U

EXERCISE 2.18. Deduce from Theorem 2.17 the following corollaries for a se-
quence of weak solutions u, € W*?(D) to (0 + A,)u, = f,, assuming f, € W™ (D))
and A, € C™(D) for all v e N, with m >k >0 and 1 < p < 0.

() IE s yyrwmys |Folwmom) and [Ay]em@) are uniformly bounded, then w, is

also uniformly W**P-bounded on compact subsets of D.
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(b) If u, is W¥P-convergent, f, is W™P-convergent and A, is C™-convergent

. 1
on D, then u, is also W' "P-convergent on D.

REMARK 2.19. Combining the Sobolev embedding theorem with the Arzela-
Ascoli theorem, the result of Exercise 2.18(a) proves that if the f, and A, are C*-
bounded on D, then the solutions u, have a C%.-convergent subsequence. Part (b)
implies moreover that for every k > 0 and p € (1,0), the W*P-topology on spaces
of solutions to linear Cauchy-Riemann type equations is locally equivalent to the
C*-topology.

EXERCISE 2.20. Use Theorem 2.17 to generalize Theorem 2.12 to the existence
of a bounded right inverse for

0 WhP(D) — Wr1r (D),

for every k€ Nand 1 < p < oo. Hint: For any R > 1, there exists a bounded linear
extension operator E : W*P(D) — W*?(Dg) with the property (Ef)|s = f for all
f e Wkr(D); see Theorem A.4 and Corollary A.5.

It remains to prove the case k = 0 of Theorem 2.17(1). As preparation for this,
we start with a classical result about “weakly holomorphic” functions:

LEMMA 2.21. If u e LY(D) satisfies du = 0 in the sense of distributions, then u
18 smooth and holomorphic on the open disk D.

Proor. Taking real and imaginary parts, it suffices to prove that the same
statement holds for the Laplace equation. By mollification, any weakly harmonic
function can be approximated in L! with smooth harmonic functions. The lat-
ter satisfy the mean value property, which behaves well under L!-convergence, so
the result follows from the mean value characterization of harmonic functions; see
[Wend, Lemma 2.6.26] for more details. O

LEMMA 2.22. Suppose 1 < p < o0 and u € Ll(]ﬁ)) is a weak solution to ou = f
for some f e LP(D). Then u is of class WP on every compact subset of D.

PROOF. Let T : LP(D) — W'P(D) denote the bounded right inverse of ¢ :
WhP(D) — LP(D) provided by Theorem 2.12. Then u — T'f € L'(D) is a weak
solution to d(u—Tf) = 0 and is thus smooth by Lemma 2.21. In particular, u — T f

o

restricts to D, for every r < 1 as a function of class WP, implying that u also has
a restriction in W1P(D,). O
PROOF OF THEOREM 2.17(1) FOR k = 0. Suppose (0 + A)u = f, where A is

o

continuous on D and u, f € LP(D). Then du = —Au + f € LP(D), so Lemma 2.22
implies u € I/Vlif(]D)) If m > 1, one can now shrink the disk slightly and plug in the

case k = 1 of the theorem to conclude u € W, (ID). O

COROLLARY 2.23. If A : D — Endg(C") is of class C™ for 0 < m < oo, then
every weak solution u : D — C™ to (0+ A)u = 0 of class LY. . for a given p € (1,0) is

loc

also in I/Vlif(]ﬁ)) for every k <m+1 and q € (1,00). In particular, u is of class C™.
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PROOF. Assume for simplicity m < o0, as the case m = oo will then immediately
follow. Theorem 2.17(1) implies u € W™+P(D,) for any r < 1. If p > 2, this
implies via the Sobolev embedding theorem that uw € C™(D,). In particular, u is
then continuous and bounded on the closed disk D,, so it is in Lq(]lcj)r) for every
q € (1,0), and feeding it into Theorem 2.17(1) again gives the desired result on D),..
Since r < 1 was arbitrary, the result is therefore true on any compact subset of D.

To finish, it will now suffice to show that if v e L? (]D)) for some p < 2, then w is
also in Lfoc(]ﬁ)) for some ¢ > 2. Here Theorem 2.17(1) again implies u € W?(ID,) for
any r < 1, and according to the Sobolev embedding theorem, there is a continuous
inclusion WP < L7 whenever p < ¢ < p*, where p* € (p, 0] is determined by

111

o5 = 5 — g see Theorem A.6. Since p > 1, this implies 1% < % and thus p* > 2, so

we can choose any ¢ € (2,p*) and conclude u € L4(D,). O

2.4.2. The nonlinear case. Locally, every J-holomorphic curve can be re-
garded as a map u : D — C" satisfying d,u(z) + J(u(z))du(z) = 0 in coordinates
z=s+1iteD c C, where J is an almost complex structure on C", or equivalently,
a function®

J:C" - J(C"):= {K € Endg(C") | K* = —1}.

Since it is useful for certain applications and does not make the proofs any harder, we
will in this section consider solutions u : D — C" to a more general inhomogeneous
nonlinear Cauchy-Riemann equation

Osu(z) + J(z,u(z))dwu(z) = f(2), or for short:  du+ J(z,u)du = f,

where f : D — C" is a given function and J : D x C" — J(C") is now allowed
to depend on points both in the target C" and in the domain ID. The nonlinear
analogue of Theorem 2.17 is then the following.

THEOREM 2.24 (Nonlinear regularity). Assume 1 < p < o0, and m and k are
integers with m = k and kp > 2.

(1) If J : D x C* — J(C") is of class C™ and u € WHP(D,C") is a weak
solution to the equation

Osu+ J(z,u)0u = f

or some f e W™P ]]O),C" , then w is of class W™LP on every compact
Y D
subset of D.

SHere the reader should beware of a minor ambiguity in notation: while we used J (M) in
Lecture 1 to mean the space of smooth almost complex structures on a manifold M, one can
just as sensibly define J (V') for each real 2n—dimensional vector space V' to be the space of linear
complex structures on V', topologized as a subset of the finite-dimensional vector space Endg (V') =
R?"*2n Tt is not hard to show that J (V) is then a smooth submanifold of Endg(V); in fact, the
ability to choose J-complex bases for each J € J (V') gives J(V) a natural identification with the
homogeneous space Autg(V')/ Autc(V,J) = GL(2n,R)/GL(n,C). In the present discussion, the
notation J(C") views C™ as a real 2n-dimensional vector space rather than as a manifold.
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(2) Consider a CJ".-convergent sequence J, — J of C™-smooth maps D x C" —
J(C"), together with sequences f, € W™P(D,C") and u, € W*»(D, C")
such that for each v € N, u, is a weak solution to the equation

Osty, + Jy(2,u,) 0wy, = f,.

(a) If the norms | f,|lwms and |Ju,|lwrs on D are uniformly bounded as
v — o, then wu, is also uniformly W™P_bounded on every compact
subset of D.

(b) If £, is W™P-convergent and u, is W*P-convergent on ]]3), then u, is
also WP _convergent on every compact subset of D.

Combining this result with the Sobolev embedding theorem and the Arzela-
Ascoli theorem yields:

COROLLARY 2.25. If J is a smooth almost complex structure on C™, then every
J-holomorphic map u : D — C" that is of class WP for some k € N and p € (1, 0)

with kp > 2 is smooth. Moreover, if J, — J is a C{-.-convergent sequence of

almost complex structures on C* and u, : D — C" is a sequence of J,-holomorphic
maps, then for any k € N and p € (1,0) with kp > 2, uniform W*P-bounds for u,
imply CL.-convergence of a subsequence of u,, and similarly, W*?-convergence of

u, implies C5.-convergence. O

EXERCISE 2.26. Use Theorem 2.24 to show that on a symplectic manifold (M, w)
endowed with smooth families of almost complex structures {J; € J (M, w)};cs1 and
Hamiltonians {H; € C*(M,R)};cs1, weak solutions to the Floer equation (1.4) that
are locally of class WP with kp > 2 are also smooth.

REMARK 2.27. We will take pains to avoid dealing with non-smooth almost
complex structures in this book, but in some applications they are unavoidable for
technical reasons. In such cases, one gets the most mileage out of Theorem 2.24 by
choosing p > 2, as the Sobolev embedding theorem then implies that J-holomorphic
curves of class WP have at least as many continuous derivatives as J does. If one
instead starts with a curve u of class I/Vllch for some p < 2 but kp > 2, then since
k = 2, one can use the Sobolev embedding theorem to argue (cf. Corollary 2.23)
that wu is therefore also of class W'licq for some ¢ > 2, which leads to the same result.
To summarize: if J is of class C"™, then any J-holomorphic curve of class VVIIZCP for

some k,p with kp > 2 is also of class I/VITCH’Q for every g € (1,00), and in particular
it is of class C".

Our proof of Theorem 2.24 will follow a similar outline to the proof of Theo-
rem 2.17, which can be interpreted as the special case where J, = i for all v. The
reason it works more generally is that if we zoom in on a sufficiently small neigh-
borhood of one point in C”, then J can be viewed as a C""-small perturbation of i.
To make this precise, we shall use the following rescaling trick.

Associate to any C™-smooth map J : D x C* — J(C") the function

Q:=i—JeC™D x C", Endg(C")).
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In terms of @, the equation dsu + J(z,u)0u = f then becomes
(2.9) ou — Q(z,u)du = f.

For any given point zy € ]]O]), we can assume without loss of generality after an
affine change of coordinates on C" that u(zy) = 0 and J(zp,0) = 4, so in particular
Q(20,0) = 0. For any € € (0,dist(zo,0D)) and a fixed constant o € (0,1) to be
specified further below, we now associate to J, v and f the functions

j:DxC"HJ(C"), j(z,:c) = J (20 + €2, €"x),

Q:D x C" — Endg(C"), Q(z,x) = Qz0 + €z,€x) =i — J(2,2),
(2.10)

>

o 1
u:D—C", ) = —u(zy + €2),
ECV

(z
fD—C" f(2) =€ (2 + ).

Then u satisfies (2.9) if and only if @ satisfies

(2.11) ot — Q(z, )0 = f.

The rescaled almost complex structure has the convenient feature that since J (2, 0)
is the standard complex structure ¢, choosing € > 0 small makes J _arbitrarily cm-
close to i on the compact set’” D x D** = C x C", which means |Q|cmpxp2n) can
be made arbitrarily small. By Proposition 2.10, HfLHWk,p(]fD) will likewise stay under
control for € — 0 if we choose « € (0, 1) such that o < k—2/p, and in fact, choosing
a to be slightly smaller then ensures that we can make |4+, an arbitrarily small
multiple of ||y, by choosing € > 0 small. Since kp > 2, this will also make |0
arbitrarily small, and we can therefore assume that the map z — (z,4(z)) for z € D
has image in D x D?*. By the assumption m > k and the continuity of the map
Ck x WkP — WP in Proposition 2.7, the function D — Endg(C") : z — Q(z, @(z))
can then likewise be assumed to be arbitrarily W*?-small by choosing € > 0 small.
The effect is that (2.11) can now be viewed as a W"P-close approximation of the
linear equation du = f .

The price we pay for this rescaling is that if we are able to prove e.g. a uniform
bound on the norms |y yes1,5,) for some sequence u, € WEP(D) and r € (0,1),

then the resulting W**12-bound for u, will be valid only on the e-disk around the
point z5. But this point was chosen arbitrarily in ]13), so the result is then a uniform
bound over some neighborhood of every interior point of D, and since a compact
subset of D can be covered by finitely many such neighborhoods, that is enough to
achieve uniform bounds over compact subsets.

REMARK 2.28. The rescaling trick described above is one of several reasons why
the condition kp > 2 is needed in Theorem 2.24, while it was irrelevant in the linear
case. We will see when we study compactness in Lecture 9 that the result is false in
general without this assumption.

"Here D2" denotes the closed unit ball in C"* = R2",
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PROOF OF THEOREM 2.24. We will prove statement (2a) assuming that state-
ment (1) is already known, and leave the rest as exercises.

Since m > k, it suffices to prove the statement for the case k = m, as otherwise
the argument can always be repeated on slightly smaller disks at each step to increase
k until it reaches m. We therefore assume that a Cf - convergent sequence J,—J
of functions D x C* — J(C") and sequences u,, f, € W*?(ID, C") satisfying uniform
bounds

HUVHW’W’ < Ma HquWk,p <M

are given such that dsu, + J,(z,u,)0u, = f,, and we need to establish that u, is
also uniformly W**LP-bounded over compact subsets. (Note that we can assume
due to statement 1 in the theorem that each u, is of class ngl’p .) It suffices in
fact to prove that every subsequence of u, has a further subsequence for which such
uniform bounds hold; indeed, if the bound for the whole sequence did not exist,
then we would be able to find a subsequence with norms blowing up to infinity over
some compact subset, and no further subsequence of this subsequence could satisfy
a uniform bound With this understood, we can appeal to the compactness of the
inclusion W*?(D) — CO(D) for kp > 2 (see Proposition 2.4), and replace u, with
a subsequence (still denoted by w,) that is C%-convergent on D to some continuous
map u : D — C".

For any given point z, € ]f), we can now apply a converging sequence of affine
transformations to C" in order to assume without loss of generality

uy,(z9) =0 forall v, and J(z,0) = 1.

We then choose

2
(2.12) ae(0,1) with a<k—-—,

p
and apply the rescaling trick outlined above to replace w,, f, and J, with the
correspondmg rescahngs Uy, f,, and J as defined in (2.10), deﬁmng also the related
functions Q,, =17 J We then have the equatlon ot, — Q,,(z Uy,) 0ty = f,,, with
C*-convergence Q,, — Q over D x D?", where Q may be assumed arbitrarily C*-
small on this set by choosing € > 0 small. Since ,(0) = u,(z9) = 0 for all v, we

can choose some 5 > « that also satisfies the conditions in (2.12) and then apply
Propostion 2.10 to obtain a bound

(2.13) iy [ymr < CEP | yrw < CPM

for some constant C' > 0 that is independent of v and e. We can therefore impose an
arbitrarily small uniform W*?-bound (and therefore a similarly small C°-bound) on
U, by choosing € > 0 small enough. For f,, it will suffice to know that the uniform
bound || f,|w+» < M implies a similar uniform bound

| follwns < M

for some constant M, > 0 which may depend on €, but not on v. Our goal is now
to prove that for some fixed choice of the rescaling parameter € > 0, |0t e,

is uniformly bounded for j = 1,2 and some r € (0, 1).
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The argument begins exactly the same as in the linear case: choose a smooth
bump function

B e CF(D,[0,1])
that satisfies B|p, = 1. We then have (0,4, € Wf’p(ﬂcj)), so by Theorem 2.13,
(2.14) 10t llvprns,y < 18 Ojtinllyprngsy < €0 (B 05ttw) [ yyic s, -

If this were still the proof of Theorem 2.17, we would now apply the Leibniz rule
to write 0(f8 0;4,) as a sum of two terms, but the nonlinear case requires some-
thing slightly cleverer at this step. Let us instead derive a PDE satisfied by ;1.

Differentiating the equation 01, = @,,(z, U,) 0ty + f,, gives
0(0;11,) = 0;(0t,)
— Qo (2, 1,) 000,10, + 0;Qu (2, )4ty + DaQy (2, ) (05, Ortiy) + 05 f,

where @-@V means a partial derivative of @l,(s + it, z) with respect to s or ¢, and
DQQ,, is its partial differential with respect to x € C™. In this calculation we have
assumed that the product and chain rules are universally valid, but this requires
some care since we are dealing with weak rather than classical derivatives: in fact,
the chain rule can be used for differentiating @V(z, ) according to Theorem A.18
since 1, is of class W*? with kp > 2 and @V is of class C*, and Proposition A.16 then
justifies the product rule for @,,(z,ﬁ,,)&tﬁ,, since @,,(z,ﬁ,,) e Wke 0,4, € WhLp,
and the product pairing W*P? x Wk=1» — k=P is continuous. Returning to the
formula itself, we now have

0(B 05tt,) = BQu (2, 11,) 0405, + BO;Qy (2, 1) 0tt, + BD2Qy (2,11, (O, Oy
+ B0;f, + (0B)05i,
= Qu(z,1,)0(8 0j,) + DaQ, (2, 1,) (B Ojtly, Opthy,) + B0;Qu (2, Uy) Orily,
+ B0, + (88)05i, — Qu(z, 0,)(248)05,,
so that 3 0;u, satisfies
2(8 0jit,) — Qu(2,10,)0,(B 05i) = Da@Qy(2,10,)(B Oy, Oy
+ (Za/s —Ou(z, mw) Oty + B (ajcjy(z, @,)0vit, + 0 fy) .
Combining this with (2.14) gives
(2.15)
18 05ty < €| @u (2,108 0510) |y 1 + €| D2@u (2,0, (B Oty 04| v,
+e H ((‘aﬁ ~Ou(z, a»w) Ot + B (ajéy(z, @,)0viy, + 0, fy> \Wk_l’p .

It is important to note that the constant ¢ > 0 in this expression comes from the
elliptic estimate |g|w+» < c|0g|we-1.0, 50 it is the same constant regardless of our
choice of the scaling parameter €. Let’s look at each of the three terms on the right
hand side separately.
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Step 1: The third term.
We claim that the term on the second line of (2.15) satisfies a uniform bound. For
the terms in this expression that only involve products of d;i, or J; f,, with smooth
functions, this follows immediately from the uniform W*?-bounds on #, and fy. For
the term involving @,,(z ,,) we observe that since @,, — @ in C* on D x D** and 4,
can be assumed to lie in a WkP_small neighborhood of 0 for every v, Proposition 2.7
places Qy(z ,) into a W"*P-small neighborhood of the function z Q(z 0) for
v sufficiently large, meaning this term is uniformly W*?-bounded. Its product
with ;4 is then uniformly W*~'*-bounded due to the continuous product pairing
Wkhp x WhE=Lp — Wk=LP from Prop. 2.6.

It remains to find a uniform W*~!*-bound for ¢, @V(z Uy, )0ti,. For this, slightly
different arguments are in order dependlng on Whether p>2orp<2 Ifp>2 then
WP has a continuous inclusion into C*~!, thus 4, for every v lies in a C*~!-small
neighborhood of 0 while (3]»@,, converges in C*~! to aj@, implying that (3]-@,,(2,11,,)
is uniformly C*~!-bounded. A W*~1P-bound on é’jéy(z,ﬂy)é’tﬁy then comes from
the (obviously) continuous product pairing C*¥=1 x Wk=1» — Wk=Lr  If on the
other hand p < 2, then we necessarily have k > 2 since kp > 2, and we can instead
make use of a Sobolev embedding of the form W#*» <« W*=14  Indeed, choose any
q € [p, o0) such that the condition

2

O<k—1——<k:—g
q p
is satisfied; this is clearly possible since k—1— 2 < k—g and k— 1—3 =k—1>k—
for p < 2. Proposition 2.4 now provides a contmuous 1nclu51on W’“’p — Wk=149 and
since (k — 1)g > 2, there is also a continuous pairing C*~! x Wk-14 — W’“ La
from Proposition 2.7, implying that ¢, @,,(z ,,) is uniformly W"“_l’q bounded. Since
(k—1)g>2and k—1— 2 >k—1-— 5 Proposition 2.6 now gives a continuous
product pairing Wh=14a x W’“ Lp — W*1P which provides the desired W*1r-
bound on @Qy(z, Uy ) Oyl -

Step 2: The first term.

The tricky aspect of the first term in (2.15) is that it involves kth derivatives of
B 0;u,, which are actually what we were trying to bound in the first place. What

saves the situation is the smallness of ), (z,4,): indeed, we have seen above that this
term can be assumed arbitrarily W*?-small as v — o0 if € > 0 is chosen sufficiently
small. The continuous product pairing W*? x W+*=1P — Wk=1P gives a bound

c|@u (2, )28 3) | s < € Qo2 @0) 1y - 1008 O80) w1
< )|Qu (2, w) |y - 18 Ostin s,
where ¢ > 0 is yet another constant that does not depend on e. With this in mind,

let us now choose € > 0 small enough to ensure

1

H@ll(z7 ﬁu)”wk,p < @
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Step 3: The second term. R
We observe first that since DyQ), — D>Q in C*~!, the same trick that was used to
bound @-@,,(z, ) in step 1 furnishes DQQV(Z, ii,)) with a uniform C*~1-bound if p >
2, and a uniform W*~1%bound for some ¢ > p with (k — 1)g > 2 if p < 2, where in
both cases the bounds can be assumed independent of the scaling parameter €. Since
both C*~! and W*~19 admit continuous product pairings with W*=1?  combining
this with the product pairing W*» x Wk=1r — JW*=1P then leads to a bound of the
form R
| D2 2 ) (8 s 1) sy < €18 il - [0t 1
for a constant ¢ > 0 that is independent of v and e. By (2.13), we can now choose
€ > 0 small enough so that
1

[0ciy [we-so < aufwer < 55
for all v.

Conclusion.
Combining the three estimates above for the terms on the right hand side of (2.15)

now gives an inequality of the form

A 2 -~
HB ajUyHWk,p < C” + gHﬁ 8juVHW’W’7

where ¢’ > 0 is the bound obtained in step 1. We conclude |5 0;u, |wr» < 3¢”, and
have thus found a uniform bound for |, [yyws1p, - O

EXERCISE 2.29. Use an analogous argument via difference quotients to prove
statement (1) in Theorem 2.24. Hint: If you're anything like me, you might get
stuck trying to estimate the difference quotient analogues of the terms in (2.15)
that involve derivatives of @,,. The difficulty is that this expression was derived
using the chain rule for derivatives, and there is no similarly simple chain rule for
difference quotients. The trick is to remember that difference quotients only differ
from the corresponding derivatives by a remainder term. The remainder will produce
extra terms in the difference quotient version of (2.15), but the extra terms can be

bounded.

2.5. Linear local existence and applications

The following lemma can be applied in the case A € C*(D, End¢(C™)) to prove
the aforementioned standard fact that complex-linear Cauchy-Riemann type oper-
ators induce holomorphic structures on vector bundles. The version with weakened
regularity will be applied below to prove a useful “unique continuation” result about
solutions to (¢ 4+ A)f = 0 in the real-linear case.

LEMMA 2.30. Assume 2 < p < o0 and A € LP(DD, Endg(C™)). Then for suffi-
ciently small € > 0, the problem

ou+ Au =0
u(0) = ug
has a solution v € W(D,, C").
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REMARK 2.31. Note that u : ]13)E — C” in the above statement is only a weak
solution to du + Au = 0, as it is not necessarily differentiable, but by the Sobolev
embedding theorem, it is at least continuous.

PrROOF OF LEMMA 2.30. The main idea is that if we take ¢ > 0 sufficiently
small, then the restriction of ¢ + A to D, can be regarded as a small perturbation
of 0 in the space of bounded linear operators W1? — LP. Since the latter has a
bounded right inverse by Theorem 2.12, the same will be true for the perturbation.

Since p > 2, the Sobolev embedding theorem implies that functions u € W1»
are also continuous and bounded by |luly1», thus we can define a bounded linear
operator

& : W'P(D) - LP(D) x C" : u — (du, u(0)).
Theorem 2.12 implies that this operator is also surjective and has a bounded right
inverse, namely

Lp(]lo)) x C" — Wl’p(]lo)) :(fyup) — Tf —Tf(0) + o,

where T : LP(D) — WLP(D) is a right inverse of 0. Thus any operator sufficiently
close to @ in the norm topology also has a right inverse. Now define x,. : D — R to
be the function that equals 1 on D, and 0 outside of it, and let

O, : WHP(D) — LP(D) x C" : u— (0 + xeA)u, u(0)).

To see that this is a bounded operator, it suffices to check that W? — LP : 4 +— Au
is bounded if A € L”; indeed,

| Aufl e < |A] o llullco < c| Al o |ullwrs,
again using the Sobolev embedding theorem. Now by this same trick, we find

|[Peu — Puf| = HXEAuHLP(]ﬁ)) < CHAHLP(]ﬁ)E)

ullwrae),
thus |®. — ®| is small if € is small, and it follows that in this case ®, is surjective.
Our desired solution is therefore the restriction of any u € ®.1(0,ug) to D,. O

Here is a corollary, which says that every solution to a real-linear Cauchy-
Riemann type equation looks locally like a holomorphic function in some continuous
local trivialization.

THEOREM 2.32 (Similarity principle). Suppose A : D — Endg(C") is smooth
and u : D — C" satisfies the equation du + Au = 0 with u(0) = 0. Then for
sufficiently small € > 0, there exist maps ® € CO(D,, Endc(C)) and f € C*(D,,C")
such that

u(z) = ®(2)f(2), of =0, and ¢(0) = 1.

PRrROOF. After shrinking the domain if necessary, we may assume without loss
of generality that the smooth solution u : D — C" is bounded. Choose a map
C : D — End¢(C") satisfying C(2)u(z) = A(2)u(z) and |C(2)| < |A(2)] for almost
every z € D. Then C € L*(ID, End¢(C™)) and u is a weak solution to (& + C)u = 0.
Note that since we do not know anything about the zero set of u, we cannot assume

o

C' is continuous, but we have no trouble assuming C' € L?(D) for every p > 2.
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Since 0+ C' is now complex linear, we can use Lemma 2.30 to find a complex basis
of WhP-smooth weak solutions to (0+C)v = 0 on D, that define the standard basis of
C™ at 0, and these solutions are continuous by the Sobolev embedding theorem. This
gives rise to a map ® € W1?(D,, Endc(C™)) that satisfies (0 + C)® = 0 in the sense
of distributions and ®(0) = 1. Since ® is continuous, we can assume without loss of
generality that ®(z) is invertible everywhere on ]]O)e. Setting f := & lu : ]13)E — C",
the Leibniz rule then implies

0=(+Clu=(0+C)Pf) =[(0+C)®] f+ D(Of) = D(Of).

Note that the use of the Leibniz rule in this situation is justified by Proposition A.16
in light of the continuous product pairing W'? x W? — W'»_ Tt follows that
df =0, and f is smooth by Lemma 2.21. O

COROLLARY 2.33 (Unique continuation). Suppose D is a linear Cauchy-Riemann
type operator on a vector bundle E over a connected Riemann surface, andn € I'(E)
satisfies Dn = 0. Then either n is identically zero or ils zeroes are isolated. OJ

The similarity principle also has many nice applications for the nonlinear Cauchy-
Riemann equation. Here is another “unique continuation” type result for the non-
linear case.

PROPOSITION 2.34. Suppose J is a smooth almost complex structure on C" and
u,v : D — C" are smooth J-holomorphic curves such that u(0) = v(0) = 0 and u and

v have matching partial derivatives of all orders at 0. Then u = v on a neighborhood
of 0.

PROOF. Let h = v —u: D — C". We have
(2.16) Osu + J(u(z))ou =0
and
0sv + J(u(z)) 0w = dsv + J(v(2)) 0w + [J(u(z)) — J(v(z))] o
= —[J(u(z) + h(z)) — J(u(2))] dw
(2.17) = — <Jl iJ(u(z) + 7h(z)) dT) Orv

o dr

S <Jl dJ(u(z) + 7h(2)) - h(2) dT) v =: —A(2)h(2),

0

where the last step defines a smooth family of linear maps A(z) € Endg(C™). Sub-
tracting (2.16) from (2.17) gives the linear equation

Osh(2) + J(2)0:h(2) + A(2)h(z) = 0,

where J(2) := J(u(z)). This is a linear Cauchy-Riemann type equation on a trivial
complex vector bundle over D with complex structure J (2) on the fiber at z. The
similarity principle thus implies h(z) = ®(z) f(z) near 0 for some holomorphic func-
tion f(z) € C™ and some continuous map ®(z) € GL(2n, R) representing a change of
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trivialization. Now if h has vanishing derivatives of all orders at 0, Taylor’s formula

implies
REE
R
for all k£ € N, so f must also have a zero of infinite order and thus f = 0. U

2.6. Simple curves and multiple covers

We now prove a global result about the structure of closed J-holomorphic curves.
In Lecture 6 we will be able to generalize it in a straightforward way for punctured
holomorphic curves with asymptotically cylindrical behavior.

THEOREM 2.35. Assume (X,]) is a closed connected Riemann surface, (W, J)
is a smooth almost complex manifold and u : (X,j) — (W, J) is a nonconstant
pseudoholomorphic curve. Then there exists a factorization v = v o ¢, where

e v : (3,7) — (X,7) is a holomorphic map of positive degree to another
closed and connected Riemann surface (¥',j');

e v: (X,5) — (W,J) is a pseudoholomorphic curve which is embedded except
at a finite set of self-intersections and non-immersed points.®

Note that holomorphic maps (X, j) — (X', 5') of degree 1 are always diffeomor-
phisms, so the factorization u = v o in this case is just a reparametrization, and u
is then called a simple curve. In all other cases, k := deg(¢) = 2 and ¢ is in general
a branched cover; we then call u a k-fold branched cover of the simple curve v.

The main idea in the proof is to construct ¥’ (minus some punctures) explicitly
as the image of u after removing finitely many singular points, so that we can take
v to be the inclusion ¥’ < W. The map ¢ : ¥ — ¥ is then uniquely determined.
In order to carry out this program, we need some information on what the image
of u can look like near each of its singularities. These come in two types, each type
corresponding to one of the lemmas below, both of which should seem immediately
plausible if your intuition comes from complex analysis.

LEMMA 2.36 (Intersections). Suppose u : (X,5) — (W,J) and v : (¥',5) —
(W, J) are two nonconstant pseudoholomorphic curves with an intersection u(z) =
v(Z'). Then there exist neighborhoods z € U < 3 and 2’ e U’ < ¥ such that

either  u(U) = v(U) or wU\{z}) noU") = uwld) nov(U\{Z'}) = T.
0

PROOF IN THE SPECIAL CASE du(z) # 0. While the proof of this lemma in full
generality is somewhat involved, it becomes a simple application of the similarity
principle (Theorem 2.32) if we additionally asume that either du(z) or dv(2') is

81t follows from the Cauchy-Riemann equation that if u : (,j) — (W,.J) is J-holomorphic,
then at each point z € X, its first derivative du(z) : T, — T,,(.yW is either injective or trivial. We
are referring to points with du(z) = 0 as non-immersed points of u. The term “critical points”
is also commonly used for this condition, but is slightly at odds with the usual definition of that
term when dim W > 4 since, strictly speaking, every point is critical in the sense that du(z) can
never be surjective.
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nonzero. We can choose holomorphic local coordinates near z € ¥ and 2’ € ¥/
and smooth coordinates near u(z) = v(2’) € W so that without loss of generality,
(2,7) = (2,7) = (D,i) with z = 2/ = 0, W = C" and u(0) = v(0) = 0. If

du(0) # 0, then we can also arrange these coordinates so that
u(z) = (2,0) and J(z,0) = i

indeed, this is a simple matter of restricting v to a smaller disk on which it is
an embedding, rescaling to replace the smaller disk with D, then extending the
resulting embedding to an embedding D x D?**~% — C" with its derivatives in the
normal direction along I x {0} specified to be complex linear. In these coordinates,
for each (z,w) € C x C"! we have

Ly 1 1
J(z,w) —1i= f —J(z,Tw) dr = J DyJ(z, Tw)w dr = <f Dy J(z, Tw) d7'> w
o dr 0 0
=: B(z,w)w,

defining a smooth map B : C" — Homg(C"!, Endg(C")).
Now writing v(z) = (p(2), f(z)) € C x C" !, the nonlinear Cauchy-Riemann
equation for v gives

0=0dv+ J(v)ow = v +idw+ [Bly, f)f]ow,
and applying the projection 7 : C x C*t — C"! to this equation produces
0=0f + Af,
where A : D — Endg(C"™!) is a smooth map defined by
Al)w = m[B(o(2), £(2)wlow(z).

The similarity principle therefore implies that either f vanishes identically near 0 or
its zero at the origin is isolated. 0

LEMMA 2.37 (Branching). Suppose u : (2, 7) — (W, J) is a nonconstant pseudo-
holomorphic curve and zg € X is a non-immersed point of uw. Then a neighborhood
U < X of 2y can be biholomorphically identified with the unit disk D < C such that

u(z) =v(zF)  for zeD=U,

where k € N, and v : D — W is an injective J-holomorphic map with no non-
immersed points except possibly at the origin. O

These two local results follow from a well-known formula of Micallef and White
[M'W95] describing the local behavior of J-holomorphic curves near non-immersed
points and their intersections. The proof of that theorem is analytically quite in-
volved, but one can also use an easier “approximate” version, which is proved in
[Wen20, Appendix B.2]. Since both are closely related to the phenomenon of unique
continuation, you will not be surprised to learn that even beyond the “easy” case
of Lemma 2.36 treated above, the similarity principle plays a role in the proof: the
main idea is again to exploit the fact that locally J is always a small perturbation
of i, hence the local behavior of J-holomorphic curves is also similar to the integrable
case.
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PROOF OF THEOREM 2.35. Let Crit(u) = {z € ¥ | du(z) = 0} denote the set
of non-immersed points, and define A < X to be the set of all points z € ¥ such that
there exists 2’ € ¥ and neighborhoods z e Y < ¥ and 2’ e U’ < ¥ with u(z) = u(2’)
but w(U\{z}) N u(U'\{z'}) = .

The lemmas quoted above imply that both of these sets are discrete. Both
are therefore finite, and the set ¥/ = «(X\(Crit(u) U A)) € W is then a smooth
submanifold of W with J-invariant tangent spaces, so it inherits a natural complex
structure j’ for which the inclusion (¥, j") — (W, J) is pseudoholomorphic. We
shall now construct a new Riemann surface (¥',5') from which (X', ') is obtained
by removing a finite set of points. Let A = (Crit(u) u A)/ ~, where two points
in Crit(u) U A are defined to be equivalent whenever they have neighborhoods in
Y. with identical images under w. Then for each [z] € A, the branching lemma

provides an injective J-holomorphic map u(.) from the unit disk D onto the image
of a neighborhood of z under u. We define (¥, j') by

Y =Yue | [[D].
[z]eA
where the gluing map @ is the disjoint union of the maps up,; : D\{0} — > for
each [z] € A; since this map is holomorphic, the complex structure j’ extends from
> to Y. Combining the maps up) : D — W with the inclusion > < W now
defines a pseudoholomorphic map v : (X', j/) — (W, J) which restricts to 3’ as an

embedding and otherwise has at most finitely many non-immersed points and double
points. Moreover, the restriction of u to ¥\(Crit(u) u A) defines a holomorphic map
to (Z’ ,7') which extends by removal of singularities to a proper holomorphic map
v (X,j) = (¥,7) such that u = v o . Its holomorphicity implies that it has
positive degree. O
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We now begin with the analysis of the particular class of J-holomorphic curves
that are important in SE'T. The next three lectures will focus on the linearized
problem, the goal being to prove that this linearization is Fredholm and to compute
its index. Using this along with the implicit function theorem and the Sard-Smale
theorem (on genericity of smooth nonlinear Fredholm maps), we will later be able
to show that moduli spaces of asymptotically cylindrical J-holomorphic curves are
smooth finite-dimensional manifolds under suitable genericity assumptions.

3.1. The linearization in Morse homology

Since Morse homology is the prototype for all Floer-type theories, we can gain
useful intuition by recalling how the analysis works for the linearization of the gradi-
ent flow problem in Morse theory. The basic features of the problem were discussed
already in §1.2.

Assume (M, g) is a closed n-dimensional Riemannian manifold, f : M — R is a
smooth function, and for two critical points z,,z_ € Crit(f), consider the moduli
space of parametrized gradient flow lines

M(z_ xy) = {u e C*(R,M) |4+ V[f(u) =0, liI_P u(s) = xi}.
S—>1T00
The map M(x_,z,) — M : u — u(0) gives a natural identification of M(x_,z,)
with the intersection between the unstable manifold of z_ and the stable manifold
of x, for the negative gradient flow. We say the pair (g, f) is Morse-Smale if f
is Morse and all such intersections between stable and unstable manifolds of two

51



52 CHRIS WENDL

critical points are transverse. In this case M(x_,z, ) is a smooth manifold with
(3.1) dim M(z_,z,) = ind(z_) —ind(z; ),

because the unstable manifold of x_ has dimension ind(x_) and the stable manifold
of 2, has codimension ind(x ). All of this can be proved using finite-dimensional dif-
ferential topology, but we will see that the dimension computation as just described
cannot generalize to the study of Floer trajectories or holomorphic curves in sym-
plectizations, because the right hand side of (3.1) in those cases becomes o0 —0o0. Let
us therefore discuss how (3.1) can be proved using a nonlinear functional-analytic
approach that does generalize. For more details on the following discussion, see
[Sch93].

Following the strategy laid out in §2.1, M(z_,z,) can be identified with the
zero set of a smooth section

oc:B—->&:u—u+Vf(u),

where B is a Banach manifold of maps u : R — M satisfying lim,_, 4, u(s) = x4,
and £ — B is a smooth Banach space bundle whose fibers &, contain I'(u*T'M).
The linearization Do (u) : T,B — &, of this section at a zero u € o~*(0) defines a
first-order linear differential operator

D, :T(w*TM)— I'(u*TM)
which takes the form
D.n=Van+V,Vf

for any choice of symmetric connection V on M. Taking suitable Sobolev comple-
tions of I'(u*T'M), we are therefore led to consider bounded linear operators' of the
form

(3.2) D, =V, + VVf: WF(u*TM) — W L2 (y*T M)

for k e Nand 1 < p < o0, and the first task is to prove that whenever z, and
x_ satisfy the Morse condition, this is a Fredholm operator of index ind D, =
ind(x_) —ind(xy).

Choose coordinates near x, in which g looks like the standard Euclidean inner
product at x;. This induces a trivialization of w*T'M over [T, o) for T > 0 suf-
ficiently large, and we are free to assume that the connection V is the standard
one determined by these coordinates on [T, 20). Using the trivialization to identify
sections n € I'(w*T'M) over [T, c0) with functions n : [T, 0) — R", D, now acts on
7 as

(3-3) (Dun)(s) = dsn(s) + A(s)n(s),

where A(s) € R™*" is the matrix of the linear transformation dX (s) : R* — R", with
X(s) € R" being the coordinate representation of V f(u(s)) € Ty M. As s — oo,

IWe are ignoring an analytical subtlety: since u*T'M — R has no canonical trivialization and R
is noncompact, it is not completely obvious what the definition of the Sobolev space W P (u*T M)
should be. We will return to this issue in a more general context in the next lecture.
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the zeroth-order term in this expression converges to a symmetric matrix

Ay = lim A(s),
5§—00
which is the coordinate representation of the Hessian V2 f(z ). Any choice of coordi-
nates near x_ produces a similar formula for D, over (—o0, —T'], A(s) converging as
s — —oo to another symmetric matrix A_ representing V2f(z_). Both the Morse
condition and the dimension ind(x_) — ind(z;) can now be expressed entirely in
terms of these two matrices: x4 is Morse if and only if Ay is invertible, and the
Fredholm index of D, will then be

ind(z_) —ind(zy) =dim E~(A_) —dim £~ (A,),

where for any symmetric matrix A we denote by E~(A) the direct sum of all its
eigenspaces with negative eigenvalue. The main linear functional-analytic result
underlying Morse homology can now be stated as follows (cf. [Sch93]):

PRrROPOSITION 3.1. Assume k € N and 1 < p < o. Suppose E — R is a
smooth vector bundle with trivializations fixed in neighborhoods of —oo and +o0, and
D : WFP(E) — W*LP(E) is a first-order differential operator which asymptotically
takes the form (3.3) near £ with respect to the chosen trivializations, where A(s)
1s a smooth family of n-by-n matrices with well-defined asymptotic limits Ay =
limg 1o A(S) which are symmetric. If A, and A_ are also invertible, then D is
Fredholm and

(3.4) ind(D) = dim E~(A_) — dim E~(A,).
O

REMARK 3.2. The hypothesis that A4 is invertible in Prop. 3.1 cannot be lifted:
indeed, suppose D is Fredholm but e.g. A, has 0 in its spectrum. Then one can
easily perturb A(s) and hence A, in two distinct ways producing two distinct values
of dim £~ (A,), pushing the zero eigenvalue either up or down. This produces two
perturbed Fredholm operators that have different indices according to (3.4), but
they also belong to a continuous family of Fredholm operators, and must therefore
have the same index, giving a contradiction.

The formula (3.4) makes sense of course because E~ (A4 ) are both finite-dimen-
sional vector spaces, but in Floer-type theories we typically encounter critical points
with infinite Morse index. With this in mind, it is useful to note that (3.4) can
be rewritten without explicitly referencing F~(A,) or £~ (A_). Indeed, choose
a continuous path of symmetric matrices {B;}w[-1,1] connecting B(—1) := A_ to
B(1) := A,. The spectrum of B; varies continuously with ¢ in the following sense:
one can choose a family of continuous functions

{\;[-1,1] = R}jes

for the index set [ = {1,...,n} such that for every ¢t € [—1, 1], the set of eigenvalues
of B; counted with multiplicity is {\;(¢)}er. The spectral flow from A_ to A; is
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then defined as a signed count of the number of paths of eigenvalues that cross from
one side of zero to the other, namely (cf. Theorem 3.19)

pP(A A ) =#{j eI | N(=1) <0< X\(1)}—#{jel | N(=1)>0>)(1)}.
The index formula (3.4) now becomes
ind(D) = 5™*(A_, A,).

This description of the index has the advantage that it could potentially make
sense and give a well-defined integer even if AL were symmetric operators on an
infinite-dimensional Hilbert space: they might both have infinitely many positive
and negative eigenvalues, but only finitely many that change sign along a path from
A_ to A,. We will make this discussion precise in the next section.

3.2. The Hessian of the contact action functional

We will view SFT as an infinite-dimensional analogue of Morse homology in
which closed nondegenerate Reeb orbits take the place of Morse critical points. The
role of the Hessian is then played by a certain self-adjoint differential operator on
the contact bundle along each closed orbit.

Before explaining this, let’s quickly revisit the Floer homology for a time-dependent
Hamiltonian {H; : M — R};cs1 on a symplectic manifold (M,w). In Lecture 1, we
introduced the symplectic action functional Ay : C%. (S', M) — R and wrote
down the formula

VAu(Y) = Ji(7) (F = Xi(7)) € C(v*TM) =: T,C%,., (S, M)

contr

1

contr(S ’ M)

Here X; denotes the Hamiltonian vector field and J; is a time-dependent family of
compatible almost complex structures, which determines the L?-product

for the “unregularized” gradient of Ay at a contractible loop v € C¥

<7h> 772>L2 = fsl W(nl (t), JtT]Q(t)) dt.

The critical points of Ag are the loops 7 such that VAg(y) = 0. Formally, the
Hessian of Ay at v € Crit(Apy) is the “linearization of VAg at ~,” which gives a
linear operator

A, = V2Au(y) : T(y*TM) — T(y*TM).

To write it down, one can choose any connection V on M, and choose for n €
L(y*TM) a smooth family {7, : S' — M} ,e(—c.) With 79 = and 0,7,|,—0 = 1, and
then compute

An:=Y, [V-AH(’VP)“p:O :

The result is independent of the choice of connection since VAg(vy) = 0.

EXERCISE 3.3. Show that if the connection V on M is chosen to be symmetric,
then A,n = J,(Vin — V, Xy).
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To adapt this discussion for SFT, fix a (2n — 1)-dimensional contact manifold
(M, &) with contact form «, induced Reeb vector field R,, and a complex structure
J : & — & compatible with the symplectic structure dafe. Let

7T£ITM—>£

denote the projection along R,. The contact action functional is defined by

Ay : CP(SU, M) > R:y— | ~*a.
S1

The first variation of this functional for v € C*(S*, M) and n e T'(v*T M) is

dAa(v)n = f

da(n, ) dt = — J da(mey,m) dt.

St St

The functional has a built-in degeneracy since it is parametrization-invariant; in
particular, d A, (v)n = 0 whenever 1 points in the direction of the Reeb vector field,
a symptom of the fact that closed Reeb orbits always come in families related to
each other by reparametrization. A loop v : S! — M is critical for A, if and
only if 4 is everywhere tangent to R,, allowing for an infinite-dimensional family
of distinct perturbations—however, there exist preferred parametrizations, namely

those for which + is a constant multiple of R,, meaning

(35) ’7/ =T Ra(7)7 T:= Aoz(’y}'
Such a loop corresponds to a T-periodic solution z : R — M to # = R,(x), where
v(t) = z(Tt).

The discussion above indicates that we cannot derive a “Hessian” of A, in the
same straightforward way as in Floer homology, as the resulting operator will always
have nontrivial kernel due to the degeneracy in the R, direction. To avoid this, we
shall consider only preferred parametrizations v : S — M of the form (3.5), and
perturbations in directions tangent to &, which is transverse to every Reeb orbit.
For n e I'(v*¢), we then have

dAa(y)n = f

o do(—Jmey, Jn) dt = (—J ey, n)r2,

where we define an L2-product for sections of v*¢ by

(3.6) iy e = f da(n, JJn') dt.
Sl
It therefore seems sensible to write

VA.(7v) := —=Jney e D(7*€),

and we shall define the Hessian at a critical point v as the linearization of V.A, in
¢ directions, that is,

VZAa(y) 1 T(v7¢) = T(776).
Given n € I'(y*¢), choose a smooth family {y, : ST — M},ecq with 9 = 7
and 0,7,|,—0 = 7, and fix a symmetric connection V on M. Let us first use this
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connection to differentiate the family of sections w7, € T'(v;£) with respect to the
parameter:

V, (me,) ‘p:O =V, [0r7, — a(@r1,) Ra(,)] ‘p:O
= Vi — a()VyRa = 0, [a(@,)]] g - Ra(y)-

The latter expression is a priori an element of I'(y*T'M), but since m¢7, belongs
to the subspace I'(7;€) < I'(y;TM) for every p and my vanishes, this derivative
is independent of the choice of connection and also takes its value in the subspace
['(v*¢). Moreover, it can be simplified in light of the relation

0= T'da(na Ra(’y)) = da(ap'va aﬂ/p)}/po = ap [O‘(’Yp)] ‘pzo_at [a(n)] = ap [a(’yp)] }pzoa

implying
V, (mep) ‘pzo = Vi =TV, R, € T(v*¢),

and thus
Vo (=ImeY)l g = = (Vin = TV, Ra) € T(Y7E).

This calculation motivates the following definition.

DEFINITION 3.4. Given a loop 7 : S' — M parametrizing a closed Reeb orbit
in (M, ¢ = ker a) with period T' = a(7), the asymptotic operator associated to
v is the first-order differential operator on v*¢ defined by

A, T(yE) - T(E) :in— =J(Vig = TV,R,)

EXERCISE 3.5. Show that A, is symmetric with respect to the L? inner product
(3.6) on I'(y*¢). Moreover, v is nondegenerate (see §1.3) if and only if ker A, is
trivial. Hint for nondegeneracy: Consider the pullback of v*¢ via the cover R —
St = R/Z, and show that solutions to Vin — TV, R, = 0 on the pullback are given
by operating on &) with the linearized Reeb flow. To see this, try differentiating
families of solutions to the equation & = T R, (z).

REMARK 3.6. The Reeb vector field R, of a contact form « satisfies
Lr,a=dip,a+ig,do=d(l)+ da(R,, ) =0, and
Lp,da = dig,da+ g, d’a = d(da(R,, ) =0,

thus its flow preserves £ = ker v along with its symplectic vector bundle structure
dale. Another way of phrasing the hint in the the above exercise is then as follows:

A, can also be written as —J @t, where @t is the unique symplectic connection on
(v*¢, dar) for which parallel transport is given by the linearized Reeb flow.

REMARK 3.7 (sign conventions). You might be slightly concerned about the
sign difference between the formulas for asymptotic operators in Exercise 3.3 and
Definition 3.4. The former comes from Floer homology and the latter from SFT, two
subfields of symplectic topology in which slightly different conventions are considered
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standard.” The discrepancy seems to originate from the fact that while our account
of Floer homology has referred always to the negative gradient flow of Ay, SFT is
actually defined via the positive gradient flow of A,. The words “gradient flow” in
SF'T must in any case be interpreted very loosely. If

u:[0,00) x S' >R x M

is the cylindrical end of a finite-energy J-holomorphic curve for some J € J(«) as
we described in Lecture 1, then u(s,t) does not satisfy anything so straightforward
as 0s — VA, (u(s,-)) = 0, but it does satisfy

TeOsu + Jmeou = 0,

which can be interpreted as the projection of a positive gradient flow equation to the
contact bundle. This observation is a local symptom of a more important global fact
that follows from Stokes’ theorem: any asymptotically cylindrical J-holomorphic
curve u : ¥ — R x M with positive and negative punctures I't asymptotic to orbits
{7.}.er+ satisfies

S A= Y Aaly) = f wda > 0.

zel't zel'— x

This generalizes the basic fact in Floer homology that flow lines decrease action and,
conversely, have their energy controlled by the action.

We would now like to develop some of the general properties of asymptotic
operators. Recall that on any symplectic vector bundle (E,w), a compatible complex
structure J determines a Hermitian inner product

(w,wy = w(v, Jw) + iw(v, w),

and conversely, any Hermitian inner product on a complex vector bundle determines
a symplectic structure via the same relation. For this reason, we shall refer to any
vector bundle E with a compatible pair (J,w) of complex and symplectic structures
as a Hermitian vector bundle. A unitary trivialization of such a bundle is
a trivialization that identifies fibers with R?*" = C" such that J and w become
the standard complex structure Jy := ¢ and symplectic structure wy := go(Jo, )
respectively; here gy denotes the standard Euclidean inner product.

DEFINITION 3.8. Fix a Hermitian vector bundle (E,J,w) over S'. A smooth
asymptotic operator on (F,J,w) is any real-linear differential operator of the
form —JV, : I'(E) — I'(E), where V is a symplectic connection on FE.

Remark 3.6 shows that the asymptotic operator A, for a closed Reeb orbit v is
also a smooth asymptotic operator on (y*¢, J, da) in the sense of Definition 3.8.

2The literature on embedded contact homology (ECH) is a special case: while ECH is defined
within the same analytical framework as SF'T, papers such as [Hut14, HT07] omit the initial minus
sign in their definitions of asymptotic operators. Some of the results in §3.5 relating eigenvalues of
asymptotic operators to winding numbers therefore work out differently in the ECH context.
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EXERCISE 3.9. Show that any smooth asymptotic operator on a Hermitian vector
bundle (E, J,w) over S! is symmetric with respect to the real L? bundle metric

e = | (), Jna(t) .
Sl
EXERCISE 3.10. Show that Hermitian vector bundles (E, J,w) over S! are always
globally trivializable, and a choice of global unitary trivialization identifies each
smooth asymptotic operator on (F, J,w) with an operator of the form

A C* (S R™) - CP(SY R*™) : n— —Jyom — S(t)n
for some smooth loop S : S' — Endg™(R?"), where we denote
Endy™(R*") := {B € End(R*") = R***" | BT = B}.

Hint: Use the fact that the difference between two connections is a bundle map, and
deduce the symmetry of S(t) from Exercise 3.9.

For functional-analytic purposes, we shall regard asymptotic operators on Her-
mitian bundles (F, J,w) as bounded real-linear operators

A HY(E) — I3(E),

where H' is an abbreviation for the Sobolev class W12, (For details on Sobolev
norms for spaces of sections of vector bundles over a closed manifold, see §A.4.)
Note that since the difference between any two smooth asymptotic operators is
tensorial, that difference extends to a bounded linear operator on L?(E); as an
operator H'(E) — L*(E), it is therefore the composition of a bounded operator
with the compact inclusion H'(E) < L?(FE), implying that it is compact. This
property will play an essential role when we study the spectrum of asymptotic
operators in §3.3.

For technical reasons, we will sometimes need to consider a larger class of asym-
totic operators whose zeroth-order terms are not necessarily smooth, nor even con-
tinuous. The weakest regularity condition we can impose without invalidating the
discussion in the previous paragraph is the following:

DEFINITION 3.11. An asymptotic operator (of class L*) on a Hermitian vec-
tor bundle (E, J,w) over S! is a bounded linear operator A : H'(E) — L?(E) that
is identified under any choice of global unitary trivialization with an operator of the
form

HY(SY, R*™) — L*(SY,R*) : > —Jo0m — S(t)n
for some function S € L*(S!, Endy™ (R?*")). The space
A(E) « Z(H\(E), L*(E))

of all asymptotic operators on E is thus an affine space over the space L* (Endy ™ (E))
of symmetric real-linear bundle maps E — FE of class L®, and we assign to it the
corresponding L*-topology. We also denote

A*(E) := {A € A(E) | ker A = {0}},

and call the operators in this subset nondegenerate.
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We will assume henceforward that all asymptotic operators we consider are of
class L® unless otherwise noted, though most examples that arise in geometric
settings (e.g. the operator corresponding to a closed Reeb orbit) will be smooth.

EXERCISE 3.12. Generalize Exercise 3.9 to prove that asymptotic operators of
class L® are also L?-symmetric.

LEMMA 3.13. All asymptotic operators A € A(FE) are Fredholm with index 0.

ProoFr. Choosing a global unitary trivialization, it suffices to consider an op-
erator of the form —Jyd;, — S : H'(S', R*) — L*(S', R*") for some S : S' —
Endy™ (R?") of class L®, and since the operator H'(S!, R*") — L?(S',R?") : n —
Sn is compact, we can regard the zeroth-order term as a compact perturbation and
thus restrict attention to the operator —Jy d; : H'(S', R*) — L*(S',R*"). Since
Jo defines an isomorphism, it suffices actually to show that the ordinary differential
operator

at . H1(517R2n) N L2(SI,R2n)
is Fredholm with index 0. The kernel of this operator is the space of constant
functions S' — R?", which has dimension 2n. To compute the dimension of the
cokernel, we observe that if f = &F for some F € H'(S',R?"), then Proposi-
tion A.11 implies that F'is absolutely continuous and has classical derivative equal
to f almost everywhere, so that by periodicity and the fundamental theorem of
calculus, {, f(t)dt = 0. Conversely, if §, f(t)dt = 0 with f € L*(S",R*"), then
the function F(s) := §; f(t) dt is periodic in s and (by Corollary A.12) defines an
element of H'(S1, R?") satisfying ¢;F = f. Hence the image of ¢; is exactly the set

fayan- o} |

which has codimension 2n. O

im(0;) = {f e L*(S',R*")

COROLLARY 3.14. An asymptotic operator A € A(FE) is nondegenerate if and
only if it defines an isomorphism H'(E) — L*(E). O

Observe that for the L*-topology on A(FE) specified in Definition 3.11, the in-
clusion of A(E) into the space of bounded linear operators H'(E) — L*(E) is
continuous, so the fact that invertibility is an open condition implies:

COROLLARY 3.15. The subset A*(E) < A(E) is open. O

Since smooth asymptotic operators on a bundle (E,w,J) are defined in terms
of symplectic connections, they also determine (and are determined by) symplectic
parallel transport maps. This notion can be extended to asymptotic operators of
class L®, but since the differential equation (—Jy0d; — S(¢))W¥(t) = 0 may in this case
have discontinuous coefficients, it requires a slight generalization of the standard
existence/uniqueness theorem for ODEs.

EXERCISE 3.16. In this exercise we consider linear ordinary differential equations

with coefficients of class L. .
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(a) Suppose I < R is a compact interval, P < L'(I,End(R")) is a subset
such that M := sup {|A|;: | Ae P} <1, and for R > 0, Xp denotes the
complete metric space

Xpi= {p e COP x LR | |pllco < R}

|zo]

77, the formula

Show that for any xg € R™ and any R >

t

(T)(A,t) :=xo + J A(s)p(A,s)ds

to
defines a contraction map T : Xr — Xp and therefore has a unique fixed
point.
(b) Deduce from the contraction in part (a) that for any open interval & < R
and constants tyo € U, xg € R”, there exists a continuous map

Li (U, End(R™)) x U — R™: (A, t) = z4(t)

such that for each A € Ll (U, End(R")), x4 : U — R" satisfies the initial
value problem

(3.7) z(t) = A(t)z(t) for almost all ¢, x(to) = wo,

and is the unique solution to this problem that is absolutely continuous on
compact subsets.

(c) Show that if A : U — End(R") is assumed to be of class L{,  with 1 < p < oo,
then the solution = : U — R" to (3.7) is of class VVlif Hint: For a useful
characterization of W,"?(R), see Corollary A.12.

PROPOSITION 3.17. On any Hermitian vector bundle (E,w,J) over S = R/Z,
there is a natural bijective correspondence between the following objects:

o Asymptotic operators A of class L™ ;
e Continuous families {¥(t)}er of Sobolev class I/Vlifo consisting of symplectic
linear maps V(t) : Ejg) — Epy such that ¥(0) = 1 and U(t+1) = U(t)¥(1)
for every t e R
The correspondence between A and WV is determined by the property that for every
v € Ey, the function v(t) := V(t)vy € E; satisfies the differential equation Av = 0
almost everywhere.

PRrROOF. After choosing a global unitary trivialization, an asymptotic operator
A = —Jyo — S(t) determines according to Exercise 3.16 a unique function ¥ : R —
End(R?") that is absolutely continuous on compact subsets and satisfies the initial
value problem

oV (t) = JoS(t)U(t), v(0) =1,

where the differential equation is equivalent to AV = 0 and is assumed to hold
almost everywhere. Since the function R — End(R?") : ¢ — JyS(¢) is of class L®
and 1-periodic, ¥ is of class VVli’COO, and periodicity implies the relation ¥ (¢ + 1) =

3Saying that the family {U(t)}ser is of class W,>% means in this context that any choice of
smooth trivialization identifies {¥(#)}+r with a function R — End(R?") that is of class VVIECOo .
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U(t)W(1) due to uniqueness of solutions. It remains to show that for all ¢, W(¢)
belongs to the linear symplectic group

Sp(2n) := {B € GL(2n,R) | wo(Bv, Bw) = wy(v,w) for all v,w € R**} .

Writing wy in terms of the standard Euclidean inner product gy as wo(v,w) =
go(Jov, w), one finds that a matrix B € GL(2n,R) belongs to Sp(2n) if and only
if the relation BTJyB = Jy holds. To prove ¥(t) € Sp(2n), one can thus use the
differential equation to show that

(3.8) %\IITJO\I/ =vT(sT - 9w

holds almost everywhere; since the right hand side vanishes and ¥T.Jy¥ is an abso-
lutely continuous function of ¢ equal to Jy at t = 0, it follows that ()T JoW(t) = J,
for all t.

Conversely, suppose ¥ e W,o*(R, End(R>")) satisfies U(0) = 1, U(t + 1) =
U(t)¥(1) and ¥(t) € Sp(2n) for all t. Then by Corollary A.12, ¥ is absolutely
continuous on compact subsets and thus differentiable almost everywhere, so there
is a unique S : R — End(R*") of class L determined almost everywhere by

K loc

setting S(t) := —JoW(t)¥(t)~". The relation W(t + 1) = W(t)¥(1) now implies

U(t+1) = ¥(¢)¥(1) and thus
St+1) = —JoU(t+1)T(t + 1)1 = —J () T(D)W(1) W)~ = S(t),

so S is periodic, and the equation 0,¥ = JySV is satisfied almost everywhere by con-
struction. The condition ¥(t) € Sp(2n) then implies ST — S = 0 almost everywhere
due to (3.8), hence A = —Jy0; — S is an asymptotic operator. O

We shall refer to the family of symplectic linear maps {¥(¢)},r induced by an
asymptotic operator A € A(F) as the parallel transport map of A.

REMARK 3.18. The choice to allow discontinuous asymptotic operators in this
discussion has the following advantage: every family {W(¢)}0,17 of class W con-
sisting of symplectic linear maps ¥(t) : £y — FE; has a unique extension to a family
{U(t)}ser of class W5 that satisfies the condition W(t + 1) = ¥(¢)W(1), thus every
such family arises as the parallel transport of some asymptotic operator. This is
true in particular for every smooth family {W(¢)}c[o,1], with no need to worry about
whether the extension over R is differentiable at the integers.

3.3. Spectral flow

The goal of this section is to define a notion of spectral flow for asymptotic
operators on Hermitian vector bundles over S*. After fixing a global unitary trivial-
ization, we can restrict our attention to operators A that act on the space of loops
n: St — R by
(3.9) (An)(t) := —Jo Ain(t) — S(t)n(t),
where S : S? — Endy™(R?") is a function of class L. We will sometimes refer to

operators in this form as trivialized asymptotic operators. Regarding A as an
unbounded linear operator on L?(S', R?") with dense domain H!(S!, R*"), we will
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see that its spectrum consists of isolated real eigenvalues with finite multiplicity. We
shall prove:

THEOREM 3.19. Assume [—1,1] — L*(S', Endp™(R?*")) : s — S, is a smooth
path, and consider the corresponding 1-parameter family of unbounded linear opera-
tors

A, = —Jod — Si(t) : L*(S*,R*™™) o H' (S, R*™) — L*(S',R*™).
Then there exists a set of continuous functions
{N[-11] = R}jer

such that for every s € [—1, 1], the spectrum of A, consists of the numbers {\;(s)}jez,
each of which is an eigenvalue with finite multiplicity equal to the number of times
it 15 repeated as j varies in Z.

Moreover, if additionally A_ := A_; and A, := Ay both have trivial kernel,
then the number p**(A_, A ) € Z defined by

#{JeZ | N(-1) <0< (D)} =#{jecZ ]| N(-1)>0> N(1)}
depends only on A_ and A .
REMARK 3.20. Differentiability of the path [-1,1] — L*(S!, Endg™(R*")) :

s — S5 means what you think it means: for every s € [—1, 1], the functions Sath=5,
are L*-convergent as h — (0. In practice, we will only need to consider two general
classes of smooth paths in Theorem 3.19: first, if S_, S, € L*(S*, Endp™ (R*")) are

given, then the linear interpolation
1 1
Sy 1= 5(1 —5)S_ + 5(1 +5)Sy

has a constant derivative (S, — S_) € L*(S*, Endy™ (R?")) with respect to s and
is thus smooth. This example shows that every pair of asymptotic operators can
be connected by a path that is smooth in the sense of Theorem 3.19. The sec-
ond class of examples will be especially useful for defining generic perturbations of
paths of asymptotic operators: it arises from smooth functions S : [-1,1] x [0, 1] —
Endy™ (R?"), where for each s € [—1,1], S, := S(s,-) need not be periodic but is
equal almost everywhere to a uniquely determined element of L (S, Endy™ (R?")).
To see that s — S, is a smooth map [—1,1] — L®(S!, Endg™ (R?")), we observe
first that it is continuous since S(s,t) is uniformly continuous on the compact do-
main [—1,1] x [0,1], implying that Ss;, — Ss uniformly as h — 0. To prove
differentiability at a given point s € [—1, 1], one can use the fundamental theorem
of calculus to write M = Sé 0sS(s + Th,t) dr and appeal again to uniform
continuity to show that this converges uniformly in ¢ to d55(s,t) as h — 0. Since
2:S 1 [-1,1] x [0,1] — Endy™(R*") is also a uniformly continuous function, it
follows that s +— S is of class C', and smoothness then follows by induction.

REMARK 3.21. There is a natural continuous linear inclusion of L*(S*, End(R*"))
as a closed subspace of the space of bounded linear operators on L?(S*, R*"), identi-
fying each function S € L*(S!, End(R*")) with the multiplication operator n — Sn.
The smoothness of s — S5 in Theorem 3.19 thus makes A, a smooth path in the
Banach space of bounded linear operators from H'(S', R?") to L*(S*, R*").
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We will start by giving a more abstract definition of spectral flow as an inter-
section number between a path of symmetric index 0 Fredholm operators and the
subvariety of noninvertible operators. This relies on the general fact that spaces
of operators with kernel and cokernel of fixed finite dimensions form smooth finite-
codimensional submanifolds in the Banach space of all bounded linear operators.
We explain this fact in §3.3.1, and then specialize to the case of symmetric index 0
operators to define the abstract version of spectral flow in §3.3.2. In §3.3.3, we show
that the spectra of such operators vary continuously under small perturbations, and
in §3.3.4 we specialize further to operators of the form (3.9) and explain how to
interpret the abstract definition of spectral flow in terms of eigenvalues crossing the
origin in R, leading to a proof of Theorem 3.19.

Spectral flow can be defined more generally for certain classes of self-adjoint
elliptic partial differential operators (see e.g. [APS76,RS95]), and standard proofs
of its existence typically rely on perturbation results as in [Kat95] for the spectra of
self-adjoint operators. In the following presentation, we have chosen to avoid making
explicit use of self-adjointness and instead focus on the Fredholm property; in this
way the discussion is mostly self-contained and, in particular, does not require any
results from [Kat95].

3.3.1. Geometry in the space of Fredholm operators. Fix a field
F:=RorC.

Given Banach spaces X and Y over F, denote by % (X,Y) the Banach space of
bounded F-linear maps from X to Y, with Zx(X) := Z(X, X), and let

Freds(X,Y) < % (X,Y)

denote the open subset consisting of Fredholm operators. Recall that an operator
T € %4(X,Y) is Fredholm if its image is closed,’ and its kernel and cokernel
(i.e. the quotient coker T := Y/imT) are both finite dimensional. Its index is
defined as

indp(T) := dimg ker T — dimp coker T € Z.

The index defines a continuous and thus locally constant function Fredp(X,Y) — Z,
and for each i € Z, we shall denote

Fredy(X,Y) := {T € Freds(X,Y) | ind(T) = i}.

We will often have occasion to use the following general construction. Given
Ty € Fredp(X,Y), one can choose splittings into closed linear subspaces

X=VOK, Y=Wal
such that K = ker Ty, W = im Ty, the quotient projection mo : Y — coker T

restricts to C' < Y as an isomorphism, and Tg|y defines an isomorphism from V

It is not strictly necessary to require that imT < Y be closed, as this follows from the
finite-dimensionality of the kernel and cokernel, cf. [AA02, Cor. 2.17].
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to W. Using these splittings, any other T € Fredr(X,Y) can be written in block

form as
A B
(¢ n)

OO 8 for some Banach space isomorphism
Ay:V - W. Let O c Fredp(X,Y) denote the open neighborhood of T for which
the block A is invertible, and define a map

3.10 ® : © — Homp(ker Ty, coker Ty) : T — D — CA™'B.
(3.10) :

with T itself written in this way as

LEMMA 3.22. The map ® in (3.10) is smooth, and holomorphic in the case F =
C, and its derivative at Ty defines a surjective bounded linear operator £x(X,Y) —
Homg (ker T, coker T) of the form

d®(To)H = mcH|xer T, € Homp(ker T, coker T),

where o denotes the quotient projection Y — coker Ty. Moreover, there exists a
smooth (and holomorphic if F = C) function ¥ : O — £(X) such that for every
TeO, ¥(T): X —> X maps ker &(T) < ker Ty isomorphically to ker T.

PROOF. Smoothness, holomorphicity” and the formula for the derivative are
easily verified from the given formula for ®; in particular, since the blocks B and C
both vanish for T = T\, we have

dq)(To) : Z[F(X, Y) - HOIH[F(K, C)
A" B
<C, D,) — D'
The map ¥ : O — Zr(X) is defined in terms of the splitting X = V @ K by

W(T) = (g _A11B> .

This is an isomorphism for each T, with inverse given by
-1 _ 1 A 'B
U(T)™" = (0 1 .
), and since A is invertible, ker TU(T) = {0}@ker ¢(T).
O

A 0

Then TU(T) = <C &(T)

PROPOSITION 3.23. For each © € Z and each nonnegative integer k > 1, the
subset

Fredy"(X,Y) := {T € Fred{(X,Y) | dimgker T = k and dimg coker T = k — i}
SHolomorphicity in this infinite-dimensional setting means the same thing as usual: Z(X,Y)

and Homg (ker T, coker Ty) both have natural complex structures if Tg € Frede(X,Y), and we
require d®(T) to commute with them for all T € O.
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admits the structure of a smooth (and complex-analytic if F = C) finite-codimensional

Banach submanifold of £x(X,Y), with
codimg Fredy"(X,Y) = k(k — i).
Moreover, the set
Xbk = {(T,SL’) € Fred?"(X,Y) x X ) x € kerT}

is a smooth (and holomorphic if F = C) subbundle of the trivial vector bundle
Fredi* (X, Y) x X — FredZ"(X,Y).

PRrROOF. Applying the implicit function theorem to the map ® from Lemma 3.22
endows a neighborhood of Ty in ®7!(0) = Fredy(X,Y) with the structure of a
smooth Banach submanifold with

codimy ®*(0) = dimy Homg(ker Ty, coker T) = k(k — 7).

If F = C, then ® is also holomorphic and ®~1(0) is thus a complex-analytic sub-
manifold near Ty. Now observe that for every T € O,

dimg ker T' = dimy ker &(T') < dimp ker Ty = £,

with equality if and only if ®(T) = 0, hence, since the index is locally constant, we
get ®1(0) = Fred2"(X,Y) in a neighborhood of Ty.

The vector bundle structure of X** can be understood using the smooth (and
holomorphic if F = C) function ¥ : O — Z(X) from Lemma 3.22. This can
be interpreted as a smooth (or holomorphic) bundle isomorphism on the trivial X-
bundle over O, whose restriction to O n Fred**(X,Y) sends the trivial subbundle
with fiber ker Tg = X isomorphically to V%F, i.e. this restriction is the inverse of a
local trivialization of V. O

For real-linear operators of index 0, one can use Prop. 3.23 to define the following
“relative” invariant. Suppose {T(s) € Fred}(X,Y)}se[-1,1] is a continuous path in
the space of Fredholm operators such that T4 := T(£1) : X — Y are both Banach
space isomorphisms. We can then define

tz, ({T(s)}) € Z

as the parity of the number of times that a generic smooth perturbation of the path
s — T(s) passes through operators with nontrivial kernel. This depends only on the
homotopy class (with fixed end points) of the path—indeed, observe first that generic
paths {T(s) € Fred}(X,Y)}[-11] are transverse to Fred2*(X,Y) for every k € N,
which implies via the codimension formula in Prop. 3.23 that they never intersect
Fred2*(X,Y) for k = 2, and their intersections with Fred'(X,Y) are transverse
and thus isolated. Second, transversality also holds for generic homotopies

[0,1] x [-1,1] — Fred}(X,Y) : (1,5) — T.(s)
with fixed end points between any pair of generic paths Ty(s) and T4 (s), so that the
set of intersections with Fred%"(X,Y") is again empty for k > 2 and forms a smooth

1-dimensional submanifold in [0, 1] x [—1, 1] for £ = 1. This submanifold, moreover,
is disjoint from [0, 1] x {—1,1} since T,(£1) = T4, and it is also compact since
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the set of T e Fred}(X,Y) with nontrivial kernel is a closed subset. We therefore
obtain a compact 1-dimensional cobordism between the intersection sets of Ty and
T respectively with Fredﬂoé1 (X,Y), implying that the count of intersections modulo 2
does not depend on the choice of generic path within a given homotopy class.

EXERCISE 3.24. Convince yourself that the standard results (as in e.g. [Hir94,
§3.2] about generic transversality of intersections between smooth maps f : M — N
and submanifolds A < N continue to hold—with minimal modifications to the
proofs—when N is an infinite-dimensional Banach manifold and A < N has finite
codimension.

EXERCISE 3.25. In the finite-dimensional case, all operators are Fredholm and
there is only one homotopy class of paths of Fredholm operators {A(s)}e[—11] be-
tween two given isomorphisms A, € GL(n,R), so we can abbreviate the invariant
defined above as ;) “(A_, A}) := p*°({A(s)}) € Zy. Show that p; “(A_,A;) =0
if and only if det A, and det A_ have the same sign.

3.3.2. Symmetric operators of index zero. We now add the following as-
sumptions to the setup from the previous subsection:

e Y is a Hilbert space H over F, with inner product denoted by { , Hy;
e X is a dense F-linear subspace D < H, carrying a Banach space structure
for which the inclusion D < H is a compact linear operator.

The notation D = X is motivated by the fact that if T € Zx(D,H), then we can
also regard T as an unbounded operator on ‘H with domain D and thus consider
the spectrum of T, see §3.3.3 below.

Since H is a Hilbert space, the space Zr(H) of bounded linear operators from
‘H to itself contains a distinguished closed linear subspace

L (H) © Z(H),

consisting of self-adjoint operators. For operators that are bounded from D to H
but not necessarily defined or bounded on H, there is also the space of symmetric
operators

LMD, M) = {T € Z4(D,H) | (&, Tyyy = {Tx,y)y for all z,y € D}.

Important examples of symmetric operators are those which are self-adjoint (see
Remark 3.29 below), though for our purposes, it will suffice to restrict attention to
symmetric operators that are also Fredholm with index 0. It turns out that the space
of symmetric operators in Fred%l(D, H) is a canonically co-oriented hypersurface in
2" (D, M), so that the invariant p; " ({T(s)}) defined above has a natural integer-
valued lift when T are symmetric. We will need a slightly more specialized version
of this statement in order to give a general definition of spectral flow.
In the following, we let

Fredy™ (D, H) := Fred}(D, H) n Z™ (D, H)
denote the space of symmetric Fredholm operators with index 0, and for k € N,

Fred™*(D, #) := Fred®™ (D, H) n FredX" (D, H).
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Given T\t € Fredy™ (D, H), consider the space
Fredi?™ (D, H, Tet) = {Teet + K: D > H | K€ L ™ (H)}.

Note that the restriction of each K € Z(H) to D is a compact operator D —
H, thus every operator in Fredi™ (D, H, Tyef) is a compact perturbation of Ty,
giving rise to a natural inclusion Fredi™ (D, H, Tyef) < Fredy™ (D, H). The space
Fredy™ (D, H, Tyer) is also affine over £ (H), and can thus be regarded naturally
as a smooth Banach manifold locally modeled on .£3""(H); in particular, its tangent
spaces are

Tr (Fredg™ (D, H, Tyet)) = L5 (H).
A remark about the case F = C is in order: £ (D, H) is a real-linear and not a

complex subspace of Z¢(D, H), thus Fred@™ (D, H, Thet) is a real Banach manifold
but does not carry a natural complex structure.

LEMMA 3.26. For any T € " (D, H) that is Fredholm with index 0, ker T
is the orthogonal complement of im'T in H, hence there exist splittings into closed
linear subspaces

D=V®K, H=WaC
where K =C =kerT, W =imT and V =W nD.

PrOOF. If x € K := ker T, then symmetry implies {(z, Ty)y = (Tz,y)y = 0
for all y € D, hence K < W+, where W := imT. But since ind T = 0, the
dimension of ker T equals the codimension of im T, implying that K already has the
largest possible dimension for a subspace that intersects W trivially, and therefore
W@ K = H. Since K is also a subspace of D and the latter is a subspace of H, any
x € D can be written uniquely as x = v+ k where ke K andve W nD =: V. The
continuous inclusion of D into H and the fact that W is closed in H imply that V'
is a closed subspace of D. O

We now have the following modification of Prop. 3.23.
PROPOSITION 3.27. For each integer k = 0, the subset
Fredyy™" (D, M, Tyet) := {T € Fredi™ (D, H, Tyer) | dimpker T = k}
is a smooth finite-codimensional Banach submanifold of Fredy™ (D, H, Tyet), with

k(k+1)/2 ifF=R,

codimp Fred;ym’k(D,H, Tief) = {k2 FF = C
? = Y

and
D ()€ 4D, ) D

T € kerT}

is a smooth subbundle of the trivial vector bundle Fred®™" (D, H, T) x D —
Fred]SFym’k(D,H,Tref). Moreover, the smooth submanifold Fred]SFym’l(D,H,Tref) c
Fred?™ (D, H, Tyer) with codimension one carries a canonical co-orientation.
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PRrROOF. Given T € Fred?Fym’k(D,H,Tref), fix the splittings D = V @ K and
H =W @ K as in Lemma 3.26. Using these in the construction of the map ®
from (3.10) produces a neighborhood @ < Fredp(D,H, Tyet) of Ty such that, by
Lemma 3.22, {T € O | dimpker T = k} = &~1(0), where

A B

®: O — Endp(K) : <C D

) — D — CA™'B.
A B

C D) € O is symmetric if

Since the splittings are orthogonal, an element T = (

and only if
{x,Ay)y = (Ax,y)y forall z,yeV,
(x,Dy)yy = (Dx,yyyy forall x,ye K,
(x,Byyy =(Cx,y)y forallzeV, yekK,
(x,Cy)y = (Bx,y)yy forallze K, yeV,

and it follows then that ®(T) € Endy™ (K), where Endi™ (K) < Endp(K) is the real
vector space of symmetric (or Hermitian when F = C) linear maps on (K,{, )3).
We thus have O n Fred®™*(D, H, Tyet) = ®1(0) with ® regarded as a smooth map
O n Fredi™ (D, H, Tyer) — Endy™ (K). The derivative at Ty again takes the form

dD(Ty) : L™ (H) — End2™(K) : (fé }3,) - D,

where now the block matrix represents an element of Z;"™(#H) with respect to the
splitting H = W @ K. This operator is evidently surjective, hence by the implicit
function theorem, ®~1(0) is a smooth Banach submanifold with codimension equal
to dimg Endy™ (K). The vector bundle structure of D™ can be defined using the
map V¥ from Lemma 3.22 just as in the non-symmetric case.

Finally, we observe that in the case k = 1, the above identifies Fredy™" (D, H, Tyet)
locally with the zero set of a submersion to Endy™ (K), which is a real 1-dimensional
vector space since K is a 1-dimensional vector space over F. The canonical isomor-
phism

R — Endi™(K) : a— al
thus determines a co-orientation on Fred]SFym’l(D, H, Tref). O

The canonical co-orientation of Fred;ym’l(l?, H, T\er) makes it natural to define
signed intersection numbers between Fred%ym’l(D, H, T\er) and smooth paths in the
ambient space FredY™ (D, H, Tye). The codimensions of Fred¥™*(D,H, T,) for
each k > 2 are still at least 3, hence large enough to ensure that generic paths or
homotopies of paths will never intersect them. The following notion is therefore
independent of choices.

DEFINITION 3.28. Suppose T, T_ € Fredy™ (D, H, T,ef) are both Banach space
isomorphisms D — H. The spectral flow

pP(T_,T,) eZ
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from T_ to T, is then defined as the signed count of intersections of T : [—1,1] —
Fredy™ (D, H, Tyer) with Fred%ym’l(D, H, T.ef), where the latter is assumed to carry
the co-orientation given by Prop. 3.27, and T : [—1, 1] — Fredy™ (D, H, Tet) is any
smooth path that is transverse to Fred®™" (D, H, Ty) for every k > 1 and satisfies
T(+1) = T,.

Note that since Fredy™ (D, H, T\ef) is an affine space over 2™ (H), all paths in
Fredi™ (D, H, Tyer) from T_ to T, are homotopic, so one can argue as we did for
p” at the end of §3.3.1 that p*P*°(T_, T) is independent of the choice of path.

3.3.3. Perturbation of eigenvalues. Continuing in the setting of the previous
subsection, we shall now regard each T € Fredy™ (D, H, Tif) as an unbounded
operator on H with domain D, see e.g. [RS80, Chapter VIII|. Notice that for each
scalar A € F, the operator T — \ also belongs to Fredy™ (D, H, Tyef). The spectrum

o(T)cF

of T is defined as the set of all A € F for which T — XA : D — H does not ad-
mit a bounded inverse. In particular, A € ¢(T) is an eigenvalue of T whenever
T — X : D — H has nontrivial kernel, and the dimension of this kernel is called the
multiplicity of the eigenvalue. We call A a simple eigenvalue if it has multiplic-
ity 1. By a standard argument familiar to both mathematicians and physicists, the
eigenvalues of a symmetric complex-linear operator are always real.

REMARK 3.29. The adjoint of T is defined as an unbounded operator T* with
domain D* satisfying

(x,Tyyy = (T*x,yyyy forall x e D* ye D,

where D* is the set of all x € H such that there exists z € H satisfying (x, Ty)y =
(z,y)y for all y € D. One says that T is self-adjoint if T = T* which means
both that T is symmetric and D = D*. In many applications (e.g. in Exercise 3.41),
the latter amounts to a condition on “regularity of weak solutions”. This condition
implies that the inclusion ker T < (im T)*—valid for all symmetric operators—is
also surjective, so if T : D — H is Fredholm, it is then automatic that ind(T) = 0.

PROPOSITION 3.30. Assume T € Fredp™ (D, H, Tye). Then:

(1) Every X € o(Ty) is an eigenvalue with finite multiplicity.

(2) The spectrum o(Ty) is a discrete subset of R.

(8) Suppose \g € 0(Ty) is an eigenvalue with multiplicity m € N and € > 0 is
chosen such that no other eigenvalues lie in [Ag — €, \g + €]. Then Ty has
a neighorhood O < Fredy™ (D, H, Tiet) such that for all T € O,

Z m(A) =m,
Aea(T)n[Ao—€, o+e€]

where m(\) € N denotes the multiplicity of A € o(T).

ProoF. For every A € F, Ty — X is a Fredholm operator with index 0, so it is
a Banach space isomorphism D — H and thus has a bounded inverse if and only
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if its kernel is trivial. The Fredholm property also implies that the kernel is finite
dimensional whenever it is nontrivial, so this proves (1).

For (2) and (3), let us assume F = C, as the case F = R will follow by taking
complexifications of real vector spaces. We claim therefore that o(Ty) is a discrete
subset of C. To see this, suppose A\g € R is an eigenvalue of Ty with multiplicity m,
SO

Tog— X € Fredz:ym,m(D’ H)

By Lemma 3.26, there are splittings D = V@ K and H = W @ K with K =
ker(To — Ag), W = im(Ty — A\og) and V' = W n D. Any scalar A € C appears in

block-diagonal form (g\ ())\) with respect to these splittings, and the block form for

_ Ag+X O
= (00

for some Banach space isomorphism Ay : V — W. Writing nearby operators T €
A B
Frede(D,H) as cC D

neighborhoods O(Ty) < Fredc(D,H) of Ty and D.(N\g) = C of Ay, admitting a
holomorphic map

®: O(Ty) x De(Xg) — Ende(K) : (T,\)— (D-X)—C(A-)\)""'B

such that ker(T — \) = ker ®(T, \). The set of eigenvalues of T near )q is then the
zero set of the holomorphic function

(3.11) D.(Ao) — C : A — det ®(Ty, A).

Ty is thus

, we can imitate the construction in (3.10) to produce

This function cannot be identically zero since there are no eigenvalues outside of R,
thus the zero at )¢ is isolated, proving (2).

To prove (3), note finally that if the neighborhood O(Ty) < Frede(D,H) of Ty
is sufficiently small, then for every T € O(Ty), the holomorphic function

fT . ]De()\(]) — C: A det (I)(T, )\)

has the same algebraic count of zeroes in D, (\g), all of which lie in [Ag — €, A\g + €]
if T is symmetric. Observe moreover that since

a)\(b(TO,)\O) =—-1¢ End(c(K),

we are free to assume after possibly shrinking € and O(Ty) that 0,®(T, A) is always
a nonsingular transformation in End¢(K). Since (T, ) is in End?™(K') and thus
diagonalizable whenever T is symmetric and A € R, it follows via Exercise 3.31
below that the order of any zero fr(A) = 0 is precisely the multiplicity of A as an
eigenvalue of T. 0

EXERCISE 3.31. Suppose U < C is an open subset, A : U — C"*" is a holomor-
phic map and 2y € U is a point at which A(z) is noninvertible but diagonalizable,
and A’(z9) € GL(n,C). Show that dimc ker A(z) is the order of the zero of the

holomorphic function det A : i — C at z.
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The next result implies that for a generic path of symmetric index 0 operators
as appears in our definition of p*P*°(T_, T, ), the spectral flow is indeed a signed
count of eigenvalues crossing 0.

PROPOSITION 3.32. Suppose {T; € Fredi™ (D, H, Tyet)}
and \g € R is a simple eigenvalue of Ty. Then:

se(—1,1) 1$ a smooth path

(1) For sufficiently small € > 0, there exists a unique smooth function X\ :
(—€,€) = R such that A\(0) = Ao and \(s) is a simple eigenvalue of Ty for
each s € (—e,€).

(2) The derivative N'(0) is nonzero if and only if the intersection of the path
{Ts — Ao € Fredy™ (D, H, Trer)} 1.1y with Fred™ (D, H, Trer) at 5 = 0
is transverse, and the sign of N'(0) is then the sign of the intersection.

PRrOOF. Using the same construction as in the proof of Proposition 3.30, we can
find small numbers € > 0 and § > 0 such that

{(5,0) € (—€,6) x (Ao — 8, M +0) | e o(Ty)} = &7(0),

where
D (—6,€) x (Ao — 0, Ao +0) = EndY™(K) : (5,\) — (D, — \) — C, (A, — \) ' By,
and we write T, = és gs with respect to splittings D = VK and H = WO K

with K = ker(To — X\g), W = im(Ty — Ag) and V = W n D. In saying this, we've
implicitly used the assumption that )\g is a simple eigenvalue, as it follows that
dimp ker(T — A) cannot be larger than 1 for any T near Ty and A near A, so that
®~1(0) catches all nearby eigenvalues. Simplicity also means that Endy™(K) is real
1-dimensional, and we have

0s®(0, X0) = 0Dylsm0,  OAB(0, Ng) = —1.

The implicit function theorem thus gives ®~1(0) near (0,)\y) the structure of a
smooth 1-manifold with tangent space at (0, \g) spanned by the vector

83 + (83D5|s:0> (’/3)\7

where we are identifying 0;D;|s—0 € Endy™ (K) with a real number via the natural
isomorphism Endy™(K) = R. Therefore ®~'(0) can be written as the graph of a
uniquely determined smooth function A, whose derivative at zero is a multiple of
0sDg|s=0. This proves both statements in the proposition, since by the proof of
Proposition 3.27, the intersection of {T}.c(—1,1) with Fred?Fym’l(D, H, T\ef) is trans-
verse if and only if 0;D|s—0 # 0, and its sign is then the sign of d;D;|,o. O

The purpose of the next lemma is to prevent eigenvalues from escaping to +oo
under smooth families of operators in Fredy™ (D, H, T\ef).

LEMMA 3.33. Suppose {K € 25" (H)} (0
bounded linear operators, and X : (a,b) — R is a smooth function such that for every
s € (a,b), A(s) is a simple eigenvalue of T := Tyet+ Ky € Fredgd™ (D, H, Tyet). Then

|)‘(3)| < [0sKslz@y  for all s € (a,b).

) 1s a smooth path of symmetric
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PROOF. The operators {Ts — A(s)}se(ap) form a smooth path in the manifold
Fred®¥™" (D, H, Tyef), 5o Proposition 3.27 implies that the family of 1-dimensional
eigenspaces ker(Ty — A(s)) < D forms a smooth vector bundle over (a,b). We can
therefore pick a smooth family of eigenvectors z(s) € ker(Ts — A(s)) for s € (a,b)
and normalize them so that [z(s)|» = 1 for all s. Then 0 = 0/x(s), z(s))n =

x(s),x(s))n + (x(s),z(s))y and A(s) = {(x(s), Tsz(s))s, so writing K, := ;K
0, T, we have

A(s) = 0u(s), T (s))p = Ca(s), Ko (s)n + (i (s), To(s))p + als), Toi(5))m
= (a(s), Kaa(s)u,

as the last two terms in the first line become A(s) [(2(s), 2(s) ) + (x(s),(s))»] =0
since T is symmetric and Tsz(s) = A(s)z(s). We obtain

D

M) < () e sl a0y [5) [0 = 1Kl -
O

3.3.4. Homotopies of eigenvalues. Specializing further, we now set ‘H and
D equal to the specific real Hilbert spaces

H = L*(S' R™), D = H'(S' R*™)

and consider paths of asymptotic operators A, : H'(S!, R*") — L?(S',R?*"). Con-
cretely, this means setting T, := —Jy 0; and restricting to compact perturbations
K € £ (H) of the form Kn := —Sn for S : S' — Endy™(R*") of class L®. The
resulting operators A = —Jy d; — S(t) belong to Fredy™ (D, H, Tyef) by Lemma 3.13,
and by Remark 3.21, any smooth path s — S, in L®(Endgy™(R?*")) gives rise to a
smooth path of operators Ay = —Jyd; — S5 in Fredy™ (D, H, Tret)-

REMARK 3.34. We defined the topology of Fredy ™ (D, H, Tyef) in §3.3.2 by re-
garding it as an affine space over £ " (H), which means in practice that a family
of trivialized asymptotic operators s — A, is considered continuous if and only if
A, = —Jy0;— S, for zeroth-order terms S, that define a continuous family of bounded
linear operators on L?*(S*, R**). Since the natural inclusion L*(S!, End(R**)) —
L(L*(S',R*)) has closed image (cf. Remark 3.21), this is equivalent to the con-
tinuity of the map s — S, into L®, which means continuity in the topology of the
space of asymptotic operators as specified in Definition 3.11.

The proof of Theorem 3.19 requires only one more technical ingredient, whose
proof is given in Appendix C and should probably be skipped on first reading unless
you have already read Lecture 8 or seen similar applications of the Sard-Smale
theorem elsewhere. You might however find the result plausible in accordance with
the notion that maps from 2-dimensional domains, such as a map of the form

(—1,1) x R — Fredy™ (D, H, Tret) : (5,A) — T — A

should generically not intersect submanifolds that have codimension 3 or more, such
as Fred?™" (D, H, Tyf) when k > 2.
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LEMMA 3.35 (see Appendix C). Fiz a smooth path [—1,1] — L*(Endg™(R*")) :
s — S and consider the 1-parameter family of symmetric index 0 Fredholm operators

A, = —Jody— S, H'(S", R*) — L*(S', R*")

for s € [—1,1], assuming A4y are isomorphisms. Then after replacing Ss by a
family of the form Sy(t) := Ss(t) + B(s,t) for some smooth function B : [-1,1] —
Endy™ (R?") that vanishes for s = +1 and may be assumed arbitrarily C*-small,
one can arrange that the following conditions hold:

(1) For each s € (—1,1), all eigenvalues of Ay are simple.
(2) All intersections of the smooth path

(—1,1) — Fredy™ (D, H, Tret) : s — As

with FredY™ (D, 1, T.e) are transverse.

0

PROOF OF THEOREM 3.19. Given a family {A}.c[—1,1] as specified in the the-
orem, use Lemma 3.35 to obtain a C'*-small zeroth-order perturbation making all
eigenvalues simple for s € (—1,1) and all intersections with Fredy ™D, H) trans-
verse. Proposition 3.32 then implies that the eigenvalues depend smoothly on s, and
Lemma 3.33 imposes a uniform bound on their derivatives with respect to s so that
each one varies only in a bounded subset of R for s € (—1,1). The smooth families
of eigenvalues for s € (—1,1) therefore extend to continuous families for s € [—1,1]
since the space of noninvertible Fredholm operators with index 0 is closed. Propo-
sition 3.30 ensures moreover that these continuous families hit every eigenvalue
with the correct multiplicity at s = +1, and by Proposition 3.32, the formula for
1P(A_ A, ) stated in the theorem is correct for the perturbed family with sim-
ple eigenvalues and transverse crossings. To obtain the same result for the original
family, suppose we have a sequence of perturbations {AY = A, + BY(s,)}se[-1,1]
such that B” : [-1,1] x S — Endy™(R*") is C*-convergent to 0 as v — 0.
Lemma 3.33 then provides a uniform C'-bound for each sequence of smooth fami-
lies of eigenvalues, so they have C%-convergent subsequences as v — o0, giving rise
to the continuous families in the statement of the theorem. 0J

REMARK 3.36. It is important to understand that the definition of spectral flow
depends on the particular co-orientation of Fredf’Fym’l(D, H, Tyer) that arose in the
proof of Prop. 3.27. We saw in Prop. 3.32 that this is indeed the right co-orientation
to use if we want to interpret signed intersections with Fred;me(,D,H,Tref) as
signed crossing numbers of eigenvalues. In the non-symmetric setting of §3.3.1,
one can show that Fred)'(X,Y) is also co-orientable—this is obvious in the finite-
dimensional case since Fred]%’l(R", R™) is then a regular level set of the determinant
function. Moreover, Fredy'(R”, R") is connected (see Exercise 3.37 below), so the
co-orientation is unique up to a sign. One can therefore lift the Z,-valued spectral
flow of §3.3.1 to Z, but as in Exercise 3.25, the result will be a different and much
less interesting invariant than p*P*°(A_, A, ), as its value will always be either 0 (if
det A_ and det A; have the same sign) or +1 (if they don’t). The reason for the
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discrepancy is that the canonical co-orientation of Fredﬁgm’l(l?, H, Tyer) must gen-
erally differ on some connected components from any possible co-orientation of the
larger hypersurface Fred}' (D, H) c Fred% (D, H).

EXERCISE 3.37. Show that the space Fredy' (R?, R?) of rank 1 matrices in R?*? is
connected, but the space Fredy m’l(RQ, R?) of symmetric rank 1 matrices is not, and
that the canonical co-orientation of Fredy ™1(R2, R?) coming from Prop. 3.27 differs
on some components from any possible co-orientation of Fred%l(R2,R2) c R?*2,
Hint: A non-symmetric 2-by-2 matrix may have rank 1 even if both of its eigenvalues
are 0. For symmetric matrices this cannot happen.

EXERCISE 3.38. Find a smooth path A : [—1,1] — R**? of symmetric matrices
such that Ay := A(+1) are both invertible and p**(A_,; A;) =2, but A, and A_
can also be connected by a smooth path of (not necessarily symmetric) invertible
matrices in R?*2,

DEFINITION 3.39. The spectral flow between two asymptotic operators A4
with trivial kernel on a Hermitian vector bundle (E,J,w) over S! is defined by
choosing a unitary trivialization to identify both with operators of the form AY =
—Jo0 — S+(t), and then setting pP*(A_, A}) = (A%, AY), with the latter
defined via Theorem 3.19.

You should take a moment to convince yourself that the definition of p*P*“(A_, A )
does not depend on the choice of unitary trivialization.

We can now clarify what is meant when we say that critical points of the action
functional in SF'T or Floer homology have “infinite Morse index” and “infinite Morse
co-index”:

PROPOSITION 3.40. Every asymptotic operator has infinitely many eigenvalues
of both signs.

PROOF. For Ay := —Jyd; : H'(S',R?") — L*(S',R?"), the eigenvalues can be
computed explicitly (see the proof of Theorem 3.54 below), so one verifies easily
that there are infinitely many of both signs. It is therefore also true for Ay + €
for any ¢ € R, and this operator has trivial kernel whenever € ¢ 2n7Z. For any
other trivialized asymptotic operator A with 0 ¢ o(A), the result then follows from
Theorem 3.19 since p*P*(Ag + €, A) is finite, and this is precisely the signed count
of eigenvalues which change sign. The condition 0 ¢ o(A) can then be lifted by
replacing A with A + e. OJ

EXERCISE 3.41. Prove:

(a) Asymptotic operators are self-adjoint (as unbounded operators on L? with
domain H') in the sense of Remark 3.29.

(b) For any asymptotic operator A on a bundle F, L?(E) admits an orthonor-
mal basis of eigenfunctions of A. Hint: Choose A € R\c(A) and notice that
the resolvent (A — A)~! defines a compact operator from L*(E) to itself.
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3.4. The Conley-Zehnder index

We are now in a position to define a suitable replacement for the Morse index
in the context of SFT. It will take the form of a locally constant function

oy AME) > Z

associated to each Hermitian vector bundle (E,w, J) over S with symplectic triv-
ialization 7, and will have the important property that its values fully classify the
connected components of the space of nondegenerate asymptotic operators. Recall
from §3.2 that the space A(F) of asymptotic operators is an affine space over the
Banach space of symmetric bundle endomorphisms of class L®, and the nondegen-
erate operators form an open subset A*(E) < A(F) characterized by the condition
ker A = {0}. Since the spectrum o(A) < R consists entirely of eigenvalues, nonde-
generacy of A € A(FE) is equivalent to the condition

0¢oa(A).

The following general class of nondegenerate asymptotic operators will be used for
normalization purposes.

EXAMPLE 3.42. Suppose S € Endg™ (R?) is a constant 2-by-2 symmetric matrix
with negative determinant. Then the trivialized asymptotic operator A = —Jy0; —

S HY(S'R?*) — L*(S',R?) is nondegenerate. To see this, observe that since R?
is spanned by an orthogonal pair of eigenvectors, one can assume after a suitable

change of basis that J, = <(1] _01> and S = (8 _Ob> for some a,b > 0. The

matrix appearing in the equation n = JySn is then Jyp.S = <2 8), which has the

real nonzero eigenvalues ++/ab. Tt follows that the two eigenvalues of e’ lie in
(0,1) and (1,0), so there can be no 1-periodic solutions of the equation 7 = JySn,
and thus no nontrivial solutions n € H(S*, R?) to An = 0.

In higher dimensions, the same result holds for A = —Jyd; — S : H'(S?, R*") —
L*(S*, R*") whenever the constant matrix S € Endg ™ (R*") is unitarily equivalent to
a diagonal matrix with n positive and n negative eigenvalues (counting multiplicity).
Indeed, this condition is equivalent to saying that R?" = C" can be decomposed into
orthogonal complex 1-dimensional subspaces such that S restricts to an orientation-
reversing isomorphism on each. The solutions to the equation 1 = JySn are then
linear combinations of solutions for the n = 1 case described in the previous para-
graph.

Choosing the identification R?" = C" so that J, = gl) _01 , the canonical

example of a matrix with the properties described above is S = <g _0]1>

EXERCISE 3.43. Show that the space of matrices on Endy ™ (R?") unitarily equiv-
alent to a diagonal matrix with n positive and n negative eigenvalues (counting
multiplicity) is connected.
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DEFINITION 3.44. The Conley-Zehnder index associates to every trivialized
nondegenerate asymptotic operator A = —Jyd; — S(¢) : H'(S?, R*") — L*(S R*")
an integer

Hcz (A) eEZ
determined uniquely by the following properties:
(1) pcz(A) = 0 for any operator of the form A = —Jy0; — S where S €

Endy™ (R?") is a constant matrix unitarily equivalent to one that is diagonal
with n positive and n negative eigenvalues (counting multiplicity).
(2) For any two nondegenerate operators A,

pez(A-) = pez(Ag) = PP (A AL).

Example 3.42 and Exercise 3.43 show that this definition does not depend on
the choice of a constant matrix S € Endg™(R?") with n positive and n negative
eigenvalues, as any two asymptotic operators constructed in this way are homotopic
through a family of nondegenerate asymptotic operators, and therefore have zero
spectral flow between them.

DEFINITION 3.45. Given a nondegenerate asymptotic operator A € A*(FE) on
a Hermitian bundle (E, J,w) over S! and a choice of symplectic trivialization 7 for
(E,J), the Conley-Zehnder index of A with respect to 7 is the integer

piz(A) € Z

defined by choosing any unitary trivialization homotopic to 7 to write A as an
operator H'(S!,R*") — L?(S! R?") and then plugging in Definition 3.44.

If v is a nondegenerate Reeb orbit v in a (2n — 1)-dimensional contact manifold
(M, €& = ker «), then for any symplectic trivialization 7 of v*¢ — S, the Conley-
Zehnder index of v relative to 7 is defined as

1oz (Y) = pez(A).

It is clear from the definition that any two trivialized asymptotic operators that
are homotopic through a family of nondegenerate operators have the same Conley-
Zehnder index, as the existence of such a homotopy implies that the spectral flow
between them is zero. For this reason, the definition above for uf,(A) depends on
the trivialization 7 only up to homotopy: any homotopy of trivializations gives rise
to a homotopy of trivialized asymptotic operators that are all nondegenerate.

It is customary elsewhere in the literature (see e.g. [CZ84,SZ92]) to adopt a
somewhat different perspective on the Conley-Zehnder index, in which it defines an
integer-valued invariant of connected components of the space of nondegenerate
symplectic arcs

{¥ e C°([0,1],5p(2n)) | ©(0) = 1 and 1 ¢ o(¥(1))},

where Sp(2n) < GL(2n,R) denotes the group of linear transformations that preserve
the standard symplectic form on R?". The connection between this notion and our
definitions above arises from the parallel transport map of an asymptotic operator
(see Proposition 3.17), and is elucidated in Definition 3.49 below.
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EXERCISE 3.46. For an asymptotic operator A € A(FE) with parallel transport
map {W(t)},r, show that A is nondegenerate if and only if 1 ¢ o(¥(1)).

EXERCISE 3.47. Show that if [0,1] — A(E) : s — A; is a continuous family of
asymptotic operators with parallel transport maps {W,(t)}r, then Uy(¢) depends
continuously on (s,t) € [0, 1] x R. Hint: Exercise 3.16 contains a useful result about
the continuous dependence of solutions to ODEs on parameters in the equation.

EXERCISE 3.48. Show that any smooth family {W,()} s ¢eo,172 of symplectic lin-
ear maps WU,(t) : Ey — E; on a Hermitian bundle (F,w, J) over S! uniquely deter-
mines a continuous family of asymptotic operators {A, € A(E)}c[o,1] whose parallel
transport maps over the interval [0,1] are {W,(¢)}ico1]. Hint: See Remarks 3.18
and 3.20 for a few useful observations.

DEFINITION 3.49. The Conley-Zehnder index jicz(V) € Z of a nondegenerate
symlectic arc ¥ : [0,1] — Sp(2n) is defined as pucz(A) for any choice of trivialized
asymptotic operator A whose parallel transport restricted to the interval [0, 1] is
homotopic to ¥ through a family of nondegenerate symplectic arcs.

If you are wondering why Definition 3.49 does not simply choose A to be an
asymptotic operator whose parallel transport is ¥, the answer is that such an oper-
ator might not exist since we only assumed ¥ to be of class C° and not W1*. But
by Proposition 3.17 and Remark 3.18, such an operator will always exist after per-
turbing W : [0,1] — Sp(2n) on (0, 1) to make it smooth. That the resulting index is
independent of this choice of perturbation then follows from Exercises 3.46 and 3.48,
supplemented by the fact that a continuous homotopy between two smooth paths
always admits a C°-small perturbation to a smooth homotopy.

REMARK 3.50. For the asymptotic operator A, of a Reeb orbit «, the corre-
sponding symplectic parallel transport map is given by the linearized Reeb flow
along ~, restricted to £ (cf. Exercise 3.5 and Remark 3.6). Thus if one prefers as
in [SZ92] to speak in terms of nondegenerate symplectic arcs instead of asymptotic
operators, iy () is equivalently the Conley-Zehnder index of the linearized Reeb
flow along ~, expressed via a choice of symplectic trivialization as a nondegenerate
arc in Sp(2n — 2).

EXERCISE 3.51. Show that if A; and A, are nondegenerate asymptotic operators
on Hermitian bundles E; and E, respectively, then A;@® A, defines a nondegenerate
asymptotic operator on E; @ E», and given trivializations 7; for j = 1,2,

iy ™ (AL @ Ag) = gy (A1) + ui,(As).

REMARK 3.52. Contact geometry in dimension one is not very interesting, but
we will nonetheless occasionally need to allow n = 1 in the above discussion. On S*
with its standard orientation, any 1-form that is everywhere positive is contact, so
the induced contact structure is a rank 0 bundle, it has a unique trivialization, and
closed Reeb orbits « are just covers of S'. The asymptotic operators A., for these
orbits are thus trivial operators on a 0-dimensional vector space, and in light of the
direct sum formula in Exercise 3.51, the only reasonable convention is to set

pez () = pez(Ay) = 0.
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A=0 A=0 A=0

A W

A, A +c(s) A+ co(s)

FIGURE 3.1. Modifying a path of asymptotic operators {A}sc-11]
with zero spectral flow to produce a path of nondegenerate operators.

This will lead to the correct Fredholm index formula for punctured holomorphic
curves in 2-dimensional symplectic cobordisms, which is just a fancy way of talking
about holomorphic branched covers between punctured Riemann surfaces (cf. Propo-
sition 14.36).

Here is the main result about Conley-Zehnder indices.

THEOREM 3.53. On any Hermitian bundle (E, J,w) — S with symplectic triv-
ialization T, two nondegenerate asymptotic operators AL € A*(E) lie in the same
connected component of A*(E) if and only if up,(Ay) = ppy(A).

Similarly, two nondegenerate symplectic arcs ¥4 : [0, 1] — Sp(2n) are homotopic
through a family of nondegenerate symplectic arcs if and only if pez(V,) = pez(V_).

PROOF. In one direction, both statements are immediate from the definitions.
For the other direction of the first statement, we trivialize the bundle and aim to
show that if Ay = —Jy0; — S4(t) satisfy pP*°(A_, A, ) = 0, then they are connected
by a path of trivialized asymptotic operators for which no eigenvalues cross 0. To
see this, we can first choose any path {A,}.[—1,1 of asymptotic operators with
Ay = AL such that (after perturbing it via Lemma 3.35) all eigenvalues of A,
for —1 < s < 1 are simple and their crossings with 0 are transverse with respect
to the parameter s. Any consecutive pair of crossings with opposite signs can then
be eliminated (see Figure 3.1) by changing {A,}s-1,1] to {As + c(5)}se[-1,1] for a
suitable choice of smooth function ¢ : [—1,1] — R. Since the spectral flow is zero,
one can repeat this modification until one obtains a path with no crossings.

The statement about symplectic arcs follows from the statement about asymp-
totic operators via Exercise 3.47. ]

3.5. Winding numbers of eigenfunctions

To compute Conley-Zehnder indices, Exercise 3.51 shows that it suffices if we
know how to compute them for operators on Hermitian line bundles. The next two
theorems provide a useful tool for this.

THEOREM 3.54. Let A = —Jyd; — S(t) : H(S*,R?) — L?(S',R?), where S €
L*®(S', Endy™(R?")). For each A € o(A), denote the corresponding eigenspace by
By c H'(S',R?).
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(1) Every nontrivial eigenfunction ey € Fy is a continuous nowhere-zero loop
in R? and thus has a well-defined winding number wind(e,) € Z.

(2) Any two nontrivial eigenfunctions in the same eigenspace Ey have the same
winding number.

(3) If A\, € o(A) satisfy A < u, then any two nontrivial eigenfunctions ey € E)
and e, € E, satisfy wind(ey) < wind(e,,).

(4) For every k € Z, A has exactly two eigenvalues (counting multiplicity) for
which the corresponding eigenfunctions have winding number equal to k.

Proor. We follow the proof given in [HWZ95a].

Statement (1) follows from the generalized existence/uniqueness result of Exer-
cise 3.16 for solutions to the (possibly discontinuous) linear ODE 0;n = Jo(S + A\)n.
In particular, any solution that equals zero at a point must be identically zero, since
the trivial function is also a solution.

To prove (2), let 9 and 7; be nontrivial eigenfunctions for the same eigenvalue A.
If their winding numbers are different, then there exists t, € S* at which n;(¢y) is a
nonzero real multiple of 79(%y), so after rescaling, we can assume 1o(to) = 71(%y). But
no and 7; are both solutions to the same linear ODE, so this implies 1o (t) = n(t)
for all ¢ and thus contradicts the assumption on the winding numbers.

We prove the rest first for the case S = 0 and the operator Ag = —Jy0;. Let us
identify R? with C so that Jy becomes i, and the equation Agn = An becomes

—10m = A, hence n(t) = n(0)e™.

This is a well-defined function S' — C if and only if A € 27Z, thus o(Ag) = 27Z,
and the winding number of an eigenfunction with eigenvalue 27k is k. Statements
(2) and (3) for the operator Ay are now obvious, and (4) follows from the observation
that for each A = 27k, the eigenspace E) has complex dimension one and thus real
dimension two, so in this case each eigenvalue is to be counted with multiplicity two.

For the case of an arbitrary trivialized asymptotic operator A, observe first that
each eigenspace Fy < H'(S',R?) is at most 2-dimensional, as the uniqueness of
solutions in Exercise 3.16 gives a linear injection

Ey\ — R?: 5~ n(0).

Now choose a smooth path of asymptotic operators {As}se[O,l] from Ay = —Jy0;
to Ay = A, and perturb it as in Lemma 3.35 so that all eigenvalues of A, for
s € (0,1) are simple. The same argument as in the proof of Theorem 3.19 (combining
Propositions 3.30 and 3.32 and Lemma 3.33) produces a discrete set of continuous
functions {)\; : [0,1] — R} ez whose values at each s € [0, 1] are the eigenvalues of
A, (counted with multiplicity), and since eigenvalues for s € (0, 1) are simple, on
the open interval these functions are all smooth and no two of them ever coincide
(see Figure 3.2). It follows that the A; can be ordered to ensure \;(s) < Ag(s)
for j < k and all s € [0,1], with strict inequality A;(s) < Ax(s) when s € (0,1).
Proposition 3.27 now implies that the 1-dimensional eigenspaces corresponding to
the eigenvalues \;(s) for s € (0, 1) also vary smoothly in H*(S*, R?) with s, so in light
of the continuous inclusion H!(S!) < C°(S) from the Sobolev embedding theorem,
one can span these eigenspaces with continuous families of nontrivial eigenfunctions
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>\2 = A3
—4 A1l Ao M AL As
FIGURE 3.2. Generic deformation of eigenvalues from Ag = —Jy0;

to an arbitrary asymptotic operator A in the proof of Theorem 3.54.

n;(s) € H(S',R?). If we normalize them so that ||n;(s)|z2 = 1 for all j and s, then
they also extend continuously to s = 0 and s = 1 as nontrivial eigenfunctions of
A, and A, respectively, and continuity implies that wind(n;(s)) € Z is independent
of s. Finally, we observe that pairs of the functions J; : [0, 1] — R may coincide at
s = 1 since eigenvalues of A; need not be simple (this occurs once in Figure 3.2),
but the bound dim F) < 2 implies that no more than two of these functions can ever
have the same value. At s = 0, our computation of the spectrum of Ay shows that
exactly two of them attain each value in 27Z. It follows that for every s € [0, 1],
including s = 1, the function Z — Z : j — wind(7;(s)) is monotone increasing and
attains every value exactly twice. 0

The theorem implies the existence of a well-defined and nondecreasing function
o(A) > Z: A — wind(\),

where wind () is defined as wind(ey) for any nontrivial e, € F), and this function
attains every value exactly twice (counting multiplicity of eigenvalues). Since eigen-
values of A are isolated, we can therefore associate to any asymptotic operator A
on the trivial Hermitian line bundle the integers

A) = i ind(\) € Z
WA o B VAN € B
(3.12) a_(A) = max  wind(\) € Z,

Aeo(A)n(—00,0)
p(A) = as(A) —a_(A) > 0.

We refer to a4 (A) as the (positive and negative) extremal winding numbers
of A. If A is nondegenerate, then Theorem 3.54 implies that p(A) is either 0
or 1, and it is in this case called the parity of A; the following result justifies this
terminology.

THEOREM 3.55. If A is a nondegenerate asymptotic operator on the trivial Her-
mitian line bundle S* x R? — S, then

pez(A) = 2a_(A) + p(A) = 20 (A) — p(A).
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1 0
0 -1
nition, and it has two constant eigenfunctions with eigenvalues of opposite signs,
hence

PROOF. The operator Ag = —Jy0; — satisfies pcz(Ag) = 0 by defi-

Oé_(AQ) = Oé+(A0) = 0,

consistent with the stated formula. The general case then follows by choosing a
generic (in the sense of Lemma 3.35) path from A, to A and observing that all
three expressions in the stated formula change in the same way whenever a simple
eigenvalue crosses zero. O

For any Hermitian line bundle (FE,J,w) over S! with an asymptotic operator
A, we can similarly choose a symplectic trivialization 7 to define o (A) € Z and
p(A) = a7 (A) —a” (A) = 0; note that the dependence on 7 cancels out in the last
formula, so that p(A) is independent of choices. We then can associate to any Reeb
orbit v in a contact 3-manifold (M,{ = ker ) with a trivialization 7 of v*¢ the
integers o () and p(7), such that if v is nondegenerate, then p(vy) € {0,1} and

pez(y) = 227 (y) + p(y) = 227 (v) — p(7).

EXERCISE 3.56. Given a Hermitian vector bundle (E, J,w) — S! with two uni-
tary trivializations 7; : E — S x R*" for j = 1,2, denote by

deg(riomy ') e Z

the winding number of detg : S' — U(1) = C\{0}, where g : S' — U(n) is the
transition map appearing in the formula 7 o 7, '(¢,v) = (¢, g(t)v). Show that for
any nondegenerate asymptotic operator A on (E, J,w),

1y (A) = udy(A) + 2 deg(r o).
Exercise 3.56 provides the useful formula

13 (v) = 1z (v) + 2deg(ra oy ')

for any two symplectic trivializations 71, 7o of & along a nondegenerate Reeb orbit ~,
where deg(7, o 7;') can be defined in this case after homotopies of 71 and 7, to
unitary trivializations. In particular, this shows that the parity

HE () = ez (v)] € Zo
of the orbit does not depend on a choice of trivialization. We sometimes refer to
even orbits and odd orbits accordingly.

To any closed Reeb orbit of period T > 0 parametrized by a loop 7 : S' — M
with 4 = T - R,(7), one can associate a Reeb orbit of period kT for each k € N,
parametrized by

AR St Mt (k).
We say +* is the k-fold cover of v, and it is multiply covered if k > 2. We say v
is simply covered if it is not the k-fold cover of another Reeb orbit for any k > 2.
Notice that sections n € I'(y*€) also have k-fold covers n* € T'((v*)*¢), defined by

1"(t) = n(kt).
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If A, has parallel transport map {U,(¢)}er, then the parallel transport map of
A i for each k € N is given by

Ui (t) = U, (kt).

v
If A, is given in some choice of unitary trivialization of v*¢ by —Jyd; — S(t), then
using the pullback of the same trivialization on (v*)*¢, one now deduces via Propo-
sition 3.17 that A is given by

A v = —Jo0r — kS(kt).
This implies:

PROPOSITION 3.57. Given a Reeb orbit v and k € N, the k-fold cover of each
eigenfunction ey of A, with A ey = MXey is an eigenfunction of A.x satisfying
A el = EkXek. O]

EXERCISE 3.58. Assume dim M = 3.

(a) If v is a closed Reeb orbit in M and 7 is the pullback under S* — S* : ¢ — kt
of a trivialization of y*¢ — S', deduce from Theorem 3.54 that a nontrivial
eigenfunction ey of A« is a k-fold cover if and only if wind"(ey) is divisible
by k.

(b) Under the same assumptions, show that for any nontrivial eigenfunction e,
of Ak

Y

cov(ey) := max{m € N | e, is an m-fold cover} = ged(k, wind" (e} )).

(c) Show that if v is a nondegenerate Reeb orbit with even Conley-Zehnder
index, then so are all of its multiple covers.

3.6. Elliptic and hyperbolic orbits

In this section we develop a few more techniques for the computation of Conley-
Zehnder indices, focusing mainly (but not exclusively) on the low-dimensional case.
We will need to use the following notation for the “floor” and “ceiling” of a real
number 6 € R,

Z3|0|<0<|0|leZ for 0 e R,

where by definition [#] = |#] + 1 whenever 6 ¢ Z, and [0] = |0] for 6 € Z.

DEFINITION 3.59. Assume (M, ¢ = ker a) is a 3-dimensional contact manifold,

v : St — M parametrizes a nondegenerate Reeb orbit of period T = «a(¥) > 0, and
ol &40) — &4(0) denotes the restriction of the linearized time-T" Reeb flow to & (o).
Let A, Ay € C denote the two eigenvalues of I, which satisfy A\ = 1 since ¢ is
symplectic, and Ay # 1 # Ay since 7 is nondegenerate. Then -y is called

(1) positive hyperbolic if A\, Ay > 0;

(2) negative hyperbolic if A\j, Ay < 0;

(3) elliptic if i, A2 ¢ R.
Similarly, a nondegenerate symplectic arc ¥ : [0,1] — Sp(2) or a nondegenerate
asymptotic operator A on a Hermitian line bundle (E,w,J) — S with parallel
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transport map {¥(#)}«r can be called positive/negative hyperbolic or elliptic’
according to the properties of the eigenvalues Aj, Ay € o(V(1)).

Observe that every nondegenerate orbit must satisfy exactly one of the three
conditions in Definition 3.59, each of which encodes qualitative aspects of the dy-
namics in the neighborhood of that orbit. This is a large subject, which we will not
get into here except to make some observations about the invariance of these prop-
erties under deformations. In the elliptic case, the two eigenvalues A\, Ay necessarily
form a conjugate pair on the unit circle U(1) < C, and in both other cases, they
must both lie on the same side of 0 in R\{0}. Since U(1) n (—0,0) and (0, 0)\{1}
are each open and closed subsets of (R\{0,1}) u U(1) < C (see Figure 3.3), it fol-
lows that under any smooth deformation of contact forms {c}se0,1] for which ~ is
a nondegenerate Reeb orbit for every ay, it cannot deform from positive hyperbolic
to either of the other two categories, i.e. if it is positive hyperbolic at s = 0, then it
remains so at s = 1. Indeed, since eigenvalues of the linearized flow deform contin-
uously as functions of s, they could not pass from the positive real line to the circle
or negative real line without crossing 1, which would mean degeneracy. We will
see in Theorem 3.63 below that this invariance property is related to the odd/even
parity of the Conley-Zehnder index. It’s worth looking first at a couple of concrete
examples.

EXAMPLE 3.60. On the trivial Hermitian line bundle over S!, consider an as-
ymptotic operator of the form

A=—Jyo, — ¢

for € € R. The spectrum and eigenfunctions of this operator were computed for
€ = 0 in the proof of Theorem 3.54; for general € € R, the eigenfunctions are the
same, but the spectrum is shifted to 27Z — ¢, implying that A is degenerate if and
only if € € 2n7Z. 1If € ¢ 27wZ, then inspecting the winding of the eigenfunctions and
applying Theorem 3.55 gives

pcz(A) = 2|e/2m| + 1.
The parallel transport map ¥ : R — Sp(2) for this operator is given by

(t) = et (cos(et) —sin(et)) ’

sin(et)  cos(et)

so o(¥(1)) = {e’, e}, and A is therefore elliptic whenever € ¢ 7Z, and negative
hyperbolic for € € 7Z\27Z.

EXERCISE 3.61. Show that the asymptotic operators of Example 3.60 arise in the
following concrete example of a closed Reeb orbit: v : ST — S xR? : ¢ — (¢,0) with
positive contact form o = f(p) dO+g(p) d¢ written in positively-oriented coordinates
0, (p,¢)) € St x R?, where (p, ¢) are the standard polar coordinates on R* and
f,9:]0,00) — R are suitably chosen functions. Assuming f(0) > 0 and ¢(0) = 0,
find an explicit formula for the offset € € R in terms of the ratio f”(0)/g”(0).

6Caution: the use of the word “elliptic” in this context is unrelated to its meaning in the theory

of partial differential operators (which will be relevant from Lecture 4 onwards). Every asymptotic
operator is elliptic in the latter sense, but not in the dynamical sense under consideration here.



84 CHRIS WENDL

FiGure 3.3. Every symplectic linear map in dimension two has
spectrum contained in (R\{0}) u U(1) < C, but eigenvalues cannot
move between (0,00) and (—o0,0) u U(1) without crossing 1.

ExXAMPLE 3.62. The asymptotic operator

a5 0)

cosh(et) sinh(et)
sinh(et) cosh(et)
{e!, e~} so it is positive hyperbolic. It also satisfies pcz(A) = 0 by the definition
of the Conley-Zehnder index.

Observe that by changing global trivializations as in Exercise 3.56, one can
produce from this example a positive hyperbolic asymptotic operator with arbi-

trary even Conley-Zehnder index; indeed, changing trivializations alters the path
U : [0,1] — Sp(2), but does not change ¥(1).

for e > 0 has parallel transport map V(t) = < ) and thus o (¥ (1)) =

We can now establish a useful topological criterion for computing the Conley-
Zehnder index of a nondegenerate symplectic arc ¥ : [0,1] — Sp(2). Given v €
R?\{0}, use the canonical identification R? = C to write ¥ (t)v = r,(t)e?®® for
some continuous functions r,(¢) > 0 and 6,(¢) € R. The winding interval of ¥ is
defined as the set

0,(1) — 6,(0)

A) = { o

ve RQ\{O}} cR.
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Notice that 6,(1)—6,(0) depends only on the normalized vector v/[v] = S* = R?, and
this dependence is continuous, thus A(V) < R is indeed a connected and compact
set, i.e. a closed bounded interval.

THEOREM 3.63. Given a nondegenerate symplectic arc W : [0,1] — Sp(2), ez-
actly one of the following holds:

o U s elliptic or negative hyperbolic and there exists an integer k € Z with
toz(V) =2k + 1 and AW) c (kk+1).
o U is positive hyperbolic and there exists an integer k € Z with
poz(V) = 2k and A(V) N Z = {k}.

PRrOOF. Observe first that by explicit calculation, the stated formula relating
pez(¥) and the winding interval A(W) is correct for each of the models in Exam-
ples 3.60 and 3.62, which cover all possible values of the Conley-Zehnder index.

Next, if ¥ : [0,1] — Sp(2) is an arbitrary continuous map with ¥(0) = 1, then
the condition A(¥) N Z # J is equivalent to the existence of a vector v € R*\{0}
for which U(1)v is a positive multiple of v, meaning W(1) has a positive eigenvalue.
This is true if and only if ¥ is either degenerate or positive hyperbolic.

Now suppose V¥ is an arbitrary nondegenerate symplectic arc. If pcz (V) is odd,
then Theorem 3.53 provides a homotopy {W¥, : [0,1] — Sp(2)}se[o,1] through non-
degenerate symplectic arcs with ¥, = W so that ¥, is the parallel transport of one
of the elliptic models in Example 3.60. Since o(V¥,(1)) < U(1)\{1} and o(¥s(1))
cannot contain 1 for any s € [0, 1], it follows that o(¥(1)) is also contained in either
the unit circle or the negative real line, so W is elliptic or negative hyperbolic. If in-
stead pucz (W) is even, then a similar argument using the positive hyperbolic models
of Example 3.62 implies that ¥ is positive hyperbolic.

Returning to the case pucz(\V) ¢ 27Z, we now know that the nondegenerate sym-
plectic arcs ¥y in the homotopy of the previous paragraph are never positive hyper-
bolic, thus A(V,) nZ = J for every s. Since the winding intervals A(¥,) depend
continuously on s, it follows that A(¥) is contained within the same open unit in-
terval (k,k + 1) as A(Wy), so the stated formula for pcz (V) now follows from the
fact that it holds for the models in Example 3.60.

Finally, if pcz(V) € 27Z, then all W in the homotopy are positive hyperbolic,
implying that W (1) for each s has two simple eigenvalues A\, € (0,1) and A\ € (1, o0),
whose corresponding eigenvectors v span R?. Since the eigenvalues are simple, all
of this data varies continuously with s, and one therefore obtains two homotopies
of paths {vF(t) := U (t)vf € Rz\{O}}SE[OJ], such that v (¢) and v (t) are linearly
independent for all s and ¢, and the normalized paths ¢ — vF(¢)/|vE(t)| are loops.
This implies that their total winding is the same for all s € [0, 1] and for both signs,
thus A(W) contains only one integer, and it is the same integer that A(Wy) contains.
Once again, the stated formula for pcz(¥) now follows from the fact that it holds
for the model in Example 3.62. OJ

Using the direct sum property in Exercise 3.51, one derives from Theorem 3.63
the following alternative characterization of the Conley-Zehnder index in higher
dimensions (cf. [FH93, Proposition 5] or [Sch95, Theorem 3.3.7]):
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COROLLARY 3.64. Using the canonical identification R?> = C, consider the paths
in Endg(C™) defined by

et 0
67ri25 0 <0 et) 0 0

a(t) == B = 0 e ,
0 emit :
0 O 67ri25
and the loop
627rit 0 - 0
o 1 - 0
ot):=1 . . . .
o 0 --- 1

Defining the standard symplectic form on C" by wy = Re(i-, -y and identifying R*"
with C" makes all of these into paths in Sp(2n). Then every nondegenerate sym-
plectic arc W : [0, 1] — Sp(2n) is homotopic through nondegenerate symplectic arcs
to ezactly one of the arcs ®p(t) := o(t)ka(t) or Ui(t) := a(t)*B(t) for some k € Z,
which satisfy

[ch((bk) = 2k + n, [ch(\lfk) =2k+n-—1.

O

In many applications, it is important to understand how the Conley-Zehnder
index scales when an orbit ~ is replaced by its multiple covers v* for k € N. A first
guess would be pcz(v*) = kpcz(y), which turns out to be true in the hyperbolic
cases, but the behavior of elliptic orbits is more complicated. Let us frame the
discussion in terms of asymptotic operators, and associate to each k£ € N and each
operator A € A(E) on a Hermitian vector bundle (E,w,J) — S! its k-fold cover

A¥ e A(riE), where T o St — St it e ki,

defined via the condition that if A has parallel transport map {V(¢)}cr, then the
parallel transport map of A* is {Uy(t)}er with Wy (t) := W(kt). In particular, if
A = A for a Reeb orbit v, then A¥F = A . If we choose a unitary trivialization of
E to write A = —Jy0; — S(t) : H'(S',R?) — L?*(S*,R?), then using the pullback of
this trivialization on 7} E identifies A* with

A¥ = —Jy0, — kS(kt) : HY(S', R?) — L*(S',R?).

LEMMA 3.65. For every k € N and every trivialized asymptotic operator A :
HY(SY,R?) — L2(SY,R?), a_(AF) = ka_(A) and oy (A*) < ka (A).

PROOF. By definition, a_(A) is the winding number of some eigenfunction e,
of A with eigenvalue A < 0. By Proposition 3.57, the k-fold cover €} is likewise an
eigenfunction of A* with eigenvalue kX < 0, so its winding wind(e}) = &k wind(ey) =
ka_(A) provides a lower bound for ar_ (A*). A similar argument shows that ko (A)
is an upper bound for o (AF). O
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LEMMA 3.66. Suppose (E,w,J) is a Hermitian line bundle over S' and A €
A(E) is nondegenerate.

(1) If A is positive hyperbolic, then AF is also positive hyperbolic for every
ke N.

(2) If A is negative hyperbolic, then its covers A* for k € N odd are also
negative hyperbolic, but its double cover A? is either positive hyperbolic or
degenerate.

(3) If A is elliptic, then either A¥ is also elliptic for every k € N or it is elliptic
for all k outside of a subgroup mZ < 7. for some integer m = 2, and one of
the following s true:

(i) m is odd and A*™ is degenerate for all k € N;
(ii) A*™ is negative hyperbolic for all k odd and degenerate for all k even.

ProOOF. All three statements follow easily from properties of the spectrum of
the parallel transport map ¥(1) : Ey — E, and the fact that U(k) = ¥(1)* for
every k € N. In the elliptic case in particular, if o(¥(1)) = {e* 72"} then
o(U(k)) = {e¥i0 e=2mik01 contains no real numbers for any k € N if 6 is irrational,
and otherwise there is degeneracy or negative hyperbolicity only for k € mZ where
m € N is the smallest natural number such that mf € %Z. If m@ € Z, then m is
necessarily odd and we have degeneracy for all £ € mZ. The remaining possibility
is that m# is a half-integer but not an integer, in which case o(¥(km)) is {—1} for
all odd k and {1} for all even k. O

THEOREM 3.67. Let E denote the trivial Hermitian line bundle S* x R? — S*.
There exists a unique function

6:AE) - R,
called the monodromy angle, such that
a_(A) <0(A) <a(A) and O(A") = kO(A)
or all A € A(E) and k € N. Moreover, 6 has the following properties:
f g prop
(1) 0 is continuous with respect to the L*-topology on A(E) (see Definition 3.11);
(2) A € A(E) is elliptic if and only if 0(A) ¢ 3Z;
(3) A € A(E) is negative hyperbolic if and only if 0(A) € 1Z\Z;
(4) A € A(E) is either degenerate or positive hyperbolic if and only if 6(A) € Z.

PrROOF. We proceed in seven steps.

Step 1: Existence and uniqueness.
We claim that for each trivialized asymptotic operator A, there is a unique 0 € R
such that

a_(AF) < kO < ay (A"

for every k € N. Indeed, this condition means 6 € () y[a—(AF)/k, ay(A*)/k].
Choose any strictly increasing sequence k; € N such that k;; is divisible by £; for
all j; then writing k;.1/k; =: m € N for a given j, Lemma 3.65 implies
(3.13)

a_(Ab) _ma_(AB) _a (M) _ap(Ab) _mai(Ab) _a(A)

k]’ B k]’+1 = ijrl a kj ’

~ ~

kj+1 kj+1
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a_(AFit1) oy (AR a_(Ak) ay (A

>0 [ (kj+1 )’ +(kj+1 )] < [ (’fj )’ +(’fj :

o (A*9) oy (AR
k0 Ky

either trivial kernel or a unique winding number associated to nontrivial eigenfunc-

tions with eigenvalue 0, oy (A) — a_(A) can never be greater than 2, implying that

the lengths of the intervals in our nested sequence tend to 0 as j — co. It follows

that there is a unique real number

| R

J J

] for all j, meaning that the intervals

)| form a nested sequence. Since every asymptotic operator A has

J=1

Now if there exists a k € N such that 0 ¢ [a_(A*)/k, a, (A¥)/k], then the intervals
[a_(AF)/k, ay (A®)/k] and [a_(A*)/k;, oy (A*)/k;] must also be disjoint for all j

: fe : : a_(AN) a.(AN)
sufficiently large. But the latter is impossible since by (3.13), N N

be contained in both of these intervals whenever N € N is divisible by both k and k;,
so this proves the claim. Defining §(A) := 6, the resulting function 0 : A(E) — R
now manifestly has both of the properties a_(A) < 6 < a(A) and §(A*) = kO(A),
and it is the only function that does so.

Step 2: Continuity.
To see that 6 is continuous, fix Ay € A(F) and, for a given € > 0, choose k € N

. ar (AR —a_(AF)
sufficiently large so that ———0~——=%

] must

< e. Write a(Af) = Wind(e/\g), where e,
are specific eigenfunctions of A with eigenvalues \{ > 0 and \; < 0. Then for
any A e A(FE) sufficiently close to Ay, we can also assume AF* is close to AL, so
Proposition 3.30 implies that A* also has eigenvalues A* > 0 and A\~ < 0 close
to A and ), respectively, whose corresponding eigenfunctions ey+ are close to €

in the H'-topology and therefore also in C°, implying they have the same winding
numbers. This proves

a_(A) < a_(AF) < a,(A%) < oy (AD),

so the condition §(A) € [a_(A¥)/k,a,(A*)/k] implies that §(A) and §(A,) both
belong to [a_(A¥)/k, ay (A%)/k], and thus [#(A) — 0(Ay)| < e.
Step 3: Positive hyperbolic implies 6 € 7.
By Theorems 3.55 and 3.63, A is positive hyperbolic if and only if it is nondegenerate
with p(A) := a4 (A) —a_(A) =0,s0 0(A) € [a—(A),a;(A)] must be an integer.
Step 4: Degenerate implies 0 € 7.
We claim that if A € A(F) is degenerate, then it lies in the closure of the set of
positive hyperbolic operators in A(FE), in which case steps 2 and 3 imply that 6(A)
is an integer. Thinking in terms of parallel transport maps, the claim follows easily
from the fact that any 2-by-2 symplectic matrix with spectrum {1} is equivalent

after a change of basis to one of the form <(1) (11) for some a € R, which can be

perturbed within Sp(2) to %
realized using Proposition 3.17 as the end point of the parallel transport of a nearby
positive hyperbolic asymptotic operator.

eaﬁ) for € > 0 small, and the latter can then be



LECTURES ON SYMPLECTIC FIELD THEORY 89

Step 5: Odd index implies 6 ¢ 7.

Suppose A € A(F) is nondegenerate with pcz(A) odd, so Theorem 3.55 implies
that [ (A),ay(A)] is a unit interval, and we claim that #(A) lies in the interior
of this interval. Suppose to the contrary that §(A) = a_(A). One can use a change
of trivialization to shift the winding numbers of a4 (A) by any desired integer, in
which case 0(A) gets adjusted by the same shift, and pucz(A) is shifted by twice the
same integer (cf. Exercise 3.56), so we can use this trick to assume without loss of
generality that [a_(A), a;(A] = [0,1], pcz(A) = 1 and §(A) = 0. Then for every
k € N, Lemma 3.65 implies

0=Fk0(A) = ka_(A) < a_(AF) <0(AF) = kO(A) =0,

thus a_(A*) = 0 as well. Now let ¥ : R — Sp(2) denote the parallel trans-
port map of A, which by Theorem 3.63 satisfies either o(¥(1)) < (—0,0) or
o(¥(1)) < U)\{1,—1}. Since ¥(k) = ¥(1)* for every k € N, in either case
there exist arbitrarily large values of & for which o(W(k)) is also contained in ei-
ther (—o0,0) or U(1)\{1, —1}, which means there are arbitrarily large nondegen-
erate covers AF for which pcz(A¥) is also odd, implying in this situation that
pcz(A*) = 2a_(A*) + 1 = 1. But if ¥y, denotes the parallel transport of A* Theo-
rem 3.63 then implies that the winding interval A(¥;) is a compact subinterval of
(0,1) for arbitrarily large values of k € N, which is impossible since A(V) = [a, b]
for 0 < a < b < 1 implies A(Vy) < [ka, kb] for all k, and the latter can no longer be
contained in (0,1) when k > 1/a.

If we instead assume 0(A) = a, (A), then after a different change of trivialization
we can assume without loss of generality that [a_(A), a;(A)] = [—1,0] and (A) =
0, so in this case pcz(A¥) = —1 for arbitrarily large values of k, and one obtains a
similar contradiction by looking at the winding intervals A(¥;) < (—1,0).

Step 6: Negative hyperbolic is equivalent to 0 € %Z\Z.

If A € A(F) is negative hyperbolic, then A? is either degenerate or positive hyper-
bolic by Lemma 3.66. By the results of steps 3 and 4, it follows that #(A) € %Z.
But since pcz(A) is odd by Theorem 3.63, step 5 implies 6(A) ¢ Z.

Step 7: Elliptic implies 6 ¢ %Z.

If A € A(E) is elliptic, then Lemma 3.66 implies that A? is either elliptic or negative
hyperbolic, so step 5 and Theorem 3.63 imply §(A?) = 20(A) ¢ Z and thus 0(A) ¢
17. 0J
2

Since [a—(A), a;(A] is always either a single point or a unit interval when A is
nondegenerate, Theorem 3.67 gives rise to the formulas

(3.14)  a_(A)=]0(A),  a.(A)=[0(A)], if kerA ={0}.

Recall that a contact form « is called nondegenerate if all of its closed Reeb orbits are
nondegenerate, and this condition holds for generic contact forms (see Remark 1.25).
In this situation, Lemma 3.66 implies that all covers of an elliptic orbit are also
elliptic, so one deduces from Theorem 3.67 that the corresponding monodromy angle
must be irrational. Combining these observations with the relation between pcyz(A)
and a4 (A) in Theorem 3.54, one now obtains the following result for multiply
covered Reeb orbits:
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COROLLARY 3.68. Suppose v is a nondegenerate Reeb orbit in a contact 3-
manifold (M, € = ker«) such that the multiple covers ¥* are also nondegenerate
for every k € N. Choose a symplectic trivialization T of € along 7, and use the same
notation to denote the trivializations along +* defined by pulling back T along the
covering map St — St 1t — kt.

e [f v is (positive or negative) hyperbolic, then

NTCZ(Vk) = kue(7)
for every k € N.
o [f v is elliptic, then there exists an irrational number 6 € R\Q such that

noz(V") = 2[k0] + 1 = 2[k0] — 1
for every k € N.
OJ

REMARK 3.69 (sign conventions). Our definition of the Conley-Zehnder index
for nondegenerate symplectic arcs agrees with definitions given in most other sources
(such as [FH93,Sch95,Sal99]), but one should be aware of occasional discrepancies.
The index p, in [SZ92] differs from our pcy by a sign: the reason (as helpfully
pointed out by [Sch95, p. 84]) is that Salamon and Zehnder define the standard
complex structure on R?*" as <_01 ]é) instead of (]? —()]1)7 thus reversing its
symplectic structure and, in particular, changing the orientation of R2, so that
all winding numbers reverse sign. From the perspective of Floer homology, for
which p, was developed, the result is sensible: as mentioned in Remark 3.7, the
asymptotic operator in Floer homology has a different sign than in SFT, so reversing
the sign of the Conley-Zehnder index is the right thing to do if you want to regard
it as a relative Morse index for the action functional. It is inconvenient however
in other respects, e.g. when trying to compute pcz in terms of winding numbers,
thus later papers on Floer homology have often used definitions of pcyz(¥) that are
equivalent to ours, but introduced modified indices for orbits in order to absorb the
sign difference, e.g. [Sal99] defines py(vy) := n — pcz(¥) for the linearized flow ¥
along an orbit v. For the reasons why the latter is a natural convention in that
context, see Theorem 10.30 and Remark 10.31.
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In this lecture we will study the class of linear Cauchy-Riemann type operators
that arise by linearizing the nonlinear equation for moduli spaces in SF'T. We saw
in the previous lecture that linearizing certain PDEs over noncompact domains
naturally leads one to consider a class of symmetric asymptotic operators (e.g. the
Hessian of a Morse function at its critical points), which have trivial kernel if and
only if a nondegeneracy (i.e. Morse) condition is satisfied. Our goal in this lecture
is to show that the linear Cauchy-Riemann type operators in SE'T are Fredholm if
their asymptotic operators are nondegenerate.

4.1. Cauchy-Riemann operators with punctures

The setup throughout this lecture will be as follows.
Assume (X, j) is a closed connected Riemann surface of genus ¢ > 0, ' = X is a
finite set partitioned into two subsets

r=rtul-,

and 2 := Y\T denotes the resulting punctured Riemann surface. We shall fix a choice
of holomorphic cylindrical coordinate near each puncture z € I'*, meaning the
following. Given R > 0, let (Z¥, i) denote the half-cylinders

7%= [R,0) x S*, Z" = (=0, —R] x S*, Zy =279,

with complex structure id, = &, i0; = —0,s in coordinates (s,t) € R x S'. The
standard half-cylinders Z, are each biholomorphically equivalent to the punctured
disk D := D\{0} via the maps
Uy Zy > D (s,1) — T2,
91
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FIGURE 4.1. A Riemann surface with genus 1 and five punctures,
depicted at the right as three positive and two negative cylindrical
ends.

For z € I't, we choose a closed neighborhood U, = X of z with a biholomorphic map

Pz - (uzaj) - (Zi'ai)a

where U, := U\{z}, such that ¢, o ¢, : U, — D extends holomorphically to U, —
D with 2z — 0. One can always find such coordinates by choosing holomorphic
coordinates near z. We can thus view the punctured neighborhoods U, < X as
cylindrical ends Z.; see Figure 4.1. '

Suppose (F,J) is a complex vector bundle of rank n over (¥,j). An asymp-
totically Hermitian structure on (E,J) is a choice of Hermitian vector bundles
(E., J.,w.) of rank n associated to each puncture z € I'*, together with choices of
complex bundle isomorphisms

E|u-z — pry E,

covering ¢, : U, — Z.., where pr, : Z; — S' denotes the natural projection to the
St factor. This isomorphism induces from any unitary trivialization 7 of (E., J,, w.)
a trivialization

(4.1) T Bl — Zy xR™

0
1

ization of F over U, an asymptotic trivialization near z. The bundle (£, J,, w,)
will be referred to as the asymptotic bundle associated to (E, J) near z.

Fixing asymptotic trivializations near every puncture, we can now define Sobolev
spaces of sections of F by

identifying J with Jy = < _0]1> over the cylindrical end. We will call this trivial-

Wk (E) = {n e WrP(E) ) n. € WHP(Z, R®) for every z € Fi} ,

loc



LECTURES ON SYMPLECTIC FIELD THEORY 93

where 7, : Zy — R?" denotes the expression of nl;, in terms of the asymptotic
trivialization, and we use the standard area form ds A dt on Z4 in defining the
norm on WH? (ZOJ_” R?"). Since S' is compact, the definition of this space does not
depend on the choice of asymptotic trivialization, and moreover, one can pick a finite
collection of charts and local trivializations covering )y away from the punctures,
supplemented by an asymptotic trivialization near each puncture, to define a norm
on WFP(E) that is (up to equivalence) independent of choices and makes W*?(E)
a Banach space. (For details on the construction of Sobolev norms for spaces of
sections of vector bundles, see Appendices A.4 and A.5.) One must still be a bit
careful with the noncompact ends, however:

EXERCISE 4.1. Convince yourself that different choices of asymptotically Her-

mitian structure on £ — ¥ can give rise to inequivalent definitions of the space
WHhP(E).

Any linear Cauchy-Riemann type operator on F has as its target the complex
vector bundle ‘
F := Hom¢(TY, E),
so sections of F' are the same thing as F-valued (0, 1)-forms. An asymptotic trivi-
alization 7 as in (4.1) then also induces a trivialization

F|zJZ — Zi X R : X — T(A(d5)),

where 0, is the coordinate vector field on L[Z arising from its identification with Z.
This trivialization yields a corresponding definition for the Sobolev spaces W*»(F),
which depend on the asymptotically Hermitian structure of £ but not on the choices
of asymptotic trivializations. Having made these choices, a Cauchy-Riemann type
operator D : I'(E) — I'(F) always appears over U, as a linear map on C*(Z,, R*")
of the form

(4.2) D (s,t) = on(s,t) + S(s,t)n(s, 1),

where 0 := d, + Jy0; and S € O°(Z4, End(R?")).

Since it is occasionally useful for technical reasons, we will in this lecture permit
the bundle £ — ¥ to be of class C™*! for m < oo, meaning it can be covered by
local trivializations such that all transition maps are of class C™*!, but possibly
not smooth.! On such a bundle, the spaces C*(E) and W¥*?(E) are well defined

for each & < m 4 1 due to the continuous product pairings C"™*! x C* — C* and
Cm+1 % Wk,p N Wk,p.

DEFINITION 4.2. Suppose E — 3 is of class C™*! for some m € {0,1,2,..., 00}
A linear Cauchy-Riemann type operator of class C™ on F is then a first-order
differential operator D : C™*1(E) — C™(F) that takes the form D = ¢+ S in local
trivializations with zeroth-order terms S of class C™.

IThis situation arises if one considers .J-holomorphic curves u : (X, j) — (M, .J) with respect to
an almost complex structure .J that is of class C™*! but not smooth. According to Theorem 2.24
and the Sobolev embedding theorem, u is then a C™*!-smooth map, so the pullback bundle
w*TM — ¥ is of class C™*1 and since a derivative of J appears in the formula for the linearized
operator D,,, the latter is a Cauchy-Riemann type operator of class C"™.
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EXERCISE 4.3. Check that if the zeroth-order term of a Cauchy-Riemann type
operator is of class C"™ in a given trivialization, then this remains true after trans-
forming it by a transition map of class C™"!, though it does not remain true in
general if the transition map is only of class C™.

DEFINITION 4.4. Suppose E — 3 is an asymptotically Hermitian vector bun-
dle of class C™*! for some m € {0,1,2,..., 0}, A, is an asymptotic operator on
(E,,J,,w,) and D is a linear Cauchy-Riemann type operator of class C™ on E.
We say that D is C™-asymptotic to A, at z if D appears in the form (4.2) with
respect to an asymptotic trivialization near z, with

|S — Soo\|ck(zz£,) —-0 as R

for all & < m, where Sy (s,t) := Sy (t) is a C™-smooth loop of symmetric matrices
such that A, appears in the corresponding unitary trivialization of (E,, J,,w,) as

—Jo0r — Seo.

Recall that an asymptotic operator is called nondegenerate if 0 is not in its
spectrum, which means it defines an isomorphism H'(S') — L?(S'). We will some-
times omit the prefix “C™-" in the term “C"™-asymptotic”; when this happens, the
case m = oo is meant. The objective of this lecture is to prove the following:

THEOREM 4.5. Suppose m € N u {0}, (E,J) is an asymptotically Hermitian
vector bundle of class C™t over (Z,j), A, is a nondegenerate asymptotic operator
on the associated asymptotic bundle (E,, J,,w,) for each z € T, and D is a linear
Cauchy-Riemann type operator of class C™ that is C™-asymptotic to A, at each
puncture z. Then for every ke {1,...,m+ 1} and p € (1,0),

D : WkP(E) — WkLe(F)

is Fredholm. Moreover, ind D and ker D are each independent of k and p, the
latter being a space of C™-smooth sections whose derivatives up to order m decay
exponentially fast to 0 on the cylindrical ends.

REMARK 4.6. We assume m > 1 in Theorem 4.5 for safety’s sake, but most
steps in the proof will also work for m = 0, the only exception being the exponential
decay estimate carried out in §4.6. Even without this, our proof that D is Fredholm
remains valid for m = 0 if p > 2 (see Remark 4.31). In any case, the applications in
this book will only require the case m = co.

The index of D is determined by a generalization of the Riemann-Roch formula
involving the Conley-Zehnder indices uf,(A.) that were introduced in the previous
lecture. We will postpone serious discussion of the index formula until Lecture 5,
but here is the statement:

THEOREM 4.7. In the setting of Theorem j.5,
indD = nx () +2¢[(E) + Y wog(As) = D) wos(AL),
zel'+ zel'—

where T is an arbitrary choice of asymptotic trivializations, ¢](E) € Z is the relative
first Chern number of E with respect to T, and the sum is independent of this choice.
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REMARK 4.8. The index formula reveals that the nondegeneracy condition on
the asymptotic operators in Theorem 4.5 cannot be relaxed. Indeed, if D were Fred-
holm but had a degenerate asymptotic operator A, at some puncture z € I', then
D could be perturbed to make A, nondegenerate with at least two distinct possi-
ble values of its Conley-Zehnder index. This would produce two arbitrarily small
perturbations of D that have different Fredholm indices according to Theorem 4.7,
in which case D itself cannot be Fredholm. This is a marked contrast with the
theory of linearized Cauchy-Riemann operators on closed Riemann surfaces: in the
closed case, all Cauchy-Riemann type operators on the same bundle E are Fred-
holm and have the same index, because the difference between any two of them is
a zeroth-order operator, which is compact due to the compactness of the inclusions
Whe(E) < Wk1P(E). The difference in the punctured case is that since 3 is not
compact, neither is the inclusion W*P(E) < W*=1P(E), hence zeroth-order terms
can affect both the Fredholm property and the index.

Standing assumptions.
For the entirety of this lecture, ¥ = £\(I't UT") is a punctured Riemann surface as
described above with fixed choices of holomorphic cylindrical coordinates near each
puncture, £ — Y is an asymptotically Hermitian vector bundle of complex rank
n € N and of class C™! for some m € {0,1,2,...,o0}, and D is a linear Cauchy-
Riemann type operator of class C™ on F which is C™-asymptotic at each puncture
z € I' to an asymptotic operator A,. We will not always need to assume that the
A, are nondegenerate or that m > 0, so these conditions will be specified whenever
they are relevant. The Sobolev parameters k and p will always lie in the ranges
I<k<m+1and1<p< o unless otherwise indicated.

For subdomains ¥y < ¥, we will sometimes denote the W*P-norm on sections
of E restricted to ¥ by

HUHW’W(ZO) = HTIHkap(E\EO),

and we will use the same notation for sections of other bundles such as F =
Homc (7Y, E) over this domain when there is no danger of confusion. The space

Wo(Z0) = WHP(E)

is defined in this case as the W*P-closure of the space of smooth sections of £ with
compact support in Y.

4.2. A lemma on semi-Fredholm operators

The standard approach for proving that elliptic operators are Fredholm begins
by proving that they are semi-Fredholm, meaning dimkerD < oo and imD is
closed. We saw in §2.4 that all Cauchy-Riemann type operators satisfy a local
estimate of the form |n|yr, < c|Dnllywr-1. + | n]lwr-1.,, and we will see later in this
lecture that a global version of this estimate also holds if the asymptotic operators
at all punctures are nondegenerate. Recalling that the inclusion W*? < WF=LP ig
compact for functions on a bounded domain, such estimates can be used to establish
the hypotheses of the following abstract functional-analytic result.
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LEMMA 4.9. Suppose X, Y and Z are Banach spaces, T € Z(X,Y), K €
Z(X,Z) is a compact operator, and there is a constant ¢ > 0 such that for all
reX,

(4.3) lz]x < | Ty + ¢ Kz
Then ker T s finite dimensional and im T is closed.

PROOF. A vector space is finite dimensional if and only if the closed unit ball
in that space is a compact set, so we begin by proving the latter holds for ker T.
Suppose x € ker T is a bounded sequence. Then since K is a compact operator,
Kz has a convergent subsequence in Z, which is therefore Cauchy. But (4.3) then
implies that the corresponding subsequence of z; in X is also Cauchy, and thus
converges.

Since we now know ker T is finite dimensional, we also know there is a closed
complement V < X with ker T@ V = X. Then the restriction T|y has the same
image as T, thus if y € im T, there is a sequence z; € V such that Tz, — .
We claim that xj is bounded. If not, then T(xy/|zxllx) — 0 and K(zx/|zk|x)
has a convergent subsequence, so (4.3) implies that a subsequence of xy/|zx| x also
converges to some T, € V with |z, = 1 and Tz, = 0, a contradiction since
T|y : V — Y is injective. But now since . is bounded, Kz, also has a convergent
subsequence and Tz converges by assumption, thus (4.3) yields also a convergent
subsequence of x;, whose limit x satisfies Tx = y. This completes the proof that
im T is closed. 0J

4.3. Some global regularity estimates

The following lemma is an immediate consequence of the local elliptic regularity
result of Theorem 2.17, after covering a compact subset with finitely many local
holomorphic coordinate charts and trivializations.

LEMMA 4.10. Suppose D is of class C™ with 0 < m < 0, 1 < k < m + 1,
1 <p <o, and 3y < Xy < X are open subsets with compact closure such that
Yo < Xy. Then there exists a constant ¢ > 0 such that for every ne W*P(E),

HTIHka(EO) < CHDTIHW'@—LP(&) + CHnHWk—lm(zl)-
O

IfI' = ¢, then Lemma 4.10 suffices already for proving that D is semi-Fredholm,
as one can then set ¥g = ¥ := ¥, observe that the inclusion W*?(X) — Wk=1P(33)
is a compact operator, and plug the estimate into Lemma 4.9. The estimate is
insufficient however if there are punctures, because one has to chop off the cylindrical
ends of ¥ in order to obtain a domain with compact closure. Our next task is
therefore to prove a truly global estimate that pays attention to neighborhoods of the
punctures. Recall that in §2.4.1, we proved that weak solutions of class n € L} _ for
a given p € (1,0) to a linear Cauchy-Riemann type equation Dy = £ with £ € W”
are always of class W;"'?. This local statement does not imply n € W™+ in
general since it says nothing about any decay conditions at infinity that would be
needed to produce finite LP-norms. That is the purpose of the next result:



LECTURES ON SYMPLECTIC FIELD THEORY 97

LEMMA 4.11. Suppose D is of class C™ with 0 < m < o0, 1 < p < © and
1<k<m+1. Ifne LP(E) is a weak solution to Dy = & with £ e WE=LP(F), then
ne WhrP(E).

PROOF. By induction, it suffices to show that if n € W*=1P and D = £ e Wk=1p
then n € W*P. Theorem 2.17 implies that this is true locally, so the task is to bound
the W¥*P-norm of n on the cylindrical ends. Pick an asymptotic trivialization and
write D on one of the ends Z4 =~ U, as 0 + S(s,t). Let us assume for concreteness
that the puncture is a positive one, and now consider the norms of 1 on the bounded
sets

Zy:=(N,N+1)xS" and Zj:=(N—-1,N+2)xS.

Since Zy has closure in Z);, Lemma 4.10 gives

HnHWw(zN) < CHBUHW‘“*LP(Z\,) + CHUHW’@*LP(ZM
= c[§ - SUHkalm(z;V) + CHUHW’@*LP(ZM
< CH§HWI@*LP(Z§V) + C/HHHW‘“*lvP(ZﬁV)a

where in the last line we've incorporated |S|cw-1(z;) into the constant ¢’ > 0.
An important detail here is that the constants in these estimates can be assumed
independent of N: indeed, the C* !-norm of S on [N — 1, N + 2] x S! is bounded
uniformly in N since S(s,t) is asymptotically C*~!-convergent to some S.(t), and
the constant that arises by applying Lemma 4.10 with D := 0 does not care if the
domain is shifted by a translation. We can therefore take the sum of this estimate

for all N € N and relabel the constants, producing

(4.4) HnHW’“vP(ZQ}F) < CHSHkal,p(éJr) + CHnHkaLp(Z;)-
OJ

COROLLARY 4.12. If D s of class C"™ with 0 < m < o0 and 1 < p < o, every
weak solution n € LP(E) of D1 =0 is in (et [ Npegeo WHUE); in particular, 1
1s of class C™, and its derwatives up to order m decay to zero at infinity.

ProOF. This is essentially a global version of Corollary 2.23 and is proved via
a very similar argument. For simplicity we assume m < o0, as the case m = oo will
then follow. If p > 2, then the Sobolev embedding theorem (Theorem A.6 and its
adaptation for bundles sketched in §A.5) gives continuous inclusions W P(E) —
C™(E) and W™bP(E) — W™4(E) for all ¢ € [p,0]. The latter can be fed back
into Lemma 4.11 to conclude n € W™+14(E) for every q € [p, ), and the derivatives
up to order m decay at infinity since the constant ¢ > 0 in the Sobolev inequality

HTIHCm(zg) < CHTIHWmHm(Zg)

does not depend on R, while the finiteness of ||ym+1.r(z,) implies that the right
hand side converges to 0 as R — 0.

If p < 2, then since n € W'?(E), the Sobolev embedding theorem gives n € LI(E)
for every ¢ € [p, p*) where 1% = % — %, and Lemma 4.11 then gives n € W™ TL4(E)

for all ¢ in this range. Since p > 1, # < %, thus some of the ¢ in this interval satisfy



98 CHRIS WENDL

q > 2, and one can then repeat the argument of the previous paragraph to establish
the result for all ¢ > p, as well as the C™-decay. U

REMARK 4.13. Corollary 4.12 is valid without any nondegeneracy assumption
on asymptotic operators, but it is also not as strong a result as one would like. It
will imply that the kernel of D : WkP(E) — W*=LP(F) is independent of k, but we
do not yet have enough knowledge of the asymptotic decay of sections n € ker D to
determine whether they are also in L9(F) for 1 < ¢ < p, and for this reason, it is
not yet clear whether ker D depends on p. (This problem did not arise in our earlier
local results, e.g. in Corollary 2.23, because we were working on domains with finite
measure in local coordinates.) The latter will be deduced in §4.6 from an exponential
decay estimate that makes explicit use of the nondegeneracy assumption.

One can now supplement Lemma 4.10 with (4.4) to produce a global estimate

of the form
Inllwer < c|Dnllwe-rem + c[nlwr—1mm)

for all n € W*P(E), but this is also not quite what we need. The trouble is that since
3 is generally noncompact, the inclusion W*P(E) — W+ 1#(E) is not a compact
operator. To prove the semi-Fredholm property, we will need to replace the W+=1-
norm of 7 in this estimate with the norm of its restriction to a compact subset of 5,
and this will be where the nondegeneracy assumption becomes essential.

4.4. Translation-invariant operators on the cylinder

In this section, we establish a special case of Theorem 4.5 that serves as the
asymptotic analogue of the fundamental elliptic estimates from Lecture 2. Beyond
those local estimates, this is the main analytical ingredient that makes all Floer-type
theories in symplectic geometry work.

THEOREM 4.14. Suppose A = —Jy0,— S(t) is a nondegenerate asymptotic opera-
tor on the trivial Hermitian vector bundle S*xR** — S with S : S* — Endy ™ (R*")
of class C™, 0 < m < . Then the operator

Os — A = 05 + Jo0, + S(t) : WFP(R x ST R*™) — WHLP(R x S R*™)
1s an isomorphism if 1l < k<m+1and 1 <p < 0.

REMARK 4.15. The same reasoning as in Remark 4.8 concludes via the index
formula of the next lecture that the converse of Theorem 4.14 also holds: if A is
degenerate, then d, — A : WFP(R x S') — W*=LP(R x S1) is not an isomorphism,
in fact it is not even Fredholm.

Thanks to Lemma 4.11, it suffices to prove the case k = 1 of Theorem 4.14, as
the rest will then follow via regularity. A detailed general proof for k = 1 can be
found in [Sal99, Lemma 2.4]. We give below a different proof for the case k = 1
and p = 2, using a trick suggested by Sam Lisi. The case p # 2 can be deduced
from this in conjunction with the basic local LP-estimate from Lecture 2 (namely
Theorem 2.13).

The trick behind the proof below is to take the Fourier transform of both sides
of the equation (0; — A)u = f with respect to the R-coordinate only. Concretely, let
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< (R x S1) denote the space of smooth functions u : R x St — C¥ for some N € N
whose derivatives of all orders have rapid decay at infinity, meaning the function
(s,t) — |s|*0%u(s,t) is bounded on R x S! for all £ € N and all multiindices a. A
minor variation on the usual argument for the Fourier transform then shows that
the complex-linear transformations u — Fu = @ and v — % *v = v defined by

Q0

0
(o, t) = J u(s, t)e 2™ ds, 0(s,t) := J v(o,1)e*™ do

—00 —a0

are bijections .7 (R x S1) — (R x S') and are inverse to each other.

PROPOSITION 4.16. Let { , Y12 denote the standard complex L*-product for func-
tions R x St — CN : (s,t) — u(s,t), defined in terms of the standard Hermitian
inner product on CV and the measure ds dt. The operator F then has the following
properties:

(1) (G, 0yp2 = {u,vype for all u,ve (R x St);
(2) dulo,t) = 2mici(o,t) for allue (R x SY);
(3) (o, t) = da(o,t) for allue F(R x §1);
(4) For any continuous function ® : S* — Endc(CY) and every u € /(R x S1),
du = Oii, where we denote (Pu)(s,t) := P(t)u(s,t).
O

Since . (R x S1) contains Ci°(R x S') and is thus dense in L?(R x S1), the first
property in Proposition 4.16 implies in particular that .% and .#* extend uniquely
to isometries on L?(R x S1). Adding the second and third properties gives a useful
new characterization of the Sobolev space H*(R x S') := W'2(R x S1):

EXERCISE 4.17. Show that a function u € L*(R x S') is in H'(R x S') if and
only if its Fourier transform u with respect to the R-factor has both of the following
properties:

e The function (o,t) — |o|i(o,t) is also in L*(R x St);
e The function (o, t) has a weak partial derivative o, in L*(R x S%).

Show moreover that the usual W'2-norm is then equivalent to

[l = [z + [lo] - @l + |0t e,

and that the second and third properties in Proposition 4.16 also hold (in the sense
of weak derivatives) for all u € H*(R x S'). Hint: CP(R x S') is also dense in
HY(R x S1); see Theorem A.38.

PROOF OF THEOREM 4.14 FOR k =1 AND p = 2. Since A = —Jyd; — S(t) is

not generally a complex-linear operator, we start by complifying it, i.e. we consider
the natural extension of Js + Jod; + S : HY(R x SY,R*) — L?(R x S1,R?") to a
complex-linear operator

0s — A =0, +Jo0, + S: H'(R x ', C*™) - L*(R x S',C™).

Observe that (0; — A)u = (0s — A)u for all u e H'(R x S, C?"), thus it will suffice
to prove that this complexification is an isomorphism, as this will imply the same
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result for the underlying real-linear operator. With this in mind, all functions for
the remainder of this proof will be assumed to take values in C*".

Since A = —.Jy0p — S(t) only involves a derivative with respect to ¢ and a (com-
plexified) zeroth-order term, it commutes with the Fourier transform operator %,
so that applying .% to both sides of (d; — A)u = f and applying Proposition 4.16
and Exercise 4.17 transforms it into the equation

A

(4.5) (2mio + Jo0y + S)u = f  almost everywhere.

We need to show that for every f e L?*(R x S1), this equation has an almost every-
where unique solution @ : R x §' — C*" such that the norms |a.2, ||o] - 4, and

|00 12 are all finite and satisfy bounds in terms of || f] 2.
It will be convenient to abbreviate

tly := t(o,-) : St — C™
for functions 4 : R x ST — C?" and ¢ € R. The equation (4.5) then becomes
(4.6) (2mioc — A)i, = (2mio + Jooy + Sty = f,

for each individual o € R. Note that for f € L? (R x S'), Fubini’s theorem implies
f, € L2(SY) for almost every o € R. For these particular values of o, (4.6) does have a
unique solution 4, € H*(S'): indeed, A is nondegenerate by assumption, thus it has
no imaginary eigenvalues, implying that the operator (2mic —A) : H'(S') — L?(S!)
has a bounded inverse for every o € R, which we shall denote by
R, = (2mic — A)™' . L*(S") — H'(SY).

It follows that there exists an almost everywhere unique function @ : R x S! —
C?" such that for almost every o € R, i, = R, f, € H'(S") satisfies (4.6). It is
not immediately obvious whether this implies that @ also satisfies (4.5), but before
addessing this, let us check that @ satisfies all the required bounds.

As preparation, observe first that since A is symmetric, for every A € R and
ne H'(S') we have

[GA = A7z = (@A = A)n, (X — Az = N2 [nl7= + | Al
— i ({0, Anpre — (AN, myr2) = N0l + |An|e,
giving rise to two estimates,
[GA = A)nlze = [A] - Inl> and  [[(GA = A)nfL2 = |An]Le,
valid for all n € H'(S'). The first of these is equivalent to

1
(4.7) |Rom 2 < mHnHLz forall ne LQ(SI),

and combining the second estimate with the inequality |An|z2 = c|n|m arising
from the fact that A is invertible, we obtain |(2mic — A)n|r2 = ¢|n| g1, and thus
(after renaming the constant),

(4.8) IR < c¢|n|zz  forall ne LQ(SI),

where the constant ¢ > 0 is independent of o € R.
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Feeding (4.8) into Fubini’s theorem now yields

o0 o0 0
| Vaoliasydo+ | 1otalBasydo = [ Ytaligssy do

—00 —00 —00

o0 o0
_ f Bof sy do < f o2, do = 1 F 2t
o0

- —00
where the first integral on the left hand side is simply [[7 g, 1. The second
integral on the left hand side tells us moreover that the function (o,t) — 01, (t)
on R x S (defined for almost every o) has L%norm bounded by ¢ f| .2, thus it is
locally integrable on R x S!. It is now another straightforward exercise in Fubini’s
theorem to show that this function is in fact the weak partial derivative 0,4, so that
(4.5) then follows from the fact that (4.6) is satisfied for almost all o. Finally, (4.7)

implies

Qo0 o0

~l12 ~ r

llo -l = | 1o Nl do = [ 1ol [Rofallagsy do
—00

—0
R L
< (27’(’)2 . HfUHLQ(Sl) do = —(27'(')2 HfHLQ(RXSI),

which completes the proof that f — wu is a bounded linear map L*(R x S1) —
HY(R x S1). 0J

4.5. Proof of the semi-Fredholm property

The following consequence of Theorem 4.14 is more obviously an asymptotic
variant of the fundamental elliptic estimate from Lecture 2. Its key feature for our
purposes is that, in contrast e.g. to Lemma 4.10, it does not mention the W*1»-
norm of 7. Recall that W, (Zf) denotes the W*P-closure of Cgo(Zoﬁ), so such
functions remain in W¥*? if they are extended as zero to larger domains containing
Zof. Note that functions of class Wy on Zf need not vanish near infinity—in fact,

o is dense in WH"P(R x S'), see Theorem A.38.

LEMMA 4.18. Assume D is of class C™ with 0 < m < 0, 1 < k < m+ 1,
1 < p < o, and z € T'F is a puncture such that the asymptotic operator A is
nondegenerate. Then in holomorphic cylindrical coordinates on Z% < U, for every
R > 0 sufficiently large, there exists a constant ¢ > 0 such that

[y < €| DNyieiog s forall — neWSP(ZE.
( i) ( i)

PROOF. Write D = 0,+ Jy0;+5(s,t) and Dy = 05+ Jy0y+ S (1) in an asymptotic
trivialization on U, = Z4, where the nondegenerate asymptotic operator is A =
—Jo0y — S (t) and we assume

HS — SOOHCk_l(Z_,_}?) —0 as R — 0.

For i € WyP(ZE), there is a canonical extension n € W*P(R x S) that equals zero
outside Z%, so Theorem 4.14 implies an estimate

HT’HWI%P(ZD};) = HTIHWw(Rxsl) < CHDOnHW’C—LP(RxSl) = CHDOHHWR*LP(ZD};)
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FIGURE 4.2. A punctured Riemann surface with subsets £y < 3 <

¥, < X and their truncations L' < Lt < nf < > as in
Lemma 4.19.

for some constant ¢ > 0. Rewriting this in terms of D gives
sz < DMl wicsnzry + (S = S)nlhwisnizs
< Dl sz + €15 = Slorsizm - iz
where we've used the continuity of the product pairing C*~! x Wk=1tp — WWh-Lp
and the inclusion W*? < W*=1P_ Importantly, the constant ¢ > 0 in this estimate

does not depend on R, thus we are free to choose R > 0 large enough so that
IS0 = Sller-1(zr) < 5, in which case HnHWk,p(Zf) can be pulled over to the left hand

side, giving
1
§H7I||ka(z°§) < CHDn”W’f—LP(ZGiIf‘)'
O

We can now prove a global estimate suitable for feeding into Lemma 4.9. Let
ILEDY

denote the truncated open subset obtained by deleting the ends Zf < U, from ¥
for all z € I'. For any given subset ¥; < ¥, we also define corresponding punctured
and truncated subsets respectively by

Y= N, LR S I

so X' has compact closure in 3 for each R > 0 (see Figure 4.2). On first reading,
you may prefer to assume Yy = ¥; := ¥ in the following lemma, as this is the case
we will use for proving the semi-Fredholm property. We are stating it somewhat
more generally for the sake of other applications.

LEMMA 4.19. AssumeD isof classC™, 1 < k<m+1,1<p<w,¥yc X C X
are open subsets such that

Yo < X, (Zo\Zo) nT =&, and (Z\E1)nT =g,
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and the asymptotic operators A, are nondegenerate for all z € I'nXy. Then for any
R > 0 sufficiently large, there exists a constant ¢ > 0 such that

[7lweasoy < clDnlwr-rog,) + clnlws-rrspy

for all n e WhP(%).

~ PrOOF. Fix R > 1 large enough so that the end Zf_l < U, is disjoint from both
Y0\Xo and ¥;\X; for every z € ' UT'~, and so that Lemma 4.18 is valid on Zf~!
whenever z € I' U ¥. The closure of X5~ is then contained in 2 (see Figure 4.2),
so we can choose another open set V with
Z(Iffl cVcVc Ef
and a smooth cutoff function 8 € CF°(V) such that § = 1 on a neighborhood of
S§L Letting
Ut <y

denote the union of all the ends Zof_l c Uz for z € I' n ¥y, we can now write any

ne WFP(%) as Bn+ (1—B)n, where 31 vanishes outside of V while (1 — 3)n vanishes
outside of U5~ and belongs to W (UF™). Lemma 4.10 then gives

181l wresey = 18nlwrswy < c|DBN)|we-rmwry + | Bnllwr-1ssry
< C/HDTIHW'C—LP@{*) + ClH”IHW’c—lm(z{%),

where the C*-norm of 3 has been absorbed into the constant ¢ > 0. Similarly,
Lemma 4.18 gives

[ = B)nlwrasy) = 11 = B)nlwrsgz-ry < DI = B)llwr-rogp-,
< Dy pgip—y + EInlwr-romp),

where the constant ¢’ > 0 now contains information about the C*lnorms of 1 — 3
and df over Z/{IR’I, with the important detail that the latter is only nonzero in the

annuli (R —1,R) x S' < Up_, and thus vanishes outside of Y. Putting these
estimates together and relabeling the constants, we obtain

[7lweacsoy = 160+ (L= B)nlwracsy) < 180l weasg) + 11 = B)lwrnsy)
< | Dnlyr-ragsy) + clnlwr-rosny-

0

COROLLARY 4.20. Under the assumptions of Theorem 4.5, the operator D :
WHkP(E) — WE=LP(F) has finite-dimensional kernel and closed image.

PRrROOF. Choosing ¥y = ¥; := ¥ in Lemma 4.19 gives an estimate
Inllwres) < cDnlyrras) + clnlws-rees)

for every R » 1 sufficiently large. The closure of the truncated surface % is a com-
pact manifold with smooth boundary, thus the inclusion W*?(£f) — Wk-1Lr(LR)
compact, and so therefore is the map

WhP(8) — WHP(S8) s | gr.
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We have thus established the hypotheses of Lemma 4.9. U

4.6. Exponential decay

We would now like to show that the kernel of D : W*P(E) — WFLP(F) is
the same finite-dimensional vector space for every choice of the Sobolev parameters
ke {l,...,m+1} and p € (1,0). We know already from Corollary 2.23 that
this is true locally: if  is annihilated by D and belongs to W*?(E) for any given
ke{l,...,m+1} and p € (1,), then n € W™ for every ¢ € (1,:0). We also
know from Corollary 4.12 that n € W™ T4(E) for every g € [p, o), but there is some
uncertainty as to whether n must also decay fast enough at infinity to belong to
WmHLa(E) for 1 < ¢ < p. We shall prove in this section that if m > 1, then this is
true at any end for which the asymptotic operator is nondegenerate. It will follow
from the fact that nondegeneracy forces bounded solutions to decay exponentially
fast.

To see what nondegeneracy has to do with exponential decay conditions, let’s
consider for a moment the analogy with Morse homology that was discussed in §3.1.
The linearized operator for the gradient flow equation acts on sections of v*T'M for
a gradient flow line v : R — M, and after choosing a global trivialization of v*T'M,
it takes the form

D:C*R,R") - C*(R,R") : n+— dsn + A(s)n

for some function A : R — R™ " that has a symmetric and invertible limit A, :=
lim,_, o A(s). Let us choose a new trivialization in which A, is diagonal, and consider
only s » 1 for which A(s) is an arbitrarily good approximation of A, . In this regime,
the linearized equation becomes

AN oo 0

oa~—[:
0 - A\,

If this were the precise equation, then we could make some immediate pronounce-
ments about the qualitative behavior of solutions as s becomes large: they are linear
combinations of exponential functions, some growing and some decaying. Note that
since 0 ¢ o(A, ), there is no middle ground between growth and decay: no nontrivial
solutions can have a finite but nonzero limit as s — c0. We are not interested in the
solutions that grow exponentially at infinity, as these do not have geometric meaning
or belong to any reasonable Banach space of solutions we’d like to consider. Those
that do belong to such spaces have exponential decay

[n(s)| < Ce™

for some constant C' > 0, where for the decay rate A > 0 one can choose any number
less than the smallest positive eigenvalue of A, .

It is not so straightforward to make this heuristic argument precise, because as
long as A(s) is not exactly but only approximately equal to A, , it will not respect
the splitting of R™ into positive and negative eigenspaces of A, i.e. there will be
cross terms. One can therefore expect a decaying solution 7(s) to have a nontrivial
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but decaying component spanned by eigenvectors with negative eigenvalue, for which
the tendency toward exponential growth is balanced by the cross terms, and it is
not easy to say how fast this component decays.

One solution to this problem is to differentiate the equation one more time and
produce a second-order differential inequality, which has the effect of erasing the
distinction between positive and negative eigenvalues. Concretely, let us consider
the function

ofs) = 5l = Snls)n(s),

where (, ) is the Euclidean inner product on R". Since /) = —Apn, its first derivative
is given by

a = —(n, An).
Recalling that A is not symmetric but converges as s — o0 to something symmetric,
we can then write its second derivative as

& = (An, An) — (n, An) + (n, A(An))y = 2| An|* + {(AT — A)n, An) — (n, An).

Now consider what happens in the region s > R for some R » 1. For any A > 0
such that o(Ay) n [-\,A] = &, we have |A,v| = A|v| for all v € R, and since
A(s) — Ay as s — 0, we can assume (after a slight adjustment to A) if R > 0 is
chosen large enough that

|A(s)v] = AMv| forall veR" s=>R

also holds, implying |A(s)n(s)]* = A?n(s)|*> = 2\%a(s). If we also assume that A
is “C'-asymptotic” to A, meaning [A — A, [c1((re)) — 0 as R — o0, then |A(s)]
can be assumed arbitrarily small for all s > R, and similarly, the symmetry of A,
means that ||AT(s) — A(s)| can be assumed arbitrarily small. The result is that for
arbitrarily small values € > 0, one can choose R » 1 large enough so that « satisfies
the differential inequality

&= (4% — )a.

If we now replace the original interval [—\, A] with a slightly larger one that still
does not contain any eigenvalues of A,, we can repeat the argument and replace
4)\% — ¢ in this expression with 4\?, establishing the relation

a(s) = 4 a(s) forall s=R.

This inequality says that the function a(s) should be “at least as convex” as an
actual solution to the differential equation

(4.9) B(s) = 4X28(s).

Solutions to the latter are exponential functions, either growing or decaying, but
in principle we can ignore the growing solutions since we want to assume 7 has
reasonable behavior at +00. Let us therefore compare the function o with the
unique decaying solution to (4.9) that has the same value as « at an initial point,
namely

B(s) := a(R)e 1),
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The function f(s) := a(s) — f(s) then satisfies
(4.10) f(s) = 4)2f(s) for all s > R, and f(R) =0.

EXERCISE 4.21. Show that every C*-function f : [R, ) — R satisfying both
conditions in (4.10) also satisfies either lim,_,o f(s) = o or f < 0. Hint: Remember
the mean value theorem?

If lim, o f(s) = oo in this situation, then |n(s)|?> must also blow up as s — oo,
so that our solution 1 cannot be of class LP or L® or any other class of functions
we are likely to want to consider. According to Exercise 4.21, the only alternative
is then that a(s) < 5(s) holds for all s > R, meaning

()| < [n(R)|e 7.

It’s worth noting that the constant R in this result does not depend on n; it is
determined by our choice of A > 0 and the rate at which A(s) approaches A, in the
original differential equation. In other words, this argument does not just deliver an
exponential decay result for a single solution—it provides a uniform bound for all
solutions.

You should now find the following result plausible, and the proof will seem
familiar, though several details are technically trickier than in the Morse homology
setting. Note that since the proof requires differentiating the zeroth-order term
of the operator near a puncture, we have to require m > 1 instead of the usual
assumption 0 < m < co. This is the only step in our proof of the Fredholm property
at which the case m = 0 must be excluded.

LEMMA 4.22. Assume D is of class C™ with 1 < m < o0, z € I'* is a puncture
for which the asymptotic operator A, is nondegenerate, and X\ > 0 is a constant
such that

o(A) n[-\A] = .
Then in holomorphic cylindrical coordinates on Z4 =~ U,, there exists a constant
R >0 such that every weak solution n € L*(E|; ) to Dn =0 satisfies

In(£s, M2y < [n(ER, )2y - e X forall s> R.

Proor. To simplify the notation, let us assume the puncture z € I' is positive,
as the proof in the negative case will be completely analogous. After fixing an
asymptotic trivialization, we write D = ¢ + S(s,t) and A := A, = —Jy0; — S (t),
with ||S — SooHCm(Zf) — 0 as R — 0. Let us also write the L*-product for functions

Z. —R™M as
U V)27, = J (u(s,t),v(s,t))dsdt,
[0,00)x ST

where ( , ) with no subscript denotes Euclidean inner product on R**. For a given
constant A > 0 with o(A) n [\, A\] = &, choose two slightly larger constants

Ao >N > A satisfying  o(A) n [, o] = &.
Then A satisfies the estimate

HAT]HLQ(Sl) = )\QHTIHLQ(Sl) for all neE Hl(Sl, RQn)
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Indeed, according to Exercise 3.41(b), L*(S',R*") is spanned by an orthonormal
basis of eigenfunctions {e; € H'(S')},ez satisfying Ae; = uje; for p; € o(A), so for

every n € H'(S') c L*(S"), we have nn = 3., cje; for ¢; := {ej,m)2 and thus

(An, Anpre = Eud = X3 >0 cF = A3
JEZ JEZ
This estimate for A says that the composition of A1 : L?(S1) — H'(S') with the
inclusion 7 : H'(S') < L*(S") has [i © A™"| #(12) < 55 for the operator norm on
ZL(L*(SY)). For s = 0, let

A, = —Jo0, — S(s,-) : HY(S* R*™) — L*(S' R*™),
and observe that since S(s,-) — Sy, uniformly as s — oo,
[(A = Az = [(Sw = S(s, Nz < [Soo = S(s, )0 - [l
< S = S(s, )l co - Inlla

implies lim,_,,, A, = A, with convergence in the operator norm on .Z(H'(S'), L*(S1)).
It follows that for s > 0 sufficiently large, A, is also invertible and lim, ,, A;! =
A~'in Z(L*(S"), H'(S")), in which case the norms [i o A !| #(2) also converge to
li © A1 #(z2). This argument proves that we can also assume

(4.11) |An] 251y = Mnlrey  forall ne H'(S',R™) and s > R

if R > 0 is sufficiently large.

We will impose two further conditions requiring R to be large. The first is
motivated by the fact that S(s,t) is not generally symmetric but Sy (¢) is. In light
of the asymptotic convergence of S(s,t), we can for any € > 0 assume after making
R > 0 large enough that

(412) HS — STH00(Z}+?,) < €.

Since m = 1, we can also assume |S — Sy |1 (zn) is arbitrarily small, implying in
particular that if R is large enough, then

(413) HasSHCo(Z}j) < €.

In the following we shall exploit the freedom to make R larger in order to make e
smaller as needed. .

Now suppose u € L*(Z,,R?) satisfies (0 + S)u = 0. Then u is also locally
of class LP for every p € (1,00), so by Corollary 2.23, u is in W/ITCH”’(ZOJF) and is
C™-smooth, implying in particular that u is locally of class W?® and continuously
differentiable. Abbreviate us := u(s,-) and consider the function « : [0,0) — R

defined by
1
ofs) 1= glusEagsr)
Writing the equation du + Su = 0 as du(s, ) = A,u,, differentiating under the
integral sign gives

(4.14) a(s) = (us, Agtig)r2(s1y = Ll<u(3, t), —Jodru(s,t) — S(s,t)u(s,t))dt.
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We have to be a bit more careful in computing &(s), as the term —Jy0;u on the right
hand side of (4.14) might not be differentiable, though since u € I/Vli’p (Z,), there

is a well-defined weak derivative ds0,u € L{’OC(ZOJF). Since 2-dimensional domains
admit continuous product pairings WP x WP — WP and C' x WtP — Whep,
Proposition A.16 (and Remark A.16) permit the computation of the weak derivative
of the integrand via the Leibniz rule,

0

a—’<u, — Jodsu — Su) = {dgu, —Joluu — Su) + (u, —JodsOpu — (0.5)u — S(d,u)),

s

P (Z.), hence locally integrable. It is an easy exer-
cise in Fubini’s theorem (see Exericse 4.23(a) below) to check that in this situation,
weak differentiation under the integral sign is also allowed, so we obtain a weak
second derivative of «,

and the resulting function is in L}

Gls) — Ll (COuus. 1), —Trdru(s,t) — S(s. tyuls, 1)
+Cu(s, t), —Jodsdpuls, t) — 0,8 (s, thuls, t) — S(s,t)suls, 1)) ) dt.

We would like to apply integration by parts to remove the second derivative of u from
this expression, but again we must be careful about regularity since dsd;u may be
only a weak derivative. Observe first that since u € W2P(Z,), du € WP(Z,) and
the product pairing W2? x WP — WP ogver 2-dimensional domains is continuous,
the function 0,(u, —Jodsu) is in LF, (Z,) and equal to (dyu, —Jodsu) + (u, — Jods0yu)
by Proposition A.16. Fubini’s theorem then implies that for almost every s > 0,
both (u(s,-), —Jodsu(s, )y and ou(s, ), —Joosu(s,-)) are in LP(S'), and according
to Exercise 4.23(b), the latter is the weak derivative of the former as functions on S*.
It follows via Proposition A.11 that for these values of s, (u(s,-), —Jodsu(s,)) :
Sl — R is equal almost everywhere to an absolutely continuous function whose
derivative almost everywhere is equal to its weak derivative, and the integral of its
weak derivative over S! therefore vanishes. This justifies the use of integration by

parts to write
<u($7 t)a _JOasatu(sa t)> dt = J‘ <atu($7 t)a JO&SU(‘S) t)> dt
St St

= J (=JoOwu(s,t), Osu(s,t))dt = ((As+ S(s,-))us, Astig)r2(s1)
S1

for almost every s. For these values of s, our formula for &(s) now becomes

a(s) = (Agug, Asusyre + {(As + S(s, ) us, Astis) 2 — (s, 055 (s, Jus + S(s, ) Astis g2
= 2| Au,|3s + <[S(s, 3 —8(s, ) us, Asus>L2 — (Us, 0558, )s )2
where the L?-products here are all for functions on S*. Conveniently, the right hand

side of this expression is a continuous function of s, implying that & is a C'*-function
and this continuous expression for « is its classical derivative.
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Using the conditions (4.11), (4.12) and (4.13), we can now conclude that « :
(0,0) — R is a C*-function which for s > R satisfies

G(s) = 2| Asus| T — elus| e - [Asus]re — elus]7
= | Asus] 2 - (2] Asuslre — ellus]r2) — €|us|72
> Mfus| 2 - (20 |us] e — ellus]z2) — €fus|72
EA €
= (2N —ed —€) - Juyl7. =4 ()\f — 71 - 5) a(s).
Let us now increase R in order to shrink e so that without loss of generality,
€N €

ooy
2 2

noting that this choice depends only on the function S(s,t) and not on the solution w.
The last inequality then becomes

a(s) =4 a(s) forall s=R.

Recall now that u : Zo+ — R?" was assumed to be globally of class L, so the

function «a(s) is bounded as s — c0. Plugging f(s) := a(s) — a(R)e 22~ into
Exercise 4.21 then gives
1 1
L = a(s) < a(R)e M — HuglRae D,
or equivalently,
|ugl| 2 < |ug|2e”?®  forall s> R.
U

EXERCISE 4.23. Consider a locally integrable function f : Zo+ — R on the half-
cylinder Z, = (0,0) x S*. Show:

(a) If f has a locally integrable weak partial derivative dsf : ZO+ — R and we
define F': (0,00) — R almost everywhere by F(s) := {, f(s,t)dt, then F
has weak derivative F'(s) := {, 0, f(s,) dt.

(b) If f has a locally integrable weak partial derivative 0, f : ZO+ — R, then
for almost every s > 0, the function f(s,-): S* — R has locally integrable
weak derivative 0, f(s,) : S' — R. Hint: Consider test functions on Z, of

the form B(s)(t) for 8 € CF((0,20)) and p € C*(S).

EXERCISE 4.24. Show that the constant R > 0 in Lemma 4.22 can be chosen so
that the result remains true with the same value of R after adjusting the functions
S and Sy, by a sufficiently C'-small perturbation.

COROLLARY 4.25. In the setting of Theorem /.5,

keDc (] [) Wh(E),

I<m+1 1<qg<oo

hence ker D is the same finite-dimensional vector space for all choices of k and p.
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PROOF. We can assume m < oo without loss of generality. Every n € W*?(E)
annihilated by D is then locally of class W™14 for every ¢ € (1, 90) by Corollary 2.23,
and Corollary 4.12 implies that it is also in W™ T14(E) for all g € [p, ), so it is also
in C™(FE) and thus bounded. It therefore suffices to prove that the restriction of n
to each cylindrical end Zf c U, is in Lq(Zof) for ¢ > 1 arbitrarily close to 1 and
R > 0 sufficiently large. Let us consider for concreteness a positive end Z and fix
q € (1,2]. Since S! has finite measure and ¢ < 2, there is a constant ¢ > 0 such that
| fllzacsty < | f]lr2(sty for all measurable functlons f on S'. Choosing A > 0 such that
the corresponding asymptotic operator has no eigenvalues in [—\, A], Lemma 4.22
implies

0 0
Sy = | 15 gy s < € |t s

e}
< (R, fsey | s <,
R
0

We can now say more precisely what is meant by the statement in Theorem 4.5
that elements of ker D have exponentially decaying derivatives up to order m. This
is best explained in the language of exponentially weighted Sobolev spaces, which will
also become important later when we study the corresponding nonlinear problem.
For k> 0,1 <p<ooand X € R, define

Wk’p”\(Zoﬁ,RQ") = {f ; Zf — R | f =e"g for some g € Wk’p(Zof,RQ")} :

with the case k = 0 abbreviated by LP* := W%  This is a Banach space with
respect to the norm

HfHWk,p,A(Zj_j) = Hei)\sfﬂww(éf_})v

and in fact there is an obvious isometry W"“?”(Zoi) — kava(Zoi) cf e F We
typically consider W’“’p’)‘(Zoi) for A > 0, which forces functions in this space to decay
exponentially at infinity. Concretely, if p > 2, then the inclusion WmHlP — O™
implies that functions f € Wm+lpA(Z ) take the form e¥**g where g is of class C™
with a global C™-bound. It follows that every derivative 0®f of order |a| < m is
the product of e*** with a globally bounded function, producing an estimate of the
form

10°f(s,1)] < Ce™*  for all |a] <m
The statement about decaying derivatives in Theorem 4.5 i
of the following:

is therefore a consequence

PROPOSITION 4.26. Under the same assumptions as in Lemma 4.22, for every
k<m+1, qe (1,0) and every R > 0 sufficiently large, weak solutions n € L*(E|; )
to Dy = 0 near a positive puncture z € I'" satisfy an estimate of the form

Inlwrarzy < clnloeqorxs),

where the constant ¢ > 0 depends on k,q, R and X\ but not on n. A similar result
holds for negative punctures.
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ProOOF. We again assume for concreteness that the puncture is positive, and
choose an asymptotic trivialization to express sections n of E |L-,z as functions u :
Z. — R?". On any domain U < Z, with compact closure in the interior of 7,
repeated application of Lemma 4.10 gives bounds on |ul|yr.qq for & < m + 1 in
terms of the L%-norm of u on any strictly larger domain with compact closure, and
the latter is bounded in turn by the L*-norm on the same domain. It therefore
suffices to find a bound on H“HW’c,qA(Z“;)v where > 1 can be chosen to be as large

as is needed.
For the case k = 0 and ¢ < 2, we derive a bound on |ul A(zry using Lemma 4.22

as follows. Choose A; > X so that the condition o(A) N [=A1, A] = & still holds,
and then choose r > 1 large enough for the exponential bound in Lemma 4.22 to
hold on Z" with decay rate A;. Using the continuous inclusion L?(S?) — L9(S1),
we then have

0

el 0 5 = j e [u(s, 1)]7 ds di = f e [u(s, )% 51, 4
+

T

” o0
< Cf e(IASHU( )HL2(51 s < cHu( )HL2(51 f eqksequl(s,r) ds

s s
0

< Ml gy [ € ds

r
gA1T
. ce —q(0\—

=—¢
Q(>\1 — )\)
A

To improve this to a W*%*-bound for k& > 1, we observe that the function e*u,
which is now known to be in L?(Z, ), also satisfies a Cauchy-Riemann type equation,
namely

V- [l Zoe (0,070 51

D, (eMu) := (0 + Sy)(eMu) =0, where Sy(s,t) := S(s,t) — A,

which is C™-asymptotic to the shifted asymptotic operator A, := A + A. Since no
eigenvalues of A lie in [—A, A], the operator A, is also nondegenerate. Repeated ap-
plication of Lemma 4.19 therefore provides a W*%-bound on e*u for every k < m+1
in terms of its L?-bound on a sufficiently large truncation, which is also bounded by
the truncated L*-norm of u. Finally, one can apply the Sobolev embedding theorem
as in Corollary 4.12 and repeat the application of Lemma 4.19 as needed to produce
a WkP-bound on e*u for every p € [¢,o0) and k < m + 1. ([l

The bound in Proposition 4.26 tells us that we have considerable freedom in our
choice of topology for the space of solutions to the equation D7 = 0: any sequence of
(not necessarily uniformly) bounded solutions that converge uniformly on compact
subsets must also converge in the much stronger topology of the W*P*-norm for
every k < m+ 1, pe (1,00) and A > 0 smaller than the absolute value of every
eigenvalue of every asymptotic operator. We will see this phenomenon again in the
nonlinear case, where it will imply that the geometrically “natural” topology on a
moduli space of punctured J-holomorphic curves is equivalent to the more technical
weighted Sobolev topologies that are needed for carrying out the analysis.
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EXERCISE 4.27. Suppose D and D, = D + S, for v € N are Cauchy-Riemann
type operators of class C™ with 1 < m < o0, all of them C"™-asymptotic to asymp-
totic operators, such that the asymptotic operators for D are all nondegenerate and
lim, .o |Sy|cm = 0. Show that if 1 < p < o and 7, is a uniformly LP-bounded
sequence of weak solutions to D,n, = 0 that is uniformly convergent on compact
subsets, then for every k < m + 1, ¢ € (1,00) and A > 0 sufficiently small, 7,
converges in W*4(E) and in the W"%*-norm on the cylindrical ends to a solution
n of Dn = 0. Hint: Exercise 4.24 should help you prove a uniform LP-bound for
e*$n, on the cylindrical ends U, =~ Z,. Once you have that, you can eliminate the
exponential weights from the picture by adding constants to D and D,,.

4.7. Formal adjoints and proof of the Fredholm property

In order to show that coker D is also finite dimensional, we will apply the above
arguments to the formal adjoint of D, an operator whose kernel is naturally isomor-
phic to the cokernel of D. Let us choose Hermitian bundle metrics { , )r on E and
(', yr on F, and fix an area form dvol on 5 that takes the form dvol = ds A dt
on the cylindrical ends. The formal adjoint of D is then defined as the unique
first-order linear differential operator

D*: C"™*YF) — C™(E)
that satisfies the relation
<)\7 D77>L2(F) = <D*)\, 77>L2(E) forall ne CgLH(E)a A€E CgLH(F)a

where C} indicates the space of C*-smooth sections with compact support, and we
use the real-valued L?-pairings

n,&r2m) = Re Jz<n,§>Edvol, for n,&el(E),

{a, N2y := Re J {a, \ypdvol, for a,NeT'(F).
5

The word “formal” refers to the fact that we are not viewing D* as the adjoint of
an unbounded operator on a Hilbert space (cf. [RS80]); that would be a stronger
condition.

EXERCISE 4.28. Show that D* is well defined and, for suitable choices of complex
local trivializations of E and F' and holomorphic coordinates on open subsets U < X,
can be written locally as

D* = -0+ A: C™" YU, R*™) — C™(U,R*™)

for some A € C™ (U, End(R?")), where 0 := 05 — Jo0;.
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The formula in the above exercise reveals that D* is also an elliptic operator”
and thus has the same local properties as D; indeed, —d + A can be transformed
into ¢ + B for some zeroth-order term B if we conjugate it by a suitable complex-
antilinear change of trivialization. In particular, our local estimates for D and their
consequences, notably Lemma 4.10, are all equally valid for D*.

To obtain suitable asymptotic estimates for D*, let us fix asymptotic trivializa-
tions 7 of E, use the corresponding trivializations of F' over the ends as described
in §4.1, and choose the bundle metrics such that both appear standard in these
trivializations over the ends. We will say that the bundle metrics are compatible
with the asymptotically Hermitian structure of £ whenever they are chosen
in this way outside of a compact subset of 3. We can then express D as 0 + S(s, 1)

on U, = Z4, and integrate by parts to obtain

D* = -0+ S(s,1)".

. ) . . . . 1 0
To identify this expression with a Cauchy-Riemann type operator, let C' := 0 -1
denote the R-linear transformation on R?® = C" representing complex conjugation.
Then since C' anticommutes with J,, we have

(CT'D*C)n = —CI,(Cn) + CJyd:(Cn) + CS(s,t)"Cn
= —0d,n — Joom + CS(s,t)TCn = —(on — CS(s,t) Cn)
:—(0+ S(s, 1)),
where we've defined S(s,t) := —CS(s,t)TC. Now if the asymptotic operator A, at

z € T'* is written in the chosen trivialization as A := —Jy0; — S (t), the asymptotic
convergence of S(s,t) implies that similarly

IS = Sxllgrizny =0 as R —

for all k£ < m, where

Sp(t) := —CS,(1)C.
This defines a trivialized asymptotic operator A = —.Jyd; — Sy (t) to which —D* is
(after a suitable change of trivialization) asymptotic at the puncture z; in particular,
our proof of the global regularity result, Lemma 4.11, now also works for D*. Finally,
notice that A and —A are conjugate: indeed,

(CPAC) = —CJodu(Cn) + CCSL(1)C(Cn) = Jodun + Sw(t)y = —An.

This implies that A is nondegenerate if and only if A is; applying this assumption
for all of the A, the proofs of Lemma 4.18 and Lemma 4.19 now also go through
for D*.

We’ve proved:

2Technically, this property of the formal adjoint is part of the definition of ellipticity: we call a
differential operator elliptic whenever (1) it has the properties necessary for proving fundamental
estimates using Fourier transforms as we did with @ in §2.3, and (2) its formal adjoint also has this
property. The former requires the principal symbol of the operator to be everywhere injective, and
the latter requires it to be surjective.
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PROPOSITION 4.29. Suppose D* is defined with respect to Hermitian bundle
metrics on E and F = %C(TE,E) that are compatible with the asymptotically
Hermitian structure of E. If additionally all the asymptotic operators A, are non-
degenerate, then

D* : WkP(F) — WkLP(E)
1s semi-Fredholm. Moreover, if D is of class C™ with 1 < m < oo, then ker D* s

contained in WHI(F) for every ¢ < m + 1 and q € (1,0), and is thus independent
of the choice of k and p. O

Since ker D* is now known to be finite dimensional, the next result completes
the proof of the Fredholm property for D by showing that its image has finite
codimension. It should be emphasized that both the statement and the proof of this
result depend on the fact that ker D* is the same space for all choices of Sobolev
parameters, so e.g. it is automatically a subspace of W*=1P(F).

LEMMA 4.30. If D is of class C™ with 1 < m < o0, all its asymptotic operators
are nondegenerate, and D* is defined under the same assumptions as in Prop. 4.29,
then for D : WFP(E) — W LP(E) with 1 <k <m + 1,

WHLP(F) = im D + ker D*.

PRrROOF. Consider first the case k = 1. Since D : W'?(E) — L[P(F) is semi-
Fredholm, its image is closed, hence im D + ker D* is a closed subspace of LP(F).
Then if im D + ker D* # LP(F), the Hahn-Banach theorem® provides a nontrivial
element a € (LP(F))* =~ L4(F) for 1—1) + % = 1 such that

(4.15) Dn+ Ny =0 forall neWP(E), Xeker D*.
Choosing A = 0, this implies in particular
Dn, a2y =0  forall ne W (E).

Since one can plug in arbitrary smooth compactly supported sections in trivialized
neighborhoods for 7, this means that « is a weak solution of class L? to the formal
adjoint equation D*a = 0, so o € ker D*. This contradicts (4.15) if we pluginn =0
and A\ = «, thus completing the proof for k£ = 1.

For k > 2, suppose a € W*=LP(F) < LP(F)is given: then the case k = 1 provides
elements n € WH(E) and \ € ker D* such that Dy + A = a. Since A € W™ L4(F)
for all ¢ € (1,0), we have D = a — A € W* L?(F) and thus by Lemma 4.11,
n e W*P(E), completing the proof for all k < m + 1. O

REMARK 4.31. If D is only of class C° but not C!, then we do not have the
exponential decay results from the previous section, but Lemma 4.30 still holds
for p > 2 if ker D* is understood to be the kernel of the specific operator D* :
Whi(F) — LI(E) for % + % = 1. Indeed, Lemma 4.11 implies since p > ¢ that
ker D* is then also a subspace of W*=1P(F).

3In the case p = 2, one can forego the Hahn-Banach theorem and simply take an L?-orthogonal
complement.
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The proof of the Fredholm property for D is now complete, but in order to see
that its index does not depend on k or p, we still need to see that this is true for
dim coker D. This follows from the corresponding fact about ker D*, via a slight
strengthening of Lemma 4.30:

PROPOSITION 4.32. Under the same assumptions as in Lemma 4.30 for the
operators D : WhP(E) — WkE-LP(F) and D* : WhP(F) — WHELP(E), we have
WFLP(F) = imD @ ker D* and W*'P(E) = imD* @ ker D. In particular, the
projections defined by these splittings give isomorphisms

coker D ~ kerD*  and  coker D* =~ ker D,
thus D* : WEP(F) — WHFLP(E) is a Fredholm operator with
ind D¥ = —ind D.

ProOF. By Lemma 4.30, the first splitting follows if we can show that imD n
ker D* = {0}. Recall first (see §A.5) that the smooth functions with compact support
form a dense subspace of W*?(3) for every k = 0 and p € [1,0), so the definition of
the formal adjoint implies via density and Holder’s inequality that if 1 < p,q¢ < oo

1,1 _
and 5 + a = 1,
(4.16) NDnrapy = DNy forall ne W (E), Xe WH(F).

Now suppose A € im D n ker D* and write A = Dp, assuming n € W*?(E). Our
regularity and asymptotic results imply that since D*\ = 0, A\ € W14(F), where ¢
can be chosen to satisfy % + % = 1. We can therefore apply (4.16) and obtain

¥ )\>L2(F) = (A, DTI>L2(F) = <D*)‘777>L2(E) =0,

hence A = 0.
The proof that W*=1P(E) = im D* @ ker D is analogous. O

This result hints at the fact that D* is—under some natural extra assumptions—
globally equivalent to another Cauchy-Riemann type operator. To see this, let us
impose a further constraint on the relation between the Hermitian bundle metrics
(, Yr and {(, )p. Note that since the area form dvol is necessarily j-invariant, it
induces a Hermitian structure on 7%, namely

(X,Y)s = dvol(X,jY) + idvol(X,Y),

which matches the standard bundle metric in the trivializations over the ends defined
via the cylindrical coordinates. This induces real-linear isomorphisms from 7% to
the complex-linear and -antilinear parts of the complexified cotangent bundle,

T — AYT*S X > XM= (X, Dy,
TS — AYT*% : X — X0 = (- Xy,

where the first isomorphism is complex antilinear and the second is complex linear.
We use these to define Hermitian bundle metrics on AM°T*Y and A®'T*Y in terms



116 CHRIS WENDL

of the metric on T'S; note that this is a straightforward definition for A%IT*S. but
since the isomorphism to AM0T*Y is complex antilinear, we really mean

(XY Y0y — (Y, X))y for XY eTx.

Now observe that as a vector bundle with complex structure A — Jo A, ' =
Hom¢ (7%, E) is naturally isomorphic to the complex tensor product
F=AN"T*YS®E.
We can therefore make a natural choice for { , )r as the tensor product metric
determined by (, )s and {, )g. It is easy to check that this choice is compatible
with the asymptotically Hermitian structure of F.
Next, we notice that the area form dvol also induces a natural complex bundle
isomorphism .
E — Hom¢ (T3, F).
Indeed, the right hand side is canonically isomorphic to the complex tensor product
Homg(TS, F) = AYT*S @ F = AVT*S @ AP T*S @ E,
and AMOT*SQAIT*Y s isomorphic to the trivial complex line bundle €' := Y xC —
Y via ' .
APT*S @ AYT*Y — ¢! X0 YO XYOY) = (X, Y)s.
EXERCISE 4.33. Assuming ( , )r is chosen as the tensor product metric described
above, show that under the natural identification of £ with Hom¢ (7%, F),

—D*: T(F) - QY(%, F)
satisfies the Leibniz rule
—D*(fA) = (0f)A + f(=D*)\)

for all f € CY(2,R), where df € QM0(2) denotes the complex-valued (1,0)-form
df —idf oj.

We might summarize this exercise by saying that —D* is an “anti-Cauchy-
Riemann type” operator on F'. But such an object is easily transformed into an
honest Cauchy-Riemann type operator: let F' denote the conjugate bundle to F,

which we define as the same real vector bundle F' but with the sign of its complex
structure reversed, so A — —J o A\. Now there is a canonical isomorphism

Homg(TY, F) = Home (TS, F),
and the same operator defines a real-linear map
—D*: [(F) - Q"Y(%, F)
which satisfies our usual Leibniz rule for Cauchy-Riemann type operators.

Its asymptotic behavior also fits into the scheme we’'ve been describing: we
have already seen this by computing D* on the ends with respect to asymptotic
trivializations. To express this in trivialization-invariant language, observe that
each of the Hermitian bundles (E., J.,w,) over S! for z € " has a conjugate bundle

E., with complex structure —J, and symplectic structure —w,; its natural Hermitian
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inner product is then the complex conjugate of the one on E,. The asymptotic
operator A, on E, can be expressed as —Jz@t, where @t is a symplectic connection
on (E,,w,). Then @t is also a symplectic connection on (EZ, —w,), so we naturally
obtain an asymptotic operator on E. in the form

(4.17) A.:=—-A,.:T(E,) > T(E,),

where the sign reversal arises from the reversal of the complex structure. One can
check that if we choose a unitary trivialization of F, and the conjugate trivialization
of E., this relationship between A, and A, produces precisely the relationship
between A = —Jod;, — S(t) and A = —Jy0; — Sy (t) that we saw previously, with
So(t) = —CSx(t)C. Let us summarize all this with a theorem.

THEOREM 4.34. Assume { , )p is chosen to be the tensor product metric on
F = A"'T*Y ® E induced by { , g and the area form dvol. Then under the
isomorphism induced by dvol from E to Hom(c(Til, F) and the natural identification
of the latter with its conjugate Home(TY, F), the operator —D* : T(F) — T'(E)

defines a linear Cauchy-Riemann type operator on the conjugate bundle F,
—D*: T(F) —» Q"Y(3, F),

and it 1s asymptotic at each puncture z € T' to the conjugate asymptotic operator

(4.17). 0
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5.1. Riemann-Roch with punctures

As in the previous lecture, let D denote a linear Cauchy-Riemann type operator
of class C™ (1 < m < ) on an asymptotically Hermitian vector bundle E of
complex rank n € N over a punctured Riemann surface (X = £\(I't U "), 5), and
assume that D is asymptotic at each puncture z € I' to a nondegenerate asymptotic
operator A, on the asymptotic bundle (E., J,,w.) over S*. Writing

F := Hom¢(T3, E)

for the bundle of complex-antilinear homomorphisms TS — E, the main result of
the previous lecture was that

D : WkP(E) — WkLe(F)

is Fredholm for any k € {1,...,m + 1} and p € (1,0), and its kernel and index do
not depend on k or p. The main goal of this lecture is to compute ind(D) € Z.
The index will depend on the Conley-Zehnder indices ufy(A,) € Z introduced
in Lecture 3, but since these depend on arbitrary choices of unitary trivializations 7,
we need a way of selecting preferred trivializations. The most natural condition is to
require that every (E,, J,,w,) be endowed with a unitary trivialization such that the
corresponding asymptotic trivializations of (E, J) extend to a global trivialization;'
if there is only one puncture z, for instance, then this condition determines g, (A.)
uniquely. This convention has been used to state the formula for ind(D) in several
of the standard references, e.g. in [HWZ99]. We would prefer however to state a

Note that (E, J) is always globally trivializable unless I' = ¢, as a punctured surface can be
retracted to its 1-skeleton.

119
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formula which is also valid when [I' = J and E — ¥ is nontrivial. One way to do
this is by allowing completely arbitrary asymptotic trivializations, but introducing
a topological invariant to measure their failure to extend globally over F.

DEFINITION 5.1. Fix a compact oriented surface S with boundary. The relative
first Chern number associates to every complex vector bundle (E,.J) over S and
trivialization 7 of E|;s an integer

ci(E)eZ
satisfying the following properties:

(1) If (E,J) — S is a line bundle, then ¢](F£) is the signed count of zeroes for
a generic section n € I'(E) that appears as a nonzero constant at 0S5 with
respect to 7.

(2) For any two bundles (FEy,J;) and (FEs, J;) with trivializations 7 and 75
respectively over 05,

071—1®T2 (E1 &) EQ) = Cirl (El) + C? (EQ)

Note that in the first point above, counting zeroes “with signs” actually means
adding up their orders in the sense of complex analysis, so e.g. the function z — z*
has a zero of order k at the origin if £ > 1, while z — z* has a zero of order —k.”
It follows from standard arguments in differential topology (see [Mil97]) that this
count of zeroes is invariant under homotopies of sections that are nowhere zero at 0.5,
thus ¢](F) for a line bundle does not depend on the choice of section, though it does
depend (up to homotopy) on the choice of boundary trivialization 7. It is also not
hard to show via genericity arguments that a higher rank complex vector bundle over
a compact surface can always be split into a direct sum of line bundles, and while this
splitting is not uniquely determined, changing the topology of any summand forces
correspondinging changes in other summands such that the sum of their relative
first Chern numbers remains unchanged. It follows that the conditions stated above
uniquely determine ¢j(E) for all complex vector bundles over compact oriented
surfaces. The definition clearly matches the usual first Chern number ¢;(F) € Z
when 0S5 = ¢, and moreover, it extends in an obvious way to the category of
asymptotically Hermitian vector bundles with asymptotic trivializations.

EXERCISE 5.2. Given two distinct choices of asymptotic trivializations 7 and 7,
for an asymptotically Hermitian bundle F of rank n, show that

7(E) = ' (B) — deg(rz 01 1),

where deg(r, 0 7, ') € Z denotes the sum over all punctures of the winding numbers
of the determinants of the transition maps S* — U(m).?

2The precise definition can be phrased in terms of winding numbers: for a function f : C — C
with an isolated zero f(zo) = 0, the zero has order k € Z if the loop 6 — f(zo + ee??) € C\{0} has
winding number k for all € > 0 sufficiently small. Note that this changes by a sign if the function
is composed with an orientation-reversing homeomorphism of its domain, thus ¢ (E) depends on
the orientation of S.

3Caution: to compute this winding number at a negative puncture using cylindrical coordinates
(s,t) € (—0,0] x S, one must traverse {—s} x St for s » 1 in the wrong direction, as this is
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EXERCISE 5.3. Combining Exercise 5.2 above with Exercise 3.56, show that for
our asymptotically Hermitian vector bundle E with Cauchy—Rlemann type operator
D and asymptotic operators A ., the number

201 (E Z fez (A Z ez (A

zel't zel'—

is independent of the choice of asymptotic trivializations 7.

The above exercise shows that the right hand side of the following index formula
is independent of all choices.

THEOREM 5.4. The Fredholm index of D s given by
ind D = ny() + 2¢](E Z peg(A Z peg(A

zel't zel'—

where n = ranke ' and T is an arbitrary choice of asymptotic trivializations.

REMARK 5.5. The case n = 0 is also allowed in the above formula: then ¢[(E) =
0 and all the Conley-Zehnder indices vanish by convention (cf. Remark 3.52), while
on the left hand side, D is the unique linear operator between two 0-dimensional
vector spaces—which is Fredholm with index 0. This case will be relevant to the
dimension of the moduli space of holomorphic branched covers of a punctured Rie-
mann surface, see Prop. 14.36.

NoOTATION. Throughout this lecture, we shall denote the integer on the right
hand side in Theorem 5.4 by

(D) := nx(%) + 2] (E Z pog (A 2 1oz (A

zel't zel'—

Our goal is thus to prove that ind(D) = I(D).

When I' = @&, Theorem 5.4 is equivalent to the classical Riemann-Roch formula,
which is more often stated for holomorphic vector bundles over a closed Riemann
surface (X, j) with genus g as

(5.1) indc(Dy) = n(l —g) + a1 (E).

This formula assumes that the Cauchy-Riemann type operator Dy is complex linear,
but an arbitrary real-linear Cauchy-Riemann operator is then of the form D = Dg +
B, where the zeroth-order term B € I'(Homg(E, F')) defines a compact perturbation
since the inclusion W*P(%) — W*=Lr(3) is compact. It follows that D has the
same real Fredholm index as Dy, namely twice the complex index shown on the
right hand side of (5.1), which matches what we see in Theorem 5.4.

REMARK 5.6. Now seems a good moment to clarify explicitly that all dimensions
(and therefore also Fredholm indices) in this book are real dimensions, not complex
dimensions, unless otherwise stated.

consistent with the orientation induced on {—s} x S as a boundary component of a large compact
subdomain of X.
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Reduction to the complex-linear case does not work in general if there are punc-
tures: it remains true that arbitrary Cauchy-Riemann type operators can be written
as D = Dy + B where Dy is complex linear, but the perturbation introduced by
the zeroth-order term B is not compact since W*?(3) — W+ =1#(3) is not compact
when I' # . Another indication that this idea cannot work is the fact that while
the formula in Theorem 5.4 always gives an even integer when I' = ¢¥, it can be odd
when there are punctures, in which case D clearly cannot have the same index as
any complex-linear operator. Our proof will therefore have to deal with more than
just the complex category.

The punctured version of Theorem 5.4 was first proved by Schwarz in his the-
sis [Sch95], its main purpose at the time being to help define algebraic operations
(notably the pair-of-pants product) in Hamiltonian Floer homology. Schwarz’s proof
used a “linear gluing” construction that gives a relation between indices of opera-
tors on bundles over surfaces obtained by gluing together constituent surfaces along
matching cylindrical ends. Since any surface with ends can be “capped oftf” to form
a closed surface, one obtains the general index formula if one already knows how to
compute it for closed surfaces and for planes (i.e. caps). For the latter, it is simple
enough to write down model Cauchy-Riemann operators on planes and compute
their kernels and cokernels explicitly, so in this way the general case is reduced to
the classical Riemann-Roch formula. An analogous linear gluing argument for com-
pact surfaces with boundary is used in [MS12, Appendix C] to reduce the general
Riemann-Roch formula to an explicit computation for Cauchy-Riemann operators
on the disk with a totally real boundary condition.

In this lecture, we will follow a different path and use an argument that was first
sketched by Taubes for the closed case in [Tau96a, §7], with an additional argument
for the punctured case that was suggested by Chris Gerig. The argument is (in my
opinion) analytically somewhat easier than the more standard approaches, and in
addition to proving the formula we need for punctured surfaces, it produces a new
proof in the closed case without assuming the classical Riemann-Roch formula. It
also provides a gentle preview of two analytical phenomena that will later assume
prominent roles in our discussion of SF'T: bubbling and gluing.

To see the idea behind Taubes’s argument, we can start by noticing an apparent
numerical coincidence in the closed case. Assume (FE, J) is a complex line bundle over
a closed Riemann surface (3, j), and D : ['(E) — T'(F) = Q%! (3, F) is a Cauchy-
Riemann type operator. We know that ind(D) = ind(D + B) for any zeroth-order
term B € I'(Homg(E, F')). But E and F are both complex vector bundles, so B
can always be split uniquely into its complex-linear and complex-antilinear parts,

i.e. there is a natural splitting of Homg(F, F') into a direct sum of complex line
bundles’

Homg(E, F') = Home¢(F, F') @ Home(E, F).

“Here the complex structure on Homg(E, F) and its subbundles is defined in terms of the
complex structure of F, i.e. it sends B € Homgr(E, F) to J o B € Homg(E, F).
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Out of curiosity, let’s compute the first Chern number of the second factor; this will
be the signed count of zeroes of a generic complex-antilinear zeroth-order perturba-
tion. To start with, note that

Homc(E, F') = Hom¢(E,C) ® F,

and then observe that Hom¢(E,C) and E are isomorphic: indeed, any Hermitian
bundle metric ( , Yr on E gives rise to a bundle isomorphism®

E — Hom¢(E,C) :np— (-, n)g.

We thus have Hom¢(E, F) = E® F, so ¢;(Home(E, F)) = ¢1(E) + ¢1(F). We can
compute ¢1(F) by the same trick since

F = Home(TE, E) = Home(TS,C)® E = TE® E,
s0 ¢1(F) = c1(T%) + 1 (E) = x(¥) + ¢1(F) by the Poincaré-Hopf theorem, and thus
ci(Home(E, F)) = x(2) + 2¢1(E).

Since we're looking at a line bundle over a surface without punctures, this number
is the same as I(D). This coincidence is too improbable to ignore, and indeed, it
turns out not to be coincidental. Here is an informal statement of a result that we
will later prove a more precise version of in order to deduce Theorem 5.4.

“THEOREM”. Given a Cauchy-Riemann type operator D : HY(E) — L*(F)
on a line bundle (E,J) over a closed Riemann surface (¥,j), choose a complex-
antilinear zeroth-order perturbation B € I'(Home(E, F)) whose zeroes are all non-
degenerate. Then for sufficiently large r > 0, ker(D + rB) is approzimately spanned
by 1-dimensional spaces of sections with support localized near the positive zeroes
of B. In particular, dimker(D + rB) equals the number of positive zeroes of B.

To deduce ind(D) = I(D) from this, we need to apply the same trick to the
formal adjoint D*. As we will review in §5.2, —D* can be regarded under certain
natural assumptions as a Cauchy-Riemann type operator on the bundle F' conjugate
to F', and the formal adjoint of D + rB then gives rise to a Cauchy-Riemann type
operator of the form

~D* +rB' :T(F) - T'(E) = Q" (%, F),
where B’ : F — FE is also complex antilinear and has the same zeroes as B, but with
opposite signs. Applying the above “theorem” to —D* thus identifies ker(D + rB)*
for sufficiently large » > 0 with a space whose dimension equals the number of
negative zeroes of B. This gives
ind(D) = ind(D + rB) = dimker(D + rB) — dimker(D + rB)*
= ¢i(Home(E, F)) = I(D).

It’s worth mentioning that the “large perturbation” argument we’ve just sketched
is only one simple example of an idea with a long and illustrious history. Another
simple example is the observation by Witten [Wit82] that after choosing a Morse

SWe are assuming as usual that Hermitian inner products are complex antilinear in the first
argument and linear in the second.
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function on a Riemannian manifold, certain large deformations of the de Rham
complex lead to an approximation of the Morse complex, with generators of the de
Rham complex having support concentrated near the critical points of the Morse
function—this yields a somewhat novel proof of de Rham’s theorem. A much deeper
example is Taubes’s isomorphism [Tau96b]| between the Seiberg-Witten invariants
of symplectic 4-manifolds and certain holomorphic curve invariants: here also, the
idea is to consider a large compact perturbation of the Seiberg-Witten equations and
show that, in the limit where the perturbation becomes infinitely large, solutions of
the Seiberg-Witten equations localize near J-holomorphic curves. For a more recent
exploration of this idea in the context of Dirac operators, see [Mar17].

Before proceeding with the details, let us fix three simplifying assumptions that
can be imposed without loss of generality:

ASSUMPTION 5.7. E and D are of class C®.

This can always be achieved by an arbitrarily small perturbation, and small
perturbations do not change the Fredholm index.

ASSUMPTION 5.8. (E,J) has complex rank 1.

Indeed, an asymptotically Hermitian bundle E of complex rank n € N always
admits a decomposition into asymptotically Hermitian line bundles £ = E1 ®...®
E,, producing a corresponding splitting of the target bundle FF = F1 ® ... ® F,.
The operator D need not respect these splittings, but it is always homotopic through
Fredholm operators to one that does: we saw in Theorem 3.53 that the asymptotic
operators A, are homotopic through nondegenerate asymptotic operators to any
other operators A’ that have the same Conley-Zehnder indices, so one can choose
A’ to respect the splitting. Any homotopy of Cauchy-Riemann operators following
such a homotopy of nondegenerate asymptotic operators then produces a continuous
family of Fredholm operators by the main result of Lecture 4, implying that their
indices do not change. The general index formula then follows from the line bundle
case since any two Cauchy-Riemann type Fredholm operators D; and Dy over the
same Riemann surface satisfy

ind(D; @ Dy) = ind(D;) +ind(Ds) and I(D;®Dy) = I(Dy) + I(Dy).
ASSUMPTION 5.9. k=1 and p = 2.
This means we will concretely be considering the operator

D: HY(E) - L*(F),

where H! as usual is an abbreviation for W12, This assumption is clearly harmless
since we know that ind D does not depend on the choice of £ and p.

5.2. Some remarks on the formal adjoint

For the beginning of this section we can drop the assumption that (E,J) is a
line bundle and assume ranke £ = n € N, though later we will again set n = 1.
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Recall from the end of Lecture 4 that if we fix global Hermitian structures ¢, B
and (, )pon (E,J) and (F, J) respectively and an area form d vol on ¥ that matches
ds A dt on the cylindrical ends, then D has a formal adjoint

D*:T'(F) - I'(EF)
satisfying
DDraey = DA\ e forall ne HY(E), e H'(F).
Here the real-valued L? pairings are defined by

1 Ea i= ReL<n,5>Edvol for 1,6 D(E),

and similarly for sections of F'. The essential features of the formal adjoint are
that ker D* = coker D and coker D* = ker D, hence ind(D*) = —ind(D). Recall

moreover that dvol induces a natural Hermitian bundle metric on > by
(s =dvol(-, j-) + idvol(-,-),
which determines a bundle isomorphism
TY — A% X X0 = (-, XDy,
as well as a complex-antilinear isomorphism
TY — AYT*S : X > X0 = (X, .
If {, )r is then chosen to be the tensor product metric determined via the natural
isomorphism . . .
F =Hom¢(TY,E) = A" T*Y Q@ E=TYX® E,
then E admits a natural isomorphism to ALOT*Y ® F such that
—D*:I(F) -» I(E) = QY(3, F)
becomes an anti-Cauchy-Riemann type operator, i.e. it satisfies the Leibniz rule
—D*(fA) = (0f)A + f(=D*A)

for all f € Cm(E,R), with 0f :==df —idf oje 91’0(2). Equivalently, —D* defines
a Cauchy-Riemann type operator on the conjugate bundle F' — 3, defined as the
real bundle F — . but with the sign of its complex structure reversed; we shall
distinguish this Cauchy-Riemann operator from —D* by writing it as

—D*: I(F) - Q%(2, F),

though it is technically the same operator. The identity map defines a natural
complex-antilinear isomorphism between any complex vector bundle and its conju-
gate bundle; we shall denote this isomorphism generally by

E—>E:v—7,
so in particular it satisfies co = ¢v for all scalars ¢ € C, and similarly

D*\ = D*\
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for A € T'(F). The asymptotic operators for —D* are
A.=—-A,: T'(E,) —-TI(E.).

LEMMA 5.10. If 7 is a choice of asymptotic trivialization on E and T denotes
the conjugate asymptotic trivialization®, then

c(E)=—c(E), and ppyA.) = —pupy(A,) forall zeT.

PROOF. Assuming FE is a line bundle, suppose 7 is a generic section of F that
matches a nonzero constant with respect to 7 on the cylindrical ends, so ¢](E) is
the signed count of zeroes of . Then 7 € I'(E) is similarly a nonzero constant on
the ends with respect to 7, but the signs of its zeroes are opposite those of n because
they are defined as winding numbers with respect to conjugate local trivializations.

This proves ¢ (E) = —c[(E).
The Conley-Zehnder indices can be computed from the formula

poz(Az) = ol (Az) + al(Az),

see Theorem 3.55. Here a” (A,) is the largest possible winding number relative to
7 of an eigenfunction for A, with negative eigenvalue, and a” (A.,) is the smallest
possible winding number with positive eigenvalue. The eigenfunctions of A, = —A,
are the same, but the signs of their eigenvalues are reversed, and the signs of their
winding numbers are also reversed because they must be measured relative to the
conjugate trivialization, thus

Oﬁi (Az) = —al (Az)a

+
implying
pez(Az) = ol (AL) +al(A,) = —al(A;) — ol (As) = —uiy(As).
The above calculations are all valid for line bundles, but the general case follows
by taking direct sums. O

We are now able to show that Theorem 5.4 is consistent with what we already
know about the formal adjoint.

PROPOSITION 5.11. I(—D*) = —I(D).

ProoOF. Under the isomorphism F' = ANIT*SQF =TY ® E, an asymptotic
trivialization 7 on E induces an asymptotic trivialization d;, ® 7 on F, where 0
denotes the asymptotic trivialization of TY. defined via an outward pointing vector
field on the cylindrical ends. Counting zeroes of vector fields then proves ¢*(T%) =

X(%), so
TOT(F) = £E(TE® E) = ne*(TY) + ¢ (E) = nx() + ¢{(E).
Applying Lemma 5.10 to the conjugate bundle then gives
FET(F) = —nx(%) = [ (B).

_61f T : Ely — UxC™is alocal trivialization of E with 7(v) = (z,w), the conjugate trivialization
7 : Ely — U x C" is defined by 7(7) = (z,w).
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The unitary trivializations of the asymptotic bundles E, corresponding to 0, ® T are
simply 7, thus using Lemma 5.10 again for the Conley—Zehnder terms,

I(-D*) = nx(8) + 2797 (F Z f1é7 (A Z péz (A
zel'+ zel'—
= _”X(Z —2¢i(E Z pez (A Z 1éz (A
zel'+ zel'—
= —1(D).

O

We next consider the effect of an antilinear zeroth-order perturbation on the
formal adjoint. By “antilinear zeroth-order perturbation,” we generally mean a
smooth section

B e I'(Home(E, F)).

It is perhaps easier to understand B in terms of the conjugate bundle E: indeed,
there exists a unique B
p € I'(Home(E, F))
such that
Bn = pn,

and this correspondence defines a bundle isomorphism Home(E, F') = Home(E, F).

EXERCISE 5.12. Assume X and Y are complex vector bundles over the same
base.

(a) Show that X®Y is canonically isomorphic to the conjugate bundle of X®Y’.

(b) Show that Home(X,Y) is canonically isomorphic to the conjugate bundle of
Home(X,Y), and Home(X,Y) is canonically isomorphic to the conjugate
bundle of Home(X,Y).

(c) Show that A®'X* := Hom¢ (X, C) is canonically isomorphic to the conju-
gate bundle of AMX* := Hom¢ (X, C).

Define the Cauchy-Riemann type operator
Dp:= D+ B:T(E) - I'(F) = Q"% E),

so Dpn = Dn + 37. To write down D%, observe that since 3 : £ — F is a complex-
linear bundle map between Hermitian bundles, it has a complex-linear adjoint

Bl F - E suchthat (BTN, 7=\ BN)p for Ne F, e E.
Here the bundle metric on E is defined by (7,&)p := {(£,1)5. We then have
Re(\, Bipr = Re(A, B)r = Re(B'\, )5 = Re(n, BTN )5 = Re(BTA, n)e
= Re(SA, ),

where 31 e I'(Homg(F, E)) denotes the image of 81 € I'(Home(F, E)) under the
complex-antilinear identity map from Homc(F, F) to its conjugate bundle (see Ex-
ercise 5.12). The formal adjoint of Dp is thus

D% = D* + B* : I'(F) — ['(E),
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where B* : F' — FE is defined by
B*\ := Bt

To write down the resulting Cauchy-Riemann type operator on F, we replace B* :

F — E with B* : F — E, defined by
B*\ := B*\ = BT,
giving a Cauchy-Riemann operator
—D% = —D* + (=B*) : [(F) -» T'(E) = Q"Y(%, F).
The point of writing down this formula is to make the following observations:

LEMMA 5.13. The zeroth-order perturbation —B* : F — E appearing in —D%
has the following properties:
(1) —B* : F — E is complex antilinear;
(2) There is a natural complex bundle isomorphism Home (F, E) = Home (F, E)
that identifies —B* with —31;
(3) If n = 1 and B € T'(Homc(FE, F)) has only nondegenerate zeroes, then
—B* e I'(Homc(F, E)) has the same zeroes but with opposite signs.

PROOF. The first two statements follow immediately from the fact that —B*
is the composition of the canonical conjugation map F — F with the complex-
linear bundle map —3% : F — E. For the third, it suffices to compare what 3 €
I'(Home(E, F)) and —# : I'(Home(F, E)) look like in local trivializations near a
zero: one is minus the complex conjugate of the other, hence their zeroes count with
opposite signs. ]

5.3. The index zero case on a torus

As a warmup for the general case, we now fill in the details of Taubes’s proof of
Theorem 5.4 in the case ‘
¥ =T?:=C/(Z®iZ)
and E = T? x C, i.e. a trivial line bundle. In this case (D) = x(T?) + 2¢,(F) = 0,
so our aim is to prove ind(D) = 0. What we will show in fact is that D is homotopic
through a continuous family of Fredholm operators to one that is an isomorphism.
Since £ and F' are now both trivial, it will suffice to consider the operator

D:=0=0,+i0 : H(T? C) - L*(T* C),
whose formal adjoint is D* := —0 = —0d, + i0;. An antilinear zeroth-order pertur-
bation is then equivalent to a choice of function 3 : T? — C, giving rise to a family
of operators
D,n := on + 187
for r € R, where 7 : T2 — C now denotes the straightforward complex conjugate
of 1. Let us assume that 3 : T? — C is nowhere zero; note that this would not be

possible in more general situations, but is possible here because Home(E, F) is a
trivial bundle.

LEMMA 5.14. D, is injective for all r > 0 sufficiently large.
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Proor. Elliptic regularity implies any 1 € ker D, is smooth, so we shall restrict
our attention to smooth functions n : T> — C. We start by comparing the two
second-order differential operators

D*D and D*D, : C*(T?,C) — C*(T?,C).

Both are nonnegative L?-symmetric operators, and in fact the first is simply the
Laplacian

D*D = —00 = (=05 + i0;)(0s + i0;) = —02 — 07 = —A.
The formal adjoint of D, takes the form
Din =D*n+rB*n = D%y + rpn,

thus for any n e C*(T?, C),
D!D,n = (D* +rB*)(D + rB)n

— D*Dyj + 7 (5% - amm) + r2B* By

= D*Dy) + r (805 — (05)7 — Bon) + r*B* By

= D*Dn + r?B*Bn — r(0p)7.

This is a Weitzenbock formula: its main message is that the Laplacian D*D and
the related operator DD, differ from each other only by a zeroth-order term that
will be positive definite if r is sufficiently large. Indeed, since [ is nowhere zero, we
have |Bn| = c|n| for some constant ¢ > 0, thus

|ID,n|l72 = (n,DiD,nyrz = {n,D*Dn)r2 + r*(n, B*Bn)r> — r(n, (3B)7)1>
= |Dn|72 + r*|Bn|7. — r(n, (0B)m)12
> (r*c® — (0B o) |nl7e.

We conclude that as soon as r > 0 is large enough to make the quantity in paren-
theses positive, D,n cannot vanish unless ||n|z2 = 0. O

(5.2)

PROOF OF THEOREM 5.4 FOR E = T? x C. The lemma above shows that one
can add a large antilinear perturbation to D = 0 making the deformed operator
D, injective. By Lemma 5.13, the same argument applies to the formal adjoint
D*, implying that for sufficiently large » > 0, D} is injective and thus D, is also
surjective, and therefore an isomorphism. This proves ind(D) = ind(D,) =0. O

Let’s consider which particular details of the setup made the proof above possible.

First, the zeroth-order perturbation is complex antilinear. We used this, if only
implicitly, in deriving the Weitzenbock formula (5.2): the key step is in the third
line, where the two terms involving 07 cancel each other out and leave nothing but
zeroth-order terms remaining. This would not have happened if eg. B : £ — F
had been complex linear—we would then have seen terms depending on the first
derivative of 7 in D¥D,n — D*Dmn, and this would have killed the whole argument.
The fact that this cancelation happens when the perturbation is antilinear probably
looks like magic at this point, but there is a principle behind it; we will discuss it
further in §5.4 below, see Remark 5.18.



130 CHRIS WENDL

The second crucial fact we used was that 8 : T? — C is nowhere zero, in
order to obtain the lower bound on ||B7|;2 in terms of ||n]z2. This cannot always
be achieved—it is possible in this special case only because E and F' are both
trivial bundles and thus so is Home (£, F). On more general bundles, the best we
could hope for would be to pick § € I'(Home(E, F)) with finitely many zeroes, all
nondegenerate. In this case the above argument fails, but it still tells us something.
Suppose ¥, < T? is a region disjoint from the isolated zeroes of 3. Then there exists
a constant ¢, > 0, dependent on the region X, such that

Hﬁﬁ”%mﬁ) > |87 22z, = CeHnH%%ze)a

so instead of the estimate at the end of the proof above implying D, is injective, we
obtain one of the form

1Dyl Z2(rzy = cer®lnllza,) — erlnliaee)-

To see what this means, imagine we have sequences r, — o0 and 7, € ker D, ,
normalized so that |7,z = 1 for all v. The estimate above then implies

9 c
Inlzemy) < =0 a v—oo
e’V

so while all sections 7, have the same amount of “energy” (as measured via their L2-
norms), the energy is escaping from ¥ as r, increases. This is true for any domain
Y disjoint from the zeroes, so we conclude that in the limit as r — o0, sections in
ker D, have their energy concentrated in infinitesimally small neighborhoods of the
zeroes of 5. We will see in the following how to extract useful information from this
concentration of energy.

5.4. A Weitzenbock formula for Cauchy-Riemann operators

The Weitzenbock formula (5.2) can be generalized to a useful relation between
any two Cauchy-Riemann type operators that differ by an antilinear zeroth-order
term. To see this, we start with a short digression on holomorphic and antiholomor-
phic vector bundles.

A smooth function f : C > U — C is called antiholomorphic if it satisfies
(0s—i0;) f = 0, which means its differential anticommutes with the complex structure
on C. The class of antiholomorphic functions is not closed under composition, but it
is closed under products, hence one can define an antiholomorphic structure on a
complex vector bundle to be a system of local trivializations for which all transition
maps are antiholomorphic. Given the standard correspondence between holomorphic
structures and Cauchy-Riemann type operators (see §2.5), it is easy to establish
a similar correspondence between antiholomorphic structures and (complex-linear)
anti-Cauchy-Riemann type operators, i.e. those which satisfy

D(fn) = (df)n+ fDn

for all f e C*(2,C), where 0f := df —idf oj € Q40(2). We've seen one important
example of such an operator already: if D : I'(E) — I'(F) is complex linear, then
—D* is a complex-linear anti-Cauchy-Riemann operator on F' and thus endows F'
with an antiholomorphic structure. Another example occurs naturally on conjugate



LECTURES ON SYMPLECTIC FIELD THEORY 131

bundles: if F has a holomorphic structure, then E inherits from this an antiholomor-
phic structure. This is immediate from the fact that f : C > U — C is holomorphic
if and only if f : Y — C is antiholomorphic. If D : T'(E) — I'(F) = Q(2, E)
is the corresponding complex-linear Cauchy-Riemann type operator on E, we shall
denote the resulting anti-Cauchy-Riemann operator by

D :T(E) —» [(F) = Q"(2, B),
where by definition D7 = D1.

EXERCISE 5.15. Show that if X and Y are antiholomorphic vector bundles over
the same base, then X ®Y and Hom¢ (X, Y') both naturally inherit antiholomorphic
bundle structures such that the obvious Leibniz rules are satisfied. Remark: the
proof of this is exactly the same as for holomorphic bundles, one only needs to
change some signs.

The next result is the main tool needed for our proof of the index formula.

PROPOSITION 5.16. Assume E — ¥ is an asymptotically Hermitian line bundle,

D : T(FE) - I(F) = Q"(X,E) is a linear Cauchy-Riemann type operator C°-

asymptotic to asymptotic operators {A,},er at the punctures, and B : E — F' is

a complex-antilinear bundle map. We consider the family of Cauchy-Riemann type
operators

D,:=D+rB:T'(E) > T'(F) for rekR,

and denote by D} = D* + rB* : I'(F) — ['(E) their formal adjoints with respect

to fized choices of area forms and bundle metrics compatible with the asymptotically

Hermitian structure of E. Then there exists a real-linear bundle map By : E — FE
such that for all v € R and ne T'(F),

D*D,n = D*Dn + r*B*Bn + rByn.

Moreover, if B is C'-bounded as a section of Home(FE, F), then By is C°-bounded
as a section of Endg(F).

ProOOF. We consider first the case where D is complex linear. The operators
D and —D* are then complex-linear anti-Cauchy-Riemann operators on £ and F
respectively, so as a corollary of the linear local existence result in §2.5, they deter-
mine antiholomorphic vector bundle structures on £ and F. By Exercise 5.15, these
induce an antiholomorphic vector bundle structure on Home(E, F'), giving rise to a

complex-linear anti-Cauchy-Riemann operator 0y on Homc(FE, F') that satisfies the
Leibniz rule

—D*(®7) = (0g®)y + (D7) forall fel(E), ®e'(Home(E,F)).
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Writing Bn = i) and B*\ = B for 8 € ['(Home(E, F)) and its complex adjoint
B e I'(Home(F, E)), we have

D;D,n = (D* +rB*)(D +rB)n
= D*Dy + rB1Dy — r(=D*)(B7) + r2B* By
— D*Dy + r3D7j — r(0x8)7 — D7 + r*B* By
= D*Dn + r?B*Bn — r(0up)n + (ﬁ_T — ) Dij.

Here 3 and AT are both viewed as complex-linear bundle maps F — FE, the latter in
the obvious way, and the former acting as 1 ® § on F' = A 07+ ® E with target
AOT*NRQF = AMVT*S QA T*SQF = E. Choosing unitary local trivializations,
B and St are represented by the same complex-valued function: indeed, the latter
is the transpose of the former as n-by-n complex matrices, but since n = 1, this
means they are identical, and the last term in the formula above therefore vanishes,
leaving

(5.3) D:D,n = D*Dn + r*B*Bn — r(0uB)1.

If D is not complex linear, then we define its complex-linear part D¢ : I'(E) —
['(F) by

Doy = 3 (Dy — (1)

and observe that this also satisfies the Leibniz rule D¢(fn) = (0f)n + fDn for
all f e Cm(i]), so it is a complex-linear Cauchy-Riemann type operator and D =
D¢ + A for some complex-antilinear bundle map A : £ — F. Writing An := an
for a € T'(Home(FE, F)), we can then apply (5.3) to both D = D¢ + A and D, =
D¢ + (A +rB), giving

D*D — DED¢ = A*An — (Oga)n
and
DD, — D{D¢ = (A +rB)*(A+rB)n— (dga)n — r(0ub)n.
Subtracting the first relation from the second gives
DD, — D*D = r*B*B +r [(A*B + B*A)n — (0uB)7]

so we can define Byn as the expression in brackets at the right.

Concerning bounds on | By |co: choose an asymptotic trivialization on the cylin-
drical end Z4 = U, near one of the punctures z, identifying D on this region with
0+S:C*Zy,C) - C®(Z4,C) for a smooth function S : Zy — End(C) which
satisfies limg_, 100 S(8,t) = Sy () for a loop Sy, : ST — Endy ™ (C) determined by the
asymptotic operator A,. The conjugate operator D is then given by 0+ S over Zy,
and since the bundle metrics were assumed compatible with the asymptotically Her-
mitian structure, we can assume they are standard in our chosen trivialization, so
that D* becomes identified with —¢ + S*. The antilinear bundle map B : £ — F is
identified likewise with a function B : Z4 — End¢(C) of the form B(s,t)v = 3(s, )0
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for a function 8 : Z; — C. The complex-linear part of D over Z. is given by
D¢ = 0 + Sc, where
1 1
Sc = 5 (S —iSi), Thence A= 5(5 + 151).
The latter clearly satisfies a global bound on Z; in light of the asymptotic conver-
gence of S to Sy, thus a C°-bound on B implies a C%-bound on A*B + B*A.

A coordinate formula for dy3 can be derived from the corresponding formulas
for D* and D via the Leibniz rule —D*(57) = (dg8)7n + SD7: indeed,

—D*(B) = —(—=0+ ST)(Bn) = (60— ST)(Bn) = (08)7 + B(on) — ST B
= (0uB) + DN = (0uB)ij + B0+ S)ij = (0uB)n + B(07) + BSH]
implying
onB =08+ BS — STA.

This expression is C%-bounded in terms of the C*-norm of B. O]

REMARK 5.17. The above proof used the assumption n = 1 in order to conclude

Bt — 8 =0. For higher rank bundles, this imposes a nontrivial condition that must
be satisfied in order for the Weitzenbock formula to hold, cf. [GW].

REMARK 5.18. We can now pick out a geometric reason for the miraculous can-
celation in the Weitzenbdck formula: the perturbation B is described by a complex
bundle map £ — F, where E and F both have natural antiholomorphic bun-
dle structures defined via the complex-linear parts of D and —D* respectively. A
complex-linear perturbation B : ' — F would not work because E is holomorphic

rather than antiholomorphic: while D can be fit into the same Leibniz rule with
—D*, the same is not true of D.

5.5. Large antilinear perturbations and energy concentration

We continue in the setting of Proposition 5.16 and consider
D, :=D + B :[(E) — I\(F)
for r € R, where By = f37 for a fixed section 8 € I'(Homg¢(E, F)). After a com-
pact perturbation of D, we can without loss of generality also impose the following
assumptions on D,  and the area form d vol:
(i) All zeroes of 5 are nondegenerate.
(ii) Both |8| and 1/|8] are bounded outside of a compact subset of X. ‘
(iii) Near each point ¢ € ¥ with $(¢) = 0, there exists a neighborhood D(¢) < X
of ¢, a holomorphic coordinate chart identifying (D((), j,() with the unit

disk (D, 7,0), and a local trivialization of £/ over D(() that identifies D with
0=0s+1i0; : C*(D,C) - C*(D,C) and S with one of the functions

plz) =z or B(z) =%
the former if ( is a positive zero and the latter if it is negative.

(iv) In the holomorphic coordinate on D(() described above, dvol is the stan-
dard Lebesgue measure.
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As in the torus case discussed in §5.3, we will see that the Weitzenbock formula
implies a concentration of energy near the zeroes of  for sections n € ker D, as
r — oo. To understand what really happens in this limit, we will use a rescaling
trick. Denote the zero set of § by

Z(B)=2Z"(B)u Z (B) = %,

partitioned into the positive and negative zeroes. For any n € I'(E), ¢ € Z*(3) and
r > 0, we then define a rescaled function

1
16D Dy €z e (V).

where the right hand side denotes the local representation of 7 on D(() in the chosen
coordinate and trivialization. Notice that the equation D,n = 0 appears in this local
representation as either

(5.4) on+rzip=0 or on+rzij=0 on D((),
depending on the sign of ¢, and the function f := n(¢") then satisfies
Of +2f=0 or Of+Z2f=0 on D ;.
We will take a closer look at these two PDEs in §5.6 below. But first, observe that
by change of variables,
Hn(“)HH(Dﬁ) = |nllz2cy-

LEMMA 5.19. Assume r, — oo, and n, € kerD, is a sequence satisfying a

uniform L*-bound. Then after passing to a subsequence, the rescaled functions S, =

771(1477"1/) . ]D)\/E — C f07" each C = Zi(ﬁ) converge m

n5 € L2(C) satisfying

0

2 (C) to smooth functions

o, + % =0 ifCeZH(B),

oS+ 205 =0 ifCe Z7(B).

Moreover, if €, € ker D, is another sequence with these same properties and con-
vergence £ — 5, then

}Erolo<ny,§u>L2(E) = Z <n§07§§o>L2(C)'
CeZ(B)

PROOF. The uniform L*-bound implies uniform bounds on |[nS|r2m,) for every
R > 0, where v here is assumed sufficiently large so that R < /r,. Since nS satisfies
a Cauchy-Riemann type equation on Dg, the usual elliptic estimates (see Lecture 2)
then imply uniform H*-bounds for every k € N on every compact subset in the
interior of Dg, hence 1S has a C -convergent subsequence on C, and the limit ngo

clearly satisfies the stated PDE. The uniform L?-bound also implies a uniform bound
on Hngﬂp(nﬁ) and thus an R-independent uniform bound on ||1S|| ;2 as v — o0,

implying that 1% is in L?(C).
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The limit of {(n,,&,)r2(m) is now proved using the Weitzenbock formula. Let

_z\U

CeZ(B)
so there exists a constant ¢ > 0 such that J satisfies |5(2)v] = c|v| for all v € E.,

z e Y. (Note that this depends on the assumption of 1/|8| being bounded outside
of a compact subset.) Now by Proposition 5.16,

0= Dyl 725) = 0, D7, Doyt ragsy
= (n,, D D77V>L2(2 + 7”3<71u>B*B77u>L2(2) + 70, Bim) r2(s,
> D[ Fagsy + oIl s,y — oIl s
=T CQH%HLQ@ — Ty H%HLQ@

for some constant ¢ > 0 independent of v. This implies

¢ 2
H77”HL2(E < %HHVHL%Z) — 0 as Vv — 0

since ||, |25 is uniformly bounded. The same estimate applies to &,, so that
My &) sy — 0 and thus by change of variables,

VILIEO<77V7§V>L2(S) = hm Z <77V7§V>L2 Q) = hm Z <nu7€ >L2(]D)\/—
CEZ(B) CEZ(B)
= Z %, € 12()
CeZ(B)

5.6. Two Cauchy-Riemann type problems on the plane

The rescaling trick in the previous section produced smooth solutions f : C — C
of class L?(C) to the two equations

of +2f =0, of +zf = 0.
It turns out that we can say precisely what all such solutions are. Write D f :=
Of +zfand D_f := 0f+Zzf. Both operators differ from the complex-linear operator
¢ by antilinear perturbations, so they satisfy Weitzenbock formulas relating D3 D

to the Laplacian —A = 0*0 = —0% — 2. Indeed, applying (5.3) in these special cases
gives

D*D, f=-Af+|z]*f —2f and D*D_f = —-Af + |z]*f.
To make use of this, recall that a smooth function u : &/ — R on an open subset
U < C is called subharmonic if it satisfies
—Au <0

Subharmonic functions satisfy a mean value property:

1
—Au<0OonlU = u(z0) < —

2
wr Dy (20)

w(z)du(z) forall D,(z) U,
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where D,.(z9) < C denotes the disk of radius » > 0 about a point zy € U, and du(z)
is the Lebesgue measure on C; see e.g. [Eva98, p. 85].

EXERCISE 5.20. Show that for any smooth complex-valued function f on an
open subset of C,

AlfI* =2Re(f,Af) + 2|V [P,

where ( , ) denotes the standard Hermitian inner product on C and |Vf|* :=
017 + |0ef 1.

PROPOSITION 5.21. The equation Of + Zf = 0 does not admit any nontrivial
smooth solutions f € L*(C,C).

Proor. If f: C — C is smooth with D_f = 0, then the Weitzenbock formula
for D_ implies Af = |z|>f. Then by Exercise 5.20,

AlfI* = 2Re(f, |21 f) + 2|V [ = 2’| f|* + 2V %,

implying that |f|*> : C — R is subharmonic. Now if f(zy) # 0 for some 2z, € C, the
mean value property implies

f FEPduz) > 2 f ()P — o0 as 17— oo,
]D)T(ZO)

so f ¢ L*(C). 0

PROPOSITION 5.22. Every smooth solution f € L?>(C,C) to the equation 0f +
zf =0 is a constant real multiple of fo(2) := ezl

PROOF. We claim first that every smooth solution in L*(C,C) of D, f = 0 is
purely real valued. The Weitzenbéck formula for this case gives Af = [z|?f—2f, and
taking the difference between this equation and its complex conjugate then implies
that u := Im f : C — R satisfies

Au = (|z]* + 2)u.
Now by Exercise 5.20,
A(u?®) = 2|Vul® + 2(|z|* + 2)u® = 0,

so u? : C — R is subharmonic, and the mean value property implies as in the proof
of Prop. 5.21 that u ¢ L?(C) and hence f ¢ L*(C) unless u = 0. This proves the
claim.

It is easy to check however that fy is a solution and is in L*(C). Since it is also
nowhere zero, every other solution f must then take the form f(z) = v(2)fo(2) for
some real-valued function v : C — R. Since D is a Cauchy-Riemann type operator,
the Leibniz rule then implies dv = 0. But the only globally holomorphic functions
with trivial imaginary parts are constant. O
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5.7. A linear gluing argument
Now we're getting somewhere.

LEMMA 5.23. Suppose the assumptions of §5.5 hold and B € T'(Home(E, F)) has
I, = 0 positive and I_ = 0 negative zeroes. Then for all r > 0 sufficiently large,

dimkerD, < I, and dimcokerD, </_.

In particular, for sufficiently large r, D, is injective if all zeroes of B are negative
and surjective if all zeroes are positive.

PROOF. Arguing by contradiction, suppose there exists a sequence r, — oo such
that dimker D,, > I, and pick (I, +1) sequences of sections 1}, ..., nl+™! € ker D,,
which form L?-orthonormal sets for each v. By Lemma 5.19, we can then extract
a subsequence such that rescaling near the zeroes of g produces C}5.-convergent
sequences whose limits form an (/; + 1)-dimensional orthonormal set in

D L*(C,0),
CeZ(B)
where the component functions f € L?*(C,C) for ¢ € Z*(¢) satisfy of + zf = 0,
while those for ( € Z~(() satisfy df + zf = 0. Proposition 5.21 now implies that
the component functions for ( € Z~(({) are all trivial, and by Proposition 5.22,
the components for ¢ € Z(¢) belong to 1-dimensional subspaces ker D, < L?(C)
generated by the function e~21*". We conclude that the limiting orthonormal set
lives in a precisely I,-dimensional subspace

@ keeD,c P L*C,C),
CeZ+(B) (ez(p)

and this is a contradiction since there are I, + 1 elements in the set.
Applying the same argument to the formal adjoint implies similarly dim ker D} <
I_ for r sufficiently large. O

We would next like to turn the two inequalities in the above lemma into equal-
ities, which means showing that the I -dimensional subspace of @cez+ ) L*(C,C)
generated by solutions of 0f 4+ zf = 0 is isomorphic to ker D, for r sufficiently large.
This requires a simple example of a linear gluing argument, the point of which is
to reverse the “convergence after rescaling” process that we saw in Lemma 5.19.
The first step is a pregluing construction which turns elements of @Ce 7+(8) ker D
into approrimate solutions to D,n = 0 for large r. To this end, fix a smooth bump
function

pE 080(]13)’ [07 1])7 P|]D)1/2 =1
and define for each ¢ € Z* () and r > 0 a linear map
S i ker D, — T'(E)

such that ®$(f) is a section with support in D(¢) whose expression in our fixed
coordinate and trivialization on that neighborhood is the function

fr(2) = pl2)Wrf(Vrz).
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Adding up the ®¢ for all ¢ € Z*(B) then produces a linear map
@ kerD, —I(E)
CeZ+(B)

whose image consists of sections supported near Z*(/3), each a linear combination
of cut-off Gaussians with energy concentrated in smaller neighborhoods of Z*(/3)
for larger r. These sections are manifestly not in ker D, since they vanish on open
subsets and thus violate unique continuation, but they are close, in a quantitative
sense:

LEMMA 5.24. For each r > 0, there exists a constant ¢, > 0 such that

D0, ()2 < crllflez forall fe @ kerD.,
cez+(B)

and ¢, — 0 as r — 0. Moreover, for every pair f, g€ @<€Z+(5) kerD,

<(I)r<f)7 (I)r(g)>L2 - <f7 g>L2

as r — 0.

PRrOOF. First, observe that any f € @cez+ ) ker D is described by a collection
of functions {f; € L*(C)}¢ez+ (s which take the form

felz) = Keem 3,
for some constants K € R. Since each f; is in ker D, we plug in the local formula
(5.4) for D, and find

D, (®.(f)lp() (2) = 0p(2) - VT fe(Vr2) + p(z) - 10 fe(v/r2)
+rzp(2)Vr fe(Vrz)
= 0p(2) - Vrfe(Wrz) + p(2)r - Dy fe(Vr2)
— Op(2) - VrKee 2"l

Now since 5’p = 0 in Dy /5, we obtain

DA~ 3 | DR

(5.5)

CezZ+(B)

= 3| RelaPrRze T due)
cez+(8) Y D\Dyy2

< Ire 4 Z Kg,

CeZ*(B)
where we abbreviate I := SD\D1/2 }(_3/)(,2)}2 du(z). The norm of f is given by

1fI7: = 2, JKQ P dp(z) = U —I22 g ) SR

CeZ*(B) CeZ*(B)
We conclude that there is a bound of the form

ID, @, (f)]22 < CVre 2| £ 12,
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which proves the first statement since y/re™/? — 0 as r — 0.

The second statement follows by a change of variable, since

(@,(f), o9z = D, (@o(Hlpie)s Pr(9)lpie) 200

CeZ*(B)

- | P e

CeZ+(B)

Ce;(ﬁf < ) ¢(2)g¢(2) dp(z)

The functions f; and g; are both real multiples of e~z so this last integral for
each ¢ € Z* () is bounded between SDf/g fe(2)g¢(2) du(z) and SD«/_ fe(2)g¢(2) du(2),

both of which converge to {. fc(2)gc(2) du(z) as r — oo, thus

Th_{g)<(1>r(f)7 (I)r(g)>L2 = <f7 g>L2-

To turn approximate solutions into actual solutions, let
I, : L*(E) — ker D,
denote the orthogonal projection. We will prove:
PROPOSITION 5.25. If all zeroes of B are positive, then the linear map
II,0®, : @ ker D, — ker D,
CeZ*(B)

1s injective for all v > 0 sufficiently large.

This statement says in effect that whenever » > 0 is large enough and 7 :=
®,.(f) e I'(E) is in the image of the pregluing map, with f normalized by | f| .2 = 1,
we can find a “correction” £ € (ker D,.)* such that

n+&#0 but D.(n+&)=0.

An element € € (ker D,)* with the second property certainly exists, and in fact it’s
unique: indeed, the assumption Z~(5) = ¢ implies via Lemma 5.23 that D, is
surjective and thus restricts to an isomorphism from (ker D)+ n HY(E) to L*(F),
with a bounded right inverse

Q, : L*(F) —» H'(E) n (ker D)*,

hence ¢ := —Q,.(D,n). We know moreover from Lemma 5.24 that ||,z is close to
[flzz = 1, so to prove n + & # 0, it would suffice to show |||z is small, which
sounds likely since we also know |D,n] 2 is small and Q, is a bounded operator. To
make this reasoning precise, we just need to have some control over ||Q,|| as r — oo,
or equivalently, a quantitative measure of the injectivity of D,|erp,)L~m1(g). This
requires one last appeal to the Weitzenbock formula.
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LEMMA 5.26. Assume all zeroes of 8 are positive. Then there exist constants
c¢ >0 and ry such that for all r > ry,

[z < e|Dinlr2 for all ne H'(E) A (ker D,)

PROOF. Let us instead prove that if zeroes of £ are all negative, then the same
bound holds for all n € H*(E). The stated result follows from this by considering
the formal adjoint and using Exercise 5.27 below. Note that by density, it suffices
to prove the estimate holds for all n € C°(FE).

Assume therefore that Z* () = ¢J and, arguing by contradiction, suppose there
exist sequences 7, — o and 71, € C{°(F) with |n,| 2 = 1 and

HDTVTIVHLQ — 0.

The usual rescaling trick and application of the Weitzenbock formula then produces

for each ¢ € Z~(B) a sequence of functions 7S := 77(( ™) D /7> — C which satisfy

> I,y — 1 and  ID_ngfie@,,,) — 0
Cez=(B)

as v — 0. Indeed, defining 3, as in the proof of Lemma 5.19, a similar application
of the Weitzenbock formula yields

HDruT?l/Hi2(' 2H771/HL2(2 — e HnI/Hp(g = Tl2lc2HnVHiQ(2€) -,
for some ¢ > 0. Thus we obtain
HDm'f?uHiz(g) d
anup(z ) S 027“12/ + e —0 as v — oo,

so there is again concentration of energy near the zeroes of the antilinear perturba-
tion: in particular,

—1; 2
1= Vh_lg)lo HTIVHL2(Z)

. 2 . 2
= T o)+ lim D0 [nlGao)

ceZ—(B)
L ¢|2
= Vll_{rolo E HTIVHL%Dﬁ)'

CeZ=(B)
Moreover, we have

D_7j(2) = T—lyﬁnu (\%) + \/%ny <\/ZE> - %Dr,ny <\/'%) .

Taking the square of the norms on each side, we may integrate and use change of
variables to obtain

1
HDJf?gHL?(Dm) = \/?HDTVTIVHLQ(D(C)) — O as vV — 00.

The elliptic estimates from Lecture 2 now provide uniform H*-bounds for each 1$
on compact subsets of C for every k € N, so that a subsequence converges in C2.(C)
to a smooth map 15, € L?(C, C) satisfying D_n5, = 0. But ez () H’r]ooHLQ(C) =1, s0
at least one of these solutions is nontrivial and thus contradicts Proposition 5.21. [
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EXERCISE 5.27. Show that for any Fredholm Cauchy-Riemann type operator D
on F, the following two estimates are equivalent, with the same constant ¢ > 0 in

both:
1) 7]z < cHDnHLz(F) for all n e H'(E) n (ker D)L;
(ii) |Mr2r) < c|D*A| 2y for all A€ HY(F) n (ker D*)*.

Hint: Elliptic regularity implies that for D and D* as bounded linear operators
H' — L%, (ker D) = im D* and (ker D*)* = im D.

PROOF OF PROPOSITION 5.25. If the statement is not true, then there exist
sequences r, — o0 and
fu € (—B ker D,
CeZ*(B)
such that | f, |2 = 1 and n, := ®,,(f,) € (ker D,,)* for all v. Lemmas 5.24 and 5.26
then provide estimates of the form

 [nfr—1,
* |Dy,nyr2 — 0, and
o [mle < c|Drymy e
as v — o, with ¢ > 0 independent of v. These imply:

1= lim |n,/z2 < lim ¢|D,, n,|z2 = 0.
v—00 v—00

We’ve proved:

PROPOSITION 5.28. Suppose the assumptions of §5.5 hold and that the section
B e T'(Home(E, F)) has Iy = 0 positive and I_ > 0 negative zeroes. If I = 0, then
D, s surjective with dimker D, = I, for all r > 0 sufficiently large. If I, = 0,
then D, is injective with dim coker D, = I_ for all r > 0 sufficiently large. In either
case,

ind(D,) =1, — I_
for all r > 0 sufficiently large. O

5.8. Antilinear deformations of asymptotic operators

Proposition 5.28 suffices to prove the index formula in the closed case, but there
is an additional snag if I' # &¥: since H'(X) < L?(X) is not a compact inclusion,
we have no guarantee that D and D, := D + rB will have the same index, and
generally they will not. A solution to this problem has been pointed out by Chris
Gerig, using a special class of asymptotic operators that also originate in the work
of Taubes (see [TaulO, Lemma 2.3]).

In general, the only obvious way to guarantee ind(D) = ind(D,.) for large r > 0
is if we can arrange for every operator in the family {D,},¢ to be Fredholm, which
is not automatic since the zeroth-order perturbation B : E — F' is required to be
bounded away from zero near oo and must therefore change the asymptotic operators
at the punctures. We are therefore led to ask:
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QUESTION. For what nondegenerate asymptotic operators A : H'(E) — L*(E)
on a Hermitian line bundle (E, J,w) — S' can one find complex-antilinear bundle
maps B : E — E such that

A.:=A—rB:H(E)— L*(E)
s an isomorphism for every r = 0%

It turns out that it will suffice to find, for each unitary trivialization 7 and every
k € Z, a particular pair (A, By) such that Ay — By, is nondegenerate for all 7 > 0
and u¢y (Ax) = k. To see why, let us proceed under the assumption that such pairs
can be found, and use them to compute the index:

LEMMA 5.29. Giwen D as in Theorem 5.4, firx asymptotic trivializations T and
suppose that for each puncture z € I' there exists a smooth asymptotic operator A’
on (E,, J,,w,) with up,(A) = upy(A.), such that if Al is written with respect to
T as —Jo0p — S.(t), then the deformed asymptotic operator

(5.6) HY(SY,R?) — L*(S",R?) : n— —Jooim — S.(t)n — rB.(t)7
is nondegenerate for some smooth loop 3, : S* — C\{0} and every r = 0. Then

ind(D) = (%) + 2¢[(E) + ) wind(8.) — >_ wind(8.).

zel't zel'—

PROOF. Since pi,(A,) = uiz(Al), we can deform A, to A’ continuously
through a family of nondegenerate asymptotic operators. It follows that we can
deform D through a continuous family of Fredholm Cauchy-Riemann type oper-
ators to a new operator D’ whose asymptotic operators are A’ for z € I', and
ind(D’) = ind(D). After a further deformation that preserves the Fredholm prop-
erty, we are free to assume in fact that D’ is written with respect to the trivialization
7 on the cylindrical end near z € I'* as the translation-invariant operator

Os + Jo0O¢ + Sz(t)

Now choose 3 € I'(Home(FE, F)) with nondegenerate zeroes such that the deformed
operators D,n := D'n + rfn appear in trivialized form on the cylindrical end near
zel'* as

D.n = dm + Joom + S.(t)n + rB.(t)7.
This means D, is asymptotic at z to (5.6), which is nondegenerate for every r > 0,
implying D, is Fredholm for every r > 0 and thus

ind(D) = ind(D,.).
The trivializations 7 induce trivializations over the cylindrical ends for F and
F = A"'T*S®E, and the expression for £ in the resulting asymptotic trivialization
of Hom¢(E, F') near z € I' is 8,(¢). It follows that the signed count of zeroes of 3 is
i(D) := ¢] (Home(E, F)) + Z wind(f,) — Z wind(f,)
zel'+ zel'—

= X(%) +2¢](B) + ), wind(8.) — > wind(8.),

zel't zel'—
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where the computation ¢](Home(E, F)) = x(X) + 2¢](E) follows from the natural
isomorphism

Home(E,F) = E*Q@F=EQF = EQA"'T"YQE = A" T"SQ EQE
—TY®EQE.

We are free to assume that all zeroes of  are either positive or negative, depending
on the sign of i(D). Proposition 5.28 then implies ind(D,) = ¢(D) for large . [

Notice that instead of nondegenerate families A —r B parametrized by r € [0, c0),
it is just as well to find such families which are nondegenerate and have the right
Conley-Zehnder index for all » > 0, as the r > 1 portion of this family can be
rewritten as (A — B) —rB for r = 0. The following lemma thus completes the proof
of Theorem 5.4.

LEMMA 5.30. For every k € Z, the trivial Hermitian line bundle over S* admits
a smooth asymptotic operator Ay and a smooth loop By, : S' — C\{0} such that the
deformed asymptotic operators

Agn = Agn — BN

are nondegenerate for every r > 0 and satisfy
pez(Ag,) = wind(Bg) = k.
ProoOF. We claim that the choices
Ay = —Joom —mkn  and  Bi(t) := ™k

do the trick. We prove this in three steps.

Step 1: k = 0. The above formula gives Ay, = —Jydn — r7, in which the
r = 1 case is precisely the operator that we used in Lecture 3 to normalize the
Conley-Zehnder index, hence pcz(Ag1) = 0 by definition. More generally, all of
these operators can be expressed in the form A := —.Jy0; — S where S € Endg ™ (R?)
is a constant nonsingular 2-by-2 symmetric matrix that anticommutes with J;. We
claim that all asymptotic operators of this form are nondegenerate. Indeed, the

conditions ST = S and S.Jy, = —JyS for Jy = <? _01> imply that S takes the form
a b

b —a
JoS also is. In particular, JyS is traceless, symmetric, and nonsingular. Solutions
of An = 0 then satisfy 1 = JyS7, which has no periodic solutions since JyS' has one
positive and one negative eigenvalue, hence ker A = {0}.

Step 2: even k. There is a cheap trick to deduce the case k = 2m for any m e N
from the £ = 0 case. Recall that by Exercise 3.56 in Lecture 3, conjugating Ay, by
a change of trivialization changes its Conley-Zehnder index by twice the degree of
that change. In particular, the operator

with det S = —a? — b% # 0, and moreover S is of this form if and only if

N . 2mimt —2mimt
Ag,mi=e Ay, (e n)
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is also a nondegenerate asymptotic operator, but with NCZ(AOW) = poz(Ag,)+2m =
k. Explicitly, we compute
2mikt —

onrn = —JoOin — wkn — rke 7,

so Ay, = Ao,r/k is also nondegenerate for every r > 0.
Step 3: odd k. Another cheap trick relates each Ay, to Ay, after an adjustment
in 7. Given an arbitrary asymptotic operator A = —Jy0; — S(t) and m € N, define

A™ = —Jy0r —mS(mt).
Geometrically, if A is a trivialized representation for the asymptotic operator of
a Reeb orbit v : S! — M, then A™ is the operator for the m-fold covered orbit
™ St — M it — y(mt). Tt is easy to check in particular that if we define
n™(t) := n(mt) for any given loop 1 : S — R?, then
A" = m(An)™,

so this gives an embedding of ker A into ker A™, implying that whenever A™ is
nondegenerate for some m € N, so is A. To make use of this, observe that

Aiﬂl = —JoOin — m2kn — 27“647”“77 = Ao 0,
SO Azr is nondegenerate for all » > 0 by Step 2, and therefore so is Ay . U

The proof of Theorem 5.4 is now complete.

EXERCISE 5.31. Derive a Weitzenbock formula for asymptotic operators and use
it to show that for any smooth asymptotic operator A on the trivial Hermitian line
bundle and any smooth 3 : S' — C\{0}, the deformed operators A,n := An — 37
are all nondegenerate for r > 0 sufficiently large. Deduce from this that pcz(A,) =
wind(8) for large r > 0.
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In this lecture, we introduce the moduli spaces of holomorphic curves that are
used to define SFT.

Recall that in Lecture 1, we motivated the notion of a contact manifold by con-
sidering hypersurfaces M in a symplectic manifold (W, w) that satisfy a convezity
(also known as “contact type”) condition. The point of that condition was that it
presents M as one member of a smooth 1-parameter family of hypersurfaces that all
have the same Hamiltonian dynamics. That 1-parameter family furnishes the basic
model of what we call the symplectization of M with its induced contact structure.
A useful generalization of this notion was introduced in [HZ94], and was later recog-
nized to be the most natural geometric setting for punctured holomorphic curves. It
has the advantage of allowing us to view seemingly distinct theories such as Hamil-
tonian Floer homology as special cases of SFT—and even if we are only interested
in contact manifolds, the generalization sometimes makes computations easier than
they might be in a purely contact setting. We therefore begin this lecture by intro-
ducing stable Hamiltonian structures. Once the geometric setting is understood, we
shall proceed to define the moduli spaces of punctured holomorphic curves for SE'T

145
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and establish a few of their basic properties, in particular the dichotomy between
simple curves and multiple covers, and an asymptotic regularity result that forces
exponential convergence near the punctures.

6.1. Stable Hamiltonian structures

6.1.1. Hamiltonian structures and dynamics. For any smooth hypersur-
face M in a 2n-dimensional symplectic manifold (W,w), the restriction wy, :=
wlra € Q2(M) is a closed 2-form of maximal rank on M. Its 1-dimensional ker-
nel is the characteristic line field ker wy; € T'M, whose integral curves are the orbits
on M of any Hamiltonian vector field generated by a function H : W — R that has
M as a regular level set. The following definition is a way of formulating this notion
without needing to mention the ambient manifold W

DEFINITION 6.1. A Hamiltonian structure on a smooth (2n — 1)-manifold M
is a closed 2-form w € Q%(M) with maximal rank. The 1-dimensional distribution

b, =kerwc TM
is then called the characteristic line field of w.

Notice that w descends to a nondegenerate 2-form on the quotient bundle T'M /¢,
making the latter into a symplectic vector bundle over M. Since symplectic linear
maps preserve orientation, it follows that T'M /¢, is canonically oriented, so if M is
orientable, then £, is necessarily also orientable. We will typically consider situations
in which M is given with an orientation, so that £, inherits an orientation." A
nowhere zero section X € I'(4,) that is oriented positively can then be called a
Hamiltonian vector field on (M,w).

The set of all possible Hamiltonian vector fields on (M, w) forms an open and
convex subset of the infinite-dimensional vector space I'(¢,). In order to select a
favored element in this space and discuss Hamiltonian flows on M, one needs to
choose some auxiliary data.

DEFINITION 6.2. Given an oriented manifold M with a Hamiltonian structure w,
a framing of w is a choice of 1-form X\ € Q!(M) such that A is positive on the
oriented line field ¢,. The pair (w, A) will be referred to in this case as a framed
Hamiltonian structure on M.

EXERCISE 6.3. Fix an oriented (2n — 1)-manifold M with Hamiltonian struc-
ture w.

(a) Show that the space of all framings of w is convex, and use a partition of
unity to show that framings always exist.

10ur convention for orienting quotient spaces is that if V is an oriented vector space and

W < V is an oriented subspace, then for any positive basis (w1, ..., wg,v1,...,vy) of V such that
(w1, ..., w) is a positive basis of W, the quotient projection sends (v1,...,v,,) to a positive basis
of V/W.

2This terminology is widespread but not entirely standardized, e.g. [E1i07] uses the word
“framing” to mean what we would call a “stable framing” (see Definition 6.15) together with an
extra choice of w-compatible complex structure J on £ = ker A.
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b) Show that A € QY (M) is a framing of w if and only if A A W™ ! > 0.
(b) g y

A framing A associates to a Hamiltonian structure w two useful pieces of auxiliary
data: one is the so-called Reeb vector field R, which is the particular Hamiltonian
vector field determined by the conditions

w(R,)=0 and AR)=1.
Secondly, A determines a complementary vector bundle for 7, namely
E:=ker\c TM.

This is a co-oriented hyperplane distribution transverse to £, thus w|¢ is nondegen-
erate and gives £ — M the structure of a symplectic vector bundle.

EXAMPLE 6.4. If a € Q'(M) is a contact form on M, then (da, ) is a framed
Hamiltonian structure whose associated vector field R and hyperplane distribution
¢ are the usual Reeb vector field from contact geometry (see Definition 1.18) and
the contact structure defined via .

As in the contact-geometric setting, the Reeb vector field of an arbitrary framed
Hamiltonian structure (w, \) satisfies

Lrw = digw + trdw = 0,

thus its flow @' : M — M preserves w. Unlike the contact setting, ©' need not
satisfy any particular properties in relation to A, so it need not preserve £. However,
for any integral curve v < M of ¢, the linearized flow of R along 7 preserves R and
thus descends to the quotient bundle T'M /¢,,, on which it preserves the symplectic
structure since Lrw = 0. Defining

e TM — §
as the fiberwise linear projection along ¢, m¢ descends to a natural bundle isomor-
phism T'M /¢, 5 ¢, so the observations above prove:

PROPOSITION 6.5. Suppose (w, A) is a framed Hamiltonian structure on M with
associated Reeb vector field R and flow ©', and 7 : (a,b) — M is a solution to the
equation vy = R(7y). Then for any to,t; € (a,b), the linear map

¢ © dSOtl_tO (v(to)) : Sv(to) - gv(tl)

15 a symplectic isomorphism. In particular, there exists a unique symplectic connec-
tion V¥ on the bundle £ along each integral curve of £, such that parallel transport
along the path v is given by the composition of the projection m¢ with the linearized
Reeb flow. O

EXERCISE 6.6. Show that if V is any symmetric connection on M, then the
symplectic connection V¥ on v*¢ in Proposition 6.5 is given by the formula

Vin =me (Vi = VyR).

Hint: It suffices to show that the right hand side defines a connection on v*¢ whose
parallel sections are the same as those of V¥.
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LEMMA 6.7. For any solution ~y : (a,b) - M of ¥ = R(7), any n € I'(v*¢) and
any symmetric connection V on M,

MVin = VyR) = —d\(R(7), 7).

In particular, it follows that the projection m¢ can be omitted from the formula in

Ezercise 6.6 if d\(R,-) = 0.

PRrROOF. Consider a smooth 1-parameter family {7, : (a,b) — M} e Wwith
Yo = 7 and d,7,|,—0 = 7. Repeating the calculation that preceded Definition 3.4 in
the present more general context, one finds

V, (me%,) = Vin — VR — dA(n, R(7)) - R(7),

and the fact that ¢y, is in T(yzf) for every p while ¢y = 0 implies that the right
hand side is a section of v*¢. Evaluating A on this expression then gives the stated
formula. [

DEFINITION 6.8. A periodic orbit v : R — M with period T' > 0 of the Reeb
vector field R for a framed Hamiltonian structure (w, \) is called nondegenerate
if the symplectic linear map ¢ o de” (7(0)) : &,0) — &(0) does not have 1 as an
eigenvalue. Equivalently, this means that the bundle v*¢ — R does not admit any
T-periodic sections that are parallel with respect to the symplectic connection V¢
described in Proposition 6.5.

In the case (w, ) = (da, a) for o a contact form, this notion of nondegeneracy
is equivalent to the notion we defined for Reeb vector fields of contact forms in §1.3,
and it implies that a T-periodic orbit v is always isolated, in the sense that there
cannot exist a sequence of T-periodic orbits v; : R — M disjoint from + for which
T; — T and 7; — v in C” (or any other reasonable topology).

As in the contact case, nondegeneracy can also be rephrased in terms of asymp-
totic operators. If v : St — M satisfies

§=T-R(y)

for some T > 0 and J : £ — £ is a choice of complex structure compatible with w,
then (7*¢, J, wl¢) is a Hermitian vector bundle over S', and we define the asymptotic
operator associated to v by

Ay = —JVYT(v°E) - T(v79).

Here V¥ is the symplectic connection defined on & along integral curves of ¢, via
Proposition 6.5. Exercise 3.9 implies that A is a symmetric operator with respect
to the natural real L*-product on T'(v*¢) determined by the bundle metric w(-, J-),
and the definition of nondegeneracy for the orbit v can now be reformulated as
the condition that the asymptotic operator A, is nondegenerate in the sense of
Lecture 3, i.e. its kernel is trivial. In this case, we define the Conley-Zehnder
index of v with respect to any choice of symplectic trivialization 7 for v*¢ as

1oz () = pig(A).
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An explicit formula for A, comes from Exercise 6.6: for any symmetric connection
V on M, we have

An=—Jne (Vin—TV,R).
Note that by Lemma 6.7, the projection m¢ cannot always be omitted from this
formula, though it can in the contact case.

In Lecture 3, the symmetry of the asymptotic operator in the contact setting
was explained by interpreting it as the Hessian of the contact action functional
A (y) = Ssl ~v*a. A similar interpretation is possible in this more general setting,
though the action functional may be only locally defined. Indeed, while w € Q*(M)
need not be globally exact, it is necessarily exact on a neighborhood of the image of
any given loop g : St — M, so one can pick a primitive 3 of w on this neighborhood
and, for a sufficiently small neighborhood U(vy) = C®(S', M) of ~,, consider the
action functional

(6.1) Ay :U(y) >Ry — | ~*6.
Sl
Its first variation at v € U(p) in the direction n € T'(y*€) is then

A = = | wlivn) dt = (~Trchimyne
Sl

where ( , )72 denotes the real L?-product on v*¢ defined by integrating w(-, J-).

This leads us to interpret —Jmey as a “gradient” VA, (v), and if 4 = T'- R(y), then

differentiating this gradient in the direction of n € I'(v*§) gives A n.

6.1.2. Collar neighborhoods and cobordisms. If (W,w) is a symplectic
manifold, any hypersurface M < W naturally inherits the Hamiltonian structure
wy = w|ry, and Exercise 6.3 implies that if M is oriented (which we shall always
assume), then it can be endowed with a framing as auxiliary data. We would now
like to examine how the symplectic structure in a neighborhood of M is determined
by the Hamiltonian structure on M.

PROPOSITION 6.9. Suppose M is a smooth oriented hypersurface in a symplectic
manifold (W,w), and associate to any given vector field Ve T'(TW ;) along M the
1-form

A= W(‘/, )|TM € Ql(M)
Then 'V is positively transverse® to M if and only if X is a framing of the Hamiltonian
structure wy; = w|ry € Q*(M). Moreover, if this holds and M is compact and
contained in the interior of W, then a neighborhood N (M) < W of M admits a
symplectomorphism

(N(M),w) = ((—e,€) x M,wyr + d(rN))

identifying M < N'(M) with {0} x M and V" with 0., where r denotes the coordinate
on the first factor of (—e, €) x M.

3In this context, we say that V is positively transverse to M if for every point 2 € M and
positively oriented basis (Y1,...,Y2,—1) of T, M, the basis (V(z),Y1,...,Y2n—1) of T, W is also
positively oriented.
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PROOF. Pick a Hamiltonian vector field X € I'(¢,) on M. If V is tangent to M
at some point x € M, then clearly A(X (7)) = w(V(x), X(z)) = —w(X(z),V(z)) =0
since X(z) € kerwy. If on the other hand V is transverse to M at z, then
AMX(z)) = —w(X(z),V(x)) cannot vanish, as this would imply w(X(x), ) = 0,
violating the assumption that w is nondegenerate. To check the sign, choose a
basis (Yi,...,Y2, 2) of & := ker A\ at z that is positively oriented with respect
to the volume form w™ !¢, and observe that the orientation of ¢, is defined to
make (X(z),Y1,...,Ys, o) a positively oriented basis of T, M. The orientation of
the basis (V(z), X (z),Y1,...,Ys,—2) of T,W is therefore positive or negative de-
pending on whether V(x) is positively or negatively transverse to M. In either
case, w"(V(z), X (x),Y1,..., Y, o) is the product of a positive combinatorial fac-
tor with w(V(x), X (2)) and w" (Y1, .., Ya, ) since w(V(z),Y;) = A(Y;) = 0 and
w(X(z),Y;) =0forallj=1,...,2n—2. Since w"'(Y1,...,Ys, o) is positive by the
definition of the orientation on ¢, the sign of A(X(z)) = w(V (z), X(x)) is therefore
positive if and only if the basis (V(x), X (x),Y1,..., Ya,_2) is positively oriented.

Now assume A = w(V,-)|7as is a framing and let R denote the associated Reeb
vector field. To find the desired tubular neighborhood of M in W, we shall use the
Moser deformation trick. We first extend V' arbitrarily to a smooth vector field on
a neighborhood of M and use its flow ¢!, to define an embedding

(—e,€) x M : (r,x) — o1, (2)

for € > 0 sufficiently small. This identifies a neighborhood of M with (—e¢,€) x M
such that M becomes {0} x M and V becomes 0,. Under this identification, w
matches the 2-form wy := wyr + d(r\) along M = {0} x M; indeed, the latter is
wyr + dr A X along this hypersurface, so it satisfies

wo|TM =Wy = W|TM> and WO(ara ')|TM =)= W(V, ')|TM = w(ér, ')|TM-

This proves that wy is also a symplectic form on some neighborhood of M, and so
is wy := tw + (1 — t)w for every ¢ € [0, 1], which also matches w along M. The latter
implies that w; represents the same cohomology class in H3g ((—€,€)x M) = H3z (M)
for every t € [0, 1], thus we can find a smooth family of 1-forms ; on (—e¢,€) x M
satisfying
wy=wop+df, and S|y =0 for all ¢ € [0, 1].
If there exists a smooth isotopy 1! on some neighborhood of M satisfying (1")*w; =
wp for every t € [0, 1], then it is generated by a time-dependent vector field Y; which
must satisfy
d

0= u

(V) we = (V)" (Lyswe + Owr) |

and thus ‘
0= ;Cytwt + &t(dﬁt) = dl,ytwt + d/Bt

for Bt := 0. This relation is then satisfied if we pick Y; to be the unique vector
field satisfying wy(Y;, -) = —f;, which is clearly possible on some neighborhood of M
due to the nondegeneracy of w;. Moreover, Y; then vanishes along M, so its flow up
to time t = 1 is well defined on a possibly smaller neighborhood of M, and we obtain
a diffeomorphism of such a neighborhood that fixes M and identifies w with wy. [
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REMARK 6.10. The statement about the tubular neighborhood in Proposition 6.9
has obvious analogues if M is a boundary component of W instead of lying in the in-
terior. Here one obtains a collar of the form (—e¢, 0] x M if the given orientation of M
matches the boundary orientation of 0W, which is true if and only if the transverse
vector field V' points outward. If instead V' points inward, these two orientations are
opposite and the collar is of the form [0,¢) x M.

EXAMPLE 6.11. In the case (w, \) = (da, a) for a contact form «, the symplectic
form on the tubular neighborhood in Proposition 6.9 can be rewritten as d(e‘a) by
defining the coordinate t := In(r + 1). The proposition is easier to prove in this
case: one can construct the neighborhood simply by flowing along V', with no need
for the Moser deformation trick (cf. Exercise 1.14).

DEFINITION 6.12. Given two closed (2n — 1)-dimensional oriented manifolds
M, with Hamiltonian structures wy, a symplectic cobordism from (M_,w_)
to (M,,w,) is a compact symplectic 2n-manifold W whose boundary admits an
orientation-preserving diffeomorphism to —M_ ][ M, identifying w|pew) with w_
on M_ and w, on M,. Here the minus sign in front of M_ denotes an orientation
reversal, i.e. the given orientation of M_ is opposite the boundary orientation of 0W.

If the Hamiltonian structures w4 are additionally endowed with framings A\,
then we can also refer to (W,w) as a symplectic cobordism from (M_,H_) to

(M, ,Hy), where we abbreviate the framed Hamiltonian structures Hy 1= (w4, A1)
on M.

We will sometimes refer to the boundary components M, and M_ of a symplectic
cobordism (W, w) as its positive and negative boundary respectively. In the case
where Hy = (dag, ay) for contact forms oy on My, (W,w) is what we have previ-
ously called a symplectic cobordism from (M_, & :=kera_) to (M, &, = ker ay),
and the positive/negative boundaries were previously called the convex/concave
boundaries (see §1.4). Note however that convexity and concavity impose nontrivial
conditions on (W,w) near its boundary, e.g. that w|sy must be exact, whereas any
compact symplectic manifold with boundary can be viewed as a symplectic cobor-
dism between two manifolds with Hamiltonian structures (eitherjj of which may be
empty). Moreover, if dim W > 4, then no component of 0W can be both convex and
concave; see [Wen18, Proposition 8.10] for a simple proof of this based on Stokes’
theorem. For cobordisms between Hamiltonian structures, however, the labeling
of each boundary component as positive or negative is a choice that can be freely
reversed—the only caveat is that if we are considering framed Hamiltonian struc-
tures, then each orientation reversal requires replacing the corresponding framing A
with —\.

From the perspective of SFT, the main difference between the positive and neg-
ative boundaries of a cobordism (W,w) is the form of the collar neighborhoods
N (M) € W that they inherit from Proposition 6.9 and Remark 6.10, namely

(VM) w) = ((—6,0] x Maywy +d(rA),

(6.2) N(M_),w) = ([0,6) x M_,w_ +d(rA_)).
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A (=e,0] x My, d(rA,) +w.)

([0,€) x M_,d(rA-) +w-_)

FIGURE 6.1. A symplectic cobordism with positive and negative
boundary components oW = —M_]] M, inheriting Hamiltonian
structures w4, shown with their symplectic collar neighborhoods de-
termined by choices of framings \,.

REMARK 6.13. While it may happen that the framings Ay of (M4, w4 ) in the
above picture are contact forms, one cannot generally expect the induced contact
structures to be determined uniquely up to isotopy unless there is also a convexity
or concavity condition. For a concrete example, consider the torus T? with the
sequence of contact forms

ay := cos(2mkp) dO + sin(27kp) de

for k € N, written in coordinates (p, ¢, ) € ST x St x St. We will show in Lecture 10
that the contact structures &, := ker a, are not contactomorphic for different values
of k. But all of them can be deformed through families of contact structures given
by

& =ker [(1 — s)ag + sdp], s€[0,1),

so that by Gray’s stability theorem, they are all isotopic to arbitrarily small per-
turbations of the same integrable distribution £! := ker dp. Now pick an area
form o on the closed disk D? and consider the symplectic manifold (W,w) :=
(D?x T2, 0®(d¢ A dh)). Identifying 0D? with S in the canonical way, the boundary
of W becomes T? with Hamiltonian structure W|r@ewy = d¢ A df, and dp can be cho-
sen as a framing. It follows that for any s < 1 close enough to 1 and any k € N, the
contact form (1 — s)ay + sdp is also a framing of this same Hamiltonian structure,
even though the isomorphism class of the induced contact structure depends on k.*

6.1.3. Stability. We now introduce an extra condition on framed Hamiltonian
structures that will be crucial for the analysis of punctured holomorphic curves.

DEFINITION 6.14. A hypersurface M in the interior of a symplectic manifold
(W,w) is called stable if a neighborhood of M admits a stabilizing vector field V,

4Apart from being an example of a symplectic cobordism with non-convex framed Hamiltonian
boundary, the construction in Remark 6.13 amounts to the observation, originating in [Gir94],
that all of the contact structures &, on T? are weakly symplectically fillable, and in fact the same
symplectic manifold can be regarded as a weak filling of all of them.
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meaning that V' is transverse to M and the 1-parameter family of hypersurfaces
M; = @i, (M), —e<t<e

generated by the flow ¢!, of V has the property that each of the diffeomorphisms
M — M, defined by flowing along V' preserves characteristic line fields. The defini-
tion has obvious analogues for cases where M is a boundary component of W with
V' pointing in or outwards.

DEFINITION 6.15. A framing A of a Hamiltonian structure w on M is called
stable if
d\(R,)=0
for the associated Reeb vector field R, or equivalently, kerw < kerd\. The pair
(w, A) is in this case called a stable Hamiltonian structure (or “SHS” for short).

Stable hypersurfaces first appeared in [HZ94] as a class of regular energy sur-
faces in Hamiltonian systems for which one could reasonably expect the existence
of periodic orbits. Indeed, we saw in §1.3 that Liouville vector fields transverse to
a hypersurface are stabilizing vector fields, thus contact-type hypersurfaces are also
stable. Relatedly, (da, o) is a stable Hamiltonian structure whenever « is a contact
form; we will take a look at some less familiar examples in §6.3. The first appearance
of stable Hamiltonian structures as such (though initially without this terminology)
was in [BEH"03], where they furnished the natural setting for the compactness
results of symplectic field theory. They have been studied more systematically in

[CV15].

PROPOSITION 6.16. A hypersurface M in a symplectic manifold (W, w) is stable
if and only if the Hamiltonian structure wy = w|ry on M admits a stable framing.

PROOF. Suppose V is a stabilizing vector field for M with flow ¢!, and \ :=
w(V,*)|rar is the induced framing of wys, with associated Reeb vector field R. Then
R generates the kernel of (,)*w|r for all ¢ close to 0, implying

0=Lyw(R, -)}TM = dyw(R, -)‘TM = d\(R,-)|ru,

so A is a stable framing.

Conversely, if A is any stable framing of w,; with Reeb vector field R, then Propo-
sition 6.9 identifies a neighborhood (N (M), w) of M with ((—¢,€) x M,wy + d(r))),
and on M, := {t} x M for every t € (—¢, €) we have

W(R, ')|TMt = (CUM + td)\)(R, ) = 0.

This shows that R generates the characteristic line field of M, for every t, thus 0, is
a stabilizing vector field. O

We can immediately observe two convenient features of stable Hamiltonian struc-
tures that do not hold without the stability condition: first, the Reeb flow preserves
A since

;CRA = dLR)\ + LRd)\ = d(l) +0=0.
The linearized Reeb flow therefore preserves &, so there is no longer a need to
compose it with the projection ¢ : T'M — &£ when defining the natural symplectic
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connection V¥ along orbits and the notion of nondegeneracy. Similarly, Lemma 6.7
now removes the need for including 7, in the formula of Exercise 6.6 for V¥, and this
leads to a simplified formula for the asymptotic operator at a T-periodic orbit v:

An=—-J(Vin—TV,R).

DEFINITION 6.17. A symplectic cobordism with stable boundary is a
symplectic cobordism from (M_,H_) to (M,,H,) in the sense of Definition 6.12,
where M are closed oriented manifolds endowed with stable Hamiltonian structures
Hye = (Wi, Ar).

6.2. Almost complex manifolds with cylindrical ends

6.2.1. Symplectizations. In §1.3, we called the noncompact cylindrical sym-
plectic manifold (R x M, d(e"«)) the symplectization of the contact manifold (M, & =
ker o), and observed (see Exercise 1.21) that up to symplectomorphism, it only de-
pends on £ and not on . We also defined a natural class of compatible almost
complex structures J(«) on R x M. If M is endowed with a framed Hamiltonian
structure H = (w, \) instead of a contact form «, then there is no single symplectic
structure on R x M that can be called canonical, but there is a natural class of
symplectic structures arising from the model collar neighborhoods we wrote down
in Propostion 6.9. Indeed, fix € > 0 small and define

(6.3) T = {pe C*(R,(—¢)) | ¢ >0},

which has an obvious identification with the set of all “level-preserving” embeddings
R x M — (—€,¢) x M. If € > 0 is small enough for w + d(r\) to be symplectic on
(—€,€) x M, then pulling it back via the embedding defined via any choice of p € T
gives rise to a symplectic form

(6.4) Wy = w + d (p(r)A)
on R x M.

There is a much more obvious generalization of the space J(a) to the framed
Hamiltonian setting.

DEFINITION 6.18. Given a framed Hamiltonian structure H = (w, \) with asso-
ciated Reeb vector field R and hyperplane distribution &, denote by

JH)c TR x M)

the space of smooth almost complex structures J on R x M with the following
properties:
e J is invariant under the R-action on R x M by translation of the first factor;
e JO, = R and JR = —0,, where r denotes the natural coordinate on the
first factor;
e J(§) = £ and J|¢ is compatible’ with the symplectic vector bundle structure
W|§.
A question frequently asked by beginners in this field is: would it not suffice to assume J |¢ is
only tamed by w|¢ and not necessarily compatible? The short answer is that the standard analytical

treatment of punctured holomorphic curves depends on this compatibility assumption in essential
ways, mainly because without it, asymptotic operators would not be symmetric (cf. Exercise 3.5).
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Notice that if H = (da, «) for a contact form «, then J(#H) matches the space
J () defined in Lecture 1. One of the crucial reasons to consider only stable Hamil-
tonian structures will be the following easy observation:

PROPOSITION 6.19. Given a framed Hamiltonian structure H = (w, A) and an
almost complex structure J on Rx M, let us say that J is tamed by H if the number
e >0 in (6.3) can be chosen such that the symplectic form w, of (6.4) tames J for
every p € T. The following conditions are then equivalent:

(1) Every J e J(H) is tamed by H.
(2) There exists a J € J(H) that is tamed by H.
(3) The framing X is stable.

PRrOOF. Consider the splitting T'(R x M) = e @&, where £ = ker A and ¢ is the
subbundle spanned by ¢, and the Reeb vector field R. For any J € J(H), these two
subbundles are both complex, and € comes with a canonical trivialization identifying
J|. with ¢. If A is stable and ¢ € T, then writing w, = w4+ ¢(r) dA+ ¢'(r) dr A X, we
notice that € and § are also w,-symplectic orthogonal complements. Tameness then
follows from the fact that J|. = i is tamed by w,|. = dr A | and J|¢ is tamed by
Wyle = (w4 p(r) dA)|e, where the latter necessarily holds for any e > 0 sufficiently
small since wl¢ tames J|¢ and tameness is an open condition.

Conversely, suppose J € J(H) and A is not stable, so there exists a point x € M
where dA\(R,v) > 0 for some v € &,. At (0,2) € Rx M, we can pick a constant ¢ > 0
and write

wo(R+ cJu, J(R+ cJv)) = wy(r, R) + Cw,(v, Jv) — cw, (R, v)
= ' (0) 4 ¢ (w + ©(0) dN) (v, Jv) — cp(0) dA(R, v).

Choosing ¢ € T so that ¢(0) = €/2, the sum of the second and third terms becomes
negative for any ¢ > 0 sufficiently small, and since ¢ € T can also be chosen to
make ¢'(0) as small as we like, there exists a choice for which the total is negative,
meaning w, does not tame J. O

Given a stable Hamiltonian structure H = (w,A\) and J € J(H), we define the
energy of a J-holomorphic curve u : (X, j) — (R x M, J) by

E(u) := supf u*w,,
peT JX
where the parameter € > 0 in the definition of 7 is assumed small enough so that
w, tames J for every ¢ € 7. Tameness then implies £(u) > 0, with equality if and
only if u is constant. In the contact case, this notion of energy is not identical to the
“Hofer energy” that we defined in Lecture 1, nor to Hofer’s original definition from
[Hof93], but all three are equivalent for our purposes, in the sense that uniform
bounds on any of them imply uniform bounds on the others.

If one wishes to relax this assumption, then several fundamental results need to be reproved,
e.g. the Fredholm property for Cauchy-Riemann type operators, and their proofs are not obvious.
See §6.7 for further discussion.
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ExXAMPLE 6.20. If z : R — M is a periodic orbit of R with period T" > 0, then
we can parametrize it as the loop v : S — M : t — z(tT) satisfying ¥ = T - R(¥)
and associate to this loop the map

w, R x S' >R x M: (s,t) — (Ts,y(t)).

Then w,, is J-holomorphic for any J € J(#), and is called the trivial cylinder (or
sometimes also the orbit cylinder) over ~. Its energy can be computed via Stokes’s
theorem: since §, ¢ uw =0 and {4, v*A = T, we have

E(u,) = sup JR . w*d(p(r)\) = 2¢€T.

peT
EXERCISE 6.21. Given any orbit z : R — M of R, show that the map
u:C—->RxM:s+it— (s,x(t))

is J-holomorphic for every J € J(H), but its energy is infinite. Remark: Here it
does not matter whether the orbit is periodic. If it is, then the parametrization
x : R — M covers it infinitely many times.

REMARK 6.22. For an instructive concrete example of Exercise 6.21, take M =
St with its trivial Hamiltonian structure (w := 0 € Q*(S!) has maximal rank) and
the framing \ := dt € Q!(S!) with respect to the obvious coordinate t € S* = R/Z.
Then z(t) := t is a Reeb orbit, J(w, \) contains only the standard complex structure
of R x S', and u becomes the holomorphic map C — R x S' : s+ it — (s, t), which,
under the biholomorphic identification ¢ : R x S — C\{0} : (s,t) > e27(s+i)
becomes the complex-valued function v o u(z) = €™ on C. This function has an
essential singularity at co. More generally, one can show that a holomorphic map w :
D\{0} — R x S! has infinite energy if and only if the singularity of you : D\{0} — C
at 0 is essential (cf. Exercise 9.5).

The trivial cylinders in Example 6.20 have several desirable properties, e.g. the
map u, : R x S1 — R x M is proper, and its composition with the projection
R x M — M converges asymptotically to a loop near each of the punctures in
R x S' =~ S%\{0,00}. We will see in Lecture 9 that under generic assumptions
about the dynamics of the Reeb vector field, all punctured holomorphic curves with
finite energy have these two properties. By contrast, the plane v : C - R x M in
Exercise 6.21 is not a proper map, and its projection to M may have dense image
(if the orbit is not periodic) on a neighborhood of the puncture in C =~ S?\{oo}. We
shall generally exclude curves with infinite energy from consideration.

In order to see why asymptotic operators are relevant in SF'T, let us compute
the linearized Cauchy-Riemann operator

D, : T(uiT(R x M)) — Q" (R x Sl,uf/T(R x M))
for the trivial cylinder in Example 6.20. We derived a general formula for D, in

§2.1, but in the present situation we will get more useful information by computing
D, directly. To do this, consider the natural splitting of complex subbundles

TR x M) = e ®E,
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where € denotes the line bundle spanned by ¢, and R, which comes with a global
trivialization identifying J|. with the standard complex structure i. Under the
resulting splittings uXT'(R x M) = ule ®ui¢ and Home(T'(R x S), ufT(R x M)) =

Home(T(R x S'), ue) @ Home (T'(R x S'),u%f), we can write D, in block form

D:, fo
DuW = <D5Q Déy) :
u'y ua,

EXERCISE 6.23. Suppose D : T'(E) — Q%(3, E) is a linear Cauchy-Riemann
type operator on a vector bundle E with a complex-linear splitting £ = E; @ Ej,

and
Dy; Dy
D =

<D21 Do,
is the resulting block decomposition of D. Use the Leibniz rule satisfied by D
to show that Dy; and Dgy are also Cauchy-Riemann type operators on E; and
E5 respectively, while the off-diagonal terms are tensorial, i.e. they commute with
multiplication by smooth real-valued functions and thus define bundle maps D;s :
E2 — AO’IT*Z ® E1 and D21 . E1 — AO’IT*Z ® EQ.

Now observe that if u = (ug, uns) : R x S' — R x M is another cylinder near u.,,
the nonlinear operator (0;u)0s = dsu+J dyu € T(w*T(R x M)) = I'(u*cPu*E) takes

the form
= . 5SUR — )\(atUM) +1 (é’tuR + )\(@SUM))
(a‘]u)és N < ¢ &SuM + Jﬂ'g é’tuM ’

where we are using the canonical trivialization of u*e via 0, and R to express the top
block as a complex-valued function. As observed already in Lecture 3, the bottom
block of this expression can be interpreted in terms of the gradient flow of an action
functional, in this case the locally defined functional A, : C*(S') — R from §6.1.1,
with VA, (7) = —Jme dyy. Linearizing in the direction of a section 7* € T'(u%¢) and
taking the £ component thus yields an expression involving the Hessian of A, at the
critical point vy, namely

(Diﬂg)@s = (ds — Av)ng-
To compute the blocks Dj ~and D& | notice that D, n° = 0 whenever 7 is a

U~y )
constant linear combination of 0, and R, as n° is then the derivative of a smooth
family of J-holomorphic reparametrizations of .. This is enough to prove Dﬁi =0
since the latter is tensorial by Exercise 6.23, and expressing arbitrary sections of uje

as fo, + gR, we can apply the Leibniz rule for D7, and conclude
(D%, 70, = (0 + i 00

in the canonical trivialization. The remaining off-diagonal term can be computed as
follows: assume u” = (uf,uh,) : R x ST — R x M is a smooth 1-parameter family of

maps for p € R near 0 such that vy = u, and n* = d,u|,— € ['(uz€), which implies

é’puﬁ}pzo = A <é’puﬁ/1‘p:0) = 0.
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Differentiating the real and imaginary parts in the top block of (0;u?)d, with respect
to the parameter at p = 0 then gives

0, (Putty — Nonthy) |,y = ~0, [\@w?)] | _, = ~dAGr. du) = T - dA(R(7). ),

p=0 0o~
and

ap (&tuﬁ% + )\(&Sup)) ‘

This proves:

=0, [Mu”)]| _, = dA(n, dsu,) = 0.

p=0 p=0

PROPOSITION 6.24. For any framed Hamiltonian structure H = (w, \) and J €
J(H), the J-holomorphic trivial cylinder u,, : R x S* — R x M for a T-periodic
orbit v : St — M has linearized Cauchy-Riemann operator D, : I'(ule @ ui§) —
QMR x S', ute @uif) given by

0, T -d\R(7),-
(Du,n) &5 = 0sm + <ZOt _< ASV) >) 1

In particular, if (w, \) is a stable Hamiltonian structure, then the off-diagonal term
vanishes and D, becomes equivalent to an operator from I'(uZe@uz§) to itself taking
the form 0s — (—i0, @ A.), where —i0, @ A., defines an asymptotic operator on the
direct sum of the trivial Hermitian line bundle over S* with ~v*¢. O

Proposition 6.24 places the linearization D, into the analytical context of the
Fredholm theory from Lectures 4 and 5, though it does so if and only if the framing
A of w is stable. This is the second reason why we shall almost always assume our
Hamiltonian structures are stable from now on.

6.2.2. Completed cobordisms. Assume (IW,w) is a symplectic cobordism
from (M_,H_) to (M,,H,), where H, = (wy, Ay) are framed Hamiltonian struc-
tures. For most purposes, (W, w) is not a suitable setting for J-holomorphic curves,
as it lacks any mechanism to control the behavior of curves that touch the bound-
ary. We will therefore remove the boundary by attaching cylindrical ends, and then
impose a finite energy condition to control the behavior of curves near infinity. As
a smooth manifold, the completion of W is defined by

W= ((=0,0] x M_) Uy W o, ([0,00) x M),

where the smooth structure on a neighborhood of My = {0} x M, < W is defined
with reference to the collar neighborhoods of dW in (6.2). Modifying (6.3) by

(6.5) To = {p e C*(R,(—€,€)) | ¢’ > 0 and ¢(r) = r for r near 0}

for a fixed € > 0 sufficiently small, we can then use any ¢ € 7T to define a symplectic
form on W by

SH

(p(r)Ay) +wy  on [0,00) x My,
on W,
(p(r)A2) +w_  on (—0,0] x M_,

0, we define the compact submanifold

ww =

SRS

\%

see Figure 6.2. For each ry

W = ([—10,0] x M_) upr. W o, ([0,70] x M),



LECTURES ON SYMPLECTIC FIELD THEORY 159

([07 OO) x M—‘m d(gp(’l"))\+) + w+)

((—€,0] x My, d(rAy) +wy)

(W, w)

([0,€) x M_,d(rA_) + w_)

((—00,0] x M_,d(e(r)A\_) + w_)

FIGURE 6.2. The completion (W,ww) of a symplectic cobordism
between two manifolds with framed Hamiltonian structures.

and can view (W', w,) as a symplectic cobordism from (M™,H™) to (MI°,H'?)
where ML° = {£ro} x My < W and the framed Hamiltonian structures HY =
(W, A?) are given by

WP = wg,‘TM;O = wy +@(+r)dry, and AP = w,(0,, -)|TM£0 = ¢’ (£ro) At

Notice that if the #H 4 are stable, then (W, w,,) also becomes a symplectic cobordism
with stable boundary for arbltrary choices ¢ € 7.

Since W is noncompact, almost complex structures J on W will need to satisfy
conditions near infinity in order for moduli spaces of J-holomorphic curves to be well
behaved, but we would like to preserve the freedom of choosing arbitrary compatible
or tame almost complex structures in compact subsets.

DEFINITION 6.25. Given ¢ € Ty and ¢ = 0, let
jﬂ'(ww7 7o, H+7 H*) = ‘7<W)

denote the space of smooth almost complex structures J on W such that:
e J on [rg,0) x M, matches an element of J(H,);°

6While it might seem natural to instead require J Iro,c0)x . € J(HL), the resulting space
of almost complex structures would be equivalent to replacing (W,w) by the larger cobordism
(W™ wy) and then repeating this definition with r¢ set to 0. As stated, the definition allows a bit
more freedom in applications, which will be useful in Lecture 8 when we need to make perturbations
of J on compact subsets to achieve transversality. A similar remark applies to the conditions at
the negative end.
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e Jon (—oo,—rg] x M_ matches an element of J(H_);
e J on W™ is tamed by wy.

Let
j(wwa To, H-i—a H—) = jT(wwa To, H-i—a H—)
denote the subset for which J is additionally compatible with w,, on W™.

Setting
(6.6) T(W,r0) :=={peTo | ¢=1)on[-rygro},

Proposition 6.19 implies that if the framed Hamiltonian structures H., are both
stable, then any given J € J(wy, 10, Hy, H_) is tamed by w, for every ¢ € T (¢, 1)
whenever the number € > 0 in (6.5) is chosen sufficiently small. In this case it is

sensible to define the energy of a J-holomorphic curve u : (¥, j) — (I//I\/, J) by

E(u) := sup J Uw,.
T (Y,r0) JE
REMARK 6.26. For any closed manifold M with stable Hamiltonian structure
H = (w, A) and a choice of strictly increasing function ¢ : [0,1] — (—¢,¢€) for e > 0
sufficiently small, one can consider the cobordism

([0,1] x M,w + d(p(r)N)).

This has stable boundary, and one would like to regard it as the “trivial cobor-
dism from (M, H) to itself” and identify its completion with the symplectization of
(M, H), though strictly speaking this is wrong: the stable Hamiltonian structures
Hy that it induces on M_ := {0} x M and M, := {1} x M are in general differ-
ent from #, and one cannot technically regard J(#) as contained in any space of
the form J (wy, ro, H+, H—) without inventing questionable new notions such as the
“Infinitesimal trivial cobordism” [0,0] x M. It is nonetheless true for fairly triv-
ial reasons that most results about J(wy, 0, Hi, H_) or J(wy,ro, H4+, H_) apply
equally well to J(H), and we shall use this fact in the following without always
mentioning it.

6.3. Examples of stable Hamiltonian structures

6.3.1. The contact case. The following example has been mentioned a few
times already and is the one we will work with most often in this book. If « is
a contact form on M, then H := (do, ) is a stable Hamiltonian structure whose
Reeb vector field is the usual contact-geometric notion of a Reeb vector field R = R,,.
The space J(H) in this case matches what was called J(«) in Lecture 1. For two
contact manifolds (M, &4 = ker ag ), a symplectic cobordism (W, w) from (M_,&_)
to (M, &) as defined in §1.4 can also be regarded as a symplectic cobordism with
stable boundary from (M_,#H_) to (M_,#H.), where we choose a Liouville vector
field V near oW to write oy := w(V,-)|ra, and Hy = (day,ay). Conversely, any
symplectic cobordism from (M_,H_) to (M, H,) with Hi = (dag, ay) given by
contact forms is also a symplectic cobordism in the contact sense from (M_, & =
ker o) to (M, &, = ker o). One can see this from the collar neighborhoods (6.2),
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in which w takes the form day + d(ray) = d ((r + 1)a4), hence it has primitives in
these collars whose restrictions to the boundary are contact forms for &.

6.3.2. The Floer case. The next example allows one to treat Hamiltonian
Floer homology for most purposes as a special case of SF'T.

Suppose (W, Q) is a closed symplectic manifold and H : S* x W — R is a smooth
function, and denote H; := H(t,-) : W — R. The time-dependent Hamiltonian vec-
tor field X; defined by dH; = —Q(X}, -) can then be viewed as defining a symplectic
connection on the trivial symplectic fiber bundle

M =8S'xW -8 L
i.e. the flow of R(t,x) := 0, + X;(x) defines symplectic parallel transport maps

between fibers. The horizontal subbundle for this connection is the “symplectic
orthogonal complement” of the vertical subbundle with respect to the closed 2-form

w:=Q+dt A dH.

In other words, w restricts to the fibers of M — S! as , and the subbundle
{Y e TM | w(Y,")|r({const}xw) = 0} is generated by R, so w is the connection 2-
form defining the connection, cf. [MIS17]. Setting A := dt then makes H := (w, \)
a stable Hamiltonian structure with Reeb vector field R, and its closed orbits in
homotopy classes that project to S! with degree one are in 1-to-1 correspondence
with the 1-periodic Hamiltonian orbits on . Notice that this is very different from
the contact case: instead of being a contact structure, & = kerdt is an integrable
distribution whose integral submanifolds are the fibers of M — S*.

EXERCISE 6.27. Show that the notions of nondegeneracy for closed Reeb orbits
on M and for 1-periodic Hamiltonian orbits on W (see §1.2) coincide.

EXERCISE 6.28. Work out the relationship between the locally defined action
functional A, from §6.1.1 in this example and the symplectic action functional for
Hamiltonian systems that we discussed in §1.2. (Try not to worry too much about
signs.)

A choice of J € J(H) is equivalent to a choice of smooth S'-parametrized family

of compatible almost complex structures {J;}s1 on (W,w), and J-holomorphic
curves u : (X,7) — (R x M, J) can then be written as

u=(f,v):2.]—>(R><Sl)><I/V,

where f: (3,7) — (R x S%,i) is holomorphic. In particular, if (2,7) = (R x S*,4)
and f is taken to have an extension to S? — S? of degree one, then u can be
reparametrized so that f is the identity map, hence v = (Id,v) : R x S* — (R x
S1) x W is a section of the trivial fiber bundle (R x S') x W — R x S, and one can
check that the equation satisfied by v : R x S — W is precisely the Floer equation

0sv + Jy(v) (0w — Xy (v)) = 0.

This setup admits various easy generalizations that produce other interesting
variants of Floer homology. One can, for instance, replace the trivial fibration
M = S' x W — S! with the mapping torus of a given symplectomorphism ¢ :
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(W,w) — (W, w), producing a theory in which closed Reeb orbits are equivalent to
fixed points of (some Hamiltonian perturbation of) ¢. This theory is known as sym-
plectic Floer homology, see e.g. [DS94, Sei02]. One can also consider closed Reeb
orbits whose projections to S have degree greater than 1: this produces a theory
based on the periodic (but not necessarily fixed) points of the symplectomorphism ¢.
A particular variant of this, specialized to the case dim W = 2, is known as periodic
Floer homology; see [HS05]. In a slightly different direction, Heegaard Floer ho-
mology, a topological invariant of 3-manifolds inspired by Floer’s Lagrangian inter-
section theory, can be reformulated as a theory that counts punctured holomorphic
curves with Legendrian boundary in the symplectization of ¥ x [0, 1] with a very
simple stable Hamiltonian structure, where ¥ is a Heegaard surface for the given
3-manifold; see [Lip06]. As a general rule, it is possible (though not always help-
ful) to reformulate almost any Floer-type theory based on a perturbed holomorphic
curve equation within the geometric setup for SFT.

For another interesting example of stable Hamiltonian structures separate from
the contact and Floer cases, see [BEH 03, Example 2.2 and Remark 5.9].

6.4. Moduli spaces of asymptotically cylindrical curves

Fix a closed manifold M with stable Hamiltonian structure H = (w,\) and
J € J(H), along with a Riemann surface (X = Y\T, j) with positive and/or negative
punctures I' = T'" U T'~ and choices of holomorphic cylindrical coordinates (s,t) €
7, = U, near each puncture z € I'*. Here we are again using the notation

Z, =1[0,0) x S*, Z_ = (—0,0] x S,
with the choice of Z, or Z_ depending on the sign of the puncture (cf. §4.1).

DEFINITION 6.29. A smooth map w : Y — R x M is called asymptotically
cylindrical if for each z € I't, there exists a closed Reeb orbit 7, : S — M with
associated trivial cylinder u,, : R x § ' > R x M, and constants sy € R and ¢, € S*
such that

(6.7)  u(s —so,t —to) = exp,_(s) h=(s,t)  for (s,t) € Zy = U, with |s| > 0,
where h,(s,t) is a vector field along u., satisfying
h.(-+s,-)—0 inC*Zy) ass— +oo.

Here we assume that the exponential map and all norms involved in describing the
C*-convergence of h,(-+s, ) are invariant under the R-translation action on R x M.
We call v, the asymptotic orbit of u at the puncture z, and call the vector field
h. along u., appearing in (6.7) the asymptotic representative of u at z.

Note that the decay condition in Definition 6.29 implies that both h, and the
constants sg and ty are uniquely determined by u and the choice of holomorphic
cylindrical coordinate system near z. The following exercise shows that the asymp-
totically cylindrical condition itself is also independent of the choices of holomorphic
cylindrical coordinates.
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FIGURE 6.3. An asymptotically cylindrical holomorphic curve in

(I//I\/, J) with genus 2, one positive puncture and two negative punc-
tures.

EXERCISE 6.30. Consider S with the trivial stable Hamiltonian structure H (see
Remark 6.22) and the standard complex structure i € J(H) on its symplectization
R x S'. The biholomorphic map R x St — C* = S%\{0, 0} : (s,t) — €2 can
be used to identify the latter with a twice-punctured Riemann sphere.

(a) Show that a holomorphic map u : (3,j) — (R x S',4) is asymptotically
cylindrical if and only if it extends over the punctures to a holomorphic map
(%,7) — (5%,9). Find a relationship between its asymptotic orbits and the
presence of critical points of the extension at I'.

(b) Deduce that for any two choices of holomorphic cylindrical coordinates near
a puncture of 2, the resulting coordinate transformation satisfies the con-
ditions of an asymptotically cylindrical map.

(c¢) Conclude that the notion of an asymptotically cylindrical map in Defini-
tion 6.29 does not depend on the choices of holomorphic cylindrical coordi-
nates.

These notions extend in a straightforward way to the setting of a completed sym-
plectic cobordism W with fixed choices of e Ty, ro=0and Je T (wy,r0, Hy, Ho).
We shall denote by &, and Ry the hyperplane distribution and Reeb vector field
respectively determined by stable Hamiltonian structures Hy = (w4, A\;) on the
boundary components My < 0W. An asymptotically cylindrical map u : (E, j) —
(W, J) is then a proper map that sends neighborhoods of positive/negative punc-
tures to the positive/negative cylindrical ends of 171\/, where they asymptotically
approach trivial cylinders over closed orbits of Ry in {£oo} x My; see Figure 6.3.
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It is easy to check that asymptotically cylindrical J-holomorphic curves always
have finite energy. We will prove in Lecture 9 that the converse is also true whenever
all Reeb orbits are nondegenerate.

Every asymptotically cylindrical curve u : >} — W has a well-defined relative
homology class, meaning the following. Denote the asymptotic orbits of u at
its punctures z € I'* by ~,, and let 4 < M, denote the closed 1-dimensional
submanifold defined as the union over z € I'* of the images of the orbits .. Let &
denote the surface with boundary obtained from ) by appending {+0} x S ! to each

of its cylindrical ends, and let W likewise denote the compactification of W obtained
by attaching {+o0} x M4 to its cylindrical ends. Both of these are re compact oriented

topological manifolds with boundary whose interiors are S and W respectlvely, and
OW has a natural identification with W = —M_][M,. Then u : ¥ — W has a

unique continuous extension
u:(3,08) — (W, 4" uq7)
and thus represents a relative homology class
[u] .= w.[E] € Ho(W, 5" 0 77) = Ho(W, 7" 0 77),

where [¥] € Hy(2, 0%) denotes the relative fundamental class of ¥, and we can use
the obvious deformation retraction of W to W in order to consider homology classes
in W instead of W. If we consider curves in a symplectization R x M instead of
the completed cobordism W, then W becomes [—o0, 0] x M and it is convenient to
retract this to {0} x M =~ M, thus writing

[u] € Hy([—o0, 0] x M, 4" 7)) = Hy(M, A" uq7).

We now proceed to define moduli spaces. Fix integers g,m,k,,k_ > 0 along
with ordered sets of Reeb orbits

Y=Y

where each ;" is a closed orbit of R. in M. Denote the union of the images of the
7 by 4% < M, and choose a relative homology class

Ae H(W,y"vy7)

whose image under the boundary map Hy(W, 4" U 47) 2 H (4t U 47) defined
via the long exact sequence of the pair (W, 4t u~47) is

k_

0A = Z% Y hile iy uA).

i=1

The moduli space of unparametrlzed J-holomorphic curves of genus g with m
marked points, homologous to A and asymptotic to (y*,v7) is then defined
as a set of equivalence classes of tuples

Mom(J A ) = {2,407, T7,0,u)}/ ~,
where:

(1) (3,7) is a closed connected Riemann surface of genus g;
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2) T =(2,....2,), T = (21,...,% ) and © = ((1,...,(n) are disjoint
ordered sets of distinct points in/Z\];

(3) u: (X := S\t uT"),j) — (W,J) is an asymptotically cylindrical J-
holomorphic map with [u] = A, asymptotic at z;5 € 't to ~; for i =
1, NN kiu

(4) Equivalence

(207j07F(J]ruFau @07u0) ~ (217j17FIF7FI7 @1,U1)

means the existence of a biholomorphic map 1 : (X0, j0) — (21, j1), taking
I'Z to I'f and Oy to ©; with the ordering preserved, such that

uy 0P = ug.

We shall often abuse notation by abbreviating elements [(2, 7, T+, T7,0,u)] in
this moduli space by

u € Mg,m(‘L A7 7+7 77)

The automorphism group
Aut(u) = Aut(%, 5, T, 17,0, u)

of w is defined as the group of biholomorphic maps v : (3,7) — (X, j) which act
as the identity on I'" U I'” U © and satisfy u = u o ¢. Clearly the isomorphism
class of this group depends only on the equivalence class [(XZ,7, T, T7,0,u)] €
Mym(J, Ayt v7), and we will see in §6.6 below that it is always finite unless

u : X — W is constant. The significance of the marked points is that they determine
an evaluation map

ev: Myu(J, AyT,y7) — W (2,5, T7,T7,0,u)] = (u(C1), -, u(Cm))

where © = ((i,...,(y). For most of our applications we will be free to assume
m = 0, as marked points are not needed for defining the most basic versions of
SF'T; the evaluation map does play a prominent role however in more algebraically

elaborate versions of the theory, and especially in the Gromov-Witten invariants
(the “closed case” of SFT).

REMARK 6.31. The definition of M, ,,(J, A,v*,~v~) given above permits ele-
ments [(2, 7,7, T7,0,u)] € My, (J, A,v*,~) for which u : > — W is a constant

—~

map if '" =1~ = ¢ and A = 0 € Hy(W), but in this case it is conventional to
impose an extra stability condition, namely that constant maps are allowed only if

X(X\0) < 0.

Several details in our study of M ,,(J, A,y",v~) and its compactification will only
make sense under this extra assumption, which is harmless since, in practice, we
our usually only interested in nonconstant curves. One consequence is that if u is
constant, then the group Aut(%, j, ©) of biholomorphic maps on (%, j) fixing O is fi-
nite, so in conjunction with Theorem 6.34 below, this implies that the automorphism
group Aut(u) for an element ue M, ,,(J, A,v*,~v7) is always finite.
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The elliptic regularity results from Lectures 2 and 4 give us a wide range of
freedom in defining the topology of M .,(J, A,v*,v7), as they imply that most
reasonable choices we could conceivably make on this front will turn out to be
equivalent. Let us define the notion of convergence in M, ,,,(J, A,y",v7) as follows:

[(2V7jy7 Fj7r;7@y7uy)] - [(27.]7 FJ’»?Fi?@? u)] as v — (X)

means that for sufficiently large v, the equivalence classes in the sequence admit
representatives of the form (3,7, I, T'~, 0, u!) such that

(1) j, — j in C*;

(2) u,, — uin C2.(3, W),

(3) @, — uin CO(X, W).
It will also turn out that the third condition is unnecessary if one adds an assumption
to make sure that all closed Reeb orbits are isolated, though the proof of this is
nontrivial and requires the bubbling analysis that we will discuss in Lecture 9. One
can show that there is a unique metrizable topology on M, ,,(J, A,v*,~~) for which
this is the notion of convergence. We will not prove this since we do not really need
to know it in such generality—in practice, we will eventually focus on cases in which
My (J, A,v*,v7) can also be given the structure of a smooth manifold or orbifold,
and we will then see directly that the resulting notion of convergence is equivalent
to what is defined above.

6.5. Asymptotic regularity

For the analytic setup in the next lecture, we will need to use exponentially
weighted Sobolev spaces, thus we need to check that all asymptotically cylindrical
holomorphic curves actually belong to such spaces. At the local level this is already
clear: since we are using smooth almost complex structures, the results of §2.4 imply
that all J-holomorphic curves are smooth, and in particular they are of class VVIIZCP for
every k € N and p € (1,00). Similarly, convergence of a sequence of J-holomorphic
curves in C}%, is equivalent to convergence in I/Vllf)cp for every k and p. It remains only
to check that suitable decay conditions are satisfied on each of the cylindrical ends.
This requires some of the same ideas that were used in §4.6 to prove exponential
decay for solutions of linear Cauchy-Riemann type equations.

The following result originates (in a somewhat less general context) in [HW Z96],
and the complete proof would be too lengthy to present here, but we will give a
sketch. We recall the following notation from §4.6: for Sobolev parameters k, p and
a real number § € R, the exponentlally weighted Sobolev space of functlons of
class W*P9 on the half-cylinder Z, = (0,0) x S* or Z_ = (—0,0) x St is

whes(2,) = {e¥r | fewtn(Zu)},

This is a Banach space with respect to the norm

[ flwa o= 1€ f o,
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and if § > 0, then its elements satisfy a forced exponential decay condition as
s — f00. Recall also from Definition 6.29 the notion of the asymptotic representative
of a holomorphic curve at a puncture.

PROPOSITION 6.32. Assume H = (w, A) is a stable Hamiltonian structure on a
manifold M, J € J(H), v : S* — M is a nondegenerate Reeb orbit and § > 0 is
small enough so that the asymptotic operator A., has no eigenvalues in [—d, d].

Suppose u : (Z,j) — (R x M, J) is J-holomorphic and asymptotically cylindrical
with a puncture z € I'F that is asymptotic to ~v. Then its asymptotic repesentative
at z with respect to any choice of holomorphic cylindrical coordinates belongs to
WHkP3(Z,) for every k € N and p € (1, 0).

Further, suppose J, € J(H) is a C*-convergent sequence with J, — J, and
Uy, (Z,j,,) — (Rx M, J,) is a sequence of asymptotically cylindrical J,-holomorphic
curves with convergence

Jo—j in CO(8), u, —uinCC(Y), and @, — @ in CO(T),

where j, also matches j on some fixed neighborhood of the puncture z for every v.
Then the asymptotic representatives of wu, at z converge in W*P(Z,) for every
ke N and pe (1,0) to the asymptotic repesentative of u at z.

REMARK 6.33. The obvious analogue of Proposition 6.32 for curves in completed
cobordisms also holds, with no meaingful change to the proof.

SKETCH OF THE PROOF OF PROPOSITION 6.32. After a slight reparametriza-
tion of u near infinity, one can assume the asymptotic representative h € F(uf{T(R X
M)|z,) for u at z € I'* takes values in the subbundle u*¢, which can be regarded
as the normal bundle of the trivial cylinder. The following general principle then
applies: whenever v : (S,j) — (W, J) and w : (5',5) — (W, J) are two immersed
J-holomorphic curves such that w is obtained by exponentiating a section 1 of the
normal bundle of v, the section n satisfies a linear Cauchy-Riemann type equation
defined on that normal bundle. The proof of this is similar to the argument in
Proposition 2.34; for a complete account, see e.g. [Wen20, Proposition B.28]. In
the present context, it means that our asymptotic representative A is annihilated
by some linear Cauchy-Riemann type operator D that is defined on the bundle u3¢
over one cylindrical end, and the asymptotic behavior of v implies that that operator
is C*-asymptotic to the nondegenerate asymptotic operator A.. Proposition 4.26
then implies h € WkP9(Z,) for all k € N and p € (1, 0).

The case of a converging sequence is handled similarly; cf. Exercises 4.24 and 4.27.

O

6.6. Simple curves and multiple covers revisited

In §2.6, we proved that closed J-holomorphic curves are all either embedded in
the complement of a finite set or are multiple covers of curves with this property.
The same thing holds in the punctured case:

THEOREM 6.34. Assume u : (3,j) — (W, J) is a nonconstant asymptoti-
cally cylindrical J-holomorphic curve whose asymptotic orbits are all nondegenerate,
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where Y = Y\ for some closed Riemann surface (3,7) and finite subset T < .
Then there exists a factorization u = v o @, where
e v : (X,5) — (X,j) is a holomorphic map of positive degree to another
closed and connected Riemann surface (3, j');
v (Y,5) — (I//I\/, J) is an asymptotically cylindrical J-holomorphic curve
which is embedded except at a finite set of non-immersed points and self-
intersections, where 3 := S\I" with T := () and T = ¢~ }(I").

As in the closed case, we call u a simple curve if the holomorphic map ¢ :
(2,7) — (¥, 4) is a diffeomorphism, and u is otherwise a k-fold multiple cover
of v with k := deg(p) = 2.

The proof of this theorem is an almost verbatim repeat of the proof of The-
orem 2.35 in Lecture 2, but with one new ingredient added. Recall that in the
closed case, our proof requireg\ two lemmas which described the local picture of a
J-holomorphic curve u : ¥ — W near either a double point u(z) = u(z;) for zo # 2
or a non-immersed point du(zy) = 0. Both statements were completely local and
thus equally valid for non-closed curves, but we now need similar statements to
describe what kinds of singularities can appear in the neighborhood of a puncture.
The following lemma is due to Siefring [Sie08] and follows from a “relative asymp-
totic formula” that describes the exponential decay of asymptotic representatives
somewhat more precisely than Proposition 6.32 (cf. Lemma 15.4).

LEMMA 6.35 (Asymptotics). Assume u : (X = L\T',j) — (I/ﬂ\/ J) is asymptoti-
cally cylindrical and is asymptotic at zo € I' to a nondegenerate Reeb orbit. Then
a punctured neighborhood L[ZO =) of zo can be identified biholomorphically with the
punctured disk D = D\{0} such that

u(z) =v(")  for zeD=1U,,

where k € N and v : (D, i) — (W, J) is an embedded and asymptotically cylindrical
J-holomorphic curve. Moreover, if u' : (X' = ¥\I”, j') — (17[\/, J) is another asymp-
totically cylindrical curve with a puncture z; € I, then the images of u near zy and
u’ near z, are either identical or disjoint. O

EXERCISE 6.36. With Lemma 6.35 in hand, adapt the proof of Theorem 2.35 in
Lecture 2 to prove Theorem 6.34. If you get stuck, see [Nell5, §3.2].

PROPOSITION 6.37. If [(2,7,I'7,T7,0,u)] € Myn(J, A,v*,~7) is represented
by a simple curve, then Aut(u) is trivial. If it is represented by a k-fold cover of a
simple curve, then | Aut(u)| < k. In particular, Aut(u) is always finite.”

ProOOF. If u is simple, then it is a diffeomorphism onto its image in a small
neighbourhood of some point, and any map ¢ satisfying u = u o ¢ would be the
identity on such a neighbourhood. By unique continuation, we conclude that Aut(u)
is trivial. In general if u = v o ¢ for some simple

v:Y > W

Tcf. Remark 6.31 for the case where u is constant.
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and
p: 0 -
a k-fold branched cover, we have
Aut(u) ={f: X > X |vopof=vop}l

By a similar argument as in the previous case, knowing that v is simple implies we
only need to look at solutions to

pof=e
Remove the set of branch points B from ¥ together with the set ¢~'(B) from X,
so that ¢ becomes an honest covering map. Any ¢ € Aut(u) then defines a deck
transformation of the cover, and for a cover of degree k, there are at most k such
transformations. O

6.7. Possible generalizations

In this section I would like to add a few remarks on the set of assumptions
involved in our geometric setup, and which of them could possibly be relaxed. A
certain amount of what I have to say on this subject is speculative and should
perhaps be taken with a grain of salt; in any case, the reader who is only interested
in the standard setup for SFT may feel free to skip it.

6.7.1. Asymptotically cylindrical ends. When (W, w) is a symplectic cobor-
dism with stable boundary (M, Hy) and J € J;(wy, 7o, H4, H_) belongs to our

~

distinguished class of almost complex structures, the completion (W, J) is what is
known as an almost complex manifold with cylindrical ends. In particular,
it has the feature that J is translation-invariant on both ends outside of some com-
pact subset. For certain applications, it is natural to consider a weaker variant of
this condition, in which J is not translation-invariant and thus does not belong to
J (H+) on any neighborhood of infinity but has asymptotic approach to something
that is translation-invariant. The precise condition suggested in [BEH 03] was as
follows: if 7. : R x S' — R x S! denotes the translation map (r,z) — (r + ¢, z) for
c € R, then there exist J; € J(H4) such that

(6.8) T:J‘[Om)xMJr — Jyasc— o and T:J}(foo,o] — J_asc¢— —w,

X M_

with uniform convergence of all derivatives. If (I//I\/, J) satisfies this condition, it is
known as an almost complex manifold with asymptotically cylindrical ends.
It remains unclear whether any reasonable theory of J-holomorphic curves exists at
this level of generality, though Bao [Bao15] has shown that the compactness results
from [BEH 03] do extend under a stricter hypothesis that the convergence in (6.8)
is exponentially fast. It seems very likely that the rest of the results in this book
will also hold under Bao’s hypothesis, but proving this would require some extra
analytical effort that we would prefer to avoid, and it is in any case unnecessary
for the development of symplectic and contact invariants. One concrete application
of the compactness results from [Baol5] is to show that certain configurations
of nodal J-holomorphic curves in an almost complex 4-manifold have the same
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geometric structure as the neighborhood of a singular point in a Lefschetz fibration;
see [Wenl8, Appendix A].

6.7.2. Tame but not compatible. In the analysis of closed J-holomorphic
curves on a symplectic manifold (W,w), it almost never matters whether J is as-
sumed to be compatible with w or only tamed by it. One encounters occasional
situations in which a lemma is easier to prove under one of those assumptions than
the other, e.g. tameness has the obvious advantage of being an open condition, while
certain formulas take appealingly simpler forms in the compatible case. But almost
everything that is important in the theory works either way.

For an odd-dimensional manifold M with a stable Hamiltonian structure H =
(w,A), we have defined the special class of translation-invariant almost complex
structures J € J(H) on R x M with the property that J| is compatible with w]e,
and there is a temptation to believe that replacing “compatible” with “tame” in this
definition would be harmless. That is false. This is to say, while it seems possible
that the analytical foundations of SF'T might still work when J|¢ is only tamed by
but not compatible with wle, this is by no means obvious: some nontrivial work
would need to be done to prove it, and that work has not been done. The difficulty
concerns the asymptotic operators

A, = —JV{ : T(7°€) - T (7€)

associated to closed Reeb orbits v. We have seen in Proposition 6.24 that A ap-
pears in the linearized Cauchy-Riemann operator for the trivial cylinder over ~, and
for that reason, it will also appear in asymptotic expressions of linearized Cauchy-
Riemann operators for arbitrary asymptotically cylindrical curves. When we study
the local structure of the moduli space in the next two lectures, we will need those
linearized Cauchy-Riemann operators to be Fredholm, and our proof of this in Lec-
ture 4 made essential use of the fact that A, is L?-symmetric. We have also invoked
the symmetry of A, whenever we discussed exponential convergence of solutions
at infinity, as in §4.6 and §6.5, and the existing proofs of Lemma 6.35, which we
used for establishing the dichotomy between simple and multiply covered curves,
also require it.

The symmetry of A, was proved in Exercise 3.5, but this required wl¢ to be
J-invariant, i.e. compatibility, not just tameness. Without compatibility, A, need
not be symmetric, and its eigenvalues need not be real.

This is not necessarily a catastrophe, as the tameness of J does still give A, =
—JV¥ some useful properties short of symmetry. This situation has an analogue in
the finite-dimensional setting of Morse homology. The role of asymptotic operators
in that setting is played by the Hessian V?f(x) : T,M — T, M of a Morse function
f M — M at acritical point x € M, which appears in linearizations of the gradient-
flow equation because V2 f(x) is the linearization of the gradient vector field V f at a
point in its zero-set. However, Morse homology can also be defined under a relaxed
assumption, where instead of counting flow lines of the actual gradient of f with
respect to a Riemannian metric, one counts flow lines of some other gradient-like
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vector field X on M, meaning
df (X) > 0 wherever df # 0.

One can see by looking at f in local Morse coordinates that under this condition, X
must vanish at the critical points of f, and for technical reasons one usually needs
to impose a more precise condition on the behavior of X near those points, e.g. that
for some choice of Riemannian metric on M there exists a constant § > 0 such that

df(X) =6 (|X[* + |df*) .

If one now linearizes the flow equation for X, the term that appears near +oo for
each flow line is no longer the Hessian of f at critical points x, but rather the
linearization DX (z) : T,M — T, M of the vector field at points in its zero-set. Such
a linearization need not be symmetric, and for smooth vector fields in general, there
are few constraints on what the linear map DX (z) : T,M — T, M may look like
beyond saying that for generic vector fields, it will be invertible. For gradient-like
vector fields, however, there are constraints, e.g. nonzero eigenvalues of DX (z) :
T.M — T, M must always have nontrivial real part (see [CE12, Lemma 9.9]).

The relevance of gradient-like vector fields to our discussion is that if H = (w, \)
is a stable Hamiltonian structure on M and J : £ — £ is w-tame, then the “vector
field” V(y) := —Jmey on C*(S', M) is gradient-like with respect to the action
functional A, of §6.1.1, because

dAL(W)V (y) = —f w(¥, —Jmey) dt = J w(me’, Jmed) dt > 0,
g1 g1

with strict inequality unless v parametrizes a Reeb orbit. The asymptotic operator
A, = —JVY : L2(v*¢) o HY(y*E) — L*(v*¢) is defined as the linearization of
V' at a Reeb orbit 7, so one can use these observations to prove as in the finite-
dimensional case that no eigenvalue of A, can be purely imaginary unless it is 0.
This added information is enough to generalize our proof of Theorem 4.14 on the
invertibility of translation-invariant operators d; — A, over the cylinder, which was
the main technical step in our proof of the Fredholm property in Lecture 4. There
remain other things to check, especially in the realm of asymptotic decay conditions,
and one should not attempt to use the machinery of SFT in this greater generality
without first writing down those details. But if I had to bet the life of one of my
Ph.D. students,® I would bet that it works.

6.7.3. Framed but not stable. Every compact symplectic manifold (W,w)
with boundary can be viewed as a symplectic cobordism between odd-dimensional
manifolds (M4, H+) endowed with framed Hamiltonian structures Hy = (w4, A4).
The collar neighborhoods (6.2) then give rise to a reasonable notion of a symplec-
tic completion (W,ww) admitting tame almost complex structures that belong to
J(H+) on the cylindrical ends. In general, the framings A4 of H. do not need to be
stable in order for this construction to make sense, and stability imposes an extra
constraint, i.e. not every Hamiltonian structure admits a stable framing. However,
we saw two reasons in this lecture why the theory of J-holomorphic curves may run

8Needless to say, I learned this expression from my Ph.D. advisor.
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into trouble if stability of A; is not also assumed. Ele first reason concerns the
definition of energy: the symplectic structure w, on W depends in general on the
arbitrary choice of a function ¢ in the space 7y defined in (6.5), and for a non-stable
Hamiltonian structure, w, does not tame J for every choice of ¢. We will see in
Lecture 9 that the ability to choose ¢ € Ty arbitrarily is essential, and as a conse-
quence, there really is no reasonable compactness theory for J-holomorphic curves
on cobordisms with non-stable boundary.

But compactness is not the only feature of the SF'T setup, and one can imagine
applications for which this aspect of the theory is unimportant, or is trivial for
other geometric reasons. Thus a valid question remains: can other aspects of the
fundamentals of SFT, such as the Fredholm and transversality theory, still be defined
with respect to Hamiltonian structures that are not stable?

On this question I am slightly more optimistic, but the answer as in §6.7.2 is
that if it can be done, then some nontrivial amount of work would be required in
proving it. The danger here is visible in Proposition 6.24: if d\(R, -) does not vanish
everywhere, then the linearized Cauchy-Riemann operator for a trivial cylinder does
not take the form d;— A for an asymptotic operator A, and as a result, the linearized
operators for asymptotically cylindrical curves in general will not fit into the scheme
of the Fredholm theory we established in Lecture 4. On the other hand, it is quite
easy to see that the particular consequence of Theorem 4.14 we will need in the next
lecture holds anyway: the linearization along the trivial cylinder takes the form

o e (P D)2

with respect to the splitting uXT(R x M) = ule @ ul&, for some bundle map B :
ul¢ — ule. Such upper-triangular operators are invertible whenever both of their
diagonal terms are. Here the upper left block presents us with a minor headache
since —id; is a degenerate asymptotic operator, but we will see in the next lecture
how to rectify this by working in exponentially weighted Sobolev spaces, which has
the effect of adding a small constant to this operator to make it nondegenerate.
The result is that the analysis behind our proof of the semi-Fredholm property in
Lecture 4 actually does work in this more general context. Moreover, the non-
symmetric operator appearing in the first matrix in (6.9) has the same spectral
properties as an asymptotic operator: each of its eigenvalues is also an eigenvalue
of either —id; or A.,. There are again still some things to check, but it seems likely
that all of our results thus far and in the next two lectures could admit reasonable
generalizations to the non-stable setting. We will not attempt to carry out such
a generalization in this book, since we have no interesting applications for it in
mind—the most important Hamiltonian structures are the examples from contact
geometry and Floer homology discussed in §6.3, and these are of course stable.

6.7.4. SFT without symplectic structures? Let’s not carried away: what-
ever subset of the results in this book remains intact after removing symplectic
structures entirely from the picture, one should clearly no longer refer to it as “sym-
plectic” field theory. Nonetheless, a large portion of the theory of moduli spaces of
closed J-holomorphic curves is valid in arbitrary almost complex manifolds with no
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taming symplectic form—the usual regularity results all hold, the moduli spaces are
well defined, the dichotomy between simple and multiply covered curves still makes
sense, and so does the main result of the next lecture, namely that after a generic
perturbation of J, the moduli space becomes a smooth manifold whose dimension
is determined by the index formula in Lecture 5. What definitely does not work is
Gromov’s compactness theorem: one can define a purely analytical notion of energy
for a J-holomorphic curve (essentially as the L?-norm of its derivative, see [MS12]),
but without any taming condition there is no reason for this energy to be bounded.
As we will see in Lecture 9, without uniform energy bounds, the moduli space cannot
be expected to have a natural compactification. Generalizing to an arbitrary almost
complex manifold with cylindrical ends will definitely not improve this situation, so
let us accept from the start that without tameness, there will be no compactness
theory.

It nonetheless seems reasonable to ask /vghether the Fredholm and transversality
theory of SF'T might still hold. In fact, if (W, J) is an almost complex manifold with
cylindrical ends [0,0) x M, and/or (—o0,0] x M_ on which J belongs to J(H+)
for stable Hamiltonian structures H4 on M, then the Fredholm and transversality
theory will be absolutely fine: there is no need to have any symplectic structure
on the original compact cobordism W. A more interesting question is whether the
Hamiltonian structures on the cylindrical ends can also be dispensed with, i.e. we
could assume that J is translation-invariant on the cylindrical ends and maps 0,
to some vector fields R+ on M., but place no further assumptions on these vector
fields or on the maximal J-invariant subbundles £+ < T'({r} x My).

One now runs into a starker version of the problem already discussed in §6.7.2:
the asymptotic operators that appear as asymptotic data for linearized Cauchy-
Riemann operators take the form

Ay = =JVi:T(7°6) = T(v*),

where V is a connection on v*¢ determined by the linearized flow of R, but £ does not
carry any symplectic structure for this connection to preserve, and as a consequence,
there is now virtually no constraint on the spectral properties of A,. In particular,
A, can have purely imaginary eigenvalues without being degenerate, in which case
the proof of Theorem 4.14 on translation-invariant operators d; — A, cannot be
rescued, and the Fredholm property will fail. This does not necessarily mean that
the situation is hopeless, but anything further I could say on this topic would be
pure speculation.
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In this lecture, we study the local structure of the moduli space
M<J) = Mg,m(‘]v A7 '7+7 77)

introduced in §6.4. We assume as before that (W, w) is a 2n-dimensional symplectic
cobordism with stable boundary W = —M_]] M, inheriting stable Hamilton-
ian structures Hy = (w4, A+) with induced Reeb vector fields Ry and hyperplane
distributions ¢4 = ker Ay, while g,m, k., k_ = 0 are integers, v* = (77, ... ,fy,i)
are ordered sets of closed R.-orbits in My, and A € Hy(W,4* U~7) is a relative
homology class with A = > .[v"] — X[ ] € Hi(W, 4t U 47). The noncompact
completion of (W, w) is denoted by (171\/, wy) for some fixed function ¢ : R — (—¢, €)
that scales the symplectic form on the cylindrical ends, and rq > 0 is a fixed constant
which determines the size of the ends [rg, @) x M, and (—o0, —r¢| x M_ on which
we require our almost complex structures

Je jT(w'l,b7 To, H+7 H*)
to be R-invariant. The complement of these ends has closure
W = ([—10,0] x M_) upr. W o, ([0,70] x M).

We will often make use of the fact that since J matches translation-invariant almost
complex structures in J(H4) outside of W', there are natural complex vector
bundle splittings
T(Rx M) =ex @&,

where €4 denotes the canonically trivial line bundle spanned by 0, and the Reeb
vector field R4.

We will sometimes also consider the slightly simpler situation of J-holomorphic
curves in (R x M, J), where M is a closed manifold with a fixed stable Hamiltonian
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structure H = (w, A) and R-invariant almost complex structure J € J(H). In this
case, we shall write

W:=Rx M, My =M, and Hy=(wi,A\y):=H = (w,\),
and regard A as an element of Ho(M, 5% u47).

7.1. The main result on regular curves

The major theorem we need to prove in this lecture gives M(J) a smooth struc-
ture in the presence of suitable transversality conditions. It will be followed in the
next lecture by two important results examining when these transversality condi-
tions can be achieved. Before stating the first result, there is a word that may need
some clarification: orbifolds, introduced originally by Satake [Sat56] under a differ-
ent name, are Hausdorff topological spaces that are locally homeomorphic to open
subsets of vector spaces divided by finite group actions. More precisely, if we say that
a space M admits the structure of an n-dimensional orbifold with local isotropy
group G at a given point x € M, this implies that there is a homeomorphism

uso/a,

where U/ = M is a neighborhood of z, G is a finite group with a linear action'
on R", O < R" is a G-invariant open neighborhood of 0 and ¢(x) = 0. It is
important to understand that the isotropy group can vary from point to point, but
it is always required to be finite, and one can easily show that if a given point x € M
has isotropy group G, then x has a neighborhood in which all points have isotropy
groups isomorphic to subgroups of GG. This implies that the set of points with
trivial isotropy group is open, and this subset is then a manifold. More should be
said about the precise meaning of smoothness on an orbifold and what a smooth map
between orbifolds is. Definitions for these notions may be found e.g. in [ALRO7,
Dav,FO99]), and they vary slightly among different sources; an elegant presentation
in the language of groupoids is given in [McDO06, §2|. For the sake of applications
treated in this book, it will not be necessary to know the precise definitions, as
we will only need to consider orbifolds with trivial isotropy, i.e. manifolds. For the
following theorem, it will suffice to understand that an orbifold is what arises if you
divide a manifold by a smooth and proper Lie group action that is not necessarily
free but has at most a finite stabilizer subgroup at every point.

THEOREM 7.1. Suppose either J € J(H) or J € T-(wy,ro, Hi, H_), and that
the orbits v;° are all nondegenerate. Then the moduli space M(J) contains an open
subset

ME(J) = M(J)

ISome sources require the G-action on R” to be linear, and some only require it to be a smooth
action that fixes the origin. The two notions are equivalent: if the G-action is smooth but not
linear, one can use averaging to construct a G-invariant Riemannian metric on O and then observe
that the exponential map identifies a neighborhood of 0 in THR™ equivariantly with O, where the
G-action on TyR"™ is defined by linearizing the original G-action at the origin.
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consisting of so-called Fredholm regular curves, which naturally admits the structure
of a smooth orbifold of dimension

dim M™(J) = (n—3)(2—29 — ky —k_) +2¢](A)

ky k_
+ D o) = D eg() + 2m,
=1 1=1

where dim W = 2n, 7 is a choice of unitary trivialization for (&4, J,ws) along each
of the asymptotic orbits v, and c(A) denotes the relative first Chern number of the
complex vector bundle (u*TI//l\/, J) — S with respect to the asymptotic trivialization
determined by T and the splitting T(R x My) = 4 @ &x. The local isotropy group
of M™(J) at u is Aut(u), hence the moduli space is a manifold near any regular
element with trivial automorphism group.

EXERCISE 7.2. Verify that the number in the dimension formula above is inde-
pendent of the choice of trivializations 7, and that ¢ («*T'W') depends only on the
relative homology class A.

The integer in the above dimension formula is often called the virtual dimen-
sion of M(J) and denoted by

vir-dim M(J) := (n — 3)(2 — 29 — ks — k_) + 2¢{(A)
ky ke
+ e (V) = D e () + 2m.
i=1 i=1
Ignoring the marked points, the virtual dimension of a space M,o(J, A,v*,~v7)

containing a curve u : (3,j) — (W, J) with punctures z € I'* and nondegenerate
asymptotic orbits {7, }.cr+ is sometimes also called the index of u,

ind(u) := (n = 3)x(2) + 2 (W TW) + Y| pgg(v:) — ), 1ez(v:) € Z,
zel'+ zel'~
and we will see that it is in fact the Fredholm index of an operator closely related to
the linearized Cauchy-Riemann operator D, at u. The word “virtual” refers to the
fact that in general, the regularity condition may fail, and thus M (J) might not be
smooth, or if it is, it might actually be of a different dimension (see Example 8.8
below), but in an ideal world where transversality is always satisfied, its dimension
would be vir-dim M(J). This notion makes sense in finite-dimensional contexts as
well: if f : R™ — R™ is a smooth map, then we would say that f~1(0) has virtual
dimension n —m, even though f~!(0) might in general be all sorts of strange things
other than a smooth (n — m)-dimensional manifold. In particular, n — m could
be negative, in which case f~1(0) would be empty if transversality were satisfied,
but in general this need not be the case. It is true however that f can always be
perturbed to a map whose zero set is an (n — m)-dimensional manifold (or empty if
n—m < 0). The same is true in principle of the nonlinear Cauchy-Riemann equation,
and in the next lecture, we will prove that the transversality condition behind the
definition of M*&(J) < M(J) can be achieved at least for the somewhere injective
curves in M(J) after allowing C'*-small perturbations of J. In general, it is a
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formidably difficult problem to find perturbations that are sufficiently generic to
achieve transversality while also respecting all symmetries inherent in the setup as
well as the extra structure provided by the compatification of M(J), which is usually
crucial for meangingful applications. Such issues require more sophisticated methods
than we will discuss here, but a good place to read about them is [FFGW16].

Sections 7.2 and 7.3 below serve as preparation for the proof of Theorem 7.1,
which is carried out in §7.4. Section 7.5 then proves a few more specialized results
about the space M™&(.J) that are useful in applications.

7.2. Functional-analytic setup

The first step in proving Theorem 7.1 is to define a suitable Banach manifold of
maps for candidate solutions of the nonlinear Cauchy-Riemann equation to live in.
Before doing this, a brief digression on the definition of the word “manifold” is in
order.

REMARK 7.3. In finite dimensions, the standard convention (which we follow in
this book) is to require all manifolds to be not only locally Euclidean but also Haus-
dorff and second countable. Those last two conditions are important, for instance
because without both of them, the standard classification of compact 1-manifolds as
disjoint unions of circles and intervals becomes false, and many fundamental results
in differential topology (including the proof that ¢ = 0 in all Floer-type theories)
depend on that classification. On the other hand, conventions vary on the precise
set of topological adjectives that should be associated to the word “manifold” in
infinite dimensions. In the classic book by Lang [Lan99], smooth Banach manifolds
are not assumed to be Hausdorff, second countable or paracompact except when
each of those conditions is specifically needed. So for instance, they are not needed
in the implicit function theorem, but this observation comes with caveats: if you use
the implicit function theorem to cut a finite-dimensional submanifold out of a non-
Hausdorff Banach manifold, then the submanifold might not be Hausdorff either.
In practice, all of the important manifolds we encounter in this book, both finite
and infinite dimensional, will be metrizable and separable, from which it follows
that they are both Hausdorff and second countable. Some care is warranted be-
cause for an infinite-dimensional Banach space, separability is typically not obvious,
and without the second countability axiom, fundamental results like the Sard-Smale
theorem (see §8.1) become false.

Fix k e N and p € (1,00) with kp > 2, a small number ¢ > 0, and a Riemannian

metric on W that is translation-invariant in the cylindrical ends. Fix also a closed
connected surface Y of genus g, and disjoint finite ordered sets of distinct points

FiZ(Zli,...,Z];_;), @:(Cl,--->Cm)

in Y, together with disjoint neighborhoods

+
Z/{jCE
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of each Z]i e I'* with complex structures jr and biholomorphic identifications of

(Z/{ji,j[‘, z;) with (DD, 4,0) for each j = 1,..., ky. This determines holomorphic cylin-
drical coordinates identifying each of the punctured neighborhoods

e B
U cx:=X\IT"ul")

biholomorphically with the half-cylinder Z.

For reasons that will become clear when we study the linearized Cauchy-Riemann
operator in the punctured setting, we will need to consider exponentially weighted
Sobolev spaces. Suppose EF — ¥ is an asymptotically Hermitian vector bundle: then
the Banach space

WhPS(E) « WEP(E)

loc

is defined to consist of sections 7 € I/VIIZCP(E) whose representatives f: Z, — C™ in
cylindrical coordinates (s,t) € Z1 and asymptotic trivializations at the ends satisfy

(7.1) HeiésfHWw(zi) < o0.

The norm of a section n € W*P9(E) is defined by adding the W*P-norm of 7 over a
large compact subdomain in 3 to the weighted norms (7.1) for each cylindrical end.
If § = 0, this just produces the usual W*P(E), but for § > 0, sections in W*P(E)
are guaranteed to have exponential decay at infinity.

REMARK 7.4. It is occasionally useful to observe that the definition of W*P9(E)
also makes sense when § < 0. In this case, sections in W*P(E) are of class I/Vllf)cp

but need not be globally in W*?(E), as they are also allowed to have exponential
growth at infinity.

We now want to define a Banach manifold of maps u : ) — W that will contain
all the asymptotically cylindrical J-holomorphic curves with our particular choice
of asymptotic orbits. Recall from §6.4 that the asymptotically cylindrical condition
means

(7.2) u(s — so, t — tg) = OXP (15 2 (1) h;(s,t)  for sufficiently large |s|

in holomorphic cylindrical coordinates (s,t) € Z4 near each puncture z]i e I't, where
Tjir > 0 is the period of the orbit fy]i : ST — My, hj(s,t) is a vector field along the
trivial cylinder that decays along with all its derivatives as s — +00, and sg € R
and to € S! are constants. Equivalently, every asymptotically cylindrical map can
be assumed to satisfy

U(S, t) = eXp(Tjis-i-a,'yji (t+b)) hj(s’ t)’ sl—i>Iir-loo h(S, t) =0
for some constants a € R and b € S'. Here the exponential map is defined with
respect to a connection that is R-invariant on the cylindrical ends; since W, M,
and M_ are compact, none of the resulting definitions depend on this choice so long
as the R-invariance condition is satisfied. Let us fix a neighborhood

D TW
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of the zero-section that is also R-invariant on the cylindrical ends and small enough
to have the property that for the bundle projection 7 : TW — W, the map

(m,exp)lp: D —> W x W

is a well-defined diffeomorphism onto a neighborhood of the diagonal. We then
define the space

BEP = WHS, W " y7) = OB W)
to consist of all continuous maps w : ) — W of the form

U(Z) = €XDPy(z) h(Z),
where:

o« f:Y > W is smooth and, in our fixed cylindrical coordinates (s,t) € Z4
on neighborhoods of the punctures Z]i e I't, takes the form

f(s,t) = (Ti's +a,v; (t+ b)) for |s| sufficiently large,

where a € R and b € S! are arbitrary constants and Tji > () is the period of
the Reeb orbit ~; : ST — M,;
e he Wk’p"s(f*TW) and h(z) € D for all z € .

Though it is not immediate since 3 is noncompact, one can adapt the ideas in
[E1i67] or [Pal68] to give BXP the structure of a smooth, separable and metriz-
able Banach manifold. The key point is the conditign kp > 2, which guarantees
the continuous inclusion W*PA(f*TW) — CO(f*TW) as well as Banach algebra
and C*-continuity properties, cf. Propositions 2.4, 2.7 and 2.8 in Lecture 2. These
properties are needed in order to show that the transition maps between pairs of
charts of the form exp; h +— h are smooth.

The tangent space to BP9 at u e B¥?° can be written as

T,B857% = WE (u*TW) @ Vi,

where Vp < F(u*TW) is a non-canonical choice of a 2(k; + k_)-dimensional vector
space of smooth sections asymptotic at the punctures to constant linear combina-
tions of the vector fields spanning the canonical trivialization of the first factor in
T(R x My) = ey @&, i.e. they point in the 0,- and R-directions. The space Vr
appears due to the fact that two distinct elements of B¥?9 are generally asymptotic
to collections of trivial cylinders that differ from each other by k., + k_ pairs of
constant shifts (a,b) € R x St

Fix J € J:(wy,ro, H+, H—_) and a smooth complex structure j on 3 that matches
Jr in the neighborhoods Z/{ji of the punctures. The nonlinear Cauchy-Riemann op-
erator is then defined as a smooth section

0.y BEPO — EFLPO s du 4 J(u) o du o j

of a Banach space bundle
gkfl,p,(g N Bk,p,5

with fibers - . =
85_171776 = Wk‘_l’p’&(HOm(C(Tza U/*TW))
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The zero set of 0; 5 is the set of all maps u € B¥P9 that are pseudoholomorphic from

(2, 5) to (W, J). Note that the smoothness of 0; ; depends mainly on the fact that
J is smooth. Indeed, in local coordinates éj,‘] looks like u +— dsu + (J o u)dyu, in
which the most obviously nonlinear ingredient is u — J owu. If J were only of class
C*, then the C*-continuity property would imply that the map u — .J o u sends
maps of class W¥? continuously to maps of class W*P, and one can use an inductive
argument to show that this map then becomes r-times differentiable if J is of class
C**7; see [Wend, Lemma 2.12.5]. Moreover, 0; ;(u) satisfies the same exponential
weighting condition as u at the cylindrical ends due to the fact that J is R-invariant
near infinity.

For u e 5;}(0), the linearization D0; j(u) : T,B¥P0 — EF=1Lr4 defines a bounded
linear operator

D, : Wk’p’5(u*TI//I\/) ® Vi — WH 129 (Home (T, u*TI//I\/))

We derived a formula for this operator in Lecture 2 and showed that it is of Cauchy-
Riemann type. Since Vr is finite dimensional, D, will be Fredholm if and only if its
restriction to the first factor is Fredholm; denote this restriction by

D;s : WEPO(*TW) — W 1P (Home (TS, u*TW)),

where we’ve chosen the notation to emphasize the dependence of this operator on
the choice of exponential weight § > 0 in the definition of our Banach space. We
will see presently why it’s important to pay attention to this detail. We first take
note of the following consequence of the computation in Proposition 6.24 for D, in
the case where u is a trivial cylinder:

ProrosiTION 7.5. The Cauchy-Riemann type operator D, on WTW is as-
ymptotic at its punctures zji e It for j = 1,....ky to the asymptotic operators

(—id) @A“/ji on (’V;‘L)*@i @) =

Perhaps you can now see a problem: even if the orbits ,in are all nondegenerate,
the asymptotic operators (—i&t)(—DA,Yi are degenerate, as they have nontrivial kernel
J

consisting of constant sections in the first (trivial) factor of (v;7)*(e+ @ &4+). This
implies in particular that

Do : WP (u*TW) — W (Home (TS, uw*TW))

is not Fredholm, except of course in the special case where there are no punctures.
The situation is saved by the exponential weight:

LEMMA 7.6. For every 6 > 0 sufficiently small, the operator Ds is Fredholm and
has index

ey ke
ind(Dy) = nx(S) — (n+ VAT + 26 ( TW) + . wpy(v7) = Y 1en (7).
j=1 J=1

Moreover, every element of M(J) can be represented by a map u € BP9,
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PRrROOF. The second claim follows from Proposition 6.32 in the previous lecture.

To see that Ds : WFP? — Wk=1r9 ig Fredholm and to compute its index, we
can identify it with a Cauchy-Riemann type operator from W*? to W*=1P_ Indeed,
pick any smooth function f : > — R with f(s,t) = Fos on the cylindrical ends
near I't, define Banach space isomorphisms

Dy WhP — WhPS s el
Uy WhLP o WWh=lpd g s of g,
and consider the bounded linear map
D) = U5 'Dyd; : WEP(u*TW) — W2 (Home (TS, w*TW)).

Using the Leibniz rule for Dy, it is straightforward to show that D is also a linear
Cauchy-Riemann type operator. Moreover, suppose Dj takes the form 0+ S(s,t) in
coordinates and trivialization on the cylindrical end near z;—r, where S(s,t) — Sy (t)
as s — too and A g = —i0; — S (t). Then D} on this same end takes the form

51 = €°(0+ S(s,4))(e™n) = In + (S(s,t) F o)
and is therefore asymptotic to the perturbed asymptotic operator

At = <(—z’&t) @Aﬁ) + 4.

J

The latter is the direct sum of two asymptotic operators —ié’t + 6 on the trivial
line bundle and A_+ 4 ¢ on (7 )*€, respectively. Since 'y— is nondegenerate by

assumption and the spectrum of A + is discrete, we can assume ker(A,Yi +J) remains
trivial if 0 > 0 is sufficiently small, and the Conley-Zehnder index of this perturbed
operator will be the same as without the perturbation. On the other hand, the
spectrum of —i0; consists of the integer multiples of 27, thus —id; + 0 also becomes
nondegenerate for any ¢ > 0 small. Its Conley-Zehnder index can be deduced from
the winding numbers of its eigenfunctions using Theorem 3.55 in Lecture 3: —id,
has a 2-dimensional nullspace consisting of sections with winding number 0, and
this becomes an eigenspace for the smallest positive eigenvalue if the puncture is
positive or the largest negative eigenvalue if the puncture is negative. Theorem 3.55
thus gives
MCZ(_iat + 5) = $]-7
and therefore,
NEZ(Ai) = Fl+ MEZ(’V;’F)

Plugging this into the general index formula from Lecture 5 then gives the stated
result. OJ

Putting back the missing 2(#I") dimensions in the domain of D,,, we have:

COROLLARY 7.7. For all § > 0 sufficiently small, the linearized Cauchy-Riemann
operator D, : T,B¥P% — 55*1’1”5 18 Fredholm with index

ko _
ind(Dy) = nx(S) — (0 = DA + 26 (@ TW) + 3 ) = 3, ;)

j=1
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7.3. Moduli of complex structures

Since the moduli space M (J) is not defined with reference to any fixed complex
structure on the domains ¥, we must build this freedom into the setup.

7.3.1. Teichmiiller space and automorphism groups. For any integers
g, = 0, the moduli space of Riemann surfaces of genus g with ¢ marked
points is a space of equivalence classes

Mg,f = {(27.77 @>}/ ~

where (X, 7) is a closed, oriented and connected surface with genus g, © < X is
an ordered set of ¢ points and equivalence is defined via biholomorphic maps that
preserve the marked points © along with their ordering. We shall refer to triples
(33, 7,©) that represent equivalence classes in this space as pointed Riemann sur-
faces. The space M, has been studied extensively in algebraic geometry, though
it can also be understood using the same global analytic methods that we have been
applying for M(J). It is known in particular that M, , is always a smooth orbifold,
and for any [(X, j,0)] € Mg, it satisfies

(7.3) dim Aut(%, 5, 0) — dim M, = 3x(X) — 2/,

where Aut(X, 7, ©) is the group of biholomorphic transformations of (¥, j) that fix
the points in ©, which is a smooth finite-dimensional Lie group. We will sketch
proofs of these facts below. Observe that there are only four special cases in which
X(X\©) is nonnegative, and for these, we will see that it is not difficult to give
explicit descriptions of both Aut(X,j,©) and M,,. All other cases satisfy the
following condition:

DEFINITION 7.8. A pointed Riemann surface (X, 7, ©) is stable if y(X\0) < 0.

In the stable cases, Proposition 7.9 below shows that Aut(X, 7, 0) is always a
finite group, thus (7.3) turns into the well-known dimension formula

(7.4) dim M,y = =3x(X) + 20 = 69 — 6 + 20.
This is also the dimension of the Teichmiiller space
T(%,0):=J(%)/Diffo(%,0),

where J(X) denotes the space of all smooth complex structures on ¥ compatible
with its orientation, and
Diffy (X, ©) < Diff (X, ©)

is the identity component of the group Diff(3, ©) of orientation-preserving diffeo-
morphisms that fix O, acting on J(X) by ¢ - j := ¢*j.? It is a classical result that
T (X, 0) is always a smooth manifold of the same dimension as M, ,, and indeed,
the latter can be presented (see Exercise 7.11 below) as the quotient of the former
by the discrete action of the mapping class group

M(5,0) := Difi(3, ©) / Diff (3, 0).
2Strictly speaking, acting by pullbacks defines a right group action 7 (X) x Diff (2, 0) — J () :

(4, ) — ¢*j, and if T wanted to turn it into a left group action, I should define the action of ¢ on
j to be (¢~1)*j. T hope you will forgive me for consistently ignoring this technicality.
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We will see below that 7 (X, ©) admits easy explicit descriptions in the four non-
stable cases, whereas in the stable cases, the fact that 7(X,0) is a manifold and
M, is an orbifold can be derived from the following:

PROPOSITION 7.9. If x(X\O) < 0, then the action of Diffo(X2,0) on J(X) is
free and proper. Moreover, the action of Diff (X, 0©) on J(X) is also proper, and its
stabilizer subgroup Aut(X, j, ©) for each j € J(X) is finite.

SKETCH OF THE PROOF. If ¢ € Diff((X, ©) satisfies p*j = j for some j € J (),
then ¢ : (X,j) — (%, 7) is holomorphic, thus if ¢ # Id, its fixed points are isolated
and count positively for the purposes of the Lefschetz fixed point theorem, which
says

# Fix(p) = x(¥)
since ¢ is homotopic to the identity. But ¢ has at least ¢ = #0O fixed points, so
this implies x(X) — £ = x(X\O) > 0 and thus contradicts the stability assumption.
This proves that the Diff(3, ©)-action on J(X) is free, and also that the group
Aut(%, j,0) is discrete for each j € J(X), as Aut(%, j, ©) n Diffy (%, ©) = {Id}.

The proof of properness requires some ideas from the compactness theory of
holomorphic curves, which we have not discussed yet but will do so in Lecture 9, so
for now we will give only an outline of the argument. (The missing details are filled
in by Exercise 9.21.) Properness of the action of Diffy(X,©) on J(X) means that
the map

Diffy (%, 0) x T (%) = T (2) x T(5) : (¢, ) = (¢75,7)
is proper, thus we need to show that if ¢, € Diffy(X, ©) and j, € J(X) are sequences
with C'*®-convergence j, — j and j!, := ¢*j, — j', then ¢, also has a C*-convergent
subsequence. The maps ¢, : (3,5/) — (X, 7,) in this situation are holomorphic

curves of degree 1 with respect to converging sequences of domain and target complex
structures, and they satisfy the uniform “energy” bound

E(p,) = J prdvol = f dvol = f dvol = Vol(X)
s o0 (%) >

for any choice of area form d vol on ¥, which can be interpreted as a symplectic form
taming the complex structures j, and j/. By elliptic regularity (Corollary 2.25), ¢,
will have a C®-convergent subsequence if it satisfies a uniform C'-bound, is this
implies uniform W'P-bounds for p > 2. If no such bound holds, then one can
reparametrize ¢, around a sequence of points where its first derivative is blowing
up and find a nonconstant holomorphic sphere (S?,i) — (%,7) “bubbling off” in
the limit. This is impossible if ¥ has positive genus, since the map S? — ¥ would
have to have degree at least 1, but m3(X) = 0. If ¥ is also a sphere, then there is a
different contradiction when #0© > 3, because the fact that deg(p,) = 1 implies that
the bubble must absorb all available energy—it follows that there can be at most
one bubble, which is found by reparametrizing the sequence around some specific
limit point (,, € S?, and on S*\{(} the sequence ¢, converges in C{°, to a constant
map. The latter is impossible since each ¢, fixes at least two distinct marked points

in S%\{¢eo}-
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We observe finally that the compactness argument in the previous paragraph
works equally well if Diffg(3, ©) is replaced by Diff(3, ©), and one can then apply
it to any sequence in Aut(X, j, ©), proving that this group is compact. Since it is
also discrete, Aut(X, j, ©) is therefore finite. O

REMARK 7.10. The case ¢ = 1 with no marked points is not stable, but the
compactness part of the proof above still works in this case, proving that Aut(T?, 5)
is compact for every j € J(T?).

EXERCISE 7.11. Show that the action of Diff (¥, ©) on J(X) descends to a proper
action of the mapping class group M(X,0) on T (X, ©) whose stabilizer subgroup
at each [j] € T(X,0) is

Aut(,4,0)/ Auto(X,4,0),  where  Auto(, 4, 0) := Aut(%, j, ©) n Diffo(Z, ©).

Show also that this stabilizer is always finite, and T (X, ©)/M (X, ©) is naturally
homeomorphic to M, ,. Hint: There is nothing to prove if ¢ = 0 and ¢ < 2, as
standard results on mapping class groups imply M (X, ©) is trivial in these cases.

Another way to see why T (X, 0) is a smooth manifold is by interpreting (7.3)
as a formula for a Fredholm index. Indeed, consider first the case £ = 0. The right
hand side is then y(X) + 2¢;(T'Y), which is, according to Riemann-Roch, the index
of the operator

Dyg : WEP(TY) — WP (Ende(TY)),
defined as the linearization at the identity map of the nonlinear Cauchy-Riemann
operator for holomorphic maps (X, j) — (X, j). This is also known as the canonical
Cauchy-Riemann operator for (¥, j), i.e. it is the one that looks like the standard
0 in any choice of holomorphic local trivialization of T'Y, so its kernel is the space of
holomorphic vector fields. Viewing it as a linearization, we see that there is a natural
inclusion Tig Aut(X, j) < ker Dyq4, and it is not hard to show that this inclusion is in
fact an isomorphism. For this it suffices to show that Aut(3, ) and ker Dygq have the
same dimension, and in fact both can be computed explicitly in all cases. For g = 0
and g = 1, Aut(X, j) has real dimension 6 or 2 respectively, as follows from explicit
descriptions of these groups which we shall review below. In the genus 0 case, we
have ¢1(T%) = 2 and ind Dyy = 6, so dimker Diy = 6, but the reverse inequality
also holds because picking any three distinct points (1, (3, (3 € X gives a linear map

ker DId - TCIE@T@E@TCSE
X = (X(G), X(62), X(G))

that must be injective since all zeroes of the holomorphic vector field X € ker Dq
count positively.® This proves dimker Dig = 6 = ind Dyq, hence Dyq is surjective
and Tiq Aut(S?,j) = kerDyy. In the genus one case, Dyq has index 0 and is not
surjective, but a similar argument using c;(7T?) = 0 shows that dimker Dyg < 2,
which is therefore an equality since dimker Dyq > dim Aut(T?, j) = 2. For genus
at least 2, the first Chern number becomes negative and the positivity of zeroes of

3In keeping with Remark 5.6, it seems important to clarify here that although Dy4 is naturally
a complex-linear operator, all dimensions and Fredholm indices in this discussion are real—which
is why they are all even.
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holomorphic vector fields thus implies that D14 is injective, hence Aut(X, j) is also 0-
dimensional, meaning it is discrete—this gives an alternative proof of the discreteness
of automorphism groups in the stable case, without need of the Lefschetz fixed point
theorem (cf. Proposition 7.9).

The cokernel of Dyq likewise has a natural identification with 77,17 (X), resulting
from the observation that the image of D4 is essentially the tangent space to the
orbit of j under the natural Diffy(X)-action on J(X). To see this, suppose ¢, €
Diff(X) is a smooth 1-parameter family of diffeomorphisms with ¢ = Id, and write
X = 0p0,|p=0 € I(T'E). Choose an area form dvol on ¥ and let V denote the Levi-
Civita connection with respect to the Riemannian metric g := dvol(-, j-); observe
that since V respects the metric, it also respects the conformal structure of (3, 7)
and therefore satisfies Vj = 0. It follows then from (2.1) that Dyy : I'(TY) —
Q%L(2, TY) is given by

DIdX ZVX+jOVXOj,

and a quick computation using the symmetry of V then yields the formula
0, ((,0;]) ‘p:O =0, (Tgo;l ojo T(pp) }p:O =-VXoj+joVX
= j(VX + j oVX Oj) = jDIdX = DId(jX) S F(EndC(TE))

We should note that this way of identifying im Dyq with a Diffy(X)-orbit ignores a
few technical details that deserve some care: strictly speaking, if we are viewing Dyq
as an operator W*P(TY) — W+ 12(Endc(TY)), then Diffy(X) should be replaced
by a neighborhood of Id in the Banach manifold of W*P-smooth maps ¥ — X,
with k£ and p chosen large enough to be able to say that these maps are at least
C'-diffeomorphisms. The resulting orbit of j then lives not in 7 (%) but in the space
JF1P(T) of almost complex structures of class W*=12. (For a more careful treat-
ment of Teichmiiller theory from this perspective, see [Tro92].) Just as the choice
of k and p does not affect the index or kernel of Dyq4, these analytical details have no
meaningful impact on the conclusion of the discussion, which is a characterization
of coker Dy4.

This whole discussion remains valid if marked points are included: the main
difference is then that the Cauchy-Riemann operator on 7' should be restricted to
a space of vector fields that vanish at ©, defining a 2¢-codimensional subspace

WEP(TY) = {X e WF(TY) | X|o = 0},

which is the tangent space at Id to the Banach manifold of W*P-smooth maps
3 — X that fix the marked points. Restricting the domain in this way decreases
the Fredholm index of Dyy by 2¢, producing the right hand side of (7.3). The same
arguments as sketched above then give natural isomorphisms

ker Dyg = Tiq Aut(3,7,0) =: aut(X,5,0), and coker Dy = T}; 7T (%, 0).

7.3.2. Teichmiiller slices. The following notion will give a practical means of
building variations in j into the analytic description of M(J).

DEFINITION 7.12. Given a pointed Riemann surface (%, jo, ©), a Teichmiiller
slice through (jy,©) (or simply a “Teichmiiller slice through j,” if © = ¢¥) is a
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smooth family of complex structures {j, € J(X)},ep parametrized by some smooth
finite-dimensional manifold P such that:
(1) jr, = Jjo for some 1 € P;
(2) The map P — T(%,0) : 7 — [j,] is a diffeomorphism onto an open
neighborhood of [jo];
(3) For every 7 € P, the linear map

(7.5) T, P — T'(Endc(T%, §)) : 7'(0) = Osjos)|
defined by choosing smooth paths «(s) € P through v(0) = 7 sends T, P

injectively onto to a complement of the image of the canonical Cauchy-
Riemann operator Dy : WaP(TS) — WH12(Ende(TY, 7)) of (X, §).
We shall typically identify a Teichmiiller slice with its image

T:= U} = T(®),

TeP

s=0

which we regard as a smoothly embedded finite-dimensional submanifold of J(X)
that contains jo and has tangent spaces

T;T = T(Endc(T, 5))
given by the image of the map (7.5); symbolically, the third condition then says
Dy(WEP(TE)) @ T;T = W*P(Ende (TS, 5)) for each je T,

EXERCISE 7.13. Verify that the image of the map (7.5) is automatically a section
of End¢(T'%, ), not just Endg(7Y).

EXERCISE 7.14. Show that the definition of a Teichmiiller slice does not depend
on the choices of Sobolev parameters k € N and p € (1,0). Hint: Elliptic regularity.

The important consequence of the identification 77,17 (X, ©) = coker Dyq is that
in practice, Teichmiiller slices are relatively easy to construct:

PROPOSITION 7.15. Suppose P is a finite-dimensional manifold and {j, € J(X)},ep
1s a smooth family of complex structures such that j,, = jo for some 19 € © and the
third condition in Definition 7.12 is satisfied for T = 19. Then {j,}.ep becomes a
Teichmaller slice after replacing P with any sufficiently small open neighborhood of
To tn P. O]

It is easy to see that Teichmiiller slices always exist, e.g. first choose T}, T <
['(End¢(T%)) to be any complement of imDyq, let O < T;,T be a suitably small
neighborhood of 0 in this vector space, and define a family {j, € J(2)},e0 by

. 1o 1o\
(7.6) Jy=\1+ 500y )jo | L+50y)
where the inverse on the right is defined as long as y € O is sufficiently small.
We will often need Teichmiiller slices that satisfy a few additional properties, and

for this purpose, it is useful to consider the stable and non-stable cases separately.
Non-stable pointed Riemann surfaces include the spheres with at most two marked
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points and the torus with no marked points. For spheres (S, j, ©), the uniformiza-
tion theorem (see Theorem 9.22) implies that (S2,7) is always biholomorphically
equivalent to the standard Riemann sphere (52,7), i.e. the extended complex plane
C u {0}. Moreover, if there are no more than three marked points, then we can
choose biholomorphic maps to assign each of them wherever we like: the standard
convention is to make © a subset of the points co, 0 and 1 in that order. It fol-
lows that M, is a one-point space for ¢ < 2, and since the mapping class group is
trivial in these cases, so is T(S?,©) for #0 < 2 (cf. Exercise 7.11). Precise descrip-
tions of the automorphism groups in these cases are well known: Aut(S?,4) is the
6-dimensional group of fractional linear transformations

az +0b
cz+d
often denoted by PSL(2,C) := SL(2,C)/{£1}, while Aut(S?,4,(20)) = Aut(C,7)
is the 4-dimensional group of affine transformations on C, and Aut(S?, 4, (0,00)) =
GL(1,C) = C*. Equation (7.3) now translates into the observation that when
#0O < 2, T(S2,0) is discrete and Aut(S?,4,0) = Aut(S?\0,i) is a Lie group of
dimension 6 — 2(#0).

Cu{w}—>Cu{w}:z— a,b,c,d e C with ad — be = 1,

REMARK 7.16. The main points in the previous paragraph can also be deduced
from holomorphic curve theory without any knowledge of the uniformization the-
orem or the mapping class group. In particular, the fact that 7(S? 0) is dis-
crete for #0 < 3 follows already from the observation that Dyq : WEP(T'S?) —
Wk=LP(Ende(T'S?)) in these cases is surjective. We proved this previously for
the case ©® = J, and the other cases follow similarly: our explicit descriptions
of Aut(S?%1,0) give easy lower bounds for dimker Dyq, and these match the up-
per bounds one gets by counting zeroes of holomorphic vector fields. Feeding this
knowledge into the implicit function theorem and applying a bit of compactness
theory as in Proposition 7.9, one can even turn this into a proof (without need of
uniformization) that 7(S?,©) is a one-point space. Notice that all complex struc-
tures compatible with a given orientation on a surface are also compatible with a
symplectic form, thus they form a contractible space. Given j € J(S5?), it follows
that there exists a smooth path {j; € J(5%)}se[0,1] With jo = ¢ and j; = j, and the
idea is then to show that the parametric moduli space

{(s,9) | s€[0,1] and ¢ : (5%, i) — (S°, js) holomorphic
with deg(¢) = 1 and ¢(¢) = ¢ for ¢ = 0,1, 0}

is a smooth, compact and connected 1-manifold with boundary for which the projec-
tion (s, @) — s is a diffeomorphism to [0, 1]. This gives rise to a smooth 1-parameter
family of diffeomorphisms ¢, € Diffy(S?, ©) such that ¢y = Id and ¢*j, = i for ev-
ery s, proving [j] = [i] € T(5%,0) if © < {0,1,0}.

REMARK 7.17. No nontrivial transformation in PSL(2,C) fixes more than two
distinct points on S?, thus Aut(S?,i,0) is always a trivial group when #0 > 3,
and Exercise 7.11 then implies that My, is a manifold. One can also see this more
directly, as every pointed Riemann sphere (S?,7,0) with ¢ > 3 marked points is
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equivalent to a unique one of the form (52 4,0’) where © = (0,1,0,(, ..., ).
This gives a natural homeomorphism between Mg, and the set of ordered (¢ — 3)-
tuples of distinct points in S?\{0, 1, 0}.

The torus with no marked points is more interesting, as it is the only case for
which both the Teichmiiller space and the automorphism group have positive di-
mensions (equal, according to (7.3)). Applying uniformization again, the universal
cover of any genus one Riemann surface (T?, j) is the standard complex plane (C, 7),
which means that (T?, ) is always biholomorphic to the quotient of (C,7) by a lattice
A < C. We can assume without loss of generality that A is generated by 1 € C and
some point A in the upper half plane H < C. Acting on 7 with the real-linear trans-
formation that sends 1 — 1 and A — ¢ then identifies (C/A,7) biholomorphically
with (T2, j)), where T? = R?/Z? and j, is a translation-invariant complex structure
compatible with the orientation of T2. In fact, every such translation-invariant com-
plex structure on T? can be obtained in this way, thus we have now parametrized
the set of all translation-invariant complex structures on T? by the upper half plane.

LEMMA 7.18. For A\, X' € H, the translation-invariant complex structures jy and
Jn on T? represent the same element in the Teichmiiller space T (T?) if and only if
A=\,

PROOF. If [j\] = [jn] € T(T?), then j\ = ¢*jy for some ¢ € Diffy(T?), which
can be lifted to a diffeomorphism of C that fixes the lattice Z+iZ. Transforming via
the real-linear map that sends 1 — 1 and A — ¢, this gives rise to a map ¢y : C - C
that is biholomorphic with respect to the standard complex structure and satisfies
¥(0) =0, ¢(1) =1 and ¢(A) = X. But the only biholomorphic map on C that fixes
two points is the identity. OJ

Since every (T?,j) is biholomorphically equivalent to at least one of the (T?, jy)
by uniformization, the lemma implies that the smooth family

(7.7) T = {ire T(T*)}, 4

globally parametrizes the Teichmiiller space T (T?). It should now seem unsurprising
that 7 is also a Teichmiiller slice in the sense of Definition 7.12 through each 7. One
can prove this by writing down the canonical Cauchy-Riemann operator for (C/A, 1)
as the standard ¢ on a trivial complex line bundle, so for a natural choice of L2-
pairings, its formal adjoint is —¢ on a similarly trivial line bundle. The kernel of the
latter is the space of constant functions C/A — C, which has a natural identification
with the tangent space T}, 7T for each A € H.

One can form a similarly explicit picture of the groups Aut(T?, j)) for each \ € H.
First, let ¢ = [(0,0)] € R?/Z? = T?, and consider the subgroup

Aut(T?, i, ¢) = {v € Aut(T?,j») | &(¢) = ¢}
We know this subgroup is finite since (T?, jy, (¢)) is stable, but we can be more
precise. Identifying (T2, j,) with (C/A, 1), any ¢ € Aut(T?, j,) that fixes ¢ lifts via
the projection C — C/A to a biholomorphic map v : (C,i) — (C,i) that fixes the
origin. All such maps are of the form @Z(z) = cz for some c € C*, implying that v is
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the projection to T? = C/(Z +iZ) of a real-linear map on C which preserves Z + iZ.
In other words, ¥ € SL(2,Z), and this discussion implies

Aut(T?, jx,¢) = {¢ € SL(2,Z) | ¥*jx = ju}.

It is not hard to show explicitly that this group is finite, though its order will depend
in general on A. For finiteness, note that it is discrete, and after a suitable change of
basis transforming j, to the standard complex structure ¢, can be identified with a
subgroup of SL(2,R) n GL(1,C) = U(1), which is compact. Now observe that since
every jy is translation-invariant, Aut(T?, j,) also contains a complentary subgroup
which is a copy of T? acting on T? by translations. Clearly any 1 € Aut(T?,jy)
can be composed with a translation to produce an element of Aut(T?,jy, (), so this
presents the full automorphism group as a semidirect product

Aut(T?, jy) = T? % Aut(T?, jy, C).

The main observation we would like to take away from this decription is the fol-
lowing: for every A € H, the action of Aut(T?,7,) on J(X) preserves the specific
Teichmiiller slice defined in (7.7). That is a property we will want to have more
generally:

PROPOSITION 7.19. Given any pointed Riemann surface (¥, jo, ©), there exists
a Teichmiiller slice T through (jo, ®) with the following properties:

(1) T is preserved under the group action
At(S,Jo, ©) x T(5) — T (%)
(¥, 7) — ¥%5;
(2) For every j € T, Aut(%, j, ©) n Diffy (X, ©) = Aut(X, jo, ©) n Diffy(X, ©);
(3) Every j €T equals jo near ©.

PROOF. There is nothing to prove if ¥ = S? and #60 < 2, since T(3,0) is
trivial in these cases. For the case ¥ = T? and © = ¢, the third condition we
want to satisfy is vacuous, and the first two are satisfied by the explicit Teichmiiller
slice defined in (7.7); in particular, Aut(T?,j,) n Diffo(T?) is the same group of
translations for all A € H. It therefore remains only to deal with cases where
(2, jo, ©) is stable, so that

G := Aut(%, jo, ©)

is a finite group and G N Diffy(X, ©) is trivial, making the second condition vacuous.
To produce a slice T that is G-invariant, it suffices to find a G-invariant complement
T, T for im Dyg and then follow the prescription of (7.6). Note that im Dyq is itself
G-invariant, so for this purpose, it is enough to choose a G-invariant L2-pairing
on the sections of End¢(TY), and define T}, 7 as the L%orthogonal complement
of im Dyy. Elliptic regularity for weak solutions implies that the elements of T}, T
are then smooth. A suitable L?-pairing can be defined naturally in terms of a
G-invariant Riemannian metric on X, which is easy to construct by an averaging
procedure since G is finite.

Having constructed T}, 7 to be G-invariant, we can now modify it as follows.
Fix a small G-invariant neighborhood & < ¥ of © and a smooth G-invariant cutoff
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function 3 : ¥ — [0, 1] such that 1 — /3 is supported in U/ and § = 0 near ©. Taking
U sufficiently small, we can assume that the transformation

y— By
maps any bounded subset of the finite-dimensional space Tj,7 to something arbitrar-
ily close in the LP-norm, so that without loss of generality, the space {8y | y € T}, T }
is also a G-invariant complenent to the image of Dyq : W% (T'Y) — LP(Endc(TY)).
Since Py always vanishes near ©, applying (7.6) to this new subspace now pro-

duces a G-invariant Teichmiiller slice consisting of complex structures that match
Jo near ©. U

REMARK 7.20. If (3, jo, ©) is stable, then the cutoff trick in the proof above
extends easily to give an Aut(X, jo, ©)-invariant Teichmiiller slice T such that each
j € T can be assumed to match j, near any finite set fixed in advance (not just ©).
If we are willing to allow Teichmiiller slices that are not Aut(X, jo, ©)-invariant, then
this remains true in the non-stable cases as well, and is sometimes useful, e.g. this
freedom is exploited in the proof of automatic transversality for non-immersed .J-
holomorphic curves in 4-manifolds (see [Wenl0a, Lemma 3.15]).

LEMMA 7.21. For any Teichmiiller slice T through (jo,©) that is preserved by
the action of G = Aut(%, jo, ©), the subgroup Gy = Aut(%, jo, ©) n Diffy(X%, O)
acts trivially on T, hence the G-action descends to an action of H := G/Gg on T,
and the natural map

T/H — Mgy,

induced by restricting the quotient projection J(X) — J(X)/Diff(X,0) to T is a
local homeomorphism near [jo].

PRrROOF. The triviality of the action by Go on T is immediate from the fact that
no two points in 7 represent the same element of Teichmiiller space. Exercise 7.11
identifies M, , with 7 (2, ©)/M (X, ©), where the mapping class group M (X, ©) acts
on T (X%, ©) with finite stabilizer group H at [jo] € T (3, ©). Since the mapping class
group is discrete and H is finite, a neighborhood of [(%, jo, ©)] in M, , then has a
natural identification with U/H for some H-invariant neighborhood U < T (X, ©)
of [jo]. This neighborhood is identified with a neighborhood U’ = T of j, via the
map 7 — T(X,0) : j — [j], but the latter is also H-equivariant, so it descends to
a homeomorphism U'/H — U/H. O

7.3.3. Adding marked points. The lemma below is not necessary for the
proof of Theorem 7.1, but will be needed in §7.5 for results involving forgetful maps.

According to the dimension formula (7.4), each marked point added to a stable
Riemann surface increases the dimension of Teichmiiller space by 2. It will occa-
sionally be useful to have a more precise description of how Teichmiiller slices can
be modified under the addition of marked points. Notice that for any nested pair
© < © < X of finite ordered subsets, Diffy(X,©’) is a subgroup of Diffy(X, ©),
giving rise to a canonical projection map between Teichmiiller spaces

T(,0) = J(2)/Diffy(%,0') — J()/Diffy(%, 0) = T(Z,O).
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The next lemma implies that this map is always a smooth submersion. For simplicity
of notation, we shall consider only the case where © consists of the first ¢ elements
in the ordered set ©' for some ¢ > 0.

LEMMA 7.22. Suppose (X, jo, ©) is a pointed Riemann surface with { = 0 marked
points © = (wy, ..., wy), and given another ordered set of distinct points ({1, ..., x)
in X\O, let © = (wy, ..., we, (1,0, ().

(1) If (X, jo, ©) is not stable and k = 1, then every Teichmiiller slice through
(o, ©) is also a Teichmiiller slice through (jo,®') and vice versa.

(2) If (%, jo, ©) is stable, then for any neighborhood ¥V < ¥\O of {(1,...,(x},
there exist Teichmyller slices T through (jo,©) and T’ through (jo,©’) that
each satisfy the conditions of Proposition 7.19, where T is of the form

T ={pjje j(z)}(j,T)eTx(ulx...xuk)

for some smooth family of diffeomorphisms {¢; : ¥ — X} «..xu, para-
metrized by the product of a set of disjoint neighborhoods

GeU VIO, ... (heUpcVcX\O,
such that each ¢, is supported in V, ¢, = 1d for 7 = (¢1,...,¢x), and
0 (G) = foreachi=1,....k if 7=({,...,C)

Notice that in the construction for the stable case, 7’ contains 7 as the subfamily
{e*i | jeT, 7=(C,...,()}, and under the natural identifications of 7 and T~
with subsets of T(X,0) and T (3, ©’) respectively, the canonical map 7(%,0") —
T (%, 0) becomes identified with the natural projection map T x Uy x ... U, — T.
The main point of the construction is that since

(Z’ ijja (wla SR >w£,C1, ceey gk)) ~ (Zaja (wh ey Wy, @T(Cl)a R @T(Ck))) )

the extra 2k dimensions in 7’ compared with 7 now have an obvious geometric
interpretation as the freedom to move the extra £ marked points.

PROOF OF LEMMA 7.22. We handle the non-stable cases first: if ¥ =~ 52, ¢ <
2 and k£ = 1, then there is nothing to prove because 7 (%,0) and T (3, 0’) are
both trivial. The remaining non-stable case is ¥ =~ T? with £ = 0 and k = 1, so
T(3,0) = T(T?) and T(%,0’) = T(T? () are both 2-dimensional manifolds, and
we can assume jg is one of the translation-invariant complex structures j, introduced
above Lemma 7.18. The key observation here is that the image of the canonical
Cauchy-Riemann operator

Dyg : WEP(TT?) — W 1P(Ende(TT?))

does not change if we restrict its domain to Wg;p (T'T?), as ker Dig = Tiqg Aut(T?, j,)
is precisely the space of constant vector fields, defining a closed complement of the
subspace WEP(TT?) of vector fields that vanish at ¢:

WHEP(TT?) = WEP(TT?) @ ker Dyg.
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As a consequence, subspaces complementary to im Dy are the same with repect to
both domains, so that the defining property of a Teichmiiller slice is the same for
(T2, j5) as it is for (T2, jy, C).

Now assume (X, jo, ©) is stable, so the automorphism groups

G :=Aut(%,7,0) and G :=Aut(%, o, 0"

are finite, with G’ < G. By Prop. 7.19 and Remark 7.20, we can find a G-invariant
Teichmiiller slice 7 through (jo, ©) such that every j € T matches jy on a neigh-
borhood of ©'. In particular, there are fixed disjoint neighborhoods U; = ¥ of the
points (; for ¢ = 1,...,k on which all j € 7 match j,. Let us fix such a set of
neighborhoods, which we can assume to be contained in any given neighborhood
VY < X\O of {(1,...,¢}, and also fix holomorphic coordinates identifying each bi-
holomorphically with (ID,4) so that ¢; is the origin. Since G’ acts jo-holomorphically
and fixes each (;, we can also assume that the G’-action on Y preserves these coor-
dinate neighborhoods and acts on each by rotations with respect to the coordinates.
Now choose a smooth cutoff function g : [0,1] — [0, 1] with S(s) = 1 near s = 0
and [(s) = 0 near s = 1, and for each i = 1,..., k, define

Vi c I(TY)

to be the vector space of all smooth vector fields that are supported in i; and take
the form

X(2) = B(l2])Xo
in the chosen coordinates on this neighborhood, where X, € C is an arbitrary
constant. The direct sum

Vi=V®...0V

is then a 2k-dimensional subspace of I'(T'Y) satisfying
(7.8) WEP(TE) = WEH(TE) @ V',

and since elements of G’ act on the coordinate neighborhoods by rotations, the
induced action of G’ on Wg’p (T'Y) defined by pullbacks preserves this splitting.
Now choose a G'-invariant neighborhood O" < V' of the origin and define a smooth
family of diffeomorphisms

{(pX € DIH(E, @)}Xe(’)’7

where for each X € (0, ¢y is the time-1 flow of X, which is supported in U U. .. UlUy
and therefore fixes ©. Since each X € V' is holomorphic near the points (;, we can
assume after possibly shrinking O’ that every ¢x is jo-holomorphic on some smaller
neighborhood of these points for X € O’. We can then define 7' as the smoothly
parametrized family
T/ = {QO}] € \7(2)}(]‘7X)e7’><(’)"

Since every j € 7 matches jo near © and every ¢x has support in Uy U ... U U,
and is holomorphic on a smaller neighborhood of {(i, ..., (s}, every j € T’ has the
desired property that it matches jp, near ©. Moreover, T’ is G’-invariant since the
same is true of both 7 and the collection of diffeomorphisms {¢x}xeor. To see that
T really is a Teichmiiller slice through (jo, ©'), which correponds to the parameter
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(Jo,0) € T x O, we observe that differentiating ¢% j with respect to variations in
jeT at (j,X) = (jo,0) produces T}, T, while fixing j = j, and differentiating with
respect to variations in X € O’ produces Dyy(V”), hence

T3 T" = Tj, T ©Dua(V).

This is indeed a complementary subspace to the image of Dy : Wg;p (TY) —
WE=LP(Endc(TY)) in light of (7.8), since the image of Dy on the larger domain
WEP(TY) is complementary to Tj, T .

Finally, we observe that by construction, the map

O = U x ... xUp: X = (px(C1), - ox(Cr))

sends some neighborhood of 0 diffeomorphically to a neighborhood of ((i, ..., (x),
so after shrinking neighborhoods as necessary, we can reparametrize the family
{vx}xeor according to the images of the points (i,...,(x as in the statement of
the lemma. O

7.4. Fredholm regularity and the implicit function theorem

We are now in a position to define the necessary regularity condition and prove
that a neighborhood of any given regular element [(X, jo, I't, T, 0, ug)] in M(J) is
an orbifold of the stated dimension. After reparametrizing, we can assume without
loss of generality that 3, I'* and © are precisely the data that were fixed in §7.2,
and jo € J(X) matches jr on our fixed coordinate neighborhoods of I'*. Combining
the local regularity results of Lecture 2 with the exponential convergence result in
§6.5, we also have

'LLO e Bk7p75
for every k € N and p € (1,00) with kp > 2 and § > 0 sufficiently small, so ug
belongs to the zero set of the smooth section 0, j : B¥P — EF-1PI. Let us fix the
parameters k,p,d, and also assume that ¢ is small enough for our computation of
the index of D,, : T,,BP9 — 55‘1””5 in Corollary 7.7 to be valid.

In order to build variations in jy into this setup, we choose a Teichmiiller slice

T<cJ®)
through (jo,I" U ©) as provided by Prop. 7.19, so in particular, 7 is invariant under
the action of the group
G = Aut(2, 5o, ' U O)
of biholomorphic maps fixing I' U ©, and every j € T matches jr near I'. Equation
(7.3) now becomes

(7.9) dimG —dim T = 3x(2) — 2(ky + k_ +m).

There is a natural extension of the nonlinear operator dj, s in §7.2 to a smooth
section
Oy : T x BFPO — gF1p0 . (5 ) v du + J(u) o duo j
of a Banach space bundle £F~1P0 — T x BEP9 with fibers

E AP0 = WELS (Home (TS, ), (u*TW, J))).
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Since the action of G on J(X) preserves T, each ¢ € G defines a diffeomorphism
T x B = T x B (ju) = - (ou) = (9" uo )
which is covered by a bundle map 1P — £F=1P0 given by

k_17p76 k_17p76
. — .
g(w) g(e@*ww

):)\r—wp-)\::)\odgo.

The section 0y : T x B¥P® — gk=1p9 ig equivariant with respect to this G-action.
Its zero set is the set of all pairs (j,u) € T x B¥P9 for which u : (¥, 7) — (W, J) is
pseudoholomorphic, and it contains (jo, ug) by construction. It also is preserved by
the action of G, thus each ¢ € G acts on 0;'(0) by

(7.10) 07'(0) = 057(0) : (J,u) = (¥*j,uo ).

The stabilizer of this action at (jg, ug) is Aut(ug), a finite group whenever ug is not
constant (see Proposition 6.37). Observe that any two elements in the same G-orbit
of 0;1(0) define equivalent elements of the moduli space M(J), as they are related
to each other by a biholomorphic reparametrization that fixes the punctures and
marked points.

PrRoOPOSITION 7.23. The map
07 (0)/G = M) [(.w)] = [(%,5,TF.T7,0,u)]

defines a homeomorphism from an open neighborhood of [(jo,uo)] to an open neigh-

borhood of [(2, jo, I'T,T'7, 0, uy)].

The tricky aspect of this statement is that arbitrary elements of M(J) near g
may be given with representatives u : (Z, j)— (W, J) for which j is close to jy but
does not belong to the chosen Teichmiiller slice 7. We will therefore have to replace
such curves by reparametrizations, making use of the following lemma:

LEMMA 7.24. Suppose p,, € Diff (X, T") is a sequence with convergence ¢, — 1d in
C*(¥), and let ¥ denote the compactification ofi] to a compact topological surface
with boundary as described in §6.4. Then the restricted maps DRy converge in
C® (%) and have continuous extensions ¥ 25 5 that converge in C°(3).

PROOF. The C}% -convergence on 3 is clear. For C°-convergence on %, it suffices
to prove uniform convergence on each of the cylindrical ends. Let us choose local
coordinates near one of the punctures, identifying a neighborhood with the unit disk
D < C such that the puncture becomes 0 € D. Since ¢, € Diff(¥,T") and ¢, — 1d,
we can then assume ¢, (ID;/2) < D for v large and ¢, (0) = 0, hence

0u(2) = Ay(z)z for 2z €Dy,

where A, : D/ — Endg(C) is a C*-convergent sequence with A,(0) = dy,(0) and
A, — 1. Let us now rewrite this in the cylindrical coordinates

s+iteC/liZ =R x S*
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related to z by z = e~ 27+ for s > 0 sufficiently large, ¢, then takes the form
(54 ) =~ log (A, (2)2) = —_log (A4, (2)
v(s+it) = ——log (A, (2)z) = ——1log | e v(2)—
7 or 8 or 8 ||

1 .
=s5= 5 log (A, (2)e*™) — s + i,

where since A,e 2™ stays a positive distance away from 0 for large v, the conver-

gence is uniform in s and t. 0

PROOF OF PROPOSITION 7.23. There are four issues to address: that the map
in question is both injective and surjective on sufficiently small neighborhoods, and
also that the map and its inverse are both continuous.

For injectivity, let us abbreviate

©:=Tuo,

and let H ¢ M(3,©’) denote the stabilizer of [jy] € T(X,©’) under the action of
M(X,0) on T(X,0). According to Exercise 7.11, the inclusion G — Diff (3, ©’)
descends to an isomorphism G/Gy — H, where

Gy := G n Diffy(%, 0").

Suppose (j,u), (j/,u’) € d;*(0) represent the same element of M(.J), meaning there
exists a diffeomorphism ¢ € Diff (X, ©") with j' = ¢*j and v’ = u o p. Assume both
are sufficiently close to (jo, ug) so that 7], [j] € T (X, 0) both lie in some H-invariant
neighborhood U < T (%, ©’) of [jo] that is small enough to be disjoint from [¢] - U
for every [¢] € M(X,0')\H. The condition ¢*j = j’ then implies [¢] € H, hence
[¢] = [¢] € M(X,0’) for some ¢ € G. The latter then satisfies
[*5] = [W]- 7] = [e] - 1] = [¢*5] = [7'] € T(X, 6"),

but since 7 is G-invariant and the map 7 — T(X,0’) : j — [j] is injective,
Y*j € T then implies ¢*j = j'. The map po1)~! therefore belongs to Aut(X, j,0") N
Diff(X, ©), which according to Proposition 7.19 can be assumed to be a subgroup
of G. This proves ¢ € G, hence (j,u) and (j',u’) are equivalent in J;'(0)/G.

We next prove surjectivity. According to our definition of the topology of M(J)
in §6.4, any sequence in M(J) converging to [(X, jo,I'",T7, 0, u)] can be written
as [(%,4,, T, T7,0,u,)] € M(J), where

Jv — Jo in C(Y), u, — up in C2(%), and @, — G in C°(D).
Claim: These sequences can always be modified, without changing the equivalence
classes in M(J), so as to assume j, € T for all v sufficiently large.

Consider first the stable case, i.e. x(X\©') < 0. The convergence j, — jo implies

[7.] = [Jo] in T(X%, ), so by the local homeomorphism of 7 (X, 0") with T near jo,
there exists a sequence ¢, € Diffy(X, ©’) for v sufficiently large satisfying

=k, eT and Jr = Jo.
Since the action of Diffy(X,0’) on J(X) is proper, ¢, then has a C*-convergent

subsequence whose limit is in GGy, and the freeness of the action then implies that
this limit is the identity map. Since that is the only possible limit for convergent
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subsequences of ¢, this proves ¢, — Id, and we are then free to replace j, and u,
by 7/, € T and ), := w, o, respectively. Lemma 7.24 implies that u/, still converges
to g in both CZ.(3) and C°(L), so this proves the claim.

In the non-stable cases x(3X\©’) = 0, the argument above requires the follow-
ing small modification. Expand ©’ to a slightly larger finite set ©” < ¥ so that
X(X\®”) = —1; this requires adding one extra marked point in the case ¥ = T?
with ' = © = &, and up to three extra points if ¥ = S2. In either case, the group
of homotopically trivial automorphisms Gy is exactly large enough to find ¢, € Gy
sending the extra marked points to any desired images, thus we can choose v, to
make @, 01, fix all points in ©”. By the second condition in Proposition 7.19, the v,
also belong to Aut(%, j/,©’), thus ¢, 01, is now a sequence of biholomorphic maps
(3,7) — (%,4,) that fix ©”, and the argument of the previous paragraph implies
¢y 09, — Id. Replacing j, and u, with jy := (¢, 0%,)*j, and uy, = u, o (9, 0 ¥,)
then proves the claim.

With the claim in place, relzibel the modified sequences as j, and u,, and notice
that the maps u,, : (E,jy) — (W, J) now satisfy the hypotheses of Proposition 6.32,
implying that u, converges to u in the topology of B¥P? hence (j,,u,) € 0;'(0) and
(Ju,u,) — (jo,up). This proves both surjectivity and the continuity of the inverse
map.

The continuity of the map 0;'(0)/G — M(J) is an easy consequence of elliptic
regularity: specifically, Corollary 2.25 implies that any I/Vllf)’cp-convergent sequence of
J-holomorphic curves is also C° -convergent, and C°-convergence on the ends follows

loc
from W¥*P9_convergence since the latter implies W*P-convergence and kp > 2. O

DEFINITION 7.25. We say that [(3, jo,['",I'7,©,ug)] is Fredholm regular if
there exists a choice of Teichmiiller slice 7 through (jo, I', ©) such that the lineariza-
tion

D0 (jo,uo) : Ty T ® T, B0 — gh—1ps

(Jo,u0)
(y,m) = J(uo) o dug 0y + Dy
is surjective.

REMARK 7.26. It is not hard to show that the surjectivity condition in this
definition does not actually depend on the choice of Teichmiiller slice. The key
point is that 7}, T is complementary to the image of the canonical Cauchy-Riemann
operator Dyg : WP, (TY) — Wk 12(Ende(TY)). Composing the latter with du :
T — w*TW then produces a subspace of 58;2: )’5 that is automatically contained
in im D,,,, because the smooth sections in this subspace can all be obtained by
differentiating 0;(jo,u) for a family of reparametrizations u = wug o ¢ with ¢ €
Diff(X,T" U ©). As a consequence, the operator in Definition 7.25 has the same
image as its obvious extension

Wk—l,p,é(mc (TZ)) D Tuo Bk,p,é - gk—LIL(S

(jo,uo) ?
(y,m) = J(uo) o dug oy + Dy,n,

which does not involve any Teichmiiller slice. (For more detailed versions of this
argument, see [Wend, Lemma 4.3.2] or [Wen10a, Lemma 3.11]).
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REMARK 7.27. The G-equivariance of d; implies that if [(X, jo,[*,I'~, 0, ug)] €
M(J) is Fredholm regular, then so is every curve (X, 5,7, I'",0,u)] € M(J) for
which (j,u) € d;'(0) belongs to the same G-orbit as (jo, ).

The operator in Definition 7.25 is Fredholm, and we can plug in the formula
(7.9) for dim 7}, 7 = dim 7 and Corollary 7.7 for ind D, to compute

ind Dd;(jo, ug) = dim T}, T + ind Dy,
=dim G — 3x(2) + 2(#L') + 2m + nx(X) — (n — 1)#I

ky ke
+ 260 (u TW) + Y g () = D ez (7))
j=1 J=1
. ko k_
= dim G + (n— 3)x(E) + 267 (A) + 2. &g (7)) — D ntg(77) + 2m
j=1 j=1

= dim G + vir-dim M(J).

It follows that if Dd;(jo,ug) is surjective, then its kernel has finite dimension equal
to dim G + vir-dim M(.J) and thus admits a closed complement, so Dd;(jo, ug) then
admits a bounded right inverse. We can therefore apply the infinite-dimensional
version of the implicit function theorem (see e.g. [Lan99, §1.5]) to conclude:

LeEMMA 7.28. If [(%, jo,I'",I'", ©,up)] € M(J) is Fredholm regular, then some
G-invariant neighborhood V < 05(0) of (jo, uo) is a smooth submanifold of T x B*»:°
with dimension dim G + vir-dim M (J). O

It should now be clear how we intend to get from here to the statement that
M™8(J) is an orbifold of dimension equal to vir-dim M (J). Proposition 7.23 iden-
tifies a neighborhood of 1y € M™8(.J) with a neighborhood of [(jo, ug)] in ¢;'(0)/G,
where a G-invariant neighborhood of (jo,uo) in d;'(0) can be assumed to be a
smooth manifold of the correct dimension, and the action of G' on d;'(0) is proper
with finite stabilizer subgroups given by the automorphism groups of each curve.
There is just one caveat: to conclude that ¢;'(0)/G is a smooth orbifold, we need to
know that the G-action on 0;'(0) is smooth, and this is less obvious than it looks.
The naive way one would try to prove it is by showing that the G-action on the
infinite-dimensional Banach manifold 7 x B*P?° is smooth—if it is, then its restric-
tion to the smooth submanifold 0;'(0) is also smooth. There is just one problem:
if G is not discrete, then the map

G x (T x BM%) 5 T x BEP0 (g, (j,u) = (9%, uo )

is definitely not smooth—in fact it is not even differentiable, at least not with respect
to variations in G. One can see this by trying to compute its partial derivative at a
point (Id, (7, u)) with respect to variations in G: given a vector field X € I'(T'Y) in
the Lie algebra of G, choosing a smooth family ¢, € G with ¢y = Id and 0,¢,|,—0 =
X gives

d(1d, (j,u))(X, (0,0)) = (9x(#}5)|p=0. p(w 0 9p)|p=0) = (Dra(jX), du(X)).
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The trouble here is that for arbitrary elements (j,u) € T x B¥P, the expression on
the right hand side does not belong to T, (7T x B*F?); if u is of class VVIIZCP but not

W'{Zjl’p , then the section du(X) of w*TW will not be of class I/Vllch and thus does not
belong to T,,B¥P°. This annoying issue arises whenever one attempts to differentiate
non-discrete reparametrization actions on infinite-dimensional Banach manifolds of
maps, and the desire to view such maps as “smooth” was part of the motivation for
the development of sc-calculus by Hofer-Wysocki-Zehnder (see e.g. [FFGW16] and
the references therein).

For the problem at hand, however, it is not necessary to reinvent differential
calculus. The situation is saved by the fact that, due to elliptic regularity, elements of
07'(0) are much nicer than arbitrary maps of class W*?? and moreover, convergence

of elements of 5’;1(0) implies something much stronger than just W#P9-convergence.

LEMMA 7.29. For the smooth G-invariant neighborhood V < 07'(0) of (jo, uo)
in Lemma 7.28, the action of G on V is smooth.

SKETCH OF THE PROOF. To prove that the action is of class C!, it suffices to
show that for every (¢, (j,u)) € G x V and any choice of smooth charts for G near
¢ and V near (j,u), all partial derivatives of the map (¢, (j',u’)) — ((¢')*5', v 0 ¢’)
are well defined and continuous on a neighborhood of (¢, (7,u)). For the derivatives
in directions tangent to ¢;'(0) this is already clear, as the action of each individual
element ¢ € G on the infinite-dimensional manifold 7 x B¥P9 was smooth in the
first place. It therefore suffices to consider derivatives in directions tangent to G,
and for this purpose we can focus on the case ¢ = Id since any smooth path in
G through ¢ can be written as the composition of ¢ (which acts smoothly) with a
path through Id. Let us therefore choose a smooth 1-parameter family ¢, € G with
@o = Id and write X := d,p,|,—0 € g € ['(T'E). We have

Op(0hd,u o cpp)\pzo = (D (jX), du(X)) € ker D3;(j,u) = T(j.u)07 " (0),

where the fact that the right hand side really belongs to T(m)(_?jl(O) depends on the
fact that, by elliptic regularity, u is smooth. To show that this expression really is
the derivative of a differentiable path p — (¢%j,uop,) e T x BFP° with respect to
the smooth structure of 7 x B*P9 one needs to choose a Banach manifold chart for
BFP9 and write down the maps u, € BP in this chart. Following the prescription
of [Eli67], we can assume that the chart in question has the form

B 5w, = expyn, =, € WP (f*TIV) @ Vi,

where f : > — W is a smooth map that matches trivial cylinders near each of
the punctures, and Vp < I'( f*TW) is a finite-dimensional space of sections that
are “constant” near infinity as described in §7.2. The path p +— u, € B#P9 is then
differentiable if and only if the difference quotients

Dhnp}pzo = Mh ; Mo c Wk’p76(f*TI7[\/) &) VF

converge in the topology of W"“’p"s(f*TI//l\/) @ Vi to d,m,lp=0 as b — 0. On this front,
the first important observation is that since u is smooth and ¢, depends smoothly
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on p, the map (p, ) — 1,(2) is smooth with respect to p as well as z, thus by standard
results about difference quotients (see §A.3), the convergence D"1,|,—0 — 0,m,|p=0
as h — 0 is in C2.(2). One can then apply asymptotic regularity arguments as in
§6.5 to achieve exponentially weighted convergence on each cylindrical end.

One can next apply both local and asymptotic regularity in a similar way to
show that the tangent vector du(X) € T,,B¥?° depends continuously on both X € g
and u € B¥P9 50 long as (4, u) belongs to ¢;'(0), the key point being that under that
condition, the W¥*P_convergence of u also implies convergence in a much stronger
topology, so that the apparent loss of a derivative in du(X) makes no difference.
This proves that the group action is of class C*.

Finally, the following observation gives rise to an inductive trick for going from
C’l/\to C™: there is a natural choice of almost complex structure J’ on the manifold
TW such that if M := 0;'(0) is a smooth manifold, then its tangent bundle 7'M

can be identified with a space of J'-holomorphic curves in W, and differentiating
the G-action on M gives an action of TG on T'M. The same regularity arguments
then prove that the action of TG on T'M is of class C*!, thus the original action is
of class C?, and so forth. O

PrROOF OF THEOREM 7.1. Combining all of the results above shows that ev-
ery curve in M™#(.J) has a neighborhood that can be identified with the quotient
of a smooth finite-dimensional manifold 0;'(0) = T x Bk’p’5 by the smooth action
of a Lie group G with finite isotropy such that dimd;*(0)/G = vir-dim M(J).
The moduli space M(J) thus inherits orbifold charts from the manifold charts
that 05 1(0) obtains from applying the implicit function theorem to the section

. T x BFPd — gF=1Lpd  There is still a bit of work to be done in showing
that transition maps relating any two overlapping charts that arise in this way are
smooth. The hard part is actually to show that two charts constructed near a given
curve (jo, up) via two different choices of Teichmiiller slice are smoothly compatible.
This is yet another case where, as in Lemma 7.29, the smoothness cannot be seen at
the infinite-dimensional level, but only works on the finite-dimensional submanifolds
as a consequence of elliptic regularity. For details, see the proof of Theorem 4.3.6
in [Wend]. O

EXERCISE 7.30. Take a deep breath.

It will be useful also to take note of how the analytical picture of M(.J) near a
Fredholm regular curve ug € M(J) characterizes the tangent space TuyM(J). The
group G = Aut(X, jo,I' U ©) may be either finite or (if x(X\©) > 0) a positive-
dimensional Lie group, in which case we shall denote its Lie algebra by

g := aut(2, jo, [ U O) = T} G.

Recall that by Remark 6.31, we only need to consider nontrivial g in cases where
.3 — W is not a constant map. Now if ug is Fredholm regular, so that d;(0)

near (Jjo, up) is a manifold with T{;, 4,07 (0) = ker Dd;(jo, uo), we can hneanze the
group action (7.10) with respect to G and obtain a map

g— ker Da](jo,lbo) X — (DId(]OX)adUO(X))
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which is injective since X and dug can each only have isolated zeroes. It is therefore
natural to regard g as a linear subspace of ker Dd;(jo, uo), and linearizing Proposi-
tion 7.23 in the regular case then leads to the following statement:

PROPOSITION 7.31. If [(%, jo, ", T, 0,up)] € M(J) is Fredholm regular, then
the tangent space T,,, M(J) admits a natural isomorphism

T, M(J) = kerDéJ(jo,uo)/aut(z,jo, roe).

7.5. Evaluation and forgetful maps

In addition to the smoothness of M(.J), we sometimes need to know that certain
canonically defined maps on M(J) are smooth. Considering curves with m marked
points and k4 positive/negative punctures and writing

f =m + kJr + k77
the first of these is the forgetful map
(7.11) D My (S, AT y7) > Mgy,

which sends an equivalence class of curves (3, 7, 't T'~, ©, u) to the equivalence class
of its underlying Riemann surface (X, j,I" U ©) by forgetting the map w : S W.
Recall that since 7(3,[' U ©) is a smooth manifold and M, is its quotient by the
proper action of M (%, ©) with finite isotropy, M, ¢ carries a natural smooth orbifold

structure.

PROPOSITION 7.32. The forgetful map (7.11) is smooth in some neighborhood of
any Fredholm reqular curve.

PROOF. Suppose [(2, jo, [T, T7,0,up)] € Mym(J, A, vT,v7) is regular, denote
G = Aut(%, jo,[' U ©), Gy := G n Diffy(%, jo, T uO) and H :=G/Gy,

and assume 7 < J(X) is a G-invariant Teichmiiller slice as provided by Proposi-
tion 7.19. By Lemma 7.21, the natural map

T/H - Mg,ﬁ : [j] = [(Zvjvr v @)]

is then a homeomorphism between open neighborhoods of [jo] and [(%, jo,T' U ©)],
and in fact one can use this map to define the smooth orbifold structure of M,
and thus call it a local diffeomorphism. Combining this local picture of M, , with
Proposition 7.23, the forgetful map is expressed locally as

07'(0)/G — T/H : [(,w)] = [j],

where Fredholm regularity implies via the implicit function theorem that 0;'(0) is
a smooth submanifold of 7~ x B*P°. This map between orbifolds is smooth because
it is induced by the smooth map 0;'(0) — T : (j,u) — j, which is the composition
of the smooth inclusion 0;'(0) < T x BP9 with the manifestly smooth projection
map T x BP9 — T, O
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In the presence of marked points, we can consider the evaluation map
(7.12) ev: My AT, v7) — wxm

sending the equivalence class of a curve (X, 7, T, T, 0, u) to the m-tuple of points
(u(C1),- -, u(Gn)) in its image, where © = (1, ..., Gn)-

PROPOSITION 7.33. The evaluation map (7.12) is smooth on the set of Fredholm
reqular curves in Mg, (J, A, v+, ~v7).

PROOF. In the neighborhood of a regular curve ug : (X = S\(I't U ™), jo) —
(W, J) with marked points © = ({3, ...,(y) € 27, ev takes the form

0710)/ Aut(2, jo, T U ©) — W™ - [(j,u)] = (u(Cy), ., ulCm))-

This lifts to a map (:3;1(0) — me, which is the composition of the smooth inclusion
of the submanifold 0;'(0) < T x B*? with the smooth projection T x B*#:® — BkPd
and the map

(7.13) BEPO s W™ s (w(Ch), - ul(Con))-

The latter is smooth for the following reason: by the prescription in [EIi67], the
Banach manifold structure on B*P9 is defined via charts of the form exp FN o NE

WkpO(f *Tﬁ\/) @ Vr for smooth reference maps f : ) — W that are cylindrical near
infinity, where VT is a finite-dimensional space of smooth vector fields along f. The
map (7.13) with respect to a chart thus takes the form

WHEPA(FTW) D Ve 2 O - W i (expyiey) 0(C1), - - - exp gy 1(Cm))

for a suitable neighborhood O Wk’p"s(f*Tﬁ\/) @Vr of 0. Each factor in this map is
just the composition of the smooth map exp : T™W — W (defined on a neighborhood
of the zero-section) with a map of the form Wk’p’5(f*TI7[\/) ®Vr — Tf(Ci)W tn -
n(¢;). The latter map is linear, and crucially, it is also continuous (and therefore
smooth) since k and p are always chosen for the Sobolev embedding theorem to

hold. U

There are also other types of “forgetful” maps defined by forgetting marked
points instead of the map u: for instance, the map

(7.14) T My (S, AT, v7) = Mo, A, vT,v7),

modifies [(2, 7, T, T7,0,u)]| by replacing © with the empty set. We would like
to show next that this map is a smooth submersion over the set of Fredholm reg-
ular curves. From a certain perspective, this statement is very easy to believe,
though the proof turns out to inolve a few subtleties. First, suppose ug : (¥ =
Y\T*tul), ) — (W, J) represents a regular curve in M o(J, A,y*,v7), write
G = Aut(%, jo,I'), and choose a suitable Teichmiiller slice T through jy so that
a neighborhood U < M o(J, A,¥",v7) of ug is identified with V/G for a suitable
G-invariant neighborhood
V< d7'(0)
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of (jo, tg) that is a smooth submanifold of 7 x B*P9. If A © %™ denotes the closed
subset consisting of m-tuples in which at least two entries are equal, then there is
now an obvious homeomorphism

(v x (24 /G - m, W),

(7.15)

[(4,u, ©)] = [(X,5,T7,T7,0,u)],
where automorphisms ¢ € G act on (j, u) in the usual way and send © = (G- .., () €
XM A to

90*@ = (()Oil(cl)v ) (pil(CWL))

The isotropy subgroup for each (j,u, ©) € V x (me\A) under the G-action is simply
the finite automorphism group of u with its marked points ©, so this picture identifies
7 }(U) with a smooth orbifold having dimension equal to the virtual dimension of
Mym(J, Ayt ~v7). Notice that while ug € M, o(J, A,y",~v7) in this discussion
was assumed to be Fredholm regular, we have not considered so far whether any
given element of m, (ug) = M,y (J, A,4",47) is Fredholm regular. It would be
tempting at this point to circumvent that question and just use (7.15) to define the
smooth structure on M, (J, A,y*,~v7). This would make it obvious that 7, is a

smooth submersion, as m,, in this picture looks like the map
(v = (ma)) /6 - v/

induced by the G-equivariant (and manifestly smooth) projection map V' x (me\A) —
V. But there is a technical problem: the evaluation map in this picture looks like

(v &ma)) j6 -,
[(.77u7 (Clu ) Cm)] — (U(CI)v ce 7u(<m>>7

and it is not obvious whether this map is smooth. The most natural way to try to

prove it would be to present its lift V x (me\A) — W>™ as the composition of the
smooth inclusion

0571(0) x (™MA) = T x B x (5X™M\A)
with the map
T x B x (SMA) = W™ (o, (G Gn)) = (G, ulGn)).

But the latter is definitely not a smooth map, as arbitrary elements v € B¥?9 can
only be assumed to have finitely many derivatives. Our intuition says that this
should not pose a problem since, by elliptic regularity, v is indeed smooth whenever
(j,u) € 0;'(0), but turning this intuition into a rigorous argument is not easy.
This difficulty did not arise in Proposition 7.33 because we were only considering
parametrizations wu : S — W for which the locations of the marked points were fixed
in advanced and not allowed to change—in this case the lack of deriatives of maps
u € B¥PY makes no difference. But that argument required M, (J, A,v",~v7)
to be endowed with the particular smooth structure that comes from applying the
implicit function theorem to Fredholm regular curves with marked points. It means
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in particular that instead of using (7.15), a neighborhood of [(X, jo,T'", T, 0, u)] €
My (J, Ay, v7) must be identified with a subset of 0;'(0)/Aut(%, jo, I U ©),
with the definition of ¢; now requiring a Teichmiiller slice of larger dimension in
order to account for the marked points. That perspective has some disadvantages in
comparison with (7.15), notably that it makes it much harder to see why the map
Tm is a smooth submersion or what its fibers look like. With this as motivation,
the next lemma says that it is safe after all to go back and forth between these two
perspectives on M, ., (J, A, v, ~v7).

LEMMA 7.34. Ifup : (X = S\(I't ), ) (W J) represents a Fredholm
reqular element of the moduli space Mgy o(J, A,y ,~v~) without marked points, then
every element of m, (ug) = My (J, A, 'y+,'y_) 15 also Fredholm regular. Moreover,
for a sufficiently small neighborhood U < M, o(J, A,~v",~v7) of wg, there exists a
Teichmiiller slice T through (jo,T') and a neighborhood V < 07(0) = T x B9 of
(Jo,wo) such that the map (7.15) is a diffeomorphism.

PROOF. By an inductive argument, it will suffice to consider cases where wu
already has some marked points and one more is added. Let

T Mg,m+1(J> A77+777) - Mgm’b(‘]) A7’7+777)

denote the canonical map deﬁged by forgetting the last marked point, suppose
up : (X = S\([Tul™), jo) — (W, J) with marked points © = (C1,. .., () represents
a Fredholm regular element in M, ,,,(J, A,v*,~v7), write G = Aut(Z, jo,I' U O),
and choose a Teichmiiller slice 7 through (jo,I' U ©) and a suitable neighborhood
U < Myn(J, A vt v7) of ug that is identified with V/G for some smooth G-
invariant neighborhood V of (jo,ug) in the zero set of Oy T x BErI — gh=Lpd,
There is then a natural homeomorphism

( (3\0) >/G—>7r L),

(7.16)
[(]7 u, C)] = [(Zaja rero, Oc, u)]

where

®C = (Clv A .,Cm,C).

We claim that every element in 7 !(ug) is Fredholm regular, hence a neighborhood
of this set in M, ,11(J, A,v*,~7) has a natural smooth structure given by Theo-
rem 7.1, and moreover, that the map (7.16) is a diffecomorphism with respect to this
smooth structure.

Slightly different arguments are required depending on whether (3, jo,I' U ©) is
or is not stable, so let us first consider the stable case. Fix (41 € Z\@ and write

= (C1y.-+,Cny1)- Let T and T denote the pair of Teichmiiller slices through
(Jo,T'u ©) and (jo,[' U ©) respectively provided by Lemma 7.22, so in particular,

o {(‘OC] € ‘7 )} (7,0)eT xU

for an arbitrarily small neighborhood & = X of (ns1 and a smooth family of diffeo-
morphisms {p; : ¥ — X}.q that are supported in a slightly larger neighborhood of
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Gn+1 and satisfy ¢, ., = Id and @¢(Grne1) = ¢ for every ¢ € Y. Since T < T, the
operator

(717) DBJ(joa Uo) : EOT, @ Tu08k7p76 - gkinﬁ

(jo0,u0)
that needs to be surjective in order for [(X, jo, I't, ', 0", ug)] € Mg ms1(J, A, v+, v7)
to be Fredholm regular is simply an extension of the operator

(7.18) D, (o, uo) : Tjy T @ Tofp BM® — EL 000

.707“0)
to a larger domain, and the latter is surjective by assumption, so the regularity claim
holds. Next, observe that in some neighborhood of (jo, ug), 67'(0) = T x B*P? is a
smooth submanifold with dimension I := ind(ug) + 2m, and the set

(7.19)  {(¢fjucge) e T x B | (j,u) e T x BP?, 0;(j,u) = 0 and { e U}

then forms a smooth manifold of dimension I + 2 living inside 0;'(0) < T’ x
BEP°. But the linearization (7.17) of d; on T’ x B¥P? is a surjective Fredholm
operator of index I +2 since the related operator (7.18) has index I and dim 75, 7" =
dim 7}, T + 2, so the implicit function theorem implies that (7.19) characterizes an
entire neighborhood of [(jo,u0)] in 0;'(0) = T’ x B*P°. With this understood,
the map (7.16) can now be expressed in terms of a map from a neighborhood of
(Jo, U0, Cmy1) i 071(0) x (X\O) = T x B¥P9 x (£\O) to a neighborhood of (jo, ug)
in 0;(0) = T’ x B¥P? taking the form

(j7 u, C) - ((pzfja uo SOC)
By the same argument as in Lemma 7.29, this map is smooth, and it has nonsingular
derivative, so it is a diffeomorphism between the corresponding neighborhoods.

If (2,70, U ©) is not stable, then the treatment of Teichmiiller slices in this
story simplifies: Lemma 7.22 implies that we can fix a single G-invariant Teichmiiller
slice through both (jo,©) and (jo, ©’), which is then also G'-invariant for G’ :=
Aut(X, jo,I' U ©). The matter of Fredholm regularity is thus trivial, i.e. wug is
regular if and only if every element of 77!(ug) is regular. On the other hand, G is
no longer finite, but is a positive-dimensional Lie group with G’ as a Lie subgroup
of codimension 2. The important observation is then that there is a well-defined
smooth map .

G/G" = o] = o(Gns1)
which takes a neighborhood of [Id] € G/G’ diffeomorphically to a neighborhood of
Cma1 1IN 31, We leave the remaining details as an exercise. O

COROLLARY 7.35. The map from Mgy, (J, A,v*,v7) to Myo(J, A,v",v") de-
fined by forgetting all marked points is a smooth submersion on the preimage of the
set of Fredholm regular curves in Mgyo(J, A, v+, ~v7). O
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The previous lecture proved that the open set of Fredholm regular J-holomorphic
curves in M(J) has a natural smooth finite-dimensional orbifold structure. In prac-
tice, however, Fredholm regularity is a technical condition that can rarely be directly
checked. To remedy this, the present lecture will be devoted to genericity results,
showing that Fredholm regularity will always hold if we are willing to make small
perturbations of J. We need to prove two slightly different versions of this statement:
one for curves in a completed symplectic cobordism (§8.2), and another for curves
in symplectizations (§8.3), which presents distinctive problems because the space of
allowable perturbations is smaller. The caveat in both cases is that these generic-
ity arguments only work for somewhere injective curves, i.e. they fail for multiple
covers. This has to do with the fundamental incompatibility between transversality
and symmetry, and it is generally not a solvable problem within the framework de-
veloped in this book, though there certainly do exist interesting ideas for solving it
(see [FFGW16]). For all applications that we will discuss rigorously in this book,
rigor is possible only because geometric conditions can be used to exclude most
multiple covers from consideration. This caveat does not fully negate the value of
non-rigorous handwaving based on the fiction that transversality for multiple covers
is not a problem—we will indulge in such handwaving in Lectures 12 and 13.

8.1. A paradigm for genericity arguments

Before stating the main results of this lecture, let us discuss in general terms
what a “genericity” result is and how one can go about proving it. The canonical
example of a genericity result is Sard’s theorem: for any smooth map f: M — N

207
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between finite-dimensional manifolds, almost every point in N is a regular value.
The words “almost every” imply in particular that the set of regular values is dense,
so any point p € N admits an arbitrarily small perturbation to a nearby point p’ € N
such that f~1(p’) is a smooth submanifold of M. But “almost every” also implies
something better than density: the intersection of two dense sets can be empty, but
if there is a countable set of conditions that are satisfied by almost every point, then
almost every point satisfies all of them, as the the union of countably many sets of
measure zero still has measure zero.

A second example of a genericity result is the statement that on any smooth
vector bundle £ — B, every section can be perturbed to one that is transverse to
the zero-section, implying (via the implicit function theorem) that its zero set is a
submanifold of B. Stated in this way, one obtains a dense subset I"*¢(E) < ['(E)
such that every n € ['™*8(FE) is transverse to the zero-section, but as with Sard’s
theorem, more than density is actually true. The statement “almost every section is
transverse to the zero-section” would unfortunately not make sense, as there is no
natural measure on infinite-dimensional spaces like I'(E') with which to define what
“almost every” should mean. The following notion serves as a reasonable substitute
in infinite-dimensional settings.

DEFINITION 8.1. If X is a topological space, a subset Y < X is called comeager
if it contains a countable intersection of open and dense sets.'

If X is a complete metrizable space, then the Baire category theorem implies
that comeager subsets are always dense—moreover, any countable intersection of
comeager subsets is also comeager and therefore dense. Informally, we often say
that a given statement dependent on a choice of auxiliary data (living in a complete
metrizable space) is true generically, or “for generic choices,” if it is true whenever
the data are chosen from some comeager subset of the space of all possible data.

In order to describe the standard procedure we will follow for proving genericity
results, let us sketch the proof that generic sections of a smooth vector bundle
E — B are transverse to the zero-section. For this purpose, the bundle may in
general be either finite or infinite dimensional, though in the latter case, we will see
that some extra conditions on sections need to be imposed. Given s € I'(E), let us
call a point = € s71(0) regular if the linearization at that point

Ds(z) : T,B — E,

is surjective. A section s is then transverse to the zero-section if and only if every
point z € s71(0) is regular. To show that this is true generically, the first step is to
choose a suitable subset

X cI'(F)
in which one would like to perturb s. This set needs to be sufficiently large, in a sense
to be specified below, and it also needs to be a manifold—putting both conditions

IElsewhere in the symplectic literature, comeager subsets are sometimes referred to as “sets
of second category,” which is unfortunately slightly at odds with the standard meaning of “second
category,” though it is accurate to say that the complement of a comeager subset (also known as
a “meager” subset) is a set of first category. The term Baire subset is also sometimes used as a
synonym for “comeager subset”.
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together, X will usually need to be an infinite-dimensional Banach manifold. One
should also choose X so that if £/ — X x B denotes the pullback of E along the
projection X x B — B, then the section

f: X xB—FE:(s,z)— s(x)
is smooth. Its zero set
M(X) = £71(0) = {(s,) € X x B | s(z) = 0}

is called a universal moduli space, as it can be regarded as the union over all
admissible perturbed sections s € X < I'(E) of the “moduli spaces”

M(s) := s71(0).

The essential step in most genericity proofs is to show that for every (s,z) € M,
the linearization

Df(s,2) : T.X @ T, B — E|, ) : (t,v) = Ds(z)v + ()

871“) :

is surjective. The way to prove this is typically by ignoring the term Ds(x) and
proving that the linearization with respect to variations in s

(8.1) Dif(s,z) : ToX — B, it — t(x)

is surjective. Now perhaps you can see what was meant by the words “sufficiently
large” above: since zeroes of a given section s € X can in principle appear anywhere,
the only way to make sure (8.1) is surjective is by constructing X so that for every
r € Bandve E,, X contains a section t € X with ¢(x) = v. If this holds, then” the
universal moduli space becomes a smooth manifold, typically infinite dimensional.
The bulk of the effort in most genericity arguments goes into establishing this fact.

The rest of the argument follows a standard pattern: one considers the projection
map

871“)

T M- X:(s,x)— s,

which is clearly smooth if M is a smooth submanifold of X x B. In light of the
obvious bijection between 77!(s) and M(s) = s71(0) for each s € X, we are moti-
vated to ask whether generic sections s € X are regular values of this projection, so
that 7—!(s) becomes a manifold. When X is finite dimensional, this question is an-
swered by Sard’s theorem, but we also need an answer for cases where dim X = oo.
The following generalization of Sard’s theorem was proved by Smale in 1965; for a
concise proof using finite-dimensional reduction, see [MS12, §A.5].%

THE SARD-SMALE THEOREM ([Sma65]). Suppose M and N are second count-
able Banach manifolds of class C* and F : M — N is a map of class C* with k > 1
such that for every x € M, the derivative dF (z) : T,M — TpuN is a Fredholm

2There is a detail brushed under the rug here if X is infinite dimensional: in order to apply the
implicit function theorem and prove that f~1(0) is a manifold, one needs to know that Df(s, z) is
not only surjective but also has a bounded right inverse. This will be automatic for the cases we
are interested in because Ds(z) in those cases is Fredholm (see Exercise 8.11.

3The Sard-Smale theorem is stated in [MS12] for separable Banach spaces, but the proof is
easily adapted for second countable Banach manifolds using local charts and the fact that every
open cover has a countable subcover.
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operator with k > inddF(x) + 1. Then there ezists a comeager subset N*¢ < N
such that for every y € N*& and x € F~(y), dF(z) : T,M — T,N s surjective. [

The derivative of the projection 7 : M — X at (s, z) € M is the linear projection
map
dm(s,z) :ker Df(s,x) —> T, X : (t,v) — t.

To complete the picture, we need an easy algebraic lemma about linear maps:

LEMMA 8.2. Suppose X, Y and Z are vector spaces, D : X — Z and A:Y — Z
are linear maps, and L : X ®Y — Z : (x,y) — Dx + Ay is surjective. Then for the
projection

M:ker L - Y : (z,y) — vy,

there are natural isomorphisms ker Il =~ ker D and coker I =~ coker D.

PRrROOF. The isomorphism of the kernels is clear: it is just the restriction of
the inclusion X — X @Y : z — (2,0) to ker D. We construct an isomorphism
coker I — coker D as follows. Observe that imII is simply the space of all y € YV
such that Ay = — Dz for some z € X, hence imIT = A~!(im D), and

coker IT = Y/imH = Y/A_l(imD).
Now it is easy to check that the map A :Y — im A descends to an isomorphism
A:Y /A7 (im D) — im A/(im D n im A),
and similarly, the inclusion im A < Z descends to an injective homomorphism
imA/(im D nim A) - Z/im D.
Since every z € Z can be written as z = Dx + Ay by assumption, this map is also
surjective. 0

To apply this, suppose every section in X has the property that Ds(x) : T,B —
E, is Fredholm for every z € s7!(0); note that this is always true if B and E are
finite dimensional, and it is also true for the infinite-dimensional nonlinear Cauchy-
Riemann operator ¢ : T x BF?9 — £k=122 considered in the previous lecture. Since
ker Ds(z) and coker Ds(x) are finite dimensional, Lemma 8.2 now implies the same
for ker D7 (s,x) and coker Dr (s, z) for every (s,xz) € M, hence D (s, z) is always
Fredholm, and moreover, it is surjective if and only if Ds(z) is surjective. The Sard-
Smale theorem therefore gives us a comeager subset X™¢ < X such that for every
se€ X™ and x € s71(0), Ds(x) is surjective—in other words, s is transverse to the
zero-section.

Our analytical setup for the moduli space of J-holomorphic curves differs from
the story described above in the following respects:

(1) Instead of M(J) being globally the zero set of a section of a vector bundle,
it can locally be identified with sets of the form 0;*(0)/G, i.e. the quotient
of a zero set of a bundle by a smooth Lie group action with finite isotropy.

(2) The set of admissible perturbations (called X in the discussion above) will
not be quite large enough in general: in particular, it will not be true that
for every (j,u) € 0;'(0), perturbations of J can be found realizing arbitrary
perturbations in the value of d,(j, u).
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We will see that the first issue is not really a problem, but the second one is. It is a
symptom of the equivariance of 0y : T x BP9 — £F1P9 with respect to the action
of the automorphism group: transversality would easily be achieved if arbitrary non-
equivariant perturbations to 0; were allowed, but all perturbations that result from
changing J are automatically equivariant, which is a serious restriction. This is why
multiply covered curves must be excluded from the main results of this lecture.

There is one other complication that also afflicts the example sketched above
but was brushed under the rug: the space of allowable perturbations X < I'(E)
must be defined to have certain properties for technical reasons, but X is typically
not the space we actually want to prove a theorem about. If the goal is to prove
that generic smooth sections 1 € I'(E) are transverse to the zero-section, then the
natural choice would seem to be X := I'(F), but this is only a Fréchet space, not
a Banach manifold: you cannot use it in the implicit function theorem to prove
that the universal moduli space is smooth, and you cannot feed it into the Sard-
Smale theorem. There are various ways to overcome this difficulty, but they are all
somewhat unnatural and add an extra step to the proof—in the holomorphic curve
setting, that step will be described in §8.2.4.

8.2. Generic transversality in cobordisms

8.2.1. A theorem for somewhere injective curves. A smooth map u : PN
W is said to have an injective point z € y if

du(z) : T,® — Tu(z)W is injective and  u '(u(2)) = {z}.

If u is a proper map, then it is easy to see that the set of injective points is open in 2,
though in general it could also be empty; this is the case e.g. for multiply covered J-
holomorphic curves. We say u is somewhere injective if its set of injective points is
nonempty. For asymptotically cylindrical J-holomorphic curves with nondegenerate
asymptotic orbits, Theorem 6.34 implies that somewhere injectivity is equivalent to
being simple, i.e. not multiply covered.

Here is the first of the two main results in this lecture. It is stated specifically
for curves in completed cobordisms; an analogue for curves in symplectizations will
be the subject of §8.3.

THEOREM 8.3. Assume as in Theorem 7.1 that all the orbits v;" are nondegen-
erate, fix an almost complex structure J™ € J(wy, 10, Hy,H_) and an open subset

ucw.

Then there exists a comeager subset
T8 < {J e T(wy,ro. Ha Ho) | J = J™ on W\u} :

such that for every J € J*®, every curve uw € M(J) that has an injective point
mapped into U is Fredholm regular. In particular, the curves with this property
define an open subset of M(J) that is a smooth manifold with dimension equal to
its virtual dimension.
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REMARK 8.4. The theorem is equally true if J(wy, 70, H1, H_) is replaced by
the larger space J;(wy, 70, H4, H_). This distinction makes a difference at only one
step in the proof, where the compatible case is slightly harder than the tame case
because the space of available perturbations is smaller (see Lemma 8.13 and the
discussion that precedes it).

REMARK 8.5. Since U — W has compact closure, the set
{7 Tlwpro He o) | 7= 5 on WU |

with its natural C'°-topology is a complete metrizable space; in fact it can be given
the structure of a Fréchet manifold, though we will not need to use this fact. The
important detail is that the Baire category theorem applies to this space, and guar-
antees that comeager subsets of it are dense.

REMARK 8.6. As mentioned above, the condition that u : Y — W has an
injective point mapped into U is satisfied if and only if w is simple and u(Z) NU #
s. Instead of expressing it this way in Theorem 8.3, we have stated precisely
the condition that is needed in the proof—the reason to do it this way is that in
some other contexts, statements analogous to Theorem 8.3 are true but there is no
straightforward equivalence between simple curves and somewhere injective curves.
The simplest example is that for (unpunctured) J-holomorphic disks with totally
real boundary conditions, it is not true in general that every curve factors through

a curve whose injective points are dense; see [Laz00, Laz11].

REMARK 8.7. Theorems 7.1 and 8.3 both admit easy extensions to the study of
moduli spaces dependent on finitely many parameters. Concretely, suppose P is a
smooth finite-dimensional manifold and {J}scp is a smooth family of almost com-
plex structures satisfying the usual conditions. One can then define a parametric
moduli space

MUY = {(s,u) | s€ P, ue M(J,))
and a notion of parametric reqularity for pairs (s,u) € M({Js}), which is again an

open condition, such that the space M™8({J;}) of parametrically regular elements
will be an orbifold of dimension

dim M™8({Js}) = vir-dim M(J) + dim P.

The proof of this is the same as in Lecture 7, except that the section ¢ : T x BFP9 —
k=13 in §7.4 gets replaced by

Oy o T x BEPO 5 P — gF120 1 (G ) v du + J(u) o du o j,

for a bundle with fibers 58.;17’3’;’5 = WhLpd(Home (T, §), (u*Tﬁ\/, Js))), and we
call (s, [(2,7,T7,I'7,0,u)]) € M({Js}) parametrically regular if the linearization
D0yy,3(j, u, s) is surjective. Notice that since Ddgy,y(j, u, s) is the sum of Dd,;(j, u)
with an extra term defined on TP, every (s,u) € M({Js}) for which u e M(J,) is
Fredholm regular is also parametrically regular. The converse however is false, as
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FIGURE 8.1. The picture shows a smooth parametric moduli space
M({Js}) with P := [0,1] and its projection M({Js}) — [0,1] :
(s,u) — s in a case where vir-dim M(J;) = 0. The parametric mod-
uli space is 1-dimensional and the spaces M(J) are regular and 0-
dimensional for almost every s € [0, 1], but this need not hold when
s is a critical value of the projection. In the picture, one such space
M(Js) contains a 1-dimensional component consisting of non-regular
curves, so its dimension differs from its virtual dimension.

Mre({J,}) can contain pairs (s,u) for which u ¢ M™8(J,); these are precisely the
critical points of the map

(8.2) M8 ({Js}) = P : (s,u) — s.

The generalization of Theorem 8.3 to the parametric setting states that after
generic perturbations of the family {J;}sp that are fixed outside of some open
subset U < W and fixed everywhere for s outside of some precompact open subset
V < P, all elements (s,u) € M({Js}) for which s € V and u has an injective
point mapping to U will be parametrically regular. The proof requires only minor
modifications to the proof of Theorem 8.3, so we shall leave it as an exercise. The
standard and most important example is P = [0, 1] with V = (0, 1), meaning that
we consider generic homotopies between two fixed almost complex structures Jy
and J;. Figure 8.1 shows an example in which the moduli spaces M(J;) each have
virtual dimension zero and M({Js}) is a 1-manifold. Since the projection (8.2) is
not generally a submersion, there can exist critical values s € [0, 1] at which M (J)
fails to be a 0-dimensional manifold. In general these cannot be excluded by making
generic choices of the homotopy, though in certain cases, one can exclude them using
“automatic” transversality results, which give criteria for all J; to be regular with
no need for genericity (see §14.1).

EXAMPLE 8.8. It is not hard to imagine situations in which transversality must
fail generically for multiply covered curves. Suppose for instance that (W, w) is an
8-dimensional symplectic manifold with compatible almost complex structure Jy,
and ug : S* — W is a simple Jy-holomorphic sphere with no punctures and [ug] =
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A € Hy(W), where ¢1(A) = —1. This means ug represents an element of a moduli

space Mg o(Jo, A) with
vir-dim Mo o(Jo, A) = 2 — 2g + 2¢1(A) = 0.

In particular if ug is regular and {J; € J(w)}serr is a smooth k-parameter family of
compatible almost complex structures including Jy, then Remark 8.7 implies that
a neighborhood of (0, ug) in the parametric moduli space M({Js}) = {(s,u) | s €
R* we Mgo(Js, A)} is a smooth k-dimensional manifold, and this will be true no
matter how the family {.J;} is chosen. But for each of the elements (s, u) € M({Js})
parametrized by a J-holomorphic map u : (S% = Cu {w0},i) — (W, J,), there is also
a double cover
u': S Wz u(2?),
with [u'] = 24, so v € Moo(Js,2A) and
vir-dim Mg o(J5, 24) = 2 — 2g + 2¢1(24) = —2.

Negative virtual dimension means that Mgo(Jy, 24) should be empty whenever
Fredholm regularity is achieved, but this is clearly impossible, even generically, since
elements of M (Js, A) always have double covers belonging to M o(Js, 24).

REMARK 8.9. The most common way to apply Theorem 8.3 is by setting U equal
to the interior of W™, so generic perturbations of J are allowed everywhere except
on the regions where it is required to be R-invariant. The theorem then achieves
transversality for all simple curves that are not confined to the R-invariant regions.
We will show in §8.3 that transversality for all curves of the latter type can also
be achieved by generic perturbations within the spaces J(H+) of compatible R-
invariant almost complex structures on the symplectizations R x My, hence generic
choices in J (wy, 7o, H+, H_) do achieve transversality for all simple curves.

8.2.2. The universal moduli space. Our proof of Theorem 8.3 will roughly
follow the paradigm that was described in §8.1, based on the Sard-Smale theorem.
The first step is therefore to define a suitable Banach manifold of perturbations of
the almost complex structure to incorporate into our functional-analytic setup. All
known ways of doing this are in some sense non-ideal, e.g. one could take almost
complex structures of class C¥ or W*?_ but this necessarily introduces non-smooth
almost complex structures into the picture, with the consequence that the nonlinear
Cauchy-Riemann operator has only finitely many derivatives. That is not the end
of the world, and indeed, this is the approach taken in [MS12], but I will instead
present an approach that was introduced by Floer in [Flo88b], in terms of what is
now called the “Floer C, space”. The idea is to work with a Banach manifold that
continuously embeds into the space of smooth almost complex structures, so that
the nonlinear Cauchy-Riemann operator will always be smooth. It’s a nice trick,
but the catch is that we obtain a space that is strictly smaller than the actual space
of smooth almost complex structures we're interested in, and has a much stronger
topology. The C¢ space should be viewed as a useful tool but not a deeply meaningful
object—you might notice that while some of the intermediate results stated below
depend on its (somewhat ad hoc) definition, Theorem 8.3 does not. This is due to
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a general trick described in §8.2.4 below for turning results about C¢ into results
about C%.
As in the statement of Theorem 8.3, assume U < W™ is open and J%™* e

J (wy,ro, Hy, H_). Let
jZ/l = {Jej(wwurmHJﬂH*) J = JﬁX on W\Z/{},
and choose any almost complex structure

Jref c jL{-

Informally, we can regard J;, as an infinite-dimensional manifold® with tangent
spaces

Tyaiy = {Y € D(Bade(TW, ) | ¥y = 0 and wy(-, V) +wy(V, ) =0}

where the antilinearity of Y € Tt J;y means that Y is tangent to the space of almost
complex structures, and the condition relating it to w, means that these structures
are compatible with wy. (This condition would be omitted if we had defined J; to
be a subset of the larger space J,(wy, ro, H+, H—) instead of J (wy, ro, H, H_); see
Remark 8.4.) One can check that the map

1 1 -
Y o Jy = <]1 + 5fefY) Jrt (]1 + §Jrefy>
sends any sufficiently C°-small neighborhood of 0 € T.et Jy4 bijectively to a neigh-

borhood of J* in J,. We thus fix a sufficiently small constant ¢ > 0 and define the
space of “Ce-small perturbations of J*” by

Q0
Ty = {Jy € Ju | Y € Thet Jyy with Z elYllcea < c} :

=0

where € := (¢/)7, is a fixed sequence of positive numbers with ¢, — 0 as { — o0.

The sum
o0

Ve, = 3 el Voo
=0
defines a norm, and the space of smooth sections Y € Tyt 4 for which this norm is
finite is then a separable Banach space; see Appendix B for a proof of this statement.
This makes J; a separable and metrizable Banach manifold, as the map Jy — Y
can be viewed as a chart identifying it with an open subset of the aforementioned
Banach space. Not every J € Jy, that is C*-close to J™ belongs to J, but there
is a continuous inclusion

jzj — \71/{7
where the latter carries its usual C'“-topology and [J carries the topology induced

by the C¢-norm. By a lemma due to Floer, choosing a sequence ¢, that decays suffi-
ciently fast makes J5 large enough to contain perturbations in arbitrary directions

4Strict1y speaking, it is a Fréchet manifold, but not a Banach manifold.
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with arbitrarily small support near arbitrary points in U; see Theorem B.6 in Ap-
pendix B for a precise version of this statement and its proof. We will assume from
now on that a suitably fast decaying sequence has been fixed.

We now define for each J € J;, the set

M*(J) := {ue M(J) | u has an injective point with image in U},

which is an open subset of M(J) since U and the condition of being an injective
point are both open. The corresponding universal moduli space is defined by

M*(T0) = {(u,J) | J € Jf and we M*(J)}.

REMARK 8.10. The notion of convergence in M(J) defined in §6.4 also makes
sense for a sequence of the form u, € M(J,) where J, is a convergent sequence in
J5. In this way, M*(J) inherits a natural topology.

The use of the word “universal” is somewhat unfortunate, as M*(J5) depends
on many auxiliary choices such as J™ and (e)®,. Nonetheless, M*(J¢) turns out
to have exactly the properties we need for applying the Sard-Smale theorem—in
particular, it is a smooth separable Banach manifold. To see this, we can adapt
the functional-analytic setup from the proof of Theorem 7.1 and identify M*(75)
locally with a quotient of the zero set of a smooth section of a Banach space bundle.
Suppose Jy € J¢ and [(Z, jo, [, T, 0,u0)] € M*(Jy) where ug : ¥ — W has an
injective point zg with ug(29) € U. Choose a Teichmiiller slice T through (jo, ' v ©)
as in Proposition 7.19 and consider the smooth section

0T x B¥PO 5 J6 — EF1P0 - (. J) — du+ J(u) o duo j,

where £F1P9 is the obvious extension of our previous Banach space bundle to a
bundle over T x BfP?® x J¢. We're assuming as before that k € N, 1 < p < oo,
kp > 2, and § > 0 is small. A neighborhood of (ug, Jy) in M*(J) can then be
identified with a neighborhood of [(jo, ug, Jo)] in

07(0)/G,

where G := Aut(%, jo, [ UO) acts properly on 0-1(0) by ¢-(j,u, J) := (©*j,uowp, J).
Since ug has an injective point, Aut(uo) is trivial and the G-action on a neighborhood
of (jo,uo, Jo) is therefore free. The main task is then to show that 071(0) is a
smooth Banach manifold on some G-invariant neighborhood of (jo, ug, Jo), as elliptic
regularity will imply as in Lemma 7.29 that the G-action on this neighborhood is
smooth, so its quotient becomes a smooth Banach manifold as well. This will follow
from the implicit function theorem if we can show that the linearization
D3(jo, uo, Jo) : Ty T @ Ty B @ Ty, 5 — €075

(j0,u0,J0)

is surjective with a bounded right inverse. Note that D(_3( Jo, o, Jo) is not a Fred-
holm operator due to the infinite-dimensional summand 77, 7 in its domain, thus
in contrast to the situation in Theorem 7.1, it is no longer obvious whether surjec-
tivity implies the existence of a bounded right inverse. However, the restriction of
Do (jo, uo, Jo) to the factor T,,B%P is Fredholm, so the first part of the following
exercise shows that surjectivity is sufficient.
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EXERCISE 8.11. Given Banach spaces X, Y and Z, a Fredholm operator T :

X — Y and another bounded linear operator A : Z — Y, consider the operator
L:X®Z—->Y:(zx,2) » Tzx+ Az. Prove:

(a) The kernel of L has a closed complement in X ®Z. Hint: Write X = VK
and Y =W @ C with K = ker T and C' =~ coker T, so that V' T, W is an
isomorphism. Compute ker L in terms of these splittings, and don’t forget
that C' is finite dimensional.

(b) The image of L is closed in Y. Hint: Consider the restriction of L to the
closed complement of ker L from part (a).

The next lemma is now the main technical step in the proof of Theorem 8.3.
LEMMA 8.12. The operator
WEPS (i TW) @ Ty, T 2 W79 (Home (TS, uiTW))
(n,Y) = Do, o, Jo)(0,7,Y) = Dygnp + Y (ug) © dug 0 jo
is surjective for every k € N, p € (1,0) and § > 0 sufficiently small.

ProOF. Consider first the case k = 1,° so we are looking at a bounded linear
map
WP (Wi TW) @ Ty TS 5 L (Home (TS, i TW)),

and let us fix any value for 6 > 0 such that the operator Dy := D“0|W1’P75(u5"TI7I\/) :

lepﬁ(ugTW) — va‘s(Ho—mC(TZ,ugTW)) is Fredholm (cf. Lemma 7.6). Observe
that the dual of any space of sections of class LP? can be identified with sections of
class L%~ for % + % = 1 (recall Remark 7.4). Indeed, choosing a suitable L?-pairing
defines a bounded bilinear map

(8.3) (o0 1 PP @ LYY S R,

and one can use isomorphisms of the form L? — LP° : 5+ efn as in the proof of
Lemma 7.6 to prove (LP°)* =~ L%7% as a corollary of the standard fact that (LP)* ~
L4. With this understood, the fact that Dy : WhP° — P9 is Fredholm implies via
Exercise 8.11 that L has closed image. Thus if it is not surjective, the Hahn-Banach
theorem provides a nontrivial element 6 € L~ (Home (TS, uTW)) that annihilates
its image under the pairing (8.3), which amounts to the two conditions

(Dsn, 0512 = 0 for all n e WP (i TW),
(Y (up) o dug © jo,0)r2 = 0 for all Y € T}, J5.

The first relation is valid in particular for all smooth sections n with compact support
and thus means that 6 is a weak solution to the formal adjoint equation D360 = 0;
applying elliptic regularity and the similarity principle, 6 is therefore smooth and has
only isolated zeroes. We will see however that this contradicts the second relation
as long as there exists an injective point zy € ¥ with ug(z9) € U. Indeed, since
the set of injective points with this property is open and zeroes of 6 are isolated,

(8.4)

®Note that since Lemma 8.12 is a purely linear result, it does not require the assumption
kp > 2.
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let us assume without loss of generality that 6(z) # 0. Then since dug(z) # 0,
one can apply a standard lemma from symplectic linear algebra (see Lemma 8.13
below) to find a smooth section Y € T}, J;; whose value at ug(2o) is chosen such that
Y (ug)odugojo = 6 at zg, implying that the pointwise inner product (Y (ug)odugojo, 6)
is positive in some neighborhood of zy. By Theorem B.6, one can then multiply a
small perturbation of Y by a bump function to produce a section (still denoted
by Y) of class C. so that the pointwise inner product of Y (ug) o dug o jo with 6
is still positive near z; but vanishes everywhere else; note that this requires the
assumption ug ' (ug(20)) = {20}, so that the value of Y near ug(z) affects the value
of Y (ug) o dug o jo near zy but nowhere else. This contradicts the second condition
in (8.4) and thus completes the proof for k = 1.

In the general case, suppose a € W 129 (Home (T3, ugTW)) Then « is also of
class LP°, so surjectivity in the & = 1 case implies the existence of n € WP and
Y € Ty, 75 with Dsn + Y (ug) o dug o jo = a. Since Y (ug) o dug o jo is smooth with
compact support, one can then use elliptic regularity to show n € W*P9_ and this
proves surjectivity for arbitrary k € N and p € (1, o0). O

The choice of the bump function Y e T, J in the proof above required an
elementary but slightly non-obvious lemma from linear algebra. This is the only
point in the argument where the symplectic structure on W makes any difference,
and only if we are requiring perturbed almost complex structures to be compatible
with wy (rather than just tame), as this condition meaningfully shrinks the space
of available perturbations Y along .J,. But the lemma below shows that this space
of perturbations is still large enough. Recall that on any symplectic vector space
(V,w) with compatible complex structure J, one can choose a basis to identify J
with 7 and w with the standard structure wgq. The linear maps Y that anticommute
with ¢ and satisfy wga(Yv,w) + wga(v, Yw) = 0 for all v,w € V' are then precisely
the symmetric matrices that are complex antilinear.

LEMMA 8.13. For any nonzero vectors v,w € R?", there ewists a symmetric
matrix Y that anticommutes with i and satisfies Yv = w.

PrOOF. We borrow the proof directly from [MS12, Lemma 3.2.2] and simply
state a formula for Y:

1 ) )
Y = W (va + vw? 44 (va + va) z)

1
TR ((w, vy (0" +ivv"i) — (w, i) (vo” —vo'i)),
v
where ( , ) denotes the standard real inner product on R?" = C". 0

COROLLARY 8.14. The universal moduli space M*(J5) is a smooth, separable
and metrizable Banach manifold, and the projection M*(J5) — J§ : (u,J) — J is
smooth.

PROOF. Assume kp > 2 and § > 0 is sufficiently small. The section 0 :

T x BEPO x J¢ — E(kjgig’ ’ﬁo) is equivariant with respect to the action of G :=
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Aut(%, jo, ©), and its linearization at (jo,u, Jy) is the sum of the operator con-
sidered in Lemma 8.12 with extra terms defined on a finite-dimensional subspace
T;, 7T ® Vr, and is therefore surjective. In light of equivariance and Exercise 8.11, it
follows that the linearization of 0 has a bounded right inverse at every point in some
G-invariant neighborhood of (jo,ug, Jy) in 071(0). The implicit function theorem
then implies that that neighborhood is a smooth submanifold of 7 x B*P9 x J¢, and
the G-action on that neighborhood is smooth by elliptic regularity as in Lemma 7.29.
The projection map
0710) = J5: (j,u, J) — J

is also smooth on this neighborhood since it is the restriction to a smooth subman-
ifold of the obviously smooth projection map T x BfP® x J¢ — J¢. Since G acts
freely and properly on 071(0), the neighborhood of [(jo, 1o, Jo)] in 071(0)/G then
inherits a smooth Banach manifold structure for which the projection is still smooth,
and this quotient is identified locally with M*( 7). Smoothness of transition maps
is shown via the same regularity arguments as in the proof of Theorem 7.1. 0

8.2.3. Applying the Sard-Smale theorem. We claim now that
(8.5) M (TS) = T (u, J) — J
is a smooth nonlinear Fredholm map, i.e. its derivative at every point is a Fredholm
operator. Using the local identification of M*(7$) with 071(0)/G as in the proof of

Corollary 8.14 and lifting the projection to 0~1(0), the derivative of 0-1(0) — JS at
(Jo, uo, Jo) takes the form

ker Da(jo, Ug, Jo) - TJojzj : <y7777 Y) =Y.

The Fredholm property for this projection is a consequence of the Fredholm property
for DA(jy, ug) via Lemma 8.2, which also implies that the projection is surjective if
and only if Dd(jo, u) is surjective, i.e. if ug is a Fredholm regular curve. Applying
the Sard-Smale theorem to the map (8.5), we conclude:

COROLLARY 8.15. There exists a comeager subset
5 e 7
such that for all J € J,7"®, every uw e M*(J) is Fredholm regular. O

8.2.4. From C, to C*. The arguments above would constitute a proof of The-
orem 8.3 if we were allowed to replace the space of smooth almost complex structures
Ju with the space J$ of Ce-small perturbations of J™. Let us define

j&eg < Ju

to be the space of all J € J;, with the property that all curves in M*(.J) are Fredholm
regular. The theorem claims that this set is comeager in J;;. We can already see at
this point that it is dense: indeed, the Baire category theorem implies that 77" is
dense in 5, so in particular there exists a sequence J, € J;"* that converges to .J ref
in the C,-topology and therefore also in the C*-topology. The choice of J™*f € J,
in this discussion was arbitrary, so this proves density.

To prove that J;,® is not only dense but also contains a countable intersection
of open and dense sets in J;;, we can adapt an argument originally due to Taubes.
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The idea is to present M*(.J) as a countable union of compact subsets M3%(J) for
N € N, and thus present J,,® as a corresponding countable intersection of spaces
J-%Y that achieve regularity only for the elements in M%(J). The compactness of
M (J) will then permit us to prove that j&eg’N is not only dense but also open.

The definition of M% (J) is motivated in part by the knowledge that spaces of
J-holomorphic curves have natural compactifications. We have not yet discussed
the compactification M(J) of M(J), but we have covered enough of the analyt-
ical techniques behind this construction to suffice for most details of the present
discussion.

LEMMA 8.16. For each J € Jy, there exists a nested sequence of subsets M7 (J) <
Mi(J) < ... c M*(J) such that:

(1) UNEN MT\/(‘D = M*(J>:
(2) For any compact subset K € Jyy and every N € N, the set

MN(K) = {(u,]) | Je K and uwe My (J)}
with its natural topology (cf. Remark 8.10) is compact.

PROOF. We start by finding a nested sequence in J(X) that proves a similar
statement about the moduli space of Riemann surface M, where ( := #(I" U O).
This depends mainly on the fact that M, is a finite-dimensional orbifold, so in
particular it is locally compact and second countable. Fix a model surface ¥ of
genus ¢ along with disjoint sets of punctures I' = ¥ and marked points © < X,
abbreviating ©' := I' U ©. For each j € J(X), choose a Teichmiiller slice 7; < J (%)
through (j,©’), and let V; < 7, denote a compact neighborhood of j. Then the
image of V; under the quotient projection 7 : J(X) — J(¥)/Diff(X,0') = My,
is a compact neighborhood of [j] in M,,. The union of these for all j € J(X)
therefore forms an open cover of M, ,, which has a countable subcover, i.e.

o0

Mgvf = U 71-(VJ‘N)

N=1

for some sequence ji, j, j3, ... € J(X). For each N € N, define

In(E) = Vi c T(®).

i=1
We now have a nested sequence J,(X) c Jo(X) < ... < J(X) of compact subsets
whose union projects surjectively to Mg, under the quotient projection.

With this preparation in place, fix Riemannian metrics on W and ¥ with translation-
invariance on the cylindrical ends and use dist( , ) to denote the distance functions.
For N € N and J € Jy, we define M} (J) < M*(J) to be the set of equivalence
classes admitting representatives (3, 7,I'",I'~, ©, u) with the following properties:

[] ] € jN(E)
® sup ey |[du(z)| < NV
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e There exists zp € 3 such that

= 1 1 1
dist(u(zo), W\U) = N |du(z)| = N’ dist(z, ") = N
and ‘
6 dlst('u(zo),u(z)) . i
zeX\{z0} dlSt(Zo, Z) N

Observe that since every u € M*(.J) is asymptotically cylindrical, its first derivative
is globally bounded and it therefore belongs to M3, (J) for all N sufficiently large.
Conversely, every u € M3%/(J) has an injective point lying a fixed distance away
from the punctures and whose image lies a fixed distance from the complement
of U. Now for any convergent sequence J, — J in [Jy, arbitrary sequences u, €
M, (J,,) have representatives of the form (%, 5,,I't,I't,©, u,) with j, € Jn(2) and
u, satisfying the two other two conditions above. Smce Jn(X) is compact, we can
pass to a subsequence and assume j, — j € Jy(X). The J,-holomorphic maps
(2, 5,) — (W J,) all have intersections with the precompact subset U < W

on some compact subset of 2, and they have uniformly bounded first derivatives,
thus they are uniformly C*'-bounded on compact subsets, and therefore also Wl’p
bounded for p > 2. By Corollary 2.25, we can now pass to a further subsequence
so that u, converges in C{ (2) to a J-holomorphic map u : (2, j) — (W J), which
necessarily also satisfies the closed conditions in the definition of the space M% (J).
One can apply further compactness arguments as in Lemma 9.20 to show that in
thls situation, wu is also asymptotically Cyhndrlcal and the continuous extensions
. § — W are C%-convergent to @ : & — W, hence u e M4 (J) and (u,, J,)
Converges to (u, J). O

To complete the proof of Theorem 8.3, define

TN =

for each N € N as the set of all J € J; for which every element of M% (J) is
Fredholm regular.

LEMMA 8.17. For every N € N, j&eg’N is open and dense in Jy.

PRrROOF. Density is immediate, since we’ve seen already that every J € [J;; admits
a C”-small perturbation that achieves regularity for all curves in |y My (J).

2NV and a sequence

For openness, suppose the contrary: then there exists J,, € J,
J, € Tu\Tyy JreN with J, — J,, in the C®-topology. There must also exist a sequence
of curves u, € M%(J,) that are not Fredholm regular. But then a subsequence of
u, converges to an element u,, € M%(Jy), which must be Fredholm regular. The
latter is an open condition and thus gives a contradiction to the assumption that wu,

is not regular for all v. O

PROOF OF THEOREM 8.3. Since M*(J) = |Jyey My (J), we have

reg ﬂ reg7
)

NeN
which is a countable intersection of open and dense sets. O
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8.3. Generic transversality in symplectizations

8.3.1. Main results in the R-invariant setting. If M is a closed manifold
with a stable Hamiltonian structure H, one can easily adapt Theorem 8.3 to say
that for any symplectic structure of the usual form w; on R x M, generic C*-small
wy-compatible perturbations of any given J € J(#) in an open subset Y < R x M
with compact closure will achieve regularity for all curves that map an injective
point into U. The trouble with this statement is that after the perturbation, J no
longer belongs to J(#): in particular it cannot be R-invariant, nor can we expect
it to preserve the subbundle & = ker A or map 0, to the Reeb vector field. Requiring
these conditions confines us to a much smaller space of perturbed almost complex
structures than in Theorem 8.3, and it is no longer obvious whether this space will
be large enough to achieve transversality.

The following statement refers to a stable Hamiltonian structure H = (w, A) with
induced hyperplane distribution & = ker A and Reeb vector field R, and we denote
by

e : T(Rx M) —¢
the projection along the trivial subbundle generated by 0, and R. We will sometimes
view A and d\ as forms on R x M by pulling them back via the projection R x M —
M; with this in mind, the d\-complement of { € T'(R x M) at a point pe R x M
will be denoted by

= {X eT,(Rx M) |d\X,")|e, =0} = T,(R x M).

P

We assume as usual that M(J) = M, ,,(J, A,v*,~~) denotes a moduli space of
asymptotically cylindrical J-holomorphic curves with a fixed genus g and number
of marked points m, representing a fixed relative homology class A and asymptotic
to fixed sets of Reeb orbits ;= at its positive and negative punctures.

THEOREM 8.18. Suppose M is a closed (2n — 1)-dimensional manifold carrying
a stable Hamiltonian structure H = (w, \), J™ e J(H),

UcM

is an open subset, and the orbits v in the definition of the moduli space M(J) =
Mym(J, Ayt ~7) are all nondegenerate. Then there exists a comeager subset

Ttc{JeTJH)|J=J onRx (M\U)}

such that for every J € J®, every curve uw € M(J) with a representative u : Y —
R x M that has an injective point z € X3 satisfying

(i) u(z) e R x U, and

(i) imdu() 0 €8 = (0}
1s Fredholm reqular.

This result is applied most frequently with &/ = M, in which case the condition
u(z) € R x U is vacuous. Since dA(R,-) = 0, the second condition on the injective
point z can be rephrased by asking for the linear map

d\(me o Tu(X),-)

fu(z) : gU‘(Z) - R
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to be nontrivial for every nonzero X € 7.3, If X\ is contact, then this is immediate
whenever meoTu(X) # 0 since dA|¢ is nondegenerate, and the condition meoTu(X) #
0 is also easy to achieve:

ProposITION 8.19. If J € J(H), then for any connected J-holomorphic curve
w: (3,7) = (R x M, J), the section

7 o du € D(Home (TS, u*€))
either is identically zero or has only isolated zeroes.

As you might guess, this result is a consequence of the similarity principle; see
§8.3.2 for a proof. Notice that if m¢ o du = 0, then u is everywhere tangent to the
vector fields 0, and R, so if it is asymptotically cylindrical, then it can only be a
trivial cylinder or a cover thereof.

ProrosiTION 8.20. All trivial cylinders over mondegenerate Reeb orbits have
index 0 and are Fredholm regular.

PROOF. Let u, : R x S* — R x M denote the trivial cylinder over an orbit
v : St — M. The virtual dimension formula proved in Lecture 7 gives

ind(u,) = (n = 3)X(R x §1) + 2] (TR x M) + pig(7) — 1z (7)
=2 (WT(R x M)) =0

since the asymptotic trivialization 7 has an obvious extension to a global trivial-
ization of u3¢, and uXT(R x M) is globally the direct sum of the latter with the
trivial line bundle spanned by ¢, and R. Using this splitting, the linearized Cauchy-
Riemann operator D, can be identified with 0 @ (d; — A,), where

0 =0, +i0, : WFPO(R x S*,C) @ Vp — WH PR x St C)

and
05 — At WEPO(g) — WHIPI(y%¢),

Here we are assuming without loss of generality that Vi is a complex 2-dimensional
space of smooth sections of the trivial line bundle spanned by 0, and R that are
constant near infinity, and we are identifying this with a space of smooth complex-
valued functions on R x S!. Nondegeneracy implies that d, — A : WP — Wh=Lp
is an isomorphism, recall Theorem 4.14 in Lecture 4. Using weight functions as
in the proof of Lemma 7.6 to define isomorphisms between W9 and W*?_ one
can identify d, — A, : WHP® — Wk-LPS with a small perturbation of the same
operator W*? — T¥/*k=LP hence it is also an isomorphism for § > 0 sufficiently
small. To see that 0 : W*P4 @ Vi — WE-LP9 ig also surjective, observe first that
its index is 2; this follows from our calculation of ind(u,) and corresponds to the
fact that dim Aut(R x S',4) = 2. The kernel of this operator consists of bounded
holomorphic C-valued functions on R x S, so it is precisely the real 2-dimensional
space of constant functions, implying

dim coker(d) = dimker(d) —ind(0) =2 — 2 = 0,

so D, is surjective. 0
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COROLLARY 8.21. For any contact form a on a closed manifold M, there exists
a comeager subset J"8(a) < J(a) such that for every J € J"¢(a), all somewhere
injective asymptotically cylindrical J-holomorphic curves in R x M are Fredholm
reqular. O

Note that in the setting of Corollary 8.21, a curve that is not a cover of a trivial
cylinder always belongs to a smooth 1-parameter family of curves related to each
other by R-translation, so that the kernel of the linearized Cauchy-Riemann operator
automatically has kernel of dimension at least 1. This precludes Fredholm regularity
for curves of index 0, thus:

COROLLARY 8.22. If « is a contact form and J € J"8(«), then all simple
asymptotically cylindrical J-holomorphic curves u : (3, 7) — (R x M, J) other than
trivial cylinders satisfy

ind(u) > 1.
UJ

The following example shows that outside of the contact case, the nonvanishing
of m¢ o du does not suffice on its own for achieving transversality:

EXAMPLE 8.23 (cf. §6.3.2). Assume (W) is a closed symplectic manifold of
dimension 2n —2 with a periodic time-dependent Hamiltonian H : S' x W — R, and
M := S'x W is assigned the stable Hamiltonian structure (w, \) := (Q+dt AdH, dt).
A choice of J € J(H) is then equivalent to a choice of t-dependent family of Q-
compatible almost complex structures {J; € J (W, Q)}es1, and for any fixed ¢ € S1
and s € R, Ji-holomorphic curves v : (3,5) — (W, J;) give rise to J-holomorphic
curves

w:(%,j) = (Rx M, J): 2z (s,t,0(z)).
In particular, when n = 2 one can consider the example where W = 3 is a closed
surface, so curves of this form exist for any choice of J € J(#), no matter how
generic (remember that the domain complex structure j is arbitrary, it is not fixed
in advance). If ¥ has genus g and the map v : ¥ — ¥ has degree 1, then since u
has no punctures and satisfies ¢;([u]) = ¢; (u*T(R x S* x 2)) = ¢, (TX) = x(T), the
index of u is
ind(u) = (n = 3)x(X) + 2x(¥) = x(¥) = 2 - 2g.
This shows that v cannot be Fredholm regular unless g = 0.

Theorem 8.18 appeared for the first time in the contact case in [Dra04], and
alternative proofs have since appeared in the appendix of [Bou06] (for cylinders in
the contact case) and in [Wena] (under slightly different assumptions in the stable
Hamiltonian setting). What I will describe below is a generalization of Bourgeois’s
proof.

8.3.2. Injective points of the projected curve. One point of difficulty in
proving transversality in R x M is that in contrast to the setting of Theorem 8.3,
generic perturbations within J(H) can never be truly local, i.e. if you perturb J
near a point (r,x) € R x M, then you are also perturbing it in a neighborhood
of the entire line R x {z}. We therefore need to know that we can find a point
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z €Y that is the only point where u : Y > Rx M passes through such a line; put
another way, we need to know that not only u = (ug,uy) : > — R x M but also
the projected map wuy; : > — M is somewhere injective. The first step in showing
this is Proposition 8.19 above, as the zeroes of the section

e o du € T'(Home (T'Y, u*€))

are precisely the non-immersed points of uy; : Y > M ; everywhere else, uy; is
an immersion transverse to the Reeb vector field. To prove Proposition 8.19, we
shall use the fact that the vector fields 0, and R generate an integrable J-invariant
distribution on R x M. Indeed, the zeroes of m¢ o du are the points of tangency
with this distribution, hence the result is an immediate consequence of the following
statement:

LEMMA 8.24. Suppose (W, J) is an almost complex manifold, = < TW s a
smooth integrable J-invariant distribution and u : (3,7) — (W, J) is a connected
pseudoholomorphic curve whose image is not contained in a leaf of the foliation
generated by =. Then all points z € 3 with imdu(z) < = are isolated in X.

PROOF. The statement is local, so assume (X, j) = (D, 7) with coordinates s+it,
W = C", and u(0) = 0. Let 2m denote the real dimension of =, and observe that
since = is integrable, we can change coordinates near 0 and assume without loss of
generality that at every point p € C" near 0, £, = C" @ {0} < C* = T,C". The
J-invariance of = then implies that in coordinates (w, () € C™ x C"™, J takes the

o (w.0) Y(w,Q)
_ Jl waC Y waC
J(wv g) - ( 0 JQ(U},C)> )
where J? and J3 are both —1, and J;Y + YJy, = 0. Writing u(z) = (f(2),v(z)) €
C™ x C" ™, the Cauchy-Riemann equation dsu + J(u)d;u = 0 is then equivalent to
the two equations

Osf + Ji(f,v)onf + Y(f,v) 0w =0,
0sv + Jo(f,v) dpv = 0.

We have im du(z) < Z wherever d,v = dyv = 0; notice that it suffices to consider
the condition dsv = 0 since dyv = Jo(f,v) dsv. Differentiating the second equation
in (8.6) with respect to s gives
65(831}) + J2(f7 U) at(asv> + 05 [J2(f7 U)] J2(f7 U) Jsv = 0,

where in the last term we've substituted Jy(f,v)dsv for dw. Setting J(z) :=
Jo(f(2),v(2)) and A(z) := 0, [J2(f(2),v(2))] Jo(f(2),v(2)), this becomes a linear
Cauchy-Riemann type equation 0s(0sv) + J 0¢(0sv) + A(dsv) = 0, so the similarity
principle implies that zeroes of d,v are isolated unless it is identically zero. The
latter would mean v is constant, so u is contained in a leaf of =. O

LEMMA 8.25. Suppose J € J(H), v : St — M is a closed Reeb orbit, and
u = (ug,up) : (2,5) — (R x M,J) is an asymptotically cylindrical J-holomorphic
curve that s not a cover of a trivial cylinder. Then all intersections of the map
w2 X — M with the image of the orbit v are isolated.

(8.6)
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PRrOOF. The trivial cylinder over « is a J-holomorphic curve, so the statement
follows from the fact that two asymptotically cylindrical J-holomorphic curves can
only have isolated intersections unless both are covers of the same simple curve. [

~ We can now prove the statement we need about somewhere injectivity for uys :
Y. — M. This result first appeared in [HWZ99, Theorem 1.13].

PROPOSITION 8.26. Suppose J € J(H) and
u = (ug, uy) 1 (3, 5) = (R x M, J)

1s a simple asymptotically cylindrical J-holomorphic curve which is not a trivial
cylinder and has only nondegenerate asymptotic orbits. Then the set of injective
points z € ¥ of the map uy X — M for which up(2) is not contained in any of
the asymptotic orbits of u is open and dense.

PROOF. Openness is clear, so our main task is to prove density. The idea is
first to show via elementary topological arguments that if the set of injective points
is not dense, then Y. contains two disjoint open sets on which wu;; is an embedding
with identical images. We will then conclude from this that if u is simple, it must
be equivalent to one of its nontrivial R-translations, and the latter is impossible for
an asymptotically cylindrical curve. .

Step 1: We begin by harmlessly removing some discrete sets of points in 3 that
would make the subsequent arguments more complicated. Let

PcM

denote the union of the images of the asymptotic orbits of u, a finite disjoint union
of circles. Lemma 8.25 implies that u,; (P) is a discrete subset of 3. By Proposi-
tion 8.19, there is also a discrete set Z < ¥\u;; (P) containing all points z ¢ u;; (P)
where 7¢ o du(z) = 0, and we claim that

7' = uyt (uni(2))

is a discrete subset of X\uj} (P). Indeed, uy(Z) is a discrete subset of M\ P since the
points in Z can only accumulate at infinity,” hence accumulation points of uy(Z) <
M can occur only in P. For each individual point p € uy(Z), the fact that p ¢ P
implies u,; (p) is compact, and it consists of a discrete (and therefore finite) set of
points with ¢ o du(z) = 0, plus possibly some other points where ¢ o du(z) # 0,
but uy; is an embedding near each point of the latter type, so that these points of
uy; (p) must always be isolated and are therefore also finite in number. This proves
the claim, and we conclude that

3= 3\ (up (P)u Z')

an open and dense subset of.Z.], as it is obtained by removing a discrete subset from
the open and dense subset ¥\u;, (P). To prove the proposition, it will now suffice
to prove that the set of points z € ¥ which are injective points of uy; : X — M is

6Actually the asymptotic formula of [HWZ96] implies that both Z and u}, (P) are always
finite for curves that are not covers of trivial cylinders, but we do not need to use that here.
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dense in 3. We shall argue by contradiction and assume from now on that density
fails.

Step 2: We will find two open subsets U,V < X such that uy, restricts to an
embedding on both, but

UnNnV =g and uyU)=uyV).

Indeed, assume the set of injective points of uys lying in 3 is not dense in 3. Then
there exists a point zg € ¥ with a closed neighborhood D(z) < 5 such that no
2 € D(z) is an injective point. Since z € 3 implies ¢ o du(z) # 0, this means that
for every z € D(z), there exists ¢ € ¥\{z} with uy(2) = up(¢), and the definition
of 3 implies ¢ is also in ¥, hence meodu(C) # 0 and uyy is a local embedding near .
Since u(z) ¢ P and uy maps S\uj; (P) properly to M\P, we also conclude that

wy/ (upr(2)) is finite. Now suppose uy, (uar(20)) = {20, C1, -+ -5 Gu}, and let D((;) = )

for j = 1,...,m denote closed neighborhoods on which u;; is an embedding. We
claim that after possibly shrinking D(zy), we can assume
c U up (D
j=1

Let us first shrink D(zy) so that uys is an embedding on D(zj), which is possible
since m¢ o du(zg) # 0. Then if the claim is false, there exists a sequence z, € D(zj) of
noninjective pomts with 2z, — 2o, hence there is also a sequence 2/, € Z\D(zo) with
up(z,) = up(2,) but 2/, not converging to any of (i, ..., (n. But since up () —
up(z0) ¢ P, the points 2/, are confined to a compact subset of 3> and therefore have
a subsequence 2/, — 2/, € ¥ with uy(2,) = up(2). The limit cannot be z, itself
since 2, ¢ D(zy), thus z,, must be one of the (1, ..., (;, and we have a contradiction.
We claim next that at least one of the sets up/(D(z0)) N up(D((;)) has nonempty
interior. This is a simple exercise in metric space topology: it can be reduced to
the fact that if X is a metric space with closed subsets V., W < X that both have
empty interior (meaning no open subset of X is contained in V' or W), then V.u W
also has empty interior. Since the subsets up(D(20)) N unm(D((;)) < un(D(20)) for
j=1,...,mare all closed but their union is uy;(D(2g)), they cannot all have empty
interior. This achieves the goal of Step 2.
Step 3: We show that u is biholomorphically equivalent to one of its R-translations

Touwi=(ug + T, up) X > Rx M

for 7 € R\{0}. To see this, note that for J € J(H), the nonlinear Cauchy-Riemann
equation Tw o j = J o T'u is equivalent to the two equations

dug = uj;\o j,
(8.7) rou

Te o dupr 0 j = J(upr) o me o dupy.
Since 7 o duy : TS — ui, € is fiberwise injective everywhere on the neighborhoods
U and V), the second equation determines j in terms of J on each of these regions;

in particular, the identification of u, (U) with wps (V) provides a biholomorphic map
of V to U so that uly and uly may be regarded as two J-holomorphic maps from
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the same Riemann surface which differ only in the R-factor. But with j and w,,
both fixed, the first equation in (8.7) determines dug and thus determines ug up to
the addition of a constant 7 € R. If 7 = 0, this means u has two disjoint regions on
which its images are identical, contradicting the assumption that u is simple. Thus
7 # 0, and since two distinct simple curves can only intersect each other at isolated
points, we conclude u = 7 - v up to parametrization.

Step 4: We now derive a contradiction. The relation v = 7 - v implies that in
fact u = k7 - u for every k € Z, so we obtain a diverging sequence of R-translations
7w — 00 such that u and 73 - u always have identical images in R x M. It follows
that for some point z € ¥ with u(z) = (r, ) where x is not contained in any of the
asymptotic orbits of u, the points (r — 74, z) are all in the image of u as 7, — o0.
But this contradicts the asymptotically cylindrical behavior of w. O

8.3.3. Smoothness of the universal moduli space. The overall outline of
the proof of Theorem 8.18 is the same as for Theorem 8.3: one needs to define a
suitable space J of perturbed almost complex structures, giving rise to a universal
moduli space M*(J9) that is a smooth Banach manifold, and then apply the Sard-
Smale theorem to conclude that generic elements of J, are regular values of the
projection M*(J5) — J5S : (u,J) — J. If J9 is a space of Ce-perturbed almost
complex structures, then in the final step one can use the Taubes trick as in §8.2.4 to
transform the genericity result in 7§ into a genericity result within the space J(H)
of smooth almost complex structures. The only step that differs meaningfully from
what we’ve already discussed is the smoothness of the universal moduli space, so let
us focus on this detail.

Assume J* € J(H) with J*f = J8 outside R xU, and J;$ is a Banach manifold
of Ce-small perturbations of J™ in J(#) that are also fixed outside of R x U. For
J € J(H), we consider the open subset M*(J) = M(J) defined by

M*(J) i={ue M(J) | u=(ug,un) : ) — R x M has an injective point z € 3 with
u(z) € R x U, m¢ o du(z) # 0 and im duy(2) N fié’)\ = {0}}.
and the corresponding universal moduli space

MH(TG) ={(u,J) | J € T and ue M*(J)}.

The local structure of M*(79) near an element (ug,.Jy) with representative wg :
(2, 750) — (R x M, Jy) can again be described via the zero set of a smooth section

0T x BMPO x J6 — EF1P0 - (j u, J) — du + J(u) o duo j,

where T is a Teichmiiller slice through (jo,I' U ©), and it suffices to show that the
linear map

WEP(usT(R x M)) @ Ty, T = WS (Home (TS, ug T (R x M)
(777 Y) — Duon + Y<u0) © duO © jO

is always surjective. As usual, here we’re assuming £ € N, 1 < p < oo, and
the exponential weight § > 0 is small but positive so that the map W9 —
Wk=Lpd .y s D,n is Fredholm. The image of L is then closed, and focusing
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on the k = 1 case, if L is not surjective then there exists a nontrivial element
0 € L¢~°(Home (T, ufT(R x M))) such that

(Dyon, Oyr2 = 0 for all n e W (i T(R x M)),

8.8
( ) <Y(U0) o dUQ Ojo, 9>L2 =0forall Y e TJonj'

The first condition implies via elliptic regularity and the similarity principle that 6
is smooth and has only isolated zeroes. So far this is all the same as in the proof
of Theorem 8.3, but the next step is trickier: since perturbing .Jy within J(H)
only changes the action of the almost complex structure on & but not on the trivial
subbundle generated by ¢, and R, it is not clear whether the range of values allowed
for Y is large enough to force (Y (ug) o dug o jo, )2 > 0.

To overcome this, let us decompose everything in this picture with respect to
the natural splitting

T(Rx M) =e®¢,
where € denotes the trivial line bundle spanned by ¢, and R. In particular, the
domain and target bundles of the Cauchy-Riemann type operator D,, now split as
ugT(R x M) = ue ®ujé,
Home (TS, utT(R x M)) = Home (TS, uie) @ Home (TS, ui),

and we shall write n = (9°,7°) and 6 = (6%,6%) accordingly. This gives a block
decomposition of D, as

o2e) = (o 52) ()

Du — ( uo — uo uo .

ol <(Duo?7)f Dy Di ) \nf

By Exercise 6.23, D and Dio are each Cauchy-Riemann type operators on uje
and ugé respectively, while the off-diagonal terms are both tensorial, i.e. zeroth-

order operators. Since perturbations of Jy in J(#) only change its action on &,
Y € T, 75 now takes the block form

0 0
Y=o ve)

where Y¢ is a C-small section of the bundle Endc¢ (€, Jy) over M. Assuming the L2-
pairings are defined so as to respect these splittings, the second condition in (8.8)
now becomes

(Y¢(ug) o ¢ o dug o jo,0)r2 = 0,
and given any injective point z € ¥ of (ug)as : X — M satisfying ug(z0) € R x U, we

have enough freedom to choose Y* near R x {ug(z)} such that this pairing becomes
positive unless

05 =0 near z.

Assuming this holds, it remains to show that 6° also vanishes near z;, which will
contradict the fact that 6 only has isolated zeroes. To this end, notice that the first
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condition in (8.8) implies via separate choices of the components 7° and n® with

support near zy that

(D, 1%, 02 = 0 for all n° supported near z,
8.9
(8.9) (DX, 6072 = 0 for all 7 supported near 2.

The first of these two conditions gives no new information, since we already know
that # = (6°,0) solves an anti-Cauchy-Riemann equation. To get some information
out of the second condition, we will need an explicit formula for DZ} .

LEMMA 8.27. The tensorial operator D, : u$é — Hom(c(Til, uge) takes the form
D0t = [—dA(n*, duo ()] 0, + [dX(n®, du("))] R.

PROOF. As a preliminary step, notice that —dr o J = X for any J € J(H);
indeed, the conditions J(§) = £ < kerdr and J0, = R imply that these two 1-forms
have matching values on 0,, R and £. As a consequence, Ao Jy = dr, so in particular
Ao Jy is closed.

Choosing local holomorphic coordinates (s,t) in an arbitrary neighborhood in

2, we have
(D5n°)0s = dr((Dugn®)ds) 0 + A((Duen®)s) R.

Extend up : ¥ — R x M to a smooth l-parameter family of maps {u, : YN
R x M},eg with d,u,|,—0 = n° € T(ui€). Then by the definition of the linearized
Cauchy-Riemann operator,

(Dyon )é’ =V, (Osu, + JO(up)atup”p:oa
for any choice of connection V on R x M. Since dsug + Jo(uo)dug = 0, we find
)‘((Duong)aS) = MV, (Osu, + JO(up>atup)|p=o) = 0p [Mdsu, + JO(up>8tup)]|p=o
= Op [MOsup)]l,—o + 0 [(X 0 Jo)(dru,)]]
= dA\(1%, Osu) + d(X o Jo)(n°, Ou)
= d\(n°, Osu),
where we’ve used the formula
IN(X,Y) = Lx AY)] = Ly M(X)] = A([X, Y])

and eliminated several terms using the fact that A(n°) = A(Jyn®) = 0 since n° is
valued in &, plus d(A o Jy) = 0. A similar computation gives

dr ((DuOng)ﬁs) = —d)\(ng, opu),

so removing the local coordinates from the picture produces the stated formula. [J

p=0

(n
(o

LEMMA 8.28. If imdu(zy) N de’\ = {0}, then D : uié — Home (TS, ute) is

u(zo)
fiberwise surjective on a neighborhood of zg.

PROOF. Choose holomorphic coordinates s + it near zy and use Lemma 8.27 to
write

(DEnS)0, = [—d\(*, du)] 0, + [dA(nS, Ou)| R
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This describes a bundle map uj{ — uje near 2, that is surjective at every point
z where dA(+, dyu)le, ., and dA(-, dsu)lg, ., are linearly independent in Hom(&,.), R).
The latter is true if and only if for every pair of coefficients a,b € R that do not
both vanish,

0 # adA(+, duu)le, .., +bdA(+, dsu) dA(-, adyu + bosu)

|£u(z) = |£“(“)7

meaning no nontrivial vector in im du is in £+ O

Now assuming that our injective point 2, also satisfies the condition in Lemma 8.28,
we can choose 1 with support near z, to satisfy

(D, 0512 > 0

unless 6° vanishes identically near zy. The two conditions in (8.9) therefore imply
0° = 0 near zp and thus # = 0, which is a contradiction.

We’ve proved that the universal moduli space is smooth as claimed. Since the
rest of the proof of Theorem 8.18 is the same as in the non-R-invariant case, we
leave those details to the reader.

REMARK 8.29. You may have noticed that in both Theorems 8.3 and 8.18,
our proof that the universal moduli space is smooth relied on a surjectivity result
that was actually stronger than needed: in both cases, we needed to prove that an
operator of the form

T, T ® T B @ T, T — Gyt

(j0,u0,J0)
was surjective, but we ended up proving that its restriction to the smaller domain
T, BEPO @ Ty, JS is already surjective. This technical detail hints at a stronger result
that can be proved using these methods: one can show that not only is M*(J5)
smooth but also the forgetful map

M*(jlj) - Mg,k++k,+m
([(Z,5,17.17,0,u)],J) — [(£,4,I'u ©)]

sending a J-holomorphic curve to its underlying domain in the moduli space of
Riemann surfaces is a submersion, cf. the blog post [Wenb] and its sequel. One can
use this to prove generic transversality results for spaces of J-holomorphic curves
whose domains are constrained within the moduli space of Riemann surfaces, which
gives rise to more elaborate algebraic structures on SFT, e.g. this idea plays a
prominent role in the study of Gromov-Witten invariants.
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Moduli spaces of pseudoholomorphic curves are generally not compact, but they
have natural compactifications, obtained by allowing certain types of curves with
singular behavior. For closed holomorphic curves, this fact is known as Gromov’s
compactness theorem, and our main goal in this lecture is to state its generalization
to punctured curves, which is usually called the SF'T compactness theorem. The the-
orem was first proved in [BEH 03] (see also [CMO05] for an alternative approach),
and we do not have space here to present a complete proof, but we can still describe
the main geometric and analytical ideas behind it.

The overarching theme of this lecture is the notion of bubbling, of which we will
see several examples. Bubbling arises in a natural way from elliptic regularity: recall
that in Lecture 2, we proved that whenever kp > 2, any uniformly W*?-bounded
sequence u, of J-holomorphic curves for a smooth almost complex structure .J is
also uniformly CJ” -bounded for every m € N (cf. Theorem 2.24). The Arzela-Ascoli
theorem implies that such sequences have C¥ -convergent subsequences, and this is
true in particular whenever v, is uniformly C*-bounded, as a C'-bound implies a
WP-bound with p > 2. Let us take note of this fact for future use:

PropoOSITION 9.1. If (W, J,) is a sequence of almost complex manifolds with
J, — J in C®, then any uniformly C'-bounded sequence of J,,-holomorphic maps

Uy, : D — W has a subsequence convergent in C5, on ID. O]

233
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If one wants to prove compactness for a moduli space of J-holomorphic curves,
it therefore suffices in general to establish a Cl-bound. We will work mainly in
settings where a weaker condition than this holds, namely that the curves u, have
bounded energy E(u,) = 0, defined typically as the integral of a taming symplectic
form over w,, or (in the noncompact settings that we consider) the supremum of
such integrals for a distinguished class of taming symplectic forms. Observe that if
u: (D7) —» (W, J) is J-holomorphic and J is tamed by a symplectic form w, then
9(X,Y) := L [w(X,JY) + w(Y, JX)] defines a Riemannian metric on W such that
in holomorphic coordinates s + it € D, the equation d,u + J d,u = 0 implies

w*w(ds, 0y) = w(dsu, Cpu) = 1 w(0su, Josu) + w(owu, Jowu
2

(9.1) L 2
= 5 (|asu|g + |atu|g) )

This shows that a uniform bound on E(u,) = {, ujw for a sequence of local J-
holomorphic curves u, implies a uniform local W12-bound. That is just short of
the WtP-bound for p > 2 that is required for producing results like Proposition 9.1,
but it will turn out to suffice for exerting tight control over the range of interesting
things that can happen when C'-bounds fail. In such cases, the sequence u, will
not be compact, but we will see that it becomes compact after removing finitely
many points from its domain, and near those points one can take a sequence of
reparametrizations to find additional nontrivial holomorphic curves in the limit, the
so-called “bubbles”. This is one of the ways that the “nodal” curves in Gromov’s
compactness theorem can arise, and we will see the same phenomenon at work in
several other contexts as well.

9.1. Removal of singularities

As an important tool for use in the rest of this lecture, we begin with the following
result from [Gro85]:

THEOREM 9.2 (Gromov’s removable singularity theorem). Assume (W,w) is a
symplectic manifold with a tame almost complex structure J, and u : D\{0} — W s
a J-holomorphic curve that has its image contained in a compact subset of W and
satisfies

J urw < 0.
D\{0}

Then uw admits a smooth extension to ID.

The most interesting part of the proof (§9.1.1) establishes that u has a continuous
extension, and after that (§9.1.2) we will use elliptic regularity to show that the
continuous extension is actually smooth.

9.1.1. The continuous extension. We will use as a black box the following
additional result from [Gro85], which is closely related to a standard result about
minimal surfaces:
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FIGURE 9.1. The intersection of a J-holomorphic curve u with an
open ball B,(p) defines a proper map ¥ — B,(p). The monotonicity
lemma prevents this map from having arbitrarily small area if it passes
through p.

THEOREM (Gromov’s monotonicity lemma [Gro85]). Suppose (W,w) is a com-
pact symplectic manifold (possibly with boundary), J is an w-tame almost complex
structure, and B,(p) € W denotes the open ball of radius r > 0 about p € W with
respect to the Riemannian metric 9(X,Y) := sw(X, JY) + jw(Y, JX). Then there
exist constants ¢, R > 0 such that for allr € (0, R) andp € W with B,.(p) € W, every
proper non-constant J-holomorphic curve u : (X, j) — (B,(p), J) passing through p

satisfies
f urw = er’
b

In the statement above, (3, j) is assumed to be an arbitrary (generally noncom-
pact) Riemann surface without boundary. In applications, one typically has a larger
(e.g. closed or punctured) domain ¥’ in the picture, and ¥ is defined to be the con-
nected component of ©~(B,(p)) € ¥’ containing some point z € u~(p). The main
message of the theorem is that u must use up at least a certain amount of energy
for every ball whose center it passes through, so e.g. the portion of the curve passing
through B,.(p) cannot become arbitrarily “thin” as in Figure 9.1.

Returning to the removable singularity theorem, we shall use the biholomorphic
map

Z. :=[0,0) x S* - D\{0} : (s,1) — e 2"+
to transform J-holomorphic maps D\{0} — W into maps Z, — W, and the goal
will be to show that whenever such a map u has precompact image and satisfies
SZ+ u*w < o0, there exists a point p € W such that

(9.2) u(s,") = p in  C*(SY, W) as s — o,

Fix the obvious flat metric on Z, and any Riemannian metric on W in order to
define norms such as |du(s, t)| for (s,t) € Z,.

LEMMA 9.3. There exists a constant C > 0 such that |du(s,t)| < C for all
(s,t) € Z,.
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PROOF, PART 1. Arguing by contradiction, suppose there exists a sequence z =
(sk,tx) € Zy with |du(zx)| = Rx — oo. Choose a sequence of positive numbers
€, > 0 that converge to zero but not too fast, so that ¢, R, — 0. We then consider
the sequence of reparametrized maps

Vg 1 De,r, = Wiz > u(z, + 2/Ry).

These are also J-holomorphic since z — zp + z/Ry is holomorphic, and the values
of v, depend only on the values of u over the ¢,-disk about z;. Notice that since
sy — o0 and ¢, — 0, we are free to assume that all of these €,-disks are disjoint;
moreover, tameness of J implies u*w > 0 and vjw > 0, thus

ZJ v,’:wZZJ u*wéf urw < oo,
k? D k‘ ]D)ek(zk) Z+

kB

implying

(9.3) J vjw—0 as k— .
De, Ry,

We would now like to say something about a limit of the maps v, as k — oo, but this
will require a brief pause in the proof, as we don’t yet have quite enough information
to do so. We know that the vy are uniformly C°-bounded since u(Z,) is contained
in a compact subset. It would be ideal if we also had a uniform C*'-bound, as then
elliptic regularity (Prop. 9.1) would give a C}?, convergent subsequence on the union
of all the domains D, g, , i.e. on the entire plane. We have

1
dog(z) = R—kdu(zk + z/Ry),

hence |dvg(0)| = 1, but we will need to know more about |du| on the rest of D, (2)
in order to deduce a C'-bound for v, on all of D, r,. We'll come back to this in a
moment. PROOF TO BE CONTINUED. ..

Here is the auxiliary lemma that is needed to complete the proof above:

LEMMA 9.4 (Hofer). Suppose (X,d) is a complete metric space, g : X — [0, 0)
18 continuous, rg € X and €g > 0. Then there exist x € X and € > 0 such that,
(a) € < e,
(b) g(x)e = g(xo)eo,
(c) d(x,z0) < 2€, and
(d) g(y) < 29(x) for all y € Be(x).

PRrROOF. If there is no z7 € B (zo) such that g(x1) > 2g(z¢), then we can
set * = x9 and € = ¢y and are done. If such a point x; does exist, then we set
€1 = €9/2 and repeat the process above for the pair (z1,€1): that is, if there is
no s € B (1) with g(z2) > 2g(z1), we set (z,€) = (x1,€) and are finished, and
otherwise define €5 = €/2 and repeat for (zg,€). This process must eventually
terminate, as otherwise we obtain a Cauchy sequence x, with ¢(z,) — o, which is
impossible if X is complete. O
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PROOF OF LEMMA 9.3, PART 2. Applying Lemma 9.4 to X = Z, with g(z) =
|du(z)|, we can replace the original sequences €, and z; with new sequences for which
all the previously stated properties still hold, but additionally,

|du(z)| < 2|du(z)| forall ze D, (z).
Our sequence of reparametrizations vy then satisfies
|dvi(2)| <2 forall zeDg,,

so by elliptic regularity, vy has a subsequence convergent in C%,(C) to a J-holomorphic
map
Vp : C—> W
which is not constant since |dvy(0)| = limy_,o |dvg(0)| = 1. Informally, we say that
the blow-up of the derivatives at z; has caused a plane to “bubble off”. However,
(9.3) implies that for every R > 0, one can write ¢, Ry > R for k sufficiently large
and thus
J vyw = lim viw < lim vyw = 0,
Dg k—0o0 Dg k—00 DCkRk
implying SC viw = 0. It follows that vy, must be constant, so we have a contradic-
tion. U

To obtain the uniform limit of u(s,-) as s — o0, we now pick any sequence of
nonnegative numbers s, — o0 and consider the sequence of J-holomorphic half-
cylinders

ug : [—8p,0) x St — W : (s,1) = u(s + sp, t).
By Lemma 9.3, these maps are uniformly C'-bounded, so elliptic regularity gives a
subsequence converging in C2, on R x S* to a J-holomorphic cylinder

Up i R x St > W,

Observe that for any ¢ > 0, we can write —s;/2 < —c for sufficiently large k& and
thus compute

utw = lim urw < lim Urw
[e's) i k i k
[—e,c]x St =0 J[—c,e,]x S? =0 J[—sp/2,00)x St
= lim wrw =20

k= J1g),/2,00) x 51

. « - . — .
since SZ+ u*w < o0. This implies SRxsl uyw = 0, S0 Uy 18 a constant map to some
point p € W hence after replacing s, with a subsequence,

u(sg,”) = up(0,-) = p in  C*®(S",W)as k — 0.

To finish the proof of (9.2), we need to show that one cannot find two sequences
sy — o and sj, — o0 such that u(sg,-) — p and u(s}, ) — p’ for distinct points
p # p € W. This is an easy consequence of the monotonicity lemma: indeed,
if two such sequences exist, then we can find a sequence s} — oo for which the
loops u(sy, ) alternate between arbitrarily small neighborhoods of p and p’. Since
u is continuous, it must then pass through 0B, (p) infinitely many times for r > 0
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sufficiently small, and in fact there exists an infinite sequence of pairwise disjoint
neighborhoods U, < Z, such that each

U|Uk : Ux — B, (qr)

is a proper map passing through some point g € 0Bs,(p). The monotonicity lemma

then implies
[, wom B s St
Z+ k Uy, k

a contradiction.

EXERCISE 9.5. Given an area form w on S? = C u {00} and a finite subset
I' = S?, show that a holomorphic function f : S*\I' — C has an essential singularity
at one of its punctures if and only if SC ffw = oo.

9.1.2. From C° n H! to C®. To complete the proof of Theorem 9.2, we need
to show that a continuous map w : D — W that is smooth and J-holomorphic on
D\{0} and satisfies SD\{O} u*w < oo is also smooth at 0 € D. By (9.1), the first

derivative of u on D\{0} is in L?*(D\{0}), so the next exercise implies u € H' (D).

EXERCISE 9.6. Show that if f is a continuous function on the closed disk D < C
that is continuously differentiable on I = D\{0} and its first derivative is Lebesgue
integrable on D, then f also has a weak first derivative on D, which is equal to its
classical derivative almost everywhere.

If we could say u € W'P(D) for some p > 2 instead of p = 2, then the smooth-
ness of u would now follow from the local nonlinear regularity results in Lecture 2
(see Corollary 2.25). The following addendum to those regularity results therefore
completes the proof; note that in this statement, the hypothesis v € C°(ID) is not
redundant since we do not assume p > 2. Our proof of the lemma is adapted from
an argument due to Sikorav, cf. [Sik94, Prop. 2.3.6(i)].

LEMMA 9.7. Assume 1 < p < o and J is a continuous almost complex structure
on C". Ifu:D — C" is a J-holomorphic map in C°(D) n W'P(D), then for every
q > p, u is also of class WY on all compact subsets of ID.

PROOF. Assume u : D — C"is in W' C" and is J-holomorphic. Given z; € ]lo]),
we can assume after changing coodinates on C™ that u(z) = 0 and J(0) =i. As in

the proof of Theorem 2.24, we then write @ := i —J : C" — Endg(C") and consider
rescaled functions of the form

J:C" > J(C",  J(z):=J(x/R),
(9.4) Q:C" > Endg(C"), Q(z):=Q(z/R) =i— J(x),
:D—C", U(z) := Ru(zo + €z),

U
where € € (0,1] and R > 1 are constants, so that u is J-holomorphic if and only if
U satisfies

(9.5) ot — Q()éyi = 0.
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Choosing R > 1 sufficiently large makes @ arbitrarily C°-small on the unit disk
D?* < C", and after fixing R in this way, we can (since u is continuous) choose
¢ € (0,1] sufficiently small to ensure 4(D) < D?*. In this way we are allowed to
assume

H@(ﬁ)HCO(D) <6

for some small constant § > 0, which can always be made smaller if necessary by
adjusting R and e. Consider the bounded linear operator

Dg = 0 — Q(a)d, : W'™(D,C") — LP(D,C"),

which has @ € ker Dg by (9.5), and observe that Dg is close to 0 : Wir(D) — LP(D)
in the operator norm if § is sufficiently small. Fix r € (0, 1) and a smooth compactly
supported function 5 € C°(D) with f|p, = 1. The Leibniz rule gives

Do(Bi) = (28— Q@)ai8) e C°(D),

hence Dy (pu) € L(D). The rough outline of our argument will now be as follows:
recall from §2.3 that ¢ : WiP(D) — LP(D) has a bounded right inverse T': LP(ID) —
Wlp(]ﬁ)) glven by the convolution with a fundamental solution of the d-equation.
Since LY(D) < LP(D) for q > p, the same operator restricts to L2(DD) as a bounded
right inverse of ¢ : W4(D) — L%(DD), and also satisfies T0(B4) = Bi since Bi €
W(]l’p(@) (cf. Exercise 2.14). The fact that Dg : W' — L? is close to ¢ implies that
it also has a bounded right inverse

Ty : LP(D) — W'?(D),

which we expect should similarly restrict to L? as a right inverse of Dg : W4 — L4
and satisfy fu = ToDg(Bu). If we can justify these last two claims, then they imply

Bt e WH(D) and thus i € Wh4(ID,), as we've already seen that Dg(84) is in L9(ID).
The consequence for the original map u € WP (]D)) will be that its restriction to a
sufficiently small disk around the arbitrarily chosen point zy € D is of class W

To put this discussion on solid ground, let us write down Tg, : LP(D) — Wl?(ID)
more explicitly. The relation 0 o T = 1 gives

DooT =1—Q(@)d, 0T : LP(D) — LP(D),

and this operator is clearly invertible if § is sufficiently small; note that the necessary
threshold for & depends only on the norm of T : LP(D) — W'?(ID), and not in any
way on u, € or R. In fact, we can also assume (possibly after shrinking ¢ further)
that 1 — Q(@)d, o T is an invertible operator on L(ID). A natural definition for To

is then
1

Ty:=T (11 — O(a)d, o T) . L7 (D) — WiP(D),

which has the desired property of restricting to Lq(]fD) as a bounded right inverse
of Dg : W(D) — L4(D). Now using the relations T0(84) = i and 0T = 1, we
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compute,

— To(Ba) = p.

This validates the argument outlined above: since Dg(f) is in both LP and L9, f4 =
ToDg(Bu) is in both W' and W4, proving the first statement in the lemma. [

9.2. Finite energy and asymptotics

As further preparation for the compactness discussion, we now prove the long-
awaited converse of the fact that asymptotically cylindrical curves have finite en-
ergy. We work in the setting described in §6.2.2: (W, w) is a symplectic cobordism
with stable boundary ¢W = —M_ ][] M, carrying stable Hamiltonian structures
Hy+ = (wg, A\4) with induced hyperplane distributions &4 = ker A, and Reeb vector

fields Ry. The completion (W, wy,) carries the symplectic structure
d(h(r)A\y) + wy on [0,00) x M,
Wp = 4w on W,
d(h(r)A-) + w— on (—,0] x M_,

for some C%-small smooth function h(r) with A’ > 0 that is the identity near r = 0,
and for a fixed constant ry, we define a compact subset

W™ = ([-710,0] x M_) upr. W o, ([0,70] x My) < W,

outside of which our wy-tame almost complex structures J € J, (wp, 70, H4, H_) are
required to be translation-invariant and compatible with H,. The energy of a

J-holomorphic curve u : (3, 5) — (17[\/, J) is defined by
E(u) := sup J urwy,
feT (hro) J2
where
T (h,ro) := {f e C*(R, (—¢,¢)) } f'>0and f = h near [—TO,T’O]} )

The constant € > 0 should always be assumed sufficiently small so that if J, €

J(He) and X e &,
(9.6) (wy + kdA£)(X,J:X) >0 whenever X # 0 and k € (—2¢, 2¢).

This condition implies that every J € J;(wp, 70, H+, H_) is tamed by w; for every
f € T(h,ro); cf. Proposition 6.19. It follows that all J-holomorphic curves satisfy
E(u) = 0, with equality if and only if u is constant.
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THEOREM 9.8. Assume all closed Reeb orbits in (M, Hy) and (M_,H_) are
nondegenerate, J € J-(wn,r0, Hy,H_), (X,7) is a closed Riemann surface with
> = S\T for some finite subset T < &, and u : (3, j) — (W, J) is a J-holomorphic
curve such that none of the singularities in I' are removable and E(u) < 0. Then
u 18 asymptotically cylindrical.

REMARK 9.9. The theorem also holds in the setting of a symplectization (R x
M, J) with J € J(H) for a stable Hamiltonian structure H = (w,A) on M. The
only real difference in this case is the slightly simpler definition of energy,

E(u) = ?flel’rp Jz urwy,
where wy := d(f(r)\) + w and
T ={feC”R,(~¢e) | [/ >0}.

This change necessitates a few trivial modifications to the proof of Theorem 9.8
given below.

Like removal of singularities, Theorem 9.8 is really a local result, so let us for-
mulate a more precise and more general statement in these terms. Let

D :=D\{0} c C
and define the two biholomorphic maps
P+ - Z+ = [07 OO) X Sl - ]D) : (S,t) — 6—27T(8+it)

(9.7) . ‘
o Z_ = (=0,0] x St > D: (s,t) > 2T,

THEOREM 9.10. Suppose J € T (wn,ro, Hi, H_) and u : (]D,z) — (W, J)is a J-
holomorphic map with E(u) < o0. Then either the singularity at 0 € D is removable
or u is a proper map. In the latter case the puncture is either positive or negative,
meaning that u maps neighborhoods of 0 to neighborhoods of {£oo} x My, and the
puncture has a well-defined charge, defined as

Q = lim U*)\i7

e—0* Jop,
which satisfies £Q) > 0. Moreover, the map
(ur(s,t),up(s,t)) ;==uops(s,t) e R x My  for (s, t) € Zy near infinity
satisfies
ug(s,”) —Ts—c in C®(S') ass — o

for T := |Q| and a constant ¢ € R, while for every sequence s, — +00, one can
restrict to a subsequence such that

up(sp, ) — (T in  C®(S', M) as k — o
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for some T-periodic Reeb orbit v : R/TZ — M. If v is nondegenerate or Morse-
Bott," then in fact

up(s, ) = (T in  C®(S',My) as s > o

We will not prove this result in its full strength, as in particular the last step
(when ~ is nondegenerate or Morse-Bott) requires some asymptotic elliptic regularity
results that we do not have space to explain here. Note however that most of the
statement above does not require any nondegeneracy assumption at all. The price
for this level of generality is that if s, s — 400 are two distinct sequences, then
we have no guarantee in general that the two Reeb orbits obtained as limits of
subsequences of ups(sg, -) and up (s, -) will be the same; an explicit example where
they differ can be found in [Siel7]. If one of these orbits is assumed to be isolated,
however—which is guaranteed if the orbit is nondegenerate—then we will be able to
show that both are the same up to parametrization, hence geometrically, uy(s,t)
lies in arbitrarily small neighborhoods of the orbit v as s — +oo. This turns out
to be also true in the more general Morse-Bott setting, though it is then much
harder to prove since 7 need not be isolated. Once wuy(s,-) is localized near 7,
one can use the nondegeneracy condition as in §6.5 to prove that u(s, -) converges
exponentially fast to v as s — o0. For details on this step, we refer to the original
sources: [HWZ96, HWZ01] for the nondegenerate case, and [HWZ96, Bou02]
when the Reeb vector field is Morse-Bott. Those papers deal exclusively with the
contact case, but the setting of general stable Hamiltonian structures is also dealt
with in [Sie08].

Ignoring the final step for now, the proof of Theorem 9.10 will reuse most of the
techniques that we already saw in our proof of removal of singularities in §9.1. The
main idea is to use a combination of the monotonicity lemma and bubbling analysis
to show that unless u has a removable singularity, it is a proper map, and for any
sequence s — +00, the holomorphic maps defined by

up(s,t) = uopi(s+ si,t)

ona sequence of increasingly large half-cylinders must have a subsequence converging
in C (R x S') to either a constant map or a trivial cylinder. The first case will turn
out to mean (as in Theorem 9.2) that the puncture is removable, and the second
implies asymptotic convergence to a closed Reeb orbit.

One major dlfference between the proof of Theorem 9.10 and removal of singu-
larities is that since W is noncompact, sequences of curves in W with uniformly
bounded first derivatives need not be locally C°-bounded. This issue will arise both
in the bubbling argument to prove |dug(s,t)| < C and in the analysis of the sequence
uy, itself. In such cases, one can use the R-translation action

(9.8) T.:Rx My -RxMy:(r,z)— (r+cz) for ceR
on suitable subsets of the cylindrical ends to replace unbounded sequences with

uniformly C'-bounded sequences of curves mapping into R x M, or R x M_. These

IThe Morse-Bott condition is a standard generalization of nondegeneracy: the T-periodic orbit
v is called Morse-Bott if it belongs to a smooth k-dimensional family of T-periodic orbits for
some k > 0 such that dimker A, = k.
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R-translations are the reason why our definition of energy needs to be something
slightly more complicated than just the symplectic area SE u*€2 for a single choice
of symplectic form. To understand bubbling in the presence of arbitrarily large
R-translations, we will need the following lemma.

LEMMA 9.11. Suppose J € J(H) for some stable Hamiltonian structure H =
(w,\) on an odd-dimensional manifold M, and u : (X,7) — (R x M,J) is a J-
holomorphic curve satisfying

E(u) <o and J u'w =0.

by

If Y = C, then u is constant. If Y =R x S then w either is constant or is
biholomorphically equivalent to a trivial cylinder over a closed Reeb orbit.

PROOF. Denote ¢ = ker A and let
e : T(Rx M) —¢
denote the projection along the subbundle spanned by ¢, (the unit vector field in
the R-direction) and the Reeb vector field R. Then since w annihilates both ¢, and
R, for any local holomorphic coordinates (s,t) on a subset of ¥, the compatibility
of J|¢ with w|e implies
w*w(0s, 0p) = w(0su, Opu) = w(dsu, Josu) = w(medsu, Jmedsu) = 0,

hence Sg u*w = 0 for every J-holomorphic curve, and equality means that u is
everywhere tangent to the subbundle spanned by ¢, and R. This implies that imu
is contained in the image of some J-holomorphic plane of the form

Uy :C >R x M:s+it—(s,7(t)),
where v : R — M is a (not necessarily periodic) orbit of R. If v is not periodic,

then w., is embedded, hence there exists a unique (and necessarily holomorphic) map

¢ : (X,j) — (C,7) such that u = u, o ®. If on the other hand v is periodic with
minimal period 7" > 0, then u, descends to an embedding of the cylinder

Uy : CliTZ — R x M,

and we can view u., as a covering map to this embedded cylinder. Now there exists
a unique holomorphic map ¢ : I C/iTZ such that v = 4,0 ®. If > = C,
then 7 (C) = 0 implies that ® can be lifted to a (necessarily holomorphic) map
$: C — C with Uy O d = u. Relabeling symbols, we conclude that in general if
3 = C, then u = u, o ® for a holomorphic map ¢ : C — C.

Let us consider all cases in which the factorzation u = w, o ® exists, where
® : (3, ) — (C,4) is holomorphic and 3 = X\T for a closed Riemann surface (2, ).
We will now use the removable singularity theorem for ® : 3 — S 2\{0} to show that

unless ® is constant, Sz u*wy = oo for suitable choices of f € 7. This integral can
be rewritten as

(9.9) f u*wf:f cb*u:wf:f o*d (f(s) dt) :f O* (f'(s)ds A dt)

» by » »
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since wy = d(f(r)A) + w and u,(s,t) = (s,7(t)). Since f' > 0, f'(s)ds A dt is an
area form on C with infinite area.

We claim now that for suitable choices of f € T, one can find an area form €2 on
S? = C u {0} such that Q < f/(s)ds A dt. To see this, let us change coordinates so
that oo becomes 0: the diffeomorphism ¥ : C* — C* : z — 1/z is holomorphic and

thus satisfies %—‘g = % = 0, so we have
1 1 _
U* (f'(s)ds A dt) = —Q—Z,\I'* (f'(s)dz A dz) = _Q_if/(Re U) d¥ A d¥
1, ov o
= —%f (Re\If)gdz A Edz

(9.10) Ly (_%) (_%) dz A d

/ 2
:%dS/\dt for 2z = s+ it e C\{0}.
z

We need to show that this 2-form can be bounded away from 0 as z — 0. Let us
choose f € 7T such that

(9.11) FEr) =+ (e~ %) for r>1

and extend f arbitrarily to [—1,1] such that f’ > 0. We can then find a constant
¢ > 0 such that [’ satisfies

f'(r) = min {c, #} forall reR.
Plugging this into (9.10) gives

, _ c €
U* (f'(s)ds A dt) = min {W, ¥
which clearly blows up as |z| — 0, proving the claim.
With this established, we observe that for any number C' > 0, the fact that
f'(s) ds A dt has infinite area implies we can choose an area form  on S? with

} ds A dt,

Q < f'(s)ds A dt on S*\{o0} and J Q>C.
SQ

We now have two possibilities:
(1) If §,®*Q < oo, then Theorem 9.2 implies that the singularities of & :

¥ — C < S% at T are all removable, i.e. ® extends to a holomorphic map
(3, 7) — (S2,4), which has a well-defined mapping degree k = 0. Then

J wrwyp = J O* (f'(s)ds A dt) = J O*Q) = J O*() = l{;J Q> kC.
by ) pX p) 52
Since C' > 0 can be chosen arbitrarily large, this implies SE u*wy = 00 unless
k = 0, meaning P is constant.
(2) If {; *Q = o (meaning there is an essential singularity, cf. Exercise 9.5),

then since ®* (f'(s) ds A dt) = ®*Q, (9.9) implies §. u*w; = o0.
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Since u is constant whenever ® is, this completes the proof for Y =C.

If ¥ = R x S!, then it remains to deal with the case where the factorization
u = u, o ® does not exist because 7 is periodic. If the minimal period is 7" > 0, then
let us in this case redefine u., as an embedded J-holomorphic trivial cylinder

wy, R x S' >R x M: (s,t) — (Ts,y(Tt)).

Since the new u,, is embedded, we can now write u = u,o® for a unique holomorphic
map ® : R x S —» R x S*. Identifying R x S* biholomorphically with S?\{0, o0},
we claim that ® extends to a holomorphic map S? — S2. Indeed, by the removable
singularity theorem, this is true if and only if SRX g1 P*) < oo for some area form
Q on S*. Notice that ufwy = T? - f'(T's)ds A dt, defines an area form on R x S

with finite area for any f € T since Siooc f'(s)ds < oo; this is equivalent to the
observation that trivial cylinders always have finite energy. Using the biholomorphic
map (s,t) — 27+ to identify R x S! with C* = S*\{0, o0} and using coordinates
z = x + iy on the latter, another computation along the lines of (9.10) gives

ey 2 f (5 loglz])

UWr =15 e dr ndy for z=ux+iyeC*.

Now suppose f € T is chosen as in (9.11). Then one can check that the positive
function in front of dz A dy in the above formula goes to +00 as |z| — 0; this means
that one can find an area form 2 on C with @ < ujw; on C*. The singularity at
400 € S? can be handled in a similar way, thus we can find an area form Q on S?
such that Q < uws on R x S*. Now since E(u) < o, we have

J P*Q) < J P ulwy = J ufwy < o0,
RxS1 RxS1 RxS1

so by Theorem 9.2, ® has a holomorphic extension S? — S?, which is then a map
of degree k > 0 with ®71({0,0}) = {0,00}. If k = 0 then ® is constant, and so
is u. Otherwise, ® is surjective and thus hits both 0 and co, but it can only do this
at either 0 or oo, thus it either fixes both or interchanges them. After composing
with a biholomorphic map of S? preserving R x S!, we may assume without loss of
generality that ®(0) = 0 and ®(c0) = co. This makes ¢ a polynomial with only one
zero, hence as a map on C u {o0}, ®(z) = c2* for some ¢ € C*. Up to biholomorphic
equivalence, ®(z) is then z* which appears in cylindrical coordinates as the map
(s,t) — (ks, kt), so u is now the trivial cylinder

u(s,t) = uy(ks, kt) = (kT's,y(kTt))
over the k-fold cover of ~. O

REMARK 9.12. It may be useful for some applications to observe that Lemma 9.11
does not require M to be compact. In contrast, the compactness arguments in this
lecture almost always depend on the assumption that W and M, are compact—
without this, one would need add some explicit assumption to guarantee local C°-
bounds on sequences of holomorphic curves, e.g. the assumption in Theorem 9.2
that w(D\{0}) is contained in a compact subset.
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Before continuing, it is worth noting that neither of the two definitions of energy
stated above (one for curves in W and the other for symplectizations) is unique,
i.e. each can be tweaked in various ways such that the results of this section still
hold. Indeed, the original definitions appearing in [Hof93, BEH 03] are slightly
different, but equivalent to these. The next lemma illustrates one further example
of this freedom, which will be useful in some of the arguments below.

LEMMA 9.13. Given a stable Hamiltonian structure H = (w, \) on M, a suffi-
ciently small constant € > 0 as in (9.6), and J € J(H), consider the alternative
notion of energy for J-holomorphic curves u : (X,7) — (R x M, J) defined by

Eo(u) = supf urwy
feTo Js

where wy = d (f(r)\) +w and
To={f e C*(R,(a,b)) | /' > 0}

for some constants —e < a < b < €. Then if E(u) denotes the energy as written in
Remark 9.9, there exists a constant ¢ > 0, depending on the data a, b, € and H but
not on u, such that

cE(u) < Ey(u) < E(u).

PROOF. The second of the two inequalities is immediate since 7y < 7. For the
first inequality, note that since € > 0 is small, we can assume there exists a constant
¢ > 1 such that for every X € T(R x M) and every k € [—¢, €],

(9.12) %(w + kdN)(X,JX) < w(X,JX) < c(w+ kdN\)(X, JX).

This uses (9.6) and the fact that d\ annihilates ker w. Now suppose f € T, choose
a constant 0 € (0,b — a] and define f € Ty by
a+b

Firy = sy +

Then f’(r) = 2 f/(r), and given a J-holomorphic curve u : 3 — R x M, we can
write wy = w + f(r)dA + f'(r)dr A X and use (9.12) to estimate

L utwy = L u* (w+ f(r)dr) + L w* (f'(r)dr A )
< CL ufw + %L u® (]?’(r) dr a )\)

<c? fzu* <w+ Fr) d)\> + %fzu* <f’(r) dr A )\> :

If * > bz% then we can choose § := 2¢/c* < b— a and rewrite the last expression as

a’

c? Jzu* <w + f(r) d)\> + %fz u* <f’(r) dr A )\>
= J u* (w + f(ryd\+ F'(r)dr A )\) = ¢ J w*wi < ¢ Ep(u).

%
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— a and write

c? L u* <w + f(r) d)\) + %L u* (J?’(r) dr )\)

2 JS u* (w + fr)ydr+ f(r)dr A )\)

<
b—a
2¢

O

With this preparation out of the le way, we now begin in earnest with the proof
of Theorem 9.10. Assume u : D — W is a J- holomorphic punctured disk satisfying
E(u) < . Using the maps ¢y : Zy — D defined in (9.7), we shall write

uizzuogoi:Zi—»W

and observe that these reparametrizations have no impact on the energy, i.e.

E(uy) = sup J (uopy)*ws = sup Ju*wf = E(u).
feT (hro) JZ4 feT (hyro) JD

Fix a Riemannian metric on W that is translation-invariant on the cylindrical ends,
and fix the standard metric on the half-cylinders Z,. We will use these metrics
implicitly whenever referring to quantities such as |du(2)|.

LEMMA 9.14. There exists a constant C' > 0 such that |duy(s,t)| < C for all
(s,t) € Z,.

PrROOF. We use a bubbling argument as in the proof of Lemma 9.3. Suppose the
contrary, so there exists a sequence z = (S, 1) € Z, with Ry, := |du, (2x)] — o0.
Choose a sequence €, > 0 with €, — 0 but ¢, R, — o0, and using Lemma 9.4, assume
without loss of generality that

|duy(z)| < 2R, forall zeD (2).
Define a rescaled sequence of J-holomorphic disks by
Ok i Do, = W 2 > w0y (2 + 2/Ry).

These satisfy |dvg| < 2 on their domains, but they are not necessarily C*'-bounded
since their images may escape to infinity. We distinguish three possibilities, at least
one of which must hold:

Case 1: v;(0) has a bounded subsequence.
Then the corresponding subsequence of vy : D¢, g, — W is uniformly C'-bounded
on every compact subset and thus (by Proposition 9.1) has a further subsequence
convergent in C{>.(C) to a J-holomorphic plane

—~~

w . C—>W



248 CHRIS WENDL

with |dvy(0)] = limg_,e |dvg(0)] = 1. But by the same argument we used in the
proof of Lemma 9.3, the fact that SZ+ u*wy < oo for any choice of f € T (h,rg)

implies
J viws =0,
C

hence v, is constant, and this is a contradiction.
Case 2: v(0) has a subsequence diverging to {+o0} x M.
Restricting to this subsequence, suppose

ve(0) € {rp} x My,
so 1y — 0, and assume without loss of generality that ry > ry for all k. Let
Ry, € (0, e Ry] for each k denote the largest radius such that v (Dg ) = (ro,0) x M.
Then R, — o0 since |dvg| is bounded. Now using the R-translation maps 7, defined
in (9.8), define
U =Ty, ovk|DRk :Dp, — R x M,.

Since we're using a translation-invariant metric on [rg,00) x M, , 05 is now a uni-

formly C! -bounded sequence of maps into R x M. Proposition 9.1 thus provides

loc
a subsequence convergent in C%,(C) to a plane

Vo : C >R x My,

which is J,-holomorphic, where J, € J(H,) denotes the restriction of J to [rg, ) x
M, , extended over R x M, by R-invariance. We claim,

(9.13) E(vy) <o and J viwy =0,
C

where E(vy) is now defined as in Remark 9.9. By Lemma 9.13, the first part of the
claim will follow if we can fix a constant a € (—¢, €) and establish a uniform bound

J v < C,
c

with QF = w, + d(f(r)Ay), for all smooth and strictly increasing functions f :
R — (a,€). For convenience in the following, we shall assume a > h(rg). Now if f
is such a function, then for any R > 0,

JDR v Qf = Jim . vpT, U = Jim . vpS
where fi.(r) := f(r — ;). Notice that the dependence of the last integral on the
function f; is limited to the interval (rg,00) < R in its domain since vx(Dg) <
(ro,0) x M. Then since f > a > h(rg) by assumption, there exists for each k a
function hy, € T (h,r) that matches f; outside some neighborhood of (—0, 7] and
thus satisfies

*O)+ *
J vp§d; = J VpWh, < J
Dr Dgr D

* £ *
VW, = J uiwp, < J uiwp, < E(u).
e Ry, Dey, (21) Zy



LECTURES ON SYMPLECTIC FIELD THEORY 249

This is true for every R > 0 and thus proves the first part of (9.13). To establish the
second part, fix R > 0 again and pick any f € T (h,ry). Observe that since we can
assume (after perhaps passing to a subsequence) the disks D, (2;) are all disjoint,

T * T N T ~k ok
0=fim | wlwp=lim | epep=fim |t
Dek(zk) DekRk ep R
> lim OpTrwyp = lim Q]

where now fi,(r) := f(r+rg). Writing Qf = wy + d(fi(r) Ay) = wy + fu(r)dry +
fi(r)ydr A Ay, we can choose f such that f'(r) = f'(r +ry) — 0 as k — oo,
so the third term contributes nothing to the integral. For the second term, let
[y = lmyg_, fr(r) =lim,_, f(r), so the calculation above becomes

0>f v;ko(w-l-—’_f-i-d)\-i-)'
Dgr

Now observe that since f, € [—¢, €], condition (9.6) implies that the 2-form w, +
f+ dA; is nondegenerate on &, , and it also annihilates 0, and R, so the vanishing of
this integral implies that vy, is everywhere tangent to 0, and R, over Dg. But R > 0
was arbitrary, so this is true on the whole plane, which is equivalent to SC vEwi = 0.
With the claim established, we apply Lemma 9.11 and conclude that v, is constant,
contradicting the fact that |dvy(0)| = 1.
Case 3: v(0) has a subsequence diverging to {—w0} x M_.

This is simply the mirror image of case 2: writing the restriction of J to (—oo, —rg] x
M_ as J_, one can follow the same bubbling argument but translate up and instead
of down, giving rise to a limiting nonconstant J_-holomorphic plane v, : C —
R x M_ that has finite energy but SC viw_ = 0, in contradiction to Lemma 9.11. [J

Consider now a sequence s — o0 and construct the J-holomorphic half-cylinders
ug : [—sp, 0) x ST — W (s,t) = uy(s + Sk, t).

The derivatives |dug| are uniformly bounded due to Lemma 9.14, though again, wuy,
might fail to be uniformly bounded in C°. We distinguish three cases.

Case 1: ux(0,0) has a bounded subsequence.
Then the corresponding subsequence of wy is uniformly C'-bounded on compact
subsets and thus has a further subsequence converging in C (R x S') to a J-
holomorphic cylinder

Up i R x St — w.
For any f € T(h,79) and any ¢ > 0, we have

upwy = lim wpwy < lim Upwy
(9.14) J[—cvc]xsl ” k=0 J[—cc]x st =0 J[sp./2,00) x 51
= lim wiwr =0

k=0 J[s1./2,00)x 1
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since SZ+ utwy < o0. It follows that SRXSl ubws = 0, S0 uy is a constant map to

some point p € 171\/, implying that after passing to a subsequence of sy,
uy(sg,-) > p in C’OO(SI,W) as k — oo.

Case 2: u;(0,0) has a subsequence diverging to {+w} x M.
Passing to the corresponding subsequence of ug, suppose

wk(0,0) € {re} x M,

so ry — o0. Since the derivatives |duy| are uniformly bounded, we can then find a
sequence of intervals [— R, R}| < [—sg, ) such that

up([-R,, Ry] x S') < [rg,0) x My, and Rf — oo.
Now the translated sequence
Tony O Ukl_p- gipest t [F Ry BY] < ST — Rx My

is uniformly C'-bounded on compact subsets and thus has a subsequence coverging
in C%, to a J-holomorphic cylinder

U : Rx ST > R x My,

where J, again denotes the restriction of J to [rg, ) x M, , extended over R x M,
by R-translation. We claim that this cylinder satisfies

E(uyp) <o and J uywy = 0.
RxS1

The proof of this should be an easy exercise if you understood the proofs of (9.13)
and (9.14) above, so I will leave it as such. Lemma 9.11 now implies that ., is
either constant or is a reparametrization of a trivial cylinder

w, R x ST - R x M, : (s,t) — (Ts,v(Tt))

for some Reeb orbit v : R/TZ — M, with period T" > 0. More precisely, all the
biholomorphic reparametrizations of R x S! are of the form (s,t) — (s + a, £t +
b), thus after shifting the parametrization of , we can write uy, without loss of
generality in the form

(9.15) U (8,1) = (£T's + a,y(£Tt))

for some constant a € R and a choice of signs to be determined below (see Lemma 9.18).
Case 3: ux(0,0) has a subsequence diverging to {—oo} x M_.
Writing J_ := J|(—w,—ro]xm_ € J(H_) and imitating the argument for case 2, we
suppose ug(0,0) € {—rg} x M_ with r, — o0 and obtain a subsequence for which
7r, © U converges in C° (R x S') to a J_-holomorphic cylinder uy : R x St —
R x M_, where u, is either a constant or takes the form (9.15) for some orbit Reeb
v :R/TZ — M_ of period T > 0.
Here is one easy consequence of the discussion so far. Use the Riemannian metric

on W to define a metric distco(+, -) on the space of continuous loops S* — w.
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LEMMA 9.15. Given § > 0, there exists s = 0 such that for every s = sq, the
loop uy(s,-): St — W satisfies
disteo(uy (s, ), ) < 9,

where £ : S* — W either is constant or is a loop of the form t) = (r,y(£Tt)) in
[10,00) x M, or (—oo,ro] x M_ for some constant r € R and Reeb orbit v : R/TZ —
My of period T > 0.

PROOF. If not, then there exists a sequence s, — oo such that each of the loops
uy (1, ) lies at CO-distance at least § away from any loop of the above form. How-
ever, the preceding discussion then gives a subsequence for which wu(sy,-) becomes
arbitrarily C*-close to such a loop, so this is a contradiction. O

LEMMA 9.16. If u : D — W is not bounded, then it s proper.

PrROOF. We use the monotonicity lemma. Suppose there exists a sequence
(Sk,tx) € Z such that u, (sg, ) diverges to {+o0} x M. This implies s, — 00, and
we claim then that for every R > rg, there exists so > 0 such that

uy((s9,0) x S*) = (R, ) x M,.

If not, then we find R > ry, and a sequence (s;,t,) € Z, with s, — o such
that u, (s, 1) ¢ (R,00) x M, for every k. By continuity, we are free to suppose
u, (s, 1)) € {R} x M, for all k since Lemma 9.15 implies u, ({sx} x S*) < (2R, 0) x
M, for k sufficiently large. Using Lemma 9.15 again, we also have

uy({sp) x SY) € (R—1,R+1) x M,

for all k large. Assuming 2R > R+ 2 without loss of generality, we can therefore find
infinitely many pairwise disjoint annuli of the form [s},s;] x S' < Z, containing
open sets that u maps properly to small balls centered at points in {R + 2} x M,.
Choosing any f € T(h,r), the monotonicity lemma implies that each of these
contributes at least some fixed amount to SZ+ u*wy, contradicting the assumption
that E(u) < 0.

A similar argument works if u, (s, tx) diverges to {—oo} x M_, proving that for
every R > rq, there exists sg > 0 with

uy((s9,0) x SY) < (=00, —R) x M_.
U

If v is bounded, then the singularity at 0 is removable by Theorem 9.2. If not,
then Lemma 9.16 implies that it maps neighborhoods of the puncture to neighbor-
hoods of either {+00} x M, or {—w} x M_, and we shall refer to the puncture as
positive or negative accordingly.

LEMMA 9.17. If the puncture is positive/negative, then the limit

Q:=lim | uy(s,)*AreR

S§—00 S1

2The fact that W is noncompact is not a problem for this application of the monotonicity
lemma, as we are only using it in the compact subset W2% < W.
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exists.

PROOF. If the puncture is positive, fix sy = 0 such that u ([sg, ) x S!) <
[r0,00) x M,. Then by Stokes’ theorem, it suffices to show that the integral
S[SO o0)x 51 u® d\; exists, which is true if

(9.16) f [udX,| < 0.
|:8()7OO)><S1

We claim first that S[SO o) 51 u*w; < 0. Indeed, for any s > so and f € T (h,r),
we have

E(u) = J uiwy = f uiwy + J uid (f(r)As).
[s0,8] xSt [s0,5] xSt [s0,8]xS1

Applying Stokes’ theorem, the second term becomes the sum of some number not
dependent on s and the integral

|| s a0 = [ rousts uts i,
which is bounded as s — o since f and |du,| are both bounded. This proves that
S[so,s]xsl u*w; is also bounded as s — 00, and since ufwy; > 0, the claim follows.
Now observe that since d\, annihilates the kernel of w, and the latter tames J
on &y, there exists a constant ¢ > 0 such that |u%dA;| < clufw, |, implying (9.16).
An analogous argument works if the puncture is negative. 0

The number () € R defined in the above lemma matches what we referred to in
the statement of Theorem 9.10 as the charge of the puncture.

LEMMA 9.18. If the puncture is nonremovable and ) # 0, then the puncture is
positive/negative if and only if Q@ > 0 or @ < 0 respectively. In either case, given
any sequence S — o0 with uy (sg,0) € {£rr} x My, one can find a sequence Ry €
[0, sx] with Ry, — o0 such that u, maps [sy — Ry, 0) x S into the positive/negative
cylindrical end for every k, and the sequence of half-cylinders

U i [~Ri,0) x S' > R x My or  w:(—0,Ri] x ST —> R x M_

defined by uy(s,t) = T4, ous(s =+ sk, t) has a subsequence convergent in Ci2,(R x S*)
to a Jy-holomorphic cylinder of the form

Ugp : R x S' > R x M : (s,t) — (Ts + a,v(Tt))
for some constant a € R and Reeb orbit v : R/TZ — My with period T := +Q).

PROOF. Assume the puncture is either positive or negative and @) # 0. In the
discussion preceding Lemma 9.15, we showed that the sequence u'(s,t) := 7¢,, ©
u, (s + sg,t) defined on [—Ry,0) x S has a subsequence convergent in C{°, to a
J+-holomorphic cylinder u/, : R x S' — R x My which is either constant or of the
form

(9.17) ul(s,t) = (6Ts + a,y(oTt))



LECTURES ON SYMPLECTIC FIELD THEORY 253

for some a € R, 0 = +1 and a Reeb orbit v : R/TZ — M, of period T > 0. We
then have
0#Q = lim | (s )he = Jim [ 00,97 = [ w092
$—00 g1 k—o0 g1 g1
so ul, cannot be constant, and from (9.17) we deduce @ = oT', hence u/ (s,t) =
(Qs + a,v(Qt)). Writing u, (s,t) = (ur(s,t),up(s,t)) € R x My for s sufficiently
large, it follows that every sequence s, — oo admits a subsequence for which

Osur(Sg,*) = @ in COO(Sl,R),

and consequently dsug(s, ) — @ in C*(S1,R) as s — oo. This proves that the sign
of @) matches the sign of the puncture whenever @) # 0. The stated formula for u,
now follows by adjusting all the appropriate signs in the case ) < 0. O

LEMMA 9.19. If the puncture is nonremovable, then ) # 0.

PROOF. Assume on the contrary that w is a proper map, say with a positive
puncture, but () = 0. In this case, the argument of the previous lemma shows that
the limiting map uy, : R x 81 — R x M, will always be constant, thus for every
sequence s — o0, there exists a point p € M, such that u, (sg, 0) € {ry} x M, with
r, — o0 and

T o ouy(sk ) = (0,p)eRx M, in C®(S",RxM,)ask— .

In particular, this implies that all derivatives of u, decay to 0 as s — oo. Intuitively,
this should suggest to you that portions of u, near infinity will have improbably
small symplectic area, perhaps violating the monotonicity lemma—this will turn out
to be true, but we have to be a bit clever with our argument since u, is unbounded.
We will make this argument precise by translating pieces of u, downward so that
we only compute its symplectic area in [0,2] x M, . Fix a function f: R — (—¢,¢€)
with f/ >0 and set Qf = w, +d(f(r)Ay).

Given a small number § > 0, we can find sy > 0 such that |du, (s,t)| < J for all
s = so and each of the loops u(s,-) for s > sq is d-close to a constant in C'(S').
Assume u (sg,0) € {R} x M, and choose s; > sq such that u,(s1,0) € {R+2} x M,
which is possible since u, (s,t) — {+0} x M, as s — o0. Now consider the .J,-
holomorphic annulus

. . 1
Vs := T—R O,U/Jr’[S(),Sl]XS1 . [80781] X S — R x M+'

We claim that S[SO .
small. Indeed, we can use Stokes’ theorem to write this integral as

[ I ) R [C 0P
[SO,sl]Xsl [SO,Sl]XSl [SQ,Sl]Xsl
= f vswy + f [05(s1, )" (f(r) A+) = vs(s0, )" (f(r) A)] -
[So,sl]xsl S1

The second term is small because f(r) is bounded and |vs(s,-)* ;| is small in pro-
portion to |dvs(s,t)| = |duy(s,t)| for s = sqg. For the first term, observe that since
both of the loops wvs(s;, ) for i = 0,1 are nearly constant, they are contractible and

Jxs1 v;"Q;{ can be made arbitrarily small by choosing ¢ suitably



254 CHRIS WENDL

can be filled in with disks v; : D — R x M, for which ‘SD ﬁwar} may be assumed
arbitrarily small. Moreover, since all of the loops vs(s, -) are similarly contractible,
the union of these two disks with the annulus vs defines a closed cycle in M, that is
trivial in Hy( M, ), hence the integral of the closed 2-form w, over this cycle vanishes,

implying
% —x — %
J Vs = J VW4 —J VoW+;
[So,sl]xsl D D

which is therefore arbitrarily small, and this proves the claim.

To finish, notice that since vs maps its boundary components to small neighbor-
hoods of {0} x M, and {2} x M,, one can fix a suitable choice of radius r; > 0
such that vs must pass through a point in p € {1} x M, for which the boundary of
vs is outside the ball B, (p). The monotonicity lemma then bounds the symplectic
area of vs from below by a constant times r?, but since we can also make this area
arbitrarily small by choosing ¢ smaller, this is a contradiction.

As usual, the case of a negative puncture can be handled similarly. O

We’ve now proved every statement in Theorem 9.10 up to the final detail about
the case where the asymptotic orbit is nondegenerate or Morse-Bott. The com-
plete proof of this part requires delicate analytical results from [HWZ96, HWZ01,
HWZ96, Bou02], but we can explain the first step for the nondegenerate case.
In the following, we say that a closed Reeb orbit v : R/TZ — M is isolated if,
after rescaling the domain to write it as an element of C(S', M, ), there exists
a neighborhood v € U = C®(S', M,) such that all closed Reeb orbits in U are
reparametrizations of ~.

LEMMA 9.20. Suppose the puncture is nonremovable, write
uy(s,t) = (ur(s,t), up(s,t)) e R x My

for s = 0 sufficiently large, and suppose s — 0 is a sequence and vy : R/T7 — M.
1s a Reeb orbit such that

ur(sp, ) = Y(T-) in  CP(S', My).

Ifv is isolated, then for every neighborhoodUd = C*(S*, ML) of the set of parametriza-
tions {y(- +0) | 6 € S'}, we have up(s,-) €U for all sufficiently large s.

PrOOF. Note first that if v is isolated, then its image admits a neighborhood
im~y < V < My such that no point in V\im+ is contained in another Reeb orbit of
period T'. Indeed, we could otherwise find a sequence of T-periodic Reeb orbits pass-
ing through a sequence of points in V\ im~ that converge to a point in im~. Since
their derivatives are determined by the Reeb vector field and are therefore bounded,
the Arzela-Ascoli theorem then gives a subsequence of these orbits converging to a
reparametrization of v, contradicting the assumption that - is isolated.

Arguing by contradiction, suppose now that there exists a sequence s, — ©
with ups(sg, ) ¢ U for all k. We can nonetheless restrict to a subsequence for which
upr (8}, -) converges to some Reeb orbit 4 : R/TZ — M. Then 7 is disjoint from ~,
and by continuity, one can find a sequence s — oo for which each uy (s}, 0) lies in
the region V some fixed distance away from im . There must then be a subsequence
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for which up(sy, -) converges to another T-periodic orbit, but this is impossible since
no such orbits exist in V\ im~. 0

9.3. Degenerations of holomorphic curves

To motivate the SF'T compactness theorem, we shall now discuss three examples
of phenomena that can prevent a sequence of holomorphic curves from having a
compact subsequence. The theorem will then tell us that these three things are, in
essence, the only things that can go wrong.

Throughout this section and the next, assume J, — J € J (wp, 70, Hi, H-)
is a Coo-con/\iergent sequence of tame almost complex structures on the completed
cobordism W. More generally, one can also allow the data w, h and H4 to vary
in C*-convergent sequences, but let’s not clutter the notation too much. We shall
denote the restrictions of J to the cylindrical ends by

Ji = ooy, € T(He), T = Jl(coo,—nom € T (H-).
Suppose
U = [(Ek, jk:7 F]Jg, FI;7 C"‘)k, uk)] € Mg m(Jk, Ak, ’Y+ ’77)

is a sequence of Ji-holomorphic curves in W with fixed genus g = 0 and m > 0
marked points, varying relative homology classes Ay € Hy(W, 4% U 47) and fixed
collections of asymptotic orbits v* = (47,...,9% ). Observe that the energies
E(uy,) depend only on the orbits 4% and relative homology classes Ay, so in partic-
ular, E(uy) is uniformly bounded whenever the relative homology class is also fixed.
The fundamental question of this section is:

QUESTION. If E(uy) is uniformly bounded and no subsequence of uy converges
to an element of My, (J, A, v+, ~7) for any A e Hy(W, ¥t u5~), what can happen?

9.3.1. Bubbling. Suppose the pointed Riemann surfaces (X, ji, I 0T, U Oy)
form a convergent sequence, meaning we can assume after biholomorphic reparamet-
rization that the surfaces ¥, = X are all identical with identical sets of punctures
Iy = I'* and marked points ©; = ©, while their complex structures are C*-
convergent

gk — j e T ().
Suppose additionally that there exists a point (; € 3 such that uk(Co) € W is
contained in a compact subset for all k£, and that for some choice of Riemannian
metrics on ¥ = X\I" and W that are translation-invariant on the cylindrical ends of
both, the maps wy, : S — W are locally C*'-bounded outside some finite subset

V={C,....¢n} € 3,

i.e. for every compact set K < 2\1" , there exists a constant C'x > 0 independent
of k such that
|duy] < Cx  on K.

Then Proposition 9.1 gives a subsequence that converges in IOC(Z\T) to a J-
holomorphic curve

U S\[ — W
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with E(uy) < limsup E(ug) < oo, thus all the punctures ' v '™ U I of u, are
either removable or positively or negatively asymptotic to Reeb orbits. We cannot
be sure that the asymptotic behavior of uy, at I'* is the same as for uy, but let’s
assume this for now (§9.3.2 below discusses some things that can happen if this does
not hold). Then to complete the picture, we need to understand not only what .,
is doing at the additional punctures I/, but also what is happening to u; near these
points as its first derivative blows up. For this we can apply the familiar rescaling
trick: choose for each (; a sequence zi — (; such that |dug(z2L)| =: Ry — o0, along
with a sequence ¢, — 0 with ¢, R, — o0, and using Lemma 9.4, assume without loss
of generality that |dus(z)| < 2Ry, for all z in the ¢-ball about z.. For convenience,
we can choose a holomorphic coordinate system identifying a neighborhood of (;
with D < C and placing (; at the origin, so 2z — 0 in these coordinates, and assume
without loss of generality that they identify our chosen metric near (; with the
Euclidean metric. Now setting

vi(2) = ug(z), + z/Ry) for ze€D,p,

gives a sequence of Jg-holomorphic maps v, : D, g, — W whose energies and first
derivatives are both uniformly bounded. As in the arguments of §2, we now have
three possibilities:

e If uy(z}) has a bounded subsequence, then the corresponding subsequence
of vi converges in CZ(C) to a J-holomorphic plane v, : C — W with finite
energy.

o If uy(z}) has a subsequence diverging to {£o0} x My, then translating v}
by the R-action produces a limiting finite-energy plane v’ in the posi-
tive/negative symplectization R x M.

Viewing C as the punctured sphere S?\{o0}, the singularity of v, at oo may be
removable, in which case v’ extends to a J-holomorphic sphere and we say that uy,
has “bubbled off a sphere” at (;. Alternatively, v}, may be positively or negatively
asymptotic to a Reeb orbit at co.

Figure 9.2 shows two scenarios that could occur for a sequence in which |duy|
blows up at three points IV = {(1, (s, (3}. Both scenarios show u.,, with {; and (s
as removable singularities and (3 as a negative puncture, but the behavior of the
various v’ reveals a wide spectrum of possibilities. In the lower-left picture, the

points ug(2}) are bounded and bubble off a sphere v} : 5% — W. The picture shows
that vl passes through u.(¢1) at some point; this does not follow from our argument
so far, but in this situation one can use a more careful analysis of u; near {; to show
that it must be true, i.e. “bubbles connect”. At (3, we have uy(2}) — {—o0} x M_
and v3 is a plane in R x M_ with a positive puncture asymptotic to the same orbit
as (3; the coincidence of these orbits is another detail that does not follow from the
analysis above but turns out to be true in the general picture. The situation at
(> allows two different interpretations: v2 could be the plane with negative end in
R x M, , meaning ug(27) — {+o0} x M,, and the picture then shows an additional

plane in W with a positive end approaching the same asymptotic orbit as v2 as well
as a point passing through u.((2). One would need to choose a different rescaled
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sequence near (, to find this extra plane, but as we will see, the SF'T compactness
theorem dictates that some such object must be there. Alternatively, ux(z2) could

also be bounded at (,, in which case vZ must be the plane in W with positive
end, and the extra plane above this is somethlng that one could find via a different
choice of rescaled sequence. In general, the range of actual possibilities can involve
arbitrarily many additional curves that could be discovered via different choices of
rescaled sequences: e.g. there could be entire “bubble trees” as shown in the lower-
right picture, where each v’ is only one of several curves that arise as limits of
different parametrizations of u; near ;. One good place to read about the analysis
of bubble trees is [HWZ03, §4].

EXERCISE 9.21. Fill in the gaps previously left in the proof of Proposition 7.9
regarding the properness of the action of Diff (X, ©) on 7 (X). Concretely, consider a
closed connected surface ¥ with two C'®-convergent sequences of complex structures
J» — j and j, — j’, along with a sequence of biholomorphic maps ¢, : (2,7j,) —
(5,40).

(a) Prove that if ¥ has positive genus, then there can be no bubbling, hence
v, has a C'®-convergent subsequence whose limit is a biholomorphic map
v : (8,5") — (X,). Hint: The universal cover of ¥ is contractible, so
FQ(Z) =0.

(b) Prove that if 3 = S2 then bubbling can occur, but at no more than one
point, i.e. there exists a point ¢ € S? such that ¢, is uniformly C*-bounded
on all compact subsets of S*\{¢}. Show moreover that if |dp,| really does
blow up along some sequence approaching (, then a subsequence of ¢,
converges in C.(S*\{C}) to a constant, and derive a contradiction from
this if there is a set of at least three points © < S? that are fixed by
every ¢,. Hint: Choose an area form Q on S? and look at SK ©iQ for
compact subsets K = S?\{¢} as v — .

9.3.2. Breaking. Figure 9.2 already shows some phenomena that could be in-
terpreted as “breaking” in the Floer-theoretic sense, but breaking can also happen
when no derivatives are blowing up, simply due to the fact that our domains are
noncompact. Figures 9.3 and 9. 4 sl show three such scenarios, where we assume again
that 5, — J and Y = S\I' and W carry Riemannian metrics that are translation-
invariant on the cylindrical ends such that

dup| < C everywhere on ¥

for some constant C' > 0 independent of k. This is a stronger Condltlon than we
had in §9.3.1, and if there exists a point (; € ¥ such that k(o) € W is bounded, it
implies that u; has a subsequence converging in 1OC(E) to a J-holomorphic map

YW
with E(uy) < limsup E(ug) < . Convergence in C%, is, however, not very strong:
there may in general be no relation between the asymptotic behav1or of u, and
uy at corresponding punctures, e.g. the top scenario in Figure 9.3 shows a case in
which a negative puncture of u; becomes a removable singularity of u,,. Whenever
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FIGURE 9.2. Two possible pictures of spheres and/or planes that
can bubble off when the first derivative blows up near three points.

this happens, there must be more to the story: in this example, one can choose
holomorphic cylindrical coordinates (s,t) € (—o0,0] x S' < ¥ near the negative
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puncture of u; and find a sequence s, — oo such that the sequence of half-cylinders
(—0, 5] x St — W (s,t) — uk(s — sg, 1)

is uniformly C'-bounded and thus converges in C{° (R x S') to a finite-energy J-

holomorphic cylinder v_ : R x St — W. In the picture, v_ turns out to have a
removable singularity at +00 mapping to the same point as the removable singularity
of u,, and its negative puncture approaches the same orbit as the negative puncture
of uy,.

More complicated things can happen in general: the bottom scenario in this same
figure shows a case where all three singularities of u are removable, thus it extends
to a closed curve, while at one of the positive cylindrical ends [0,00) x S' = ¥ of
ug, we can find a sequence s, — oo such that the half-cylinders

[—s,0) x ST — W (s,t) — ug(s + sg, t)

are uniformly C*-bounded and converge in C{°,(R x S') to a J-holomorphic cylinder

vl R x St — W with one removable singularity and one positive puncture. At
the other positive end, we can perform the same trick in two distinct ways for two
sequences s — 00, one diverging faster tha/n\ the other: the result is a pair of J-
holomorphic cylinders v3,v? : R x ST — W, the former with both singularities
removable (thus forming a holomorphic sphere in the picture), and the latter with
one removable singularity and one posit/i\\fe puncture.

It can get weirder. Remember that W is also noncompact!

In each of the above scenarios, we tacitly assumed that all of the various se-
quences obtained by reparametrizing portions of uy, were locally C%-bounded, thus
all of the limits were curves in W. But it may also happen that some of these se-
quences are CP -bounded while others locally diverge toward {+o0} x M, ; in fact,
two such sequences that both diverge toward, say, {+o0} x M, , might even locally
diverge infinitely far from each other, meaning one of them approaches {+o0} x M,
quantitatively faster than the other. This phenomenon leads to the notion of limiting
curves with multiple levels.

In Figure 9.4, we see a scenario in which uy, satisfies the same conditions as above,
except that instead of ug((y) being bounded, it diverges to {+oo} x M,. It follows
that after applying suitable R-translations, a subsequence converges in ffC(Z) to a
Jy-holomorphic curve

Up 0 Y — R x M,
with finite energy. In the example, all three of its punctures are nonremovable, but
two of them approach orbits that have nothing to do with the asymptotic orbits
of uj. Now observe that since u; has a negative cylindrical end (—o0,0] x St < ¥,

one can necessarily find a sequence s, — o0 such that wuy(—sg,0) is bounded, and
the sequence of half-cylinders

(—o0, 8] x St — W (s,t) — uk(s — sg, t)

is then uniformly C''-bounded and thus has a subsequence convergent in C{°.(R x S*)
to a finite-energy J-holomorphic cylinder vy : R x S' — W. In the picture, vy has
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At

FIGURE 9.3. Even with fixed conformal structures on the domains
and without bubbling, a sequence of punctured holomorphic curves in
W can break to produce multiple curves in W with extra removable
punctures. The picture shows two such scenarios.

both a positive and a negative puncture, but its negative end again approaches a
different Reeb orbit from the negative ends of wug, so one can deduce that there
must be still more happening near —oo: there exists another sequence s — oo with
sj, — sx — o0 such that suitable R-translations of the half-cylinders

(=00, 8] x St — (=0, —1rg] x M_: (s,t) = up(s — s}, 1)

deﬁne uniformly C*-bounded maps into R x M_, giving a subsequence that converges
© (R x S1) to a finite-energy J_-holomorphic cylinder

v RxS'SRx M.

Finally, the fact that uy, has a positive asymptotic orbit different from those of wy
indicates that something more must also be happening near +o0: in the example,
one of the positive ends [0,0) x S! < 5 admits a sequence s, — oo such that
ug(sk, 0) € {rp} x M, for some r;, — o0, and suitable R-translations of

[—sk,0) x St — [rg, ) x My : (s,t) — ug(s + sp,t)

become a uniformly C*-bounded sequence of half-cylinders in R x M, with a sub-

sequence converging in C{°.(R x S') to a finite-energy J,-holomorphic cylinder

vi:RxSlﬁRxMJr
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F1GURE 9.4. Different portions of a breaking sequence of curves may
also become infinitely far apart in the limit, so that some live in W
while others live in the symplectization of M, or M_.

that connects the errant asymptotic orbit of u, to the corresponding orbit of uy. One
can now perform the same trick at the other positive end of ¥, as there necessarily
also exists a sequence s, — oo in this end such that wug(s),0) € {ry} x M, for
the same sequence r, — o0 as in the above discussion. The resulting limit curve
vl iR x ST — R x M, however is not guaranteed to be interesting: in the picture,
it turns out to be a trivial cylinder.

The type of degeneration shown in Figure 9.4 happens whenever the sequence wuy
does interesting things in multiple regions of its domain that are sent increasingly
far away from each other in the image. The usual picture of W that collapses the
cylindrical ends to a finite size therefore becomes increasingly inadequate for visu-
alizing u; as k — oo0: the middle picture in Figure 9.4 deals with this by expanding
the scale of the cylindrical ends so that the convergence to upper and lower levels
becomes visible.

9.3.3. The Deligne-Mumford space of Riemann surfaces. We next need
to relax the assumption that the pointed Riemann surfaces (3, ji, I} U 'y U Oy)
converge. Recall that for integers ¢ > 0 and ¢ > 0, the moduli space of pointed
Riemann surfaces is the space of equivalence classes

Mgvg = {(Eaju @)}/ ~
where (3,7) is a closed connected Riemann surface of genus g, © < X is an or-

dered set of ¢ distinct points, and (X,,0) ~ (¥',5,©") whenever there exists a
biholomorphic map ¢ : (3, 7) — (¥, j) taking © to ©" with the ordering preserved.
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This space is fairly easy to understand in the finitely many cases with 2g + ¢ < 3,
e.g. Moy is a one-point space for each ¢ < 3. We say that (X, j,0) is stable
whenever x(X\©) < 0, which means 2g + ¢ > 3. In the stable case, one can show
that every pointed Riemann surface has a finite automorphism group (see Proposi-
tion 7.9), and M, is a smooth orbifold of dimension 6g — 6+ 2¢. It is generally not
compact, but it admits a natural compactification

mg,ﬁ > Mg,ﬁa
known as the Deligne-Mumford compactification. We shall now give a sketch
of this construction from the perspective of hyperbolic geometry; for more details,
see [Hum97,SS92].
We recall first the following standard result.

THEOREM 9.22 (Uniformization theorem). Ewvery simply connected Riemann
surface is biholomorphically equivalent to either the Riemann sphere S? = C u {0},
the complex plane C or the upper half plane H = {Im z > 0} < C.

The uniformization theorem implies that every Riemann surface can be presented
as a quotient of either (S2,7), (C,4) or (H,7) by some freely acting discrete group
of biholomorphic transformations. The only punctured surface Y = Y\O that has
S? as its universal cover is S? itself. It is almost as easy to see which surfaces are
covered by C, as the only biholomorphic transformations on (C,4) with no fixed
points are the translations, so every freely acting discrete subgroup of Aut(C,1) is
either trivial, a cyclic group of translations or a lattice. The resulting quotients are,
respectively, (C,i), (R x S',i) =~ (C\{0},7) and the unpunctured tori (72, 7). All
stable pointed Riemann surfaces are thus quotients of (H, ).

PROPOSITION 9.23. There exists on (H, i) a complete Riemannian metric gp of
constant curvature —1 that defines the same conformal structure as i and has the
property that all conformal transformations on (H, i) are also isometries of (H, gp).

Proor. We define gp at z = x + iy € H by

1
gp = — 9k,
Y

where gg is the Euclidean metric. The conformal transformations on (H, 7) are given
by fractional linear transformations

b
Aut(H, 1) = {gp(z) = Zj——:d a,b,c,de R, ad—bc= 1}/{i1}

— SL(2,R)/{+1} =: PSL(2,R),

and one can check that each of these defines an isometry with respect to gp. One
can also compute that gp has curvature —1, and the geodesics of gp are precisely
the lines and semicircles that meet R orthogonally, parametrized so that they exist
for all forward and backward time, thus gp is complete. For more details on all of
this, the book by Hummel [Hum97] is highly recommended. O

By lifting to universal covers, this implies the following.
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COROLLARY 9.24. For every pointed Riemann surface (X, j, ©) with x(X\0) <
0, the punctured Riemann surface (X\O,j) admits a complete Riemannian metric
g; of constant curvature —1 that defines the same conformal structure as j, and has
the property that all biholomorphic transformations on (X\0, j) are also isometries

of (X\8, g;)- N

The metric g; in this corollary is often called the Poincaré metric, and it is
uniquely determined by j. Its existence is in fact equivalent to the “stable case” of
the uniformization theorem: indeed, the constant negative curvatuve of (X\0, g;)
implies on the one hand that it is locally isometric to (H, gp), and also that any two
points in its universal cover can be connected by a unique geodesic with respect to
the lift of g;. This is enough information to construct a global isometry between
(H, gp) and the universal cover of (X\0, g;) by starting from one point and following
geodesics. For an analytical proof of Corollary 9.24 in the case ©® = ¢ without
assuming Theorem 9.22, see [Tro92].

Every nontrivial class in ﬁl(i) contains a unique geodesic for g;. Now suppose
CcYis a union of disjoint embedded geodesics such that each connected com-
ponent of 3\C' has the homotopy type of a disk with two holes. The components
are then called singular pairs of pants, and the result is called a pair-of-pants
decomposition of (X, j). Two examples for the case g = 1 and ¢ = 3 are shown in
Figure 9.5.

A pair-of-pants decomposition for (3, j, ©) gives rise to a local parametrization
of M, near [(X,j,0)], known as the Fenchel-Nielsen coordinates. These consist
of two parameters that can be associated to each of the geodesics v < X in the
decomposition, namely the length ¢(y) > 0 of the geodesic and a twist parameter
() € S, which describes how the two neighboring pairs of pants are glued together
along 7. Note that by computing Euler characteristics, there are always exactly
—X(2\©) = 2g — 2 + ¢ pairs of pants in a decomposition, so that the total number
of geodesics involved is [3(2g — 2 + ¢) — {] /2 = 3g — 3 + ¢, thus one can read off the
formula dim M, , = 6g — 6 + 2¢ from this geometric picture.

One can also see the noncompactness of M, , in this picture quite concretely:
the twist parameters belong to a compact space, but each length parameter can
potentially shrink to 0 or blow up to o as j (and hence g;) is deformed. It turns out
that the latter possibility is an illusion, but one may need to switch to a different
pair-of-pants decomposition to see why:

THEOREM. For every pair of integers g = 0 and ¢ = 0 with 29 + ¢ > 3, there
ezists a constant C = C(g,¢) > 0 such that every [(2, ], 0)] € My, admits a pair-
of-pants decomposition in which all geodesics bounding the pairs of pants have length
at most C'.

This theorem implies that from a hyperbolic perspective, the only meaningful
way for stable pointed Riemann surfaces to degenerate is when some of the bounding
geodesics in a pair-of-pants decomposition shrink to length zero. Figure 9.6 shows
several examples of degenerate Riemann surfaces that can arise in this way for g = 1
and ¢ = 3, giving elements of the space that we will now define as M .
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F1GURE 9.5. Two distinct pair-of-pants decompositions for the same
genus 1 Riemann surface with three marked points. The decomposi-
tions are shown from two perspectives: the pictures at the right are
meant to give a more accurate impression of the Poincaré metric,
which becomes singular and forms a cusp at each marked point.

DEFINITION 9.25. A nodal Riemann surface with ¢ > 0 marked points and
N > 0 nodes is a tuple (S, 7,0, A) consisting of:
e A closed but not necessarily connected Riemann surface (5, j);
e An ordered set of ¢ points © c S;
e An unordered set of 2N points A < S\O equipped with an involution
o : A — A. Each pair {z,0(z)} for z € A is referred to as a node.

Let S denote the closed surface obtained by performing connected sums on S at
each node {z%, 27} < A. We then say that (5, j,0,A) is connected if and only if
S is connected, and the genus of S is called the arithmetic genus of (5,7,0,A).
We say that (S, 7,0, A) is stable if every connected component of S\(© u A) has
negative Euler characteristic. Finally, two nodal Riemann surfaces (5, j, ©,A) and
(S',7,0",A’) are considered equivalent if there exists a biholomorphic map ¢ :
(S,7) — (S5, 7') taking © to © with the ordering preserved and taking A to A’ such
that nodes are mapped to nodes.

The nodes {zT, 27} < A are typically represented in pictures as self-intersections
of S, cf. Figure 9.6. We can think of the stable nodal surfaces as precisely those
which admit (possibly singular) pair-of-pants decompositions. All nodal Riemann
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FIGURE 9.6. Starting from each of the pair-of-pants decompositions
for the ¢ = 1 and ¢ = 3 case from Figure 9.5, shrinking geodesic
lengths to zero produces various examples of stable nodal Riemann
surfaces belonging to M 3.

surfaces we consider will be assumed connected in the sense defined above unless
otherwise noted; note that S itself can nonetheless be disconnected, as is the case
in four out of the six nodal surfaces shown in Figure 9.6.

We now introduce some further terminology and notation that will be useful in
the next section as well. Whenever ¥ = ¥\I" is obtained by puncturing a Riemann
surface (3, 7) at finitely many points I' < 3, we shall define the circle compacti-
fication

YSi=%u U 0,

zel’
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where for each z € I', the circle §, is defined as a “half-projectivization” of the
tangent space at z:
— (T.3\{0}) /R,
with the positive real numbers R* acting by scalar multiplication. To understand
the topology of ¥, one can equivalently define it by choosing holomorphic cylindrical
coordinates [0,0) x S! © ¥ near each z, and replacing the open half-cylinder with
[0, 0] x S, where §, is now the circle at infinity {c0} x S'. There is no natural
choice of global smooth structure on 3, but it is homeomorphic to an oriented surface
with boundary and carries both smooth and conformal structures on its interior, due
to the obvious identification
) = 2\ U 5, cX.
zel
The conformal structure of ¥ at each z € I" does induce on each of the circles §, an
orthogonal structure, meaning a preferred class of homeomorphisms to S! that
are all related to each other by rotations. One can therefore speak of orthogonal
maps o, — 0, for 2,2’ € I, which are always homeomorphisms and can either
preserve or reverse orientation.

Now if (5,7,0,A) is a nodal Riemann surface, we let S = S\A and form the
circle compactification S, which has the topology of a compact oriented surface
with boundary. Given a node {z*,27} < A, a decoration for {z*, 27} is a choice
of orientation reversing orthogonal map

D+ —>0,.-.

We say that (5,7,0,A) is a decorated nodal surface if it is equipped with a
choice of decoration ® for every node, or partially decorated if ® is defined for
some subset of the nodes. A partial decoration ® gives rise to another compact
oriented surface

§q> = g/ ~,
where the equivalence relation identifies §,+ with 0,- via ® for each decorated node
{z*,27} < A. Note that if every node is decorated, then Sg has the topology of a

closed connected and oriented surface whose genus defines the arithmetic genus of
(5,7,0 A) according to Definition 9.25. We shall denote the collection of special

circles in Sq> where boundray components 6,+,5,- < 05 have been identified by
C.:p c Sq>.

Since §¢\(5§¢ U Cg) has a natural identification with S, it inherits smooth and
conformal structures which degenerate along C's and é’§q>. We will say that two
partially decorated nodal Riemann surfaces (5, 7,0, A, ®) and (5, j/, 0, A', d’) are
equlvalent if (5,7,0,A) and (5, j',©', A') are equivalent via a blholomorphlc map

. (S,j) — (8',7') that extends continuously from S — S’ to a homeomorphism
§q> i géb’

Now if 2g + ¢ > 3, define M, as the set of equivalence classes of stable nodal
Riemann surfaces with ¢ marked points and arithmetic genus g. There is a natural
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inclusion
M gl & Mg,g

by regarding each pointed Riemann surface (X,7,0) as a nodal Riemann surface
(3,7,0,A) with A = . The most important property of M, , is that it admits
the structure of a compact metrizable topological space for which the inclusion
My < M, is continuous onto an open subset. Rather than formulating all of
this in precise terms, let us state the main corollary that is important to know in
practice.

THEOREM 9.26. Fiz g > 0 and ¢ = 0 with 29 + ¢ > 3. Then for any sequence
[(Zk, Jks Or)] € My, there exists a stable nodal Riemann surface [(S,7,0,A)] €

Mo such that after restricting to a subsequence,
[(Ek‘v Jks @k>] - [(Sv J, @7 A)]

in the following sense: (S, j,0,A) admits a decoration ® such that for sufficiently
large k, there are homeomorphisms

¢ Se — Xy,
smooth outside of Cg, which map © to Oy preserving the ordering and satisfy
ek —J  in O (Se\Ca).
As one might gather from the above statement, one could just as well define a
compact metrizable topology on the space of equivalence classes of decorated nodal

Riemann surfaces and then characterize the topology of mg,g via the natural pro-
jection that forgets the decorations.

EXERCISE 9.27. The space Mg 4 has a natural identification with S*\{0, 1, o0},
defined by choosing the unique identification of any 4-pointed Riemann sphere
(52,7, (21, 29, 23, 24)) with C U {oo} such that zj, 29,23 are identified with 0,1, 0
respectively, while z; is sent to some point in S%\{0,1,c0}. Show that this extends
continuously to an identification of My, with S%. What do the three nodal curves
in Mo 4\ M4 look like in terms of pair-of-pants decompositions?

9.4. The SFT compactness theorem
We now introduce the natural compactification of M, (J, A,y",v7).

9.4.1. Nodal curves. A punctured J-holomorphic nodal curve in (I//I\/,J)
with m > 0 marked points consists of the data (5,7, ', T, 0, A, u), where
e (5,7, TuB,A)is anodal Riemann surface, with I' = Tt UT'~ and #0 = m;
o U : (S,j) — (W, J) for S = S\I' is an asymptotically cylindrical J-
holomorphic map with positive punctures I't and negative punctures I'~
such that for each node {z*, 27} < A u(z%) = u(z7).

Equivalence of two nodal curves

(50717.071—‘6]’_7:[‘67 607 A07uO) ~ (Slajlarii_arl_a 617 Alaul)
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is defined as the existence of an equivalence of nodal Riemann surfaces
¢ (0,70, g W Ty UB, Ag) = (51,71, T7 WIT LB, A

such that uwg = uj o 9. We say that (S,5,['",I'",0,A u) is connected if and
only if the nodal Riemann surface (S,7,I' U ©,A) is connected, and its arith-
metic genus is then defined to be the arithmetic genus of the latter. We say that
(S,7, T, T7,0,A,u) is stable if every connected component of S\(I'u © U A) on
which u is constant has negative Euler characteristic. Note that the underlying
nodal Riemann surface (S, 7,I' U ©, A) need not be stable in general.

Nodal curves are sometimes also referred to as holomorphic buildings of height 1.
These are the objects that form the Gromov compactification of M, ,,,(J, A) when W
is a closed symplectic manifold. One can now roughly imagine how the compactness
theorem in that setting is proved: given a converging sequence of almost complex
structures J; — J and a sequence [(Xy, jk, Ok, ur)| € Mg m(Jk, Ag) with uniformly
bounded energy, we can first add some auxiliary marked points if necessary to assume
that 2g+m > 3. Now a subsequence of the domains [(Xg, jk, ©%)] € M, converges
to an element of the Deligne-Mumford space [(S,j,0,A)] € M,,,. Concretely,
this means that for large k, our sequence in My, (Jk, Ax) admits representatives
(3, 75, O, uy,), with ¥ a fixed surface with fixed marked points © < ¥, and (S, j, ©, A)

admits decorations ¢ so that one can identify §q> with 3 and find
Je—d i G (E\0)

for some collection of disjoint circles C' = ¥. The connected components of (X\C, 7)
are then biholomorphically equivalent to the connected components of (S\A,j),
and if the newly reparametrized maps u}, : ¥ — W are uniformly C|._-bounded
on X\C, then a subsequence converges in Ci2.(X\C') to a limiting finite-energy J-
holomorphic map uq : (S\A, j) — (W, J), whose singularities at A are removable.
In particularly nice cases, this may be the end of the story, and our subsequence
of [(Zk, jk, Ok, ur)] € Mym(Jk, Ag) converges to the nodal curve [(S,j, 0, A, uy)];
in particular the domain [(S, j, 0, A)] in this case is stable and is thus an element
of M,.,,. But more complicated things can also happen, e.g. u}, might not be C1-
bounded, in which case there is bubbling. The bubbles that arise in this setting
will be planes with removable punctures, i.e. spheres, so they produce extra domain
components with nonnegative Euler characteristic, but since they are never con-
stant, the limiting nodal curve is still considered stable. Similarly, since ¥\C' is not
compact, there can also be breaking as in Figure 9.3, producing more non-stable
domain components—but again, the limiting map on these components will never
be constant.

9.4.2. Holomorphic buildings. Only a small subset of the phenomena ob-
served in §9.3 can be described via nodal curves: we’'ve seen that in general, we also
have to allow “broken” curves with multiple “levels”. This notion can be formalized
as follows.
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Given integers g,m, N,, N_ > 0, a holomorphic building of height N_|1| N,
with arithmetic genus g and m marked points is a tuple

u = (S7j7 F+7 ]‘—‘77 @7 And? Abr? L? ¢7 u)7
with the various data defined as follows:

e The domain (S,5,I' U ©, A" U APY) is a connected but not necessarily
stable nodal Riemann surface of arithmetic genus g, where I' = 't U T'—,
#O = m, and the involution on A U AP' is assumed to preserve the
subsets A" and AP". Matched pairs in these subsets are called the nodes
and breaking pairs respectively of u. The marked points of u are the
points in ©, while I'" and I'~ are its positive and negative punctures

respectively.
e The level structure is a locally constant function
L:S—{-N_,...,—1,0,1,...,N,}
that attains every value in {—N_, ..., N, } except possibly 0, and satisfies:

(1) L(z%) = L(z7) for each node {z", 27} = A™;
(2) Each breaking pair {z*, 27} = AP can be labelled such that L(z*) —
L(z7) =1,
(3) L) = {N,} and L") = {~N_}.
e The decoration is a choice of orientation-reversing orthogonal map

R

for each breaking pair {z*, 27} < APr.
e The map is an asymptotically cylindrical pseudoholomorphic curve
w: (S :=S\(I'u A, j) — H (Wxy JIn),
Ne{—N_,..,N4+}
where
(Rx My, Jy) for Ne{l,...,N,},
(WN,JN) = (W, J) fOl”NZO,
(Rx M_,J_) for Ne{—-N_,...,—1},
and u sends S N L7Y(N) into I//I\/N for each N, with positive punctures at
' and negative punctures at I'". Moreover,
u(z") =u(z”) for every node {z", 27} = A™,
and for each breaking pair {z*, 27} = AP labelled with L(2%)— L(27) = 1,
u has a positive puncture at 2~ and a negative puncture at z* asymptotic

to the same orbit, such that if uy : 0,+ — M4 and u_ : §,- — My denote
the induced asymptotic parametrizations of the orbit, then

Uy =u_o®:d,+ — My.

The following additional notation and terminology for the building u will be
useful to keep in mind. For each N € {—N_,...,0,...,N,}, denote

Sy = (S\(I'u AP)) A L7H(N),
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and denote the restriction of u to this subset by

Rx M, if N>0,
WV Sy > {W it N =0,
RxM_ if N<O.

Including © n L=Y(N) and A" ~ L7Y(N) in the data defines v as a (generally dis-
connected) nodal curve with marked points, whose positive punctures are in bijective
correspondence with the negative punctures of uV*! if N < N,. We call uy the
Nth level of u, and call it an upper or lower level if N > 0or N <0 respecji\vely,
and the main level if N = 0. By conv/e\ntion, every holomorphic building in W has
exactly one main level (which lives in W itself) and arbitrary nonnegative numbers
of upper and lower levels (which live in the symplectizations R x M, ). One slightly
subtle detail is that it is possible for the main level to be empty, meaning 0 is not in
the image of the level function L. The requirement that L should attain every other
value from —L_ to L, is a convention to ensure that upper and lower levels are not
empty, so e.g. if a building has an empty main level and no lower levels, then the
lowest nonempty upper level is always labelled 1 instead of something arbitrary.
The positive punctures of the topmost level of u are I'", and the negative punc-
tures of the bottommost level are I'", so these give rise to lists of positive/negative
asymptotic orbits v = (77, . .. ,fy,i) in M. There is also a relative homology class

[u] € Hy(W, 4" v 57).

To define this, notice that the its definition in §6.4 for smooth curves u : > — W can
be reformulated in the following way: there is a retraction m : W — W that collapses
each cylindrical end to My < 0W, and since u is asymptotically cylindrical, the map
Tou:Y — W extends to a continuous map on the circle compactification,

S - W,
whose relative homology class is [u]. The conditions on nodes and breaking orbits
allow us to perform a similar trick for the building u, using the map
T H I//I\/N — W

Ne{—N,7...7N+}

which acts as the identity on W but collapses cylindrical ends of W to oW and
similarly collapses each copy of R x M4 to My < 0W. Extending the decorations ®
arbitrarily to decorations of the nodes A", one can then take the circle compactifi-
cation of S := S\(I' u A U APT) and glue matching boundary components together
along ® to form a compact surface with boundary Sg such that 7o u : S - W
extends to a continuous map
U : gcp — W.
Its relative homology class defines [u] € Hy(W, 4+ LU 57).
We say that the building u is stable if two properties hold:

(1) Every connected component of S\(I'u © U A" U APY) on which the map u
is constant has negative Euler characteristic;
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(2) There is no N € {—N_,..., N, } for which the Nth level consists entirely
of a disjoint union of trivial cylinders without any marked points or nodes.

An equivalence between two holomorphic buildings
w; = (Si, i, U7 T, 04, AT AY Liy @5, u), i=0,1
is defined as an equivalence of partially decorated nodal Riemann surfaces
(S0, 50, To U B0, AgT U AgT, @g) = (81,51, T1 L O1, AT U AT, @y

such that o(I'5) = T'F, ¢(Og) = O1, p(ApY) = A, o(AF) = AY, Lyop = Ly, and
ul o = u,

while

ul o ¢ = u) up to R-translation for each N # 0.

Given lists of orbits v* and a relative homology class A, the set of equivalence
classes of stable holomorphic buildings in (W, J) with arithmetic genus g and m
marked points, positively/negatively asymptotic to v+ and homologous to A will be
denoted by

Mg (S, AT, 77).
Observe that for any A # 0, there is a natural inclusion M, ,,(J, A,v*,~v7) <

M (J, A,v*,~v7) defined by regarding J-holomorphic curves in M ,,(J, A, v, v7)
as buildings with no upper or lower levels and no nodes. Such buildings are always

stable if A # 0 because they are not constant.

9.4.3. Convergence. For a general definition of the topology of the compact-
ified moduli space M,,,(J, A,y",~7) and the proof that it is both compact and
metrizable, we refer to [BEH 03] or the more comprehensive treatment in [Abb14].
We will refer to this topology as the SFT topology; in the literature it is some-
times also called the Gromouv-Hofer topology. The following statement contains all
the details about it that one usually needs to know in practice (see Figure 9.7).

THEOREM 9.28. Fiz integers g = 0 and m = 0, assume all Reeb orbits in
(M,Hy) and (M, H_) are nondegenerate and that Ji, — J in Jr(wn, 10, Hiy H-).
Then for any sequence

[(Zkujkv F]Jgru Flza @ku uk)] € Mg,m(Jlm Ak7 ’7+7 77)

of nonconstant Ji-holomorphic curves in W with uniformly bounded energy E(uy),
there exists a stable holomorphic building

[uOO] = [(Svja P+ar_7@7AndaAbraLa¢auOO)] € Mg,m(Ja A7 7+77_)

such that after restricting to a subsequence, [(3g,ji, Ut Th, O up)] — [uxn] in
the following sense. The decorations ® at A" can be extended to decorations at
A so that if Se denotes the closed oriented topological 2-manifold obtained from
S\(AM U APY) by gluing circle compactifications along ®, then for k sufficiently large,
there exist homeomorphisms

<Pk1§q>—>2k
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that are smooth outside of Ce, map TT O~ U O to T} UT, U Oy with the ordering
preserved, and satisfy

Giie—J in Cise(5s\Ca).
Moreover for N = {—N_,...,0,..., N}, let

vy =y, oapk|5;N Sy — W,
with Sy = (S\(T' U A™M U APY)) A L7Y(N) regarded as a subset of §¢\C’q>. Then:
(1) 0§ = uy in Ci5, (S, W)

loc
(2) For each =N > 0, v has image in the positive/negative cylindrical end for
all k sufficiently large, and there exists a sequence ry — +00 such that the

resulting R-translations converge:
TN ovp —ud in CZ(Sy,R x My).

The rates of divergence of the sequences riy — +oo are related by

rliVH — 7y — 4w forall N < N,.
Finally, let S¢ denote the compact topological surface with boundary defined as the
circle compactification of Se\I', and let ¥y denote the circle compactification of

Y =S \(TF uTy). Then for all k large, ¢y extends to a continuous map
Pr - So — Ty
such that
ﬂkotﬁk — U m Co(gq),W).

REMARK 9.29. The theorem is also true under the more general hypothesis
that the Reeb vector fields are Morse-Bott. In this case, one can also allow the
asymptotic Reeb orbits of the sequence to vary, as long as the sum of their periods is
uniformly bounded—such a bound plays the role of an energy bound and guarantees
a convergent subsequence of orbits via the Arzela-Ascoli theorem.

REMARK 9.30. Stability of the limit in Theorem 9.28 is guaranteed for the same
reasons as in our discussion of Gromov compactness in §9.4.1: stable domains de-
generate to stable nodal domains as geodesics in pair-of-pants decompositions shrink
to zero length, while bubbling and breaking produce additional domain components
that are not stable but on which the maps are never trivial. Moreover, stability guar-
antees the uniqueness of the limiting building for any convergent sequence, i.e. it is
the reason why M, (J, A,v*,v7) is a Hausdorff space. Indeed, if u;, converges to a
stable building u.,, then under the notion of convergence described in the theorem,
it will also converge to a building u/, constructed out of u,, by adding to S an extra
spherical component, attaching it to the rest by a single node and extending the map
Uy to be constant on the extra component. One can also insert extra levels into
u,, that consist only of trivial cylinders, and w; will still converge to the resulting
building. But these modifications produce buildings that are not stable and thus
are not elements of M, (J, A, v, v7).
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— >

F1GURE 9.7. Convergence to a building with arithmetic genus 2, one
upper level and three lower levels.

9.4.4. Symplectizations, stretching and so forth. A few minor modifica-
tions to the above discussion are necessary to compactify the moduli space of curves
in a symplectization (R x M, J) for J € J(H). It is possible to view this as a special
case of a completed symplectic cobordism, but this perspective produces a certain
amount of extraneous data that is not meaningful. The key observation is that in
the presence of an R-action, one should really compactify Mg, (J, A,v*,v7) /R
instead of M ,,(J, A,v*,v7). The compactification M, ,,(J, A,v*,v~) then con-
sists of holomorphic buildings as defined in §9.4.2, but since all levels live in the
same symplectization R x M, there is no longer a distinguished main level or any
meaningful notion of upper vs. lower levels; the level structure is simply a function
L:S—{l,...,N} for some N € N and equivalence of buildings must permit R-
translations within each level. For these reasons, the SF'T compactness theorem in
symplectizations has a few qualitative differences, but is still very much analogous
to Theorem 9.28.

To complete the picture, we should mention one more type of compactness theo-
rem that appears in [BEH"03], which is colloquially described as stretching the
neck. The geometric idea is as follows: suppose (W,Q) is a closed symplectic
manifold and M < W is a stable hypersurface that separates W into two pieces
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W = W_ uy W, with an induced stable Hamiltonian structure H = (w, A) that
orients M as the boundary of W_.* A neighborhood of M in (W,Q) can then be
identified symplectically with

(N, we) := ((—€,€) x M, d(r)\) +w)

for sufficiently small € > 0. The idea now is to replace N, with larger collars of the
form

(Nrwr) i= (T,T) x M, d (f(r)A) + ).
with C%-small functions f chosen with f/ > 0 so that the collar can be glued in
smoothly to replace (N, w.). These functions are equivalent to choices of diffeomor-
phisms (=7, T) — (—¢, €), which then give rise to symplectomorphisms

(9.18) (N, wr) = (N, we) < (W, Q),

and we consider pseudoholomorphic curves in the family of closed symplectic mani-
folds (Wr, Qr) obtained by deleting (N¢, w,) from (W, Q) and replacing it by (N7, wr).
While (9.18) implies that these manifolds are all symplectomorphic, they admit nat-
ural families of tame almost complex structures that exhibit distinctive behavior as
T — 0. Indeed, if we fix J € J.(W, ) such that its restriction to (N, w.) belongs
to J(H), then for every T' > ¢, the same recipe gives rise to a tame almost com-
plex structure Jr € J,(Wr, Qr) that matches J on the complement of AV'r and also
belongs to J(H) on Np. This family degenerates as T — oo, i.e. pushing each Jr
forward through the symplectomorphism (Wr, Qr) = (W, Q) produces a family in
J-(W, Q) that has no well-defined limit as 7" — o0. Now given a sequence T}, — o0
and a corresponding degenerating sequence Ji, € J.(Wr,, 1, ) as described above, a
sequence uy of Ji-holomorphic curves with bounded energy has a subsequence con-
vergent to yet another form of holomorphic building, this time involving a bottom
level in W_ := W_ U wm ([0,00) x M) with positive punctures approaching orbits
in M, some finite number oﬁ\ middle levels that live in the symplectization of M,
and a top level that lives in W, := ((—o0,0] x M) Uy W, with negative punctures
approaching M.

A very popular example for applications arises from Lagrangian submanifolds
L < W. By the Weinstein neighborhood theorem, L always has a neighborhood
W_ symplectomorphic to a neighborhood of the zero-section in T*L, so M := dW_
is a contact-type hypersurface contactomorphic to the unit cotangent bundle of L.
Stretching the neck then yields 7% L as the completion of W_, and W\ L as the com-
pletion of W, := W\W, This construction has often been used in order to study
Lagrangian submanifolds via SFT-type methods, see e.g. [EGHO00, Theorem 1.7.5]
and [Eval0, CM18].

3The assumption that M c W separates W is inessential, but makes certain details in this
discussion more convenient.
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We’ve now developed enough of the technical machinery of holomorphic curves
to be able to give a rigorous construction of the most basic version of SF'T and apply
it to a problem in contact topology.

10.1. Contact structures on T® and Giroux torsion

As a motivating goal in this lecture, we will prove a result about the classification
of contact structures on T2 = St x S! x S. Denote the three global coordinates on
T3 valued in S* = R/Z by (p, ¢,0), and for any k € N, consider the contact structure

&k = keray,,  where 1= cos(2mkp) df + sin(27kp) do.

It is an easy exercise to verify that these all satisfy the contact condition oy Aday > 0;
see Figure 10.1 for a visual representation. The following result is originally due to
Giroux [Gir94] and Kanda [Kan97].

THEOREM 10.1. For each pair of positive integers k # £, the contact manifolds
(T3, &) and (T3, &) are not contactomorphic.

One of the reasons this result is interesting is that it cannot be proved using
any so-called “classical” invariants, i.e. invariants coming from algebraic topology.
An example of a classical invariant would be the Euler class of the oriented vector
bundle &, — T3, or anything else that depends only on the isomorphism class of this

275
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FIGURE 10.1. The contact structures &, on T? can be constructed
by gluing k copies of the same model [0, 1] x T? to each other cyclically.

bundle. The following observation shows that such invariants will never distinguish
& from &,.

PROPOSITION 10.2. For every k,{ € N, & and & are homotopic through a smooth
family of oriented 2-plane fields on T?.

PRrROOF. In fact, all the & can be deformed smoothly to ker dp, via the homotopy
ker [(1 — s) oy + sdp], s € [0, 1].
O

REMARK 10.3. One can check in fact that the 1-form in the homotopy given
above is contact for every s € [0,1), so Gray’s stability theorem implies that every
&k 1s isotopic to an arbitrarily small perturbation of the foliation ker dp. In [Gir94],
Giroux used this observation to show that all of them are what we now call weakly
symplectically fillable. If ker dp were also contact, then Gray’s theorem would imply
that & and & are always isotopic. Thus Theorem 10.1 indicates the impossibility
of modifying a homotopy from &, to & into one that passes only through contact
structures.

Let us place this discussion in a larger context. Using the coordinates (p, ¢, 6)
on R x T?, a pair of smooth functions f,g: R — R gives rise to a contact form

a = f(p)df + g(p)d¢

whenever the function D(p) := f(p)g'(p) — f'(p)g(p) is everywhere positive. Indeed,
we have a A da = D(p)dp A dp A df, and one easily derives a similar formula for
the Reeb vector field,

R, = ﬁ [d'(p) %9 — ['(p) Op] -

The condition D > 0 means geometrically that the path (f,g) : R — R? winds
counterclockwise around the origin with its angular coordinate strictly increasing.
The simplest special case is the contact form

agr = cos(2mp) df + sin(2mp) do,
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which matches the formula for a; on T? given above. Let £gr := ker agr on R x T2,

DEFINITION 10.4. The Giroux torsion GT(M,¢{) € N u {0,000} of a contact
3-manifold (M, ¢) is the supremum of the set of positive integers k such that there
exists a contact embedding

([0,k] x T, €ar) — (M, €).

We write GT(M, £) = 0 if no such embedding exists for any k, and GT(M, &) = «©
if it exists for all k.

EXAMPLE 10.5. The tori (T3, &) for k € N are contactomorphic to (RxT?, éqr)/kZ,
with kZ acting by translation of the p-coordinate. Thus GT(T?,&;,) = k — 1.

A 2-torus T = (M, &) embedded in a contact 3-manifold is called pre-Lagrangian
if a neighborhood of T" in (M, ¢) admits a contactomorphism to a neighborhood of
{0} x T? in (R x T?,{gr), identifying T' with {0} x T?. The neighborhood in R x T?
can be arbitrarily small, thus the existence of a pre-Lagrangian torus does not imply
GT(M, &) > 0; in fact, pre-Lagrangian tori always exist in abundance, e.g. as bound-
aries of neighborhoods of transverse knots (using the contact model provided by the
transverse neighborhood theorem). But given any pre-Lagrangian torus T' < (M, §),
one can make a local modification of £ near T" to produce a new contact structure (up
to isotopy) with positive Giroux torsion. Define (M’ ¢’) from (M, ) by replacing
the small neighborhood ((—¢, €) x T?, qr) with ((—€, 1 +¢€) x T?, €qr), then identify
M’ with M by a choice of compactly supported diffeomorphism (—e¢, 1+¢) — (—¢,¢€).
There is now an obvious contact embedding of ([0, 1] x T?, égr) into (M, &'), hence
GT(M,¢) = 1. Moreover, one can adapt the proof of Prop. 10.2 above to show
that £’ is homotopic to £ through a smooth family of oriented 2-plane fields. The
operation changing & to £ is known as a Lutz twist along T'. In this language, we
see that for each k € N, (T3, &41) is obtained from (T2, &) by performing a Lutz
twist along {0} x T2

The invariant GT (M, €) is easy to define, but hard to compute in general. The
natural guess,

GT(Tgaglﬁ) =k — ]-7

turns out to be correct, as was shown in [Gir00], so this is one way to prove
Theorem 10.1, but not the approach we will take. The following example shows
that one must in any case be careful with such guesses.

EXAMPLE 10.6. For each k € N, define a model of S* x S? by
St x 8% = ([0,k+1/2] x T?) / ~

where the equivalence relation identifies (p, ¢,0) ~ (p, ¢',0) for p € {0,k + 1/2} and
every 0,¢,¢' € S*. Near p = 0 and p = k + 1/2, this means thinking of (p, ¢) as
polar coordinates, so the two subsets {p = 0} and {p = k+1/2} become circles of the
form S* x {const} embedded in S* x S2. Since the ¢-coordinate is singular at these
two circles, the contact form agr needs to be modified slightly in this region before
it will descend to a smooth contact form on S* x S?: this can be done by a C°-small
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modification of the form f(p)df + g(p) d¢, and the resulting contact structure is
then uniquely determined up to isotopy. We shall call this contact manifold

(Sl X S27§k>-

Now observe that for each k € N, (S x S? £,41) is obtained from (S* x S2, &) by
a Lutz twist. However, both contact manifolds are also overtwisted: a contact
3-manifold (M, ¢) is overtwisted whenever it contains an embedded closed 2-disk
D < M such that T(0D) < £ but TD|sph. (Exercise: find a disk with this
property in (S! x 5% &,)!) Eliashberg’s flexibility theorem for overtwisted contact
structures [Eli89] implies that whenever ¢ and & are two contact structures on a
closed 3-manifold that are both overtwisted and are homotopic as oriented 2-plane
fields, they are actually isotopic. As a consequence, the contact structures &, on
S1 x S?% defined above for every k € N are all isotopic to each other. As tends to be
the case with most interesting h-principles, the isotopy is very hard to see concretely,
but it must exist.

EXERCISE 10.7. Show that if (M, &) is a closed overtwisted contact 3-manifold,
then GT(M, ) = .

In contrast to the S* x S? example above, the contact manifolds (T?, &) are not
overtwisted, they are tight—in fact, the classification of contact structures on T3
by Giroux [Gir94, Gir99, Gir00] and Kanda [Kan97] states that these are all of
the tight contact structures on T? up to contactomorphism. We will use cylindrical
contact homology to show that they are not contactomorphic to each other. The
reader should keep Example 10.6 in mind and try to spot the reason why the same
argument cannot work for (S x 52 &).

REMARK 10.8. It has been conjectured that the converse of Exercise 10.7 might
also hold, so every closed tight contact 3-manifold would have finite Giroux torsion.
This conjecture is wide open.

10.2. Definition of cylindrical contact homology

10.2.1. Preliminary remarks. Cylindrical contact homology is the natural
“first attempt” at using holomorphic curves in symplectizations to define a Floer-
type invariant of contact manifolds (M,¢). The idea is to define a chain complex
generated by Reeb orbits in M and a differential ¢ that counts holomorphic cylinders
in R x M. We saw already in §1.5 some pretty good reasons why this idea cannot
work in general: in order to prove 02 = 0, we need to be able to identify the space
of rigid “broken” holomorphic cylinders (these are what is counted by 0?) with the
boundary of the compactified 1-dimensional space of index 2 cylinders (up to R-
translation). But this compactified boundary has more than just broken cylinders
in it, see Figure 10.2. In order to define cylindrical contact homology, one must
therefore restrict to situations in which complicated pictures like Figure 10.2 cannot
occur. The first useful remark in this direction is that since we are working with
a stable Hamiltonian structure of the form (da, «) for a contact form «a, a certain
subset of the scenarios allowed by the SF'T compactness theorem can be excluded
immediately. Indeed:
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FiGURE 10.2. A family of holomorphic cylinders can converge in
the SFT topology to buildings that include more complicated curves
than cylinders—this is why cylindrical contact homology is not well
defined for all contact manifolds.

PROPOSITION 10.9. If J € J(a) and u : (%,5) — (R x M,J) is a noncon-
stant asymptotically cylindrical J-holomorphic curve, then w has at least one positive
puncture.

Let us give two proofs of this result, since both contain useful ideas. As prepara-
tion for the first proof, recall the definition of energy for curves in symplectizations
of contact manifolds that we wrote down in Lecture 1:

E(u) = supf u*d(e™ ),

feT Jx
where
T:={feC?R,(-1,1)) | f'>0}.
This formula is not identical to the definition of energy used in Lecture 9, but it

is equivalent in the sense that any uniform bounds on one imply similar uniform
bounds on the other.

FIRST PROOF OF PROPOSITION 10.9. Denote the positive and negative punc-
tures of u : ¥ — R x M by I'* and '™ respectively, and suppose u is asymptotic
at z € I't to the orbit 7, with period 7, > 0. Choose any f € T and denote

fi = lim, 1o f(r) € [-1,1]. Since d(e/™ ) tames J € J(a) and u is not con-
stant, Stokes’ theorem gives
(10.1) 0<E(u)=el* Y T.—e~ Y T,
zel'+ zel'—
hence I'* cannot be empty. 0

REMARK 10.10. The proof via Stokes’ theorem works just as well if instead of
R x M, w lives in the completion of an exact symplectic cobordism (W,w) with
concave boundary (M_,¢_ = kera_) and convex boundary (M, ,&, = keray).
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Recall that this means 0W = —M_ [ [ M., and w = d\ for a globally-defined 1-form
A € QY(W) that restricts to positive contact forms A|rp, = a4. As in Lecture 1, we
will write

TW,w,a;,a ) c J(W)

for the space of almost complex structures J on W= ((—0,0] x M_)up Wup,
([0,00) x M) that are compatible with w on W and belong to J(a+) on the cylin-

drical ends. The energy of a .J-holomorphic curve u : (3, 5) — (I//I\/, J) is then

E(u) := supf u*dAy,

feT Js

where T := {f € C*(R,(-1,1)) | f/ > 0 and f(r) = r near r = 0} and

efMa,  on [0,0) x M,,

Afi=1A on W,

efMa_  on (—o0,0] x M_.

The above proof now generalizes verbatim to show that u must always have a positive

puncture. Notice that in both settings, the argument also gives a uniform bound
for the energy in terms of the periods of the positive asymptotic orbits.

REMARK 10.11. We can also prove Prop. 10.9 using the fact that u*da = 0 for
any u: (3,7) — (R x M, J) with J € J(«). Indeed, Stokes’ theorem then gives

(10.2) 0< J wdo= Y T.— ) T..
x zel't zel'—

The quantity Sz u*da is sometimes called the contact area of u. This version of
the argument however does not easily generalize to arbitrary exact cobordisms.

The second proof is based on the maximum principle for subharmonic functions.

PROPOSITION 10.12. Suppose J € J(a) and u = (ug, urr) : (2,7) — (R x M, J)
18 J-holomorphic, where ¥ has no boundary. Then ug : ¥ — R has no local mazima.

PROOF. In any local holomorphic coordinates (s,t) on a region in 3, the non-
linear Cauchy-Riemann equation for u is equivalent to the system of equations

Osur — a(Qgupy) = 0,
5,5’&[[@ + (I(@SUM) = 0,
e 8SUM + Jﬂ'g 8tuM = 0,
where ¢ : T'M — £ denotes the projection along the Reeb vector field. This gives
—Aug = —2up — O?up = — 0, [a(Fpunr)] + 0; [a(dsuns)]
= —da(Osupr, Qrupy) = —da(medsunr, Jmedsups) < 0

since J|¢ is tamed by dale, hence ug is subharmonic. The result thus follows from
the maximum principle, see e.g. [Eva98]. O
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SECOND PROOF OF PROPOSITION 10.9. If u = (ug,up) : Y — R x M has
no positive puncture then ug : ¥ — R is a proper function bounded above, and
therefore has a local maximum, contradicting Proposition 10.12. U

REMARK 10.13. The proof via the maximum principle does not generalize to
arbitrary exact cobordisms (W, d\), but it does work in Stein cobordisms, i.e. if A;

and J are related by Ay = —dF o J for some plurisubharmonic function F' : W — R,
then F owu : ¥ — R is subharmonic (cf. [CE12]).

With these preliminaries understood, the next two exercises reveal one natural
setting in which breaking of cylinders can be kept under control. Both exercises are
essentially combinatorial.

EXERCISE 10.14. Suppose u is a stable J-holomorphic building in a completed
symplectic cobordism W with the following properties:

(1) u has arithmetic genus 0 and exactly one positive puncture;
(2) Every connected component of u has at least one positive puncture.

Show that u has no nodes, and all of its connected components have ezxactly one
positive puncture.

EXERCISE 10.15. Suppose that in addition to the conditions of Exercise 10.14,
u has exactly one negative puncture and no connected component of u is a plane.
Show that every level of u then consists of a single cylinder with one positive and
one negative end.

Exercise 10.15 makes it reasonable to define a Floer-type theory counting only
cylinders in any setting where planes can be excluded, for instance because the Reeb
vector field has no contractible orbits. This is not always possible, e.g. Hofer [Hof93]
proved that on overtwisted contact manifolds, there is always a plane (which is why
the Weinstein conjecture holds). So the invariant we construct will not be defined
in such settings, but it happens to be ideally suited to the study of (T2, &).

10.2.2. A compactness result for cylinders. Fix a closed contact manifold
(M, €) of dimension 2n — 1 and a primitive homotopy class of loops h € [S!, M]. By
primitive, we mean that h is not equal to N/ for any i’ € [S!, M] and an integer
N > 1, and this assumption will be crucial for technical reasons in the following.'
Given a contact form « for &, let

Pr(a)
denote the set of closed Reeb orbits homotopic to h, where two Reeb orbits are
identified if they differ only by parametrization.

DEFINITION 10.16. Given a contact manifold (M, ¢) and a homotopy class h €
[S1, M], we will say that a contact form « for £ is h-admissible if:

1t is to be expected that cylindrical contact homology can be defined also for non-primitive
homotopy classes, but this would require more sophisticated methods to address transversality
problems. The assumption that h is primitive allows us to assume that all holomorphic curves in
the discussion are somewhere injective, hence they are always regular if J is generic.
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(1) All orbits in Pp(cr) are nondegenerate;
(2) There are no contractible closed Reeb orbits.

Similarly, we will say that (M, &) is h-admissible if a contact form with the above
properties exists.

DEFINITION 10.17. Given h € [S', M] and an h-admissible contact form a on
(M, ), we will say that an almost complex structure J € J(«) is h-regular if every
J-holomorphic cylinder in R x M with a positive and a negative end both asymptotic
to orbits in Py («) is Fredholm regular.

PROPOSITION 10.18. If h € [SY, M] is a primitive homotopy class of loops and
a is h-admissible on (M,§), then the space of h-regular almost complex structures
is comeager in J(«).

PROOF. Since h is primitive, the asymptotic orbits for the relevant holomorphic
cylinders cannot be multiply covered, hence all of these cylinders are somewhere
injective. The result therefore follows from the standard transversality results proved
in Lecture 8 for somewhere injective curves in symplectizations. 0

PROPOSITION 10.19. Given an h-admissible contact form o, an h-reqular almost
complex structure J € J(a) and an orbit v € Py(«a), suppose uy is a sequence of
J-holomorphic cylinders in R x M with one positive puncture at v and one negative
puncture. Then uy has a subsequence convergent in the SF'T topology to a broken
J-holomorphic cylinder, i.e. a stable building u,, whose levels ul,, ... ,ué\chr are each
cylinders with one positive and one negative puncture. Moreover, each level satisfies

ind(u®) = 1, thus for large k in the convergent subsequence,
Ny
ind(uy) = Z ind(ul) = N,.
N=1
PROOF. Let’s start with some bad news: the standard SF'T compactness the-
orem is not applicable in this situation, because we have not assumed that « is
nondegenerate, nor even Morse Bott—there is no assumption at all about Reeb or-
bits in homotopy classes other than h and 0. This fairly loose set of hypotheses is
very convenient in applications, as nondegeneracy of a contact form is generally a
quite difficult condition to check. The price we pay is that we will have to prove
compactness manually instead of applying the big theorem (see Remark 10.20). For-
tunately, it is not that hard: the crucial point is that in the situation at hand, there
can be no bubbling at all.
Indeed, we claim that the given sequence uy : (R x S',i) — (R x M, J) must
satisfy a uniform bound

|duk| < C

with respect to any translation-invariant Riemannian metrics on R x S* and R x M.
To see this, note first that since all the uy have the same positive asymptotic orbit -,
their energies are uniformly bounded via (10.1). Thus if |dug(z)| — oo for some
sequence z, € R x S', we can perform the usual rescaling trick from Lecture 9 and
deduce the existence of a nonconstant finite-energy plane vy, : C — R x M. Its
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singularity at co cannot be removable since this would produce a nonconstant J-
holomorphic sphere, violating Proposition 10.9. It follows that vy, is asymptotic to a
Reeb orbit at oo, but this is also impossible since a does not admit any contractible
orbits, and the claim is thus proved.

Suppose now that v has period T, > 0, and observe that by nondegeneracy and
the Arzela-Ascoli theorem, the set

P, Ty) := {7 € Pu(a) | v has period at most T, }

is finite. Let
Ah(a)a Ah(aa T+) ~ (07 OO)

denote the set of all periods of orbits in P,(«) and Pp(c, T, ) respectively. By
(10.2), the negative asymptotic orbit of each wuy is in Pp(c, T} ), so we can take a
subsequence and assume that these are all the same orbit; call it v_ € Py (c, T} ) and
its period T € Ay (a,Ty). If T = T, then (10.2) implies ujda = 0 for all k, and
it follows that wuy is the trivial cylinder over v, so the sequence trivially converges.
Assume therefore 7 < T',. Then since ujda > 0, Stokes’ theorem implies that for
each k, the function

R->R:s— | wuls, )
Sl
is increasing and is a surjective map onto (7,7, ). The uniform bound on the
derivatives implies that for any sequences sy, 7, € R with uy(sg,0) € {ry} x M, the

sequencez

vp tRx S" > R x M: (s,t) — 7_
(R x S') to some finite-energy J-holomorphic

e uk(s + Sk, t)

o0

has a subsequence convergent in C}5.

cylinder
Vot R x ST 5 R x M,

which necessarily satisfies

f Voo(S, ) = lm | ug(s+ sg, ) ae[T_,T,]
S1 k—o0 S1

for every s € R. This proves that v, is nonconstant, with a positive puncture at
s = o0 and negative puncture at s = —oo, and both of its asymptotic orbits are
in Py, Ty).” If vy is not a trivial cylinder, then it therefore satisfies

*
J vida =96,
Rx St

where ¢ is any positive number less than the smallest distance between neighboring
elements of A (a, T ).

Let us call a sequence s, € R nontrivial whenever the limiting cylinder v,
obtained by the above procedure is not a trivial cylinder, and call two such sequences

2Recall from Lecture 9 that we denote the R-translation action on Rx M by 7.(r, z) := (r+c, z).
3For an alternative argument that vy, must have a positive puncture at s = o and negative at
s = —o0, see Figure 10.3.
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sk and s}, compatible if s, — s}, is not bounded. We claim now that if s;,..., s is a
collection of nontrivial sequences that are all compatible with each other, then

AT, —T.)
< 5 .

Indeed, we can assume after ordering our collection appropriately and restricting to
a subsequence that sfj“ —s¥ — oo foreach N =1,...,m—1,and let v} : Rx S! —

R x M denote the limits of the corresponding convergent subsequences. Then we

can find R > 0 such that
)
J (v )*da >
[~ R,R]x S 2

and thus
J upda > =
[sN—R,sN+R]x St 2
for each N =1, ..., m for sufficiently large k. But these domains are also all disjoint
for sufficiently large k, implying

m
om
T+—T_=J uZda)ZJ upda > —.
Rx St N=1 JY[s¥—R,sN+R]xS1 2

We’ve shown that there exists a maximal collection of nontrivial sequences
sk,...,s0" € R satisfying s’ ™t — s — oo for each N, such that if uy(sY,0) €
{rN} x M, then after restricting to a subsequence, the cylinders

vr (s, ) := T_,v o uk(s + s t)

each converge in C2(R x S') as k — o0 to a nontrivial J-holomorphic cylinder

ul : R x S — R x M. Let vy denote the asymptotic orbit of ul} at s = £c0. We
claim,
Vv =Ny foreach N=1,... N, —1.

If 73 # Yy for some N, choose a neighborhood U < M of the image of vy that
does not intersect any other orbit in Py («, T, ). Then since each uy is continuous,
there must exist a sequence s) € R with

s, —sy —o0 and sptl—s) — o

such that wu(s),0) lies in U for all k& but stays a positive distance away from the
image of 7. A subsequence of (s,t) — ug(s + s,t) then converges after suitable
R-translations to a cylinder u., : R x S' — R x M that cannot be trivial since
ul,(0,0) is not contained in any orbit in Pp (e, T’y ). This contradicts the assumption

. Ny . . e
that our collection sj,...,s; " is maximal. A similar argument shows

=9 and % =7,

so the curves ul, ;... ,uﬁ* form the levels of a stable holomorphic building u,. A
similar argument by contradiction also shows that the sequence u; must converge
in the SFT topology to u,.
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FiGURE 10.3. A degenerating sequence of holomorphic cylinders
up : R x S' — R x M cannot have a limiting level with a puncture of
the “wrong” sign unless u;, violates the maximum principle for large k.

Finally, note that since all the breaking orbits in u, are homotopic to h and J
is h-regular, the levels uY are Fredholm regular. Since all of them also come in 1-
parameter families of distinct curves related by the R-action, this implies ind(ulY) >
1 foreach N=1,...,N,. O

REMARK 10.20. Nondegeneracy or Morse-Bott conditions are required for sev-
eral reasons in the proof of SF'T compactness, and indeed, the theorem is not true
in general without some such assumption. One can see this by considering what
happens to a sequence uy of Jy-holomorphic curves where J, — J, is compatible
with a sequence of nondegenerate contact forms «y converging to one that is only
Morse-Bott. A compactness theorem for this scenario is proved in [Bou02], but it
requires more general limiting objects than holomorphic buildings. On the other
hand, it is useful for certain kinds of applications to know when one can do without
nondegeneracy assumptions and prove compactness anyway. There are two main ad-
vantages to knowing that all Reeb orbits are nondegenerate or belong to Morse-Bott
families:

(1) It implies that the set of all periods of closed orbits, the so-called action
spectrum of a, is a discrete subset of (0,00); in fact, for any 7" > 0, the
set of all periods less than 7" is finite. Using the relations (10.1) and (10.2),
this implies lower bounds on the possible energies of limiting components
and thus helps show that only finitely many such components can arise.

(2) Curves asymptotic to nondegenerate or Morse-Bott orbits also satisfy ex-
ponential convergence estimates such as in §6.5 and [HWZ96, HWZ01,
HWZ96,Bou02]. Similar asymptotic estimates yield a result about “long
cylinders with small area” (see [ HWZ02] and [BEH*03, Prop. 5.7]) which
helps in proving that neighboring levels connect to each other along break-
ing orbits.
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Our situation in Proposition 10.19 was simple enough to avoid using the “long
cylinder” lemma, and we did use the discreteness of the action spectrum, but only
needed it for orbits in P,(«) since we were able to rule out bubbling in the first
step. An alternative would have been to assume that all orbits (in all homotopy
classes) with period up to the period of v are nondegenerate: then (10.2) implies
that degenerate orbits never play any role in the main arguments of [BEH 03], so
the big theorem becomes safe to use.

10.2.3. The chain complex. We now define a Zs-graded chain complex with
coefficients in Z, and generators (v) for v € Py(a), i.e.

CCHM,a) = P Z.

YEPR ()

The degree of each generator (y) € CCh(M, «) is defined by

K7l =n =34 pez(y) € Zs,

where pcz(y) € Zs denotes the parity of the Conley-Zehnder index with respect to
any choice of trivialization. The choice to write n — 3 in front of this is a convention
that will make no difference at all in this lecture, but it is consistent with a Z-
grading that we will be able to define under suitable assumptions in Lecture 12. To
define the differential on CC"(M, ), choose an h-regular almost complex structure
J € J(a). Given Reeb orbits v, 7~ € P(a) and a number [ € Z, let

M (T 7" 77)

denote the space of all R-equivalence classes of index I holomorphic cylinders in
(Rx M, J) asymptotic to v* at 400, i.e. the union of the spaces Mgo(J, A,7",77)/R
for all relative homology classes A such that vir-dim Mg o(J, A,7",77) = I. Since
J is h-regular, all the curves in M!(J,y",77) are Fredholm regular, so if I > 1,
MI(J ~*,47) is a smooth manifold with

dim MY (J,yT,y7) =1 — 1.

Similarly, M°(J,v",+7) only contains trivial cylinders and is thus empty unless
vt =7, and MI(J, v, v7) is always empty for I < 0. In particular, M*(J, v, v7)
is a discrete set whenever vt # ~7, and by Proposition 10.19, it is also compact,
hence finite. We can therefore define

Ky = > F MU 7,7,
v'€Pp ()

where for any set X, we denote by #5 X the cardinality of X modulo 2. The operator
0 has odd degree with respect to the grading since every index 1 holomorphic cylinder
u with asymptotic orbits v* and v~ satisfies

ind(u) =1 = pugz(v") = oz (v7)

for suitable choices of the trivialization 7.



LECTURES ON SYMPLECTIC FIELD THEORY 287

10.2.4. The homology. Following the standard Floer theoretic prescription,

the relation 02 = 0 should arise by viewing the compactification MQ(J, v, y7) for
each 7,7~ € Py(a) as a compact 1-manifold whose boundary is identified with the

set of rigid broken cylinders, as these are what is counted by 0. Here M2(J, v, 77)
is defined as the closure of M?(J,v*,~7) in the space of all J-holomorphic buildings
in R x M modulo R-translation. Proposition 10.19 gives a natural inclusion

M AT AWMU ) e [T MU0 x M 30,77).
Y0EPh(c)
We therefore need an inclusion in the other direction, and for this we need to say
a word about gluing. We have not had time to discuss gluing in earnest in this
book, and we will not do so now either, but the basic idea should be familiar from
Floer homology: given uy € MY (J, 4%, 7)) and u_ € M (J,~,v"), one would
like to show that there exists a unique (up to R-translation) one-parameter family
{ur € M*(J,7",77)}Re[ro.0) Such that ug converges as R — o0 to the building
u,, with bottom level u_ and top level u,. One starts by constructing a family of
preglued maps
i Rx S' SR x M,

meaning a smooth family of maps which converge in the SFT topology as R — oo to
Uy, but are only approximately J-holomorphic. More precisely, fix parametrizations
of u_ and u, and a parametrization of the orbit vy : R/TZ — M such that

Uy (8,1) = exXPrgo(rey) Nt (5,1)  for s <0,
u_(8,1) = exXPpgo(rey N—(5,1)  for s » 0,
where hy are vector fields along the trivial cylinder satisfying lim,_,+o A4 (s,t) = 0.

By interpolating between suitable reparametrizations of h, and h_, one can now
define up such that

Ugr(s,t) = opr ouy(s —2R,t) for s = R,
up(s,t) ~ (Ts,v(Tt)) for se[—R,R],
Ugr(s,t) =T oprou_(s+2R,t) for s < —R,

Osjig —0 as R— .
Given regularity of u, and u_, one can now use a quantitative version of the implicit
function theorem (cf. [MS12, §3.5]) to show that a distinguished J-holomorphic
cylinder ug close to g exists for all R sufficiently large. For a more detailed synopsis
of the analysis involved, see [Nell3, Chapter 7], and [AD14, Chapters 9 and 13]

for the analogous story in Floer homology. The result is:

PROPOSITION 10.21. For an h-admissible o, an h-regular J € J(«) and any two

orbits v*,v~ € Pp(a), the space M2(J, ¥,77) admits the structure of a compact
1-dimensional manifold with boundary, where its boundary points can be identified
naturally with [ [ cp, (o) MY T, AT v0) x ME(T,v0,77). O

COROLLARY 10.22. The homomorphism ¢ : CC*"(M,a) — CC!_ (M, a) satis-
fies 0% = 0. 0J
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We shall denote the homology of this chain complex by
HCHM, a,J) := H,(CC}HM,a),0).

The goal of the rest of this section is to prove that up to natural isomorphisms,
HCM M, a,J) depends on (M, €) and h but not on the auxiliary data o and J.

10.2.5. Chain maps. For any constant ¢ > 0, there is an obvious bijection
between the generators of CCH(M,a) and CCH(M,ca), as the rescaling changes
periods of orbits but not the set of closed orbits itself. Moreover, if J € J(«) and
J. € J(ca) are defined to match on &, then there is a biholomorphic diffeomorphism

(Rx M,J)— (Rx M,J,): (r,x)— (cr,z),

thus giving a bijective correspondence between the moduli spaces of J-holomorphic
and J.-holomorphic curves. It follows that our bijection of chain complexes is also
a chain map and therefore defines a canonical isomorphism

(10.3) HCMM, o, J) = HCM(M, ca, J.).
Next suppose a_ and «a are two distinct contact forms for &, hence
ay = et

for some fixed contact form « and a pair of smooth functions f. : M — R. After
rescaling o, by a constant, we are free to assume f, > f_ everywhere. Fix h-regular
almost complex structures Jy € J(a+) and let

8i : CCZ:(M7 ai) - CCZ:—l(M7 ai)
denote the resulting differentials on the two chain complexes. The region
W:={(r,z) e Rx M | f_(z) <r < fi(z)}

now defines an exact symplectic cobordism from (M, ¢) to itself: more precisely,
setting

My = {(fe(z),z) e W | z e M}
gives W = —M_]][M,, and the Liouville form X := e"a satisfies A|rar, = ax.
Choose a generic d\-compatible almost complex structure J on the completion W

that restricts to J4 on the cylindrical ends. Now given v € Py, (a; ) and v~ € Pp(a_)
and a number [ € Z, we shall denote by

Mt y7)
the union of the spaces Mg o(J, A,7",v7) for all relative homology classes A such
that vir-dim M o(J, A,v*,~v7) = I. Note that we are not dividing by any R-action
here since J need not be R-invariant. Since y* are still guaranteed to be simply
covered, curves in M!(J,v*,y7) are again always somewhere injective and therefore
regular, hence MZ(J, v, ~7) is a smooth manifold with
dim M (7%, 77) = 1

if I >0, and MI(Jv*,77) = & for I < 0. The compactification MI(J, vt y7) s
described via the following straightforward generalization of Proposition 10.19:
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PROPOSITION 10.23. For J as described above, suppose uy s a sequence of J-
holomorphic cylinders in W with one positive puncture at an orbit vy € Pp(ay) and
one negative puncture. Then up has a subsequence convergent in the SF'T topology
to a broken J-holomorphic cylinder, i.e. a stable building u,, whose levels u® for
N=-N_,...,—1,0,1,..., N, are each cylinders with one positive and one negative

puncture, living in R x M* for +N > 0 and W for N = 0. Moreover, the levels
satisfy ind(ul) = 0 and ind(ul) = 1 for N # 0, thus for large k in the convergent
subsequence,
Ny
ind(u) = > ind(u}) > N_+ N,.
N=—N_

0

It follows that the set M°(J, v, ~v7) is always finite, and we use this to define a
map

®,: CONM, o) = CCHM,a ) : () Y #aMO(17,7)Y).
7' €Ph(a-)
This map preserves degrees since it counts index 0 curves, and we claim that it is a
chain map:
D;00, =0_0dy.
This follows from the fact that by Proposition 10.23 (in conjunction with a corre-

sponding gluing theorem), HI(J, ~v*,77) is a compact 1-manifold whose boundary
consists of two types of broken cylinders, depending whether the index 1 curve
appears in an upper or lower level:

——1 _ _
oM (‘]774_77 ) = ]_[ (Ml(‘]-‘rv’y-i_a/)/()) X MO(JWO,V ))
Y0P (r4)
o ]_[ (MO(‘L’Y—’_?’YO) X Ml(J—a%ﬁ_)) :
Y0EP ()
Counting broken cylinders of the first type gives the coefficient in front of (y~) in

®; 00 ((y1)), and the second type gives 0_ o ®;({(yT)).
It follows that ®; descends to a homomorphism

(10.4) d;: HOMM, oy, J,) — HCH(M,a_,J_).

10.2.6. Chain homotopies. We claim that the map ®; in (10.4) does not
depend on J. To see this, suppose Jy and J; are two generic choices of compatible
almost complex structures on W that both match Jy+ on the cylindrical ends. The
space of almost complex structures with these properties is contractible, so we can
find a smooth path

{Js}se[(],l]

connecting them. For I € Z, consider the parametric moduli space

M ({J3 At 77) = {(s,u) | s € [0,1], we M (J;,7v",77)}
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As we observed in Remark 8.7, a generic choice of the homotopy {J,} makes MZ({J,})
a smooth manifold with

dim M'({ T}, 7" y7) =T +1

whenever I > —1, and M!({J,},7*,7") = & when I < —1. Adapting Propo-
sition 10.23 to allow for a converging sequence of almost complex structures, it
implies that M1 ({J,},7",~v7) is compact and thus finite, so we can use it to define
a homomorphism of odd degree by

H:CCH(M,ay) —» COLy(Myas) iy Y1 #MT{I}7,7)0).

v'€Pp(a-)
We claim that this is a chain homotopy between ®;, and ®,,, i.e.
(I)JI —(I)JO =@_OH+H08+.

This follows by looking at the boundary of the compactified 1-dimensional space

MO({JS}, ~v*,77), which consists of four types of objects:

(1) Pairs (0,u) with u e M®(Jo,v*,~77), which are counted by ®,.

(2) Pairs (1,u) with ue M°(Jy,v%,77), which are counted by @, .

(3) Pairs (s,u) with u a broken cylinder with upper level u, € M*(Jy, 7", %)
and main level uy € M™1(J,,70,7~) for some s € (0,1); these are counted
by H o d,.

(4) Pairs (s,u) with u a broken cylinder with lower level u_ € M(J_, ~5,77)
and main level uy € M~(J,, 7, 7) for some s € (0,1); these are counted

by 0_o H.

The sum &, + ®;, + 0_ o H + H o 0, therefore counts (modulo 2) the boundary
points of a compact 1-manifold, so it vanishes.

Since the action of ®; on homology no longer depends on J, we will denote it
from now on by

d: HCMM, oy, Jy) — HCH M, a_, J_).

It is well defined for any pair of h-admissible contact forms a4 and h-regular Jy €
J (a4) since one can first rescale a to assume ay = e/*a with f; > f_, using the
canonical isomorphism (10.3).

10.2.7. Proof of invariance. We claim that for any h-admissible o and h-
regular J € J(«), the cobordism map

®: HCM"M,a,J) — HCM M, a, J)

is the identity. Indeed, the literal meaning of this statement is that for any ¢ > 1,
the composition of the canonical isomorphism (10.3) with the map

®: HCMM,ca, J,) — HCH"(M, a, J)

defined by counting index 0 cylinders in a trivial cobordism from (M, «,J) to
(M, ca, J..) is the identity. Writing ¢ = e® for a > 0, the Liouville cobordism in
question is simply

(VV, d)‘) = ([Oaa] x M, d(era))a
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and one can choose a compatible almost complex structure on this which matches
J and J. on ¢ while taking 0, to g(r)R, for a suitable function g with g(r) = 1
near r = 0 and ¢g(r) = 1/c near r = a. The resulting almost complex manifold
is biholomorphically diffeomorphic to the usual symplectization (R x M, J), so our
count of index 0 cylinders is equivalent to the count of such cylinders in (R x M, J).
The latter are simply the trivial cylinders, all of which are Fredholm regular, so
counting these defines the identity map on the chain complex.

Finally, we need to show that for any three h-admissible pairs (o, J;) with i =
0, 1,2, the cobordism maps ®;; : HC!( M, v, J;) — HCM(M, v, J;) satisfy

(10.5) D1 0 Pyg = Poo.

We will only sketch this part: the idea is to use a stretching construction. After
rescaling, suppose without loss of generality that o; = efia with fo > fi > fy. Then
the cobordism

W20 = {(T, .T) } fo(l’) <r < fQ(SII)}

contains a contact-type hypersurface
M1 = {(fl(LU),ZU) } X € M} c W20-

As described in §9.4.4, one can now choose a sequence of compatible almost com-
plex structures {J% } New on 17[\/20 that are fixed outside a neighborhood of M; but
degenerate in this neighborhood as N — oo, equivalent to replacing a small tubu-
lar neighborhood of M; with increasingly large collars [N, N] x M in which JZ
belongs to J(c1). The resulting chain maps

O x 1 COM, g, Jo) — CCUH(M, g, Jo)

are chain homotopic for all N, but as N — oo, the index 0 cylinders counted by
these maps converge to buildings with two levels, the top one an index 0 cylinder
in the completion of a cobordism from (M, ay, J;) to (M, s, J3), while the bottom
one also has index 0 and lives in a cobordism from (M, ay, Jy) to (M, aq,J;). The
composition $o; o Py counts these broken cylinders, so this proves (10.5).

In particular, we conclude now that each of the cobordism maps

©:HC}(M, oy, Jy) — HCHM, o, J-)

is an isomorphism, since composing it with a cobordism map in the opposite di-
rection must give the identity. The isomorphism class of HC"(M, «, J) is therefore
independent of the auxiliary data («a, J), and will be denoted by

HCY(M,¢).

This is the cylindrical contact homology of (M, ¢) in the homotopy class h. It
is defined for any primitive homotopy class h € [S*, M| and closed contact manifold
that is h-admissible in the sense of Definition 10.16. It is also invariant under
contactomorphisms in the following sense:

PROPOSITION 10.24. Suppose ¢ : (Mg, &) — (Mi,&1) is a contactomorphism
with pshg = hy, where hy € [S', M| is a primitive homotopy class of loops, and
(My, &) is hy-admissible.  Then (My, &) is ho-admissible, and HCM (M, &) =
HCP (M, &).
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PROOF. Given an hj-admissible contact form «; on (M, &) and an h;-regular
J1 € J(aq), the contact form ag := p*ay on My is ho-admissible since ¢ defines a
bijection from Py, () to Pp, (1) and also a bijection between the sets of contractible
Reeb orbits for ap and «v1. Since p.&o = &1, ap is a contact form for (M, &), hence
the latter is hg-admissible. The diffeomorphism @ :=Id x ¢ : R x My — R x M;
then maps 0, to 0,, Ra, to R,, and & to &, thus Jy := ¢*J; € J(ap), so ¢ defines
a biholomorphic map (R x My, Jy) — (R x Mj, J;) and thus a bijection between
the sets of holomorphic cylinders in each. It follows that Jy is hg-regular, and the
bijection Pp,(ag) — P, (a1) defines an isomorphism between the chain complexes

defining HC (M, g, Jo) and HCM (M, oy, Jp). O

10.3. Computing HC, (T3, &)

10.3.1. The Morse-Bott setup. The contact form o on T? defined at the
beginning of this lecture has Reeb vector field

Ri(p, ¢,0) = cos(2mkp) 0p + sin(2mkp) 0.

Its Reeb orbits therefore preserve each of the tori {p} x T? and define linear foliations
on them. In particular, none of the closed orbits are contractible, though all of
them are also degenerate, as they all come in S'-parametrized families foliating
{const} x T2. For certain homotopy classes h € [S!, T3], this yields a very easy
computation of HC(T?,&,), namely whenever h contains no periodic orbits:

THEOREM 10.25. Suppose h € [SY, T3] is any primitive homotopy class of loops
such that the projection p : T> — S : (p, ¢,0) — p satisfies p.h # 0 € [S', S*]. Then
ay, s h-admissible and the resulting contact homology HC™ (T3, &) is trivial. 0

Now for the interesting part. Every primitive class h € [S!, T3] not covered
by Theorem 10.25 contains closed orbits of Ry, all of them degenerate since they
come in S'-parametrized families foliating the tori {const} x T?. This makes it not
immediately clear whether (T3, &) is h-admissible, though the following observation
in conjunction with Proposition 10.24 shows that if HC"(T3, &) can be defined, it
will be the same for all the homotopy classes under consideration.

LEMMA 10.26. Suppose hg, hy € [SY, T3] are primitive homotopy classes that are
both mapped to the trivial class under the projection T3 — S* : (p, ¢,0) — p. Then
there exists a contactomorphism o : (T3, &) — (T3, &) satisfying @«ho = hy.

PROOF. We can represent h; for ¢ = 0,1 by loops of the form 7;(t) = (0, 5;(t)) €
S1 x T2, where the loops f3; : ST — T? are embedded and thus represent generators

of m(T?) = Z*. One can thus find a matrix <ZL Z) € SL(2,Z) such that the

diffeomorphism
p T2 =T (p,¢,0) — (p,mé + nb, p¢ + qf)
satisfies w,hg = hy. We have
©*ay = [gcos(2mkp) + nsin(2rkp)| dO + [pcos(2mkp) + msin(27kp)] do
=: F(p)df + G(p) do.
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The loop (F,G) : S' — R? satisfies
F(p)\ _(q n)\ (cos(2rkp)
G(p)) \p m) \sin(2rkp) )’
where <Z 77;;) € SL(2,Z), thus (F,G) winds k times about the origin. Any choice

of homotopy from (F, G) to (cos(2rkp), sin(27kp)) through loops (F, G,) : ST — R?
winding k& times about the origin with positive rotational velocity then gives rise to
a homotopy from ¢*ay to i through contact forms Fs(p) df + Gs(p) do. Gray’s
stability theorem therefore yields a contactomorphism v : (T3, &) — (T3, ker ¢*ay)
with 1) smoothly isotopic to the identity. The map ¢ o1 is thus a contactomorphism

of (T3, &) with (¢ 0 ¥)sho = @sho = ©shg = hy. O
In light of the lemma, we are free from now on to restrict our attention to the
particular homotopy class
h:= [t — (0,0,%)],
which is the homotopy class of the 1-periodic orbits foliating the k tori
T, := {m/k} x T?, m=0,....,k—1

since R(m/k,¢,0) = dy. Though the orbits on these tori are degenerate, it is not
hard to show that they all satisfy the Morse-Bott condition; in fact, a4 is a Morse-
Bott contact form. We will explain a self-contained computation of HC?(T3 &) in
the next two sections without using the Morse-Bott condition—but first, it seems
worthwhile to sketch how one can guess the answer using Morse-Bott data.
Bourgeois’s thesis [Bou02] gives a prescription for calculating contact homology
in Morse-Bott settings, i.e. for deducing what orbits and what holomorphic curves
will appear under certain standard ways of perturbing the Morse-Bott contact form
to make it nondegenerate. Notice first that the only orbits in Pp(cy) are the ones
that foliate the k tori Ty, ..., Tk_1, and they all have period 1. By (10.2), it follows
that for any J € J (), there can be no nontrivial J-holomorphic cylinders connect-
ing two orbits in Pj,(y,). This makes the calculation of HC"(T3, &) sound trivial,
but of course there is more to the story since «ay, is not admissible; indeed, the chain
complex CC, (T3 ay) is not even well defined. The prescription in [Bou02] now
gives the following. Each of the families of orbits in Ty, ..., Ty is parametrized
by S!, and by a standard perturbation technique, any choice of a Morse function
fm :SY—> R form =0,...,k—1 yields a contact form «}, that is C*®-close to oy,
matches it outside a neighborhood of T;,,, but has a nondegenerate Reeb orbit on 7,
for each critical point of f,,, while every other closed orbit in the perturbed region
can be assumed to have arbitrarily large period. Moreover, there is a corresponding
perturbation from J € J(ay) to J' € J () such that every gradient flow line of the
function f,, : S' — R gives rise to a J’-holomorphic cylinder in R x T? connecting
the corresponding nondegenerate Reeb orbits along T),. In the present situation,
since no J-holomorphic cylinders of the relevant type exist before the perturbation,
the only ones after the perturbation are those that come from gradient flow lines.
Now imagine performing a similar perturbation near every Ty, ..., Ty 1, using
Morse functions fo, ..., fr_1 : S — R that each have exactly two critical points.
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For the perturbed contact form aj,, P () now consists of exactly 2k orbits

Yoo Vi € Palag),

where we denote by 7% and ~, the orbits on T,, corresponding to the maximum
and minimum of f,, respectively. For the obvious choice of trivialization 7 for the
contact bundle along v, one can relate the Conley-Zehnder indices to the Morse
indices of the corresponding critical points, giving

1ez(Ym) =0, pig(v,) =1, m=0,... . k-1

Moreover, the two gradient flow lines connecting maximum and minimum for each
fm give tise two exactly two holomorphic cylinders in M(J', 7. ~:F) for each m =
0,...,k — 1, and these are all the curves that are counted for the differential on
CCMT3, o, J'). Counting modulo 2, we thus have

iy =0 foral m=0,...,k—1,

implying
7k« = odd,

7k  « = even.

Let us state this as a theorem.

THEOREM 10.27. Suppose h € [S', T3] is a primitive homotopy class that maps
to the trivial class under the projection T3 — S : (p,¢,0) — p. Then (T3,&) is
h-admissible and

75+ = odd
HCY(T?, &) =4, * ’
(T &) {Z’; * = even.

Theorem 10.1 is an immediate corollary of this: indeed, if ¢ : (T3, &) — (T3, &)
is a contactomorphism, choose any h € [S!, T3] for which Theorem 10.27 applies,
and let hg := p*h € [S', T?]. Then HCMT3,&,) =~ Z3 implies via Proposition 10.24
that HCho(T?, &) ~ Z3*. But Theorems 10.25 and 10.27 imply that the latter is
also either 0 or Z2*, hence k = /.

10.3.2. A digression on the Floer equation. In preparation for giving a self-
contained proof of Theorem 10.27, we now explain a general procedure for relating
holomorphic cylinders in a symplectization to solutions of the Floer equation. This
idea is loosely inspired by arguments in [EKP06].

To motivate what follows, notice that on a neighborhood of Ty = {0} x T? <
(T3, &), we can write

ag = cos(2mkp) (d + ),
where [ := tan(2mwkp) d¢ defines a Liouville form on the annulus A, := [—1/8k, 1/8k] x

St with coordinates (p, ¢). This makes the neighborhood Ay x St < (T3, &) a special
case of the following general construction.
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DEFINITION 10.28. Suppose V is a 2n-dimensional manifold with an exact sym-
plectic form dB. The contact manifold (V x S' ker(df + 3)) is then called the
contactization of (V,3).* Here § denotes the coordinate on the S! factor.

It’s easy to check that df + f3 is indeed a contact form on V x S! whenever df
is symplectic on V: the latter means (df)" > 0 on V, so

(d0 + B) A [d(d0 + B)]" = (6 + B) A (dB)" = dO A (dB)" > 0.

Now here’s a cute trick one can play with contactizations. For the rest of this
subsection, assume

(V,dp)
is an arbitrary compact 2n-dimensional exact symplectic manifold with boundary.
Fix a smooth function
H:V xS' SR,
which we shall think of in the following as a time-dependent Hamiltonian Hy :=
H(-,0):V - Ron (V,d3). The 2-form on V x S! defined by

w=dp+do ndH = d(f — H df)

is then fiberwise symplectic, meaning its restriction to each of the fibers of the
projection map V' x S* — S is symplectic. We claim that for every e > 0 sufficiently
small,
Ae :=dO + €(f — H db)

defines a contact form on V x S'. This is a variation on the construction that was
used by Thurston and Winkelnkemper [TW75] to define contact forms out of open
book decompositions, and the proof is simple enough: since d\. = ew, we just need
to check that \; A w™ > 0 for € > 0 sufficiently small, and indeed,

Ae AW =dO A (dB)" +e(f—HdO) nw" >0

since the first term is a volume form and ¢ is small. To see the relation between .
and the contactization, we can write

Ae=1—€eH)df + ¢ =(1—¢€H) (d9+ 1—65Hﬁ>

and observe that =3 is also a Liouville form on V' whenever H is #-independent
and e > 0 is sufficiently small.

The Reeb vector fields R, for A, vary with €, but their directions do not, since
d\. = ew has the same kernel for every e. Moreover, while ). ceases to be a contact
form when € — 0, the Reeb vector fields still have a well-defined limit: they converge

as € — 0 to the unique vector field Ry satisfying
dd(Ry) =1 and w(Ry,-)=0.
The latter can be written more explicitly as

Ry = 0g + X,

4Elsewhere in the literature, the contactization is also often defined as V x R instead of V x S1.
The usage here is consistent with [MINW13].
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where Xy is the time-dependent Hamiltonian vector field determined by Hy, i.e. via
the condition

d/B(X97 ) = _dHG

As one can easily compute, the reason for this nice behavior as ¢ — 0 is that the R,
are also the Reeb vector fields for a smooth family of stable Hamiltonian structures:

PROPOSITION 10.29. The pairs H, := (w, \e) for e = 0 sufficiently small define a
smooth family of stable Hamiltonian structures whose Reeb vector fields are R.. [J

We shall write the hyperplane distributions induced by H. as
Eci=ker A\, T(V x SY).

These are contact structures for € > 0 small, and the space J(H.) of R-invariant
almost complex structures on R x (V' x S1) compatible with H, is then identical
to J(Ae). On the other hand for € = 0, =y = ker df is a foliation, namely it is the
vertical subbundle of the trivial fibration V x S' — S!. We have seen H, before: it
is a variation on the “Floer-type” stable Hamiltonian structure that was considered
in §6.3.2. Its closed Reeb orbits in the homotopy class of v : St — V x St : ¢ s
(const, t) are all of the form (t) = (x(t),t) where z : S' — V is a contractible
I-periodic orbit of X,. Moreover, suppose J € J(Hy), which is equivalent to a
choice of compatible complex structure on the symplectic bundle (Z¢,wl|z,), or in
other words, an S'-parametrized family of dS3-compatible almost complex structures
{Jo}gesr on V. Then if

u=(f,v,9): RxS" >R x (VxS

is a J-holomorphic cylinder asymptotic at {+o0} x S! to two orbits of the form
described above, the nonlinear Cauchy-Riemann equation for u turns out to imply
that (f, g) : Rx S — Rx S!is a holomorphic map with degree 1 sending {+o0} x S1
to {00} x S1, and we can therefore choose a unique biholomorphic reparametrization
of u so that (f, g) becomes the identity map. Having done this, the equation satisfied
by v: R x S! — V is now

0sv + Jy(v) (O — Xy (v)) = 0,

in other words, the Floer equation for the data {Jy}ges1 and {Hy}pes:.
To complete the analogy, notice that since w is exact, we can write down a
natural symplectic action functional with respect to each H, as

A CP(SLV xS - Ry | 4*(B— Hdb).
Sl
For loops of the form «(t) = (z(t),t) with z : S* — V contractible, this reduces
(give or take a sign—see Remark 10.31) to the usual formula for the Floer action
functional

(10.6) A () = J - H(x(t))dt = J dp — | H(x(t))dt,

st st D st
where T : D — V' is any map satisfying z|sp = z. Stokes’ theorem gives an easy
relation between the action and the so-called w-energy if u: R x St — R x (V' x S!)
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is a J-holomorphic curve for J € J(H.) and is positively /negatively asymptotic to
orbits v+ : S - V x St at s = +oo: we have

0< J ww=A(y") = A(y7).
RxS1

If u(s,t) = (s,v(s,t),t), then the left hand side is identical to the definition of energy
in Floer homology, namely

Ey(v) = JR . dB(0sv, 0w — Xy (v))ds A dt = fR . dB(0sv, Jy(v)0sv) ds A dt,

thus giving the familiar relation
(10.7) Ex(v) = Aa(v") — Au(y7).

To relate this to the usual notion of energy with respect to a stable Hamiltonian
structure, we write the usual formula

E.(u) := sup f u* [d(p(r)Ae) +w],
peT JY

with T := {p € C*(R,(—€0,€)) | ¢’ > 0} for some constant ¢ > 0 sufficiently

small. Notice first that for any fixed €, Stokes’ theorem gives a bound for E.(u) in

terms of the asymptotic orbits of u since w is exact. Finally, in the case ¢ = 0 with

u(s,t) = (s,v(s,t),t), we find

Eo(u) = supf '(s)ds A dt + J u*w = 2¢0 + Eg(v),
peT JRxS1 RxS1

so bounds on Ejy(u) are equivalent to bounds on the Floer homological energy Ey(v).

The basic fact that Floer trajectories v : Rx S' — V with Ey(v) < o are asymptotic

to contractible 1-periodic Hamiltonian orbits can now be regarded as a corollary of

our Theorem 9.8.

The above discussion gives a one-to-one correspondence between a certain mod-
uli space of unparametrized J-holomorphic cylinders in R x (V' x S1) and the mod-
uli space of Floer trajectories between contractible 1-periodic orbits in (V,dS) with
Hamiltonian function H. If we can adequately understand the moduli space of Floer
trajectories—in particular if we can classify them and prove that they are regular—
then the idea will be to extend this classification via the implicit function theorem to
any J. € J () sufficiently close to J for € > 0 small. As the reader may be aware,
classifying Floer trajectories is also not easy in general, but it does become easy
under certain conditions. Simple examples of contractible 1-periodic Hamiltonian
orbits are furnished by the constant loops 7(t) = z at critical points z € Crit(H),
and for each such orbit, v*=q has a canonical homotopy class of unitary trivializa-
tions, the so-called constant trivialization. The following fundamental result is
commonly used in proving the isomorphism from Hamiltonian Floer homology to
singular homology.

THEOREM 10.30. Suppose H : V. — R is a smooth Morse function with no
critical points on the boundary, J is a fived df-compatible almost complex structure
on V, and the gradient flow of H with respect to the metric dB(-, J-) is Morse-Smale
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and transverse to dV. Given ¢ > 0, let H® := cH : V — R, with Hamiltonian vector
field Xge = ¢ Xy, and consider the stable Hamiltonian structure

HE = (dB + dO A dHE, df)

on V x S* with induced Reeb vector field RS = 0y + Xye. Then for all ¢ > 0

sufficiently small, the following statements hold.
(1) The 1-periodic RS-orbit v, : S' — V x S : t — (z,t) arising from any
critical point x € Crit(H) is nondegenerate, and its Conley-Zehnder index

relative to the constant trivialization T is related to the Morse index ind(z) €
{0,...,2n} by

(10.8) 1er(2) = n — ind(@).

2) Any trajector ' R — V satisfying the negative gradient flow equation
(2) Any trajectory ~ ying gative g
4 = =V H(~y) gives rise to a Fredholm reqular solution v : R x St — V :
(s,t) — v(s) of the time-independent Floer equation

(10.9) 00 + J() (O — Xpge(v)) = 0,

and the virtual dimensions of the spaces of Floer trajectories near v and
gradient flow trajectories near vy are the same.

(3) Every 1-periodic orbit of Xpe in V is a constant loop at a critical point
of H.

(4) Every finite-energy solution v : Rx St — V of (10.9) is of the form v(s,t) =
v(s) for some negative gradient flow trajectory v: R — V.

PROOF. The following proof is based on arguments in [SZ92], see in particular
Theorem 7.3.

For the first statement, let v(t) = (z,t) for z € Crit(H) and recall from Lecture 3
the formula for the asymptotic operator of a 1-periodic orbit,

A, i T(y*q) = (7o) : 0~ —J (Vi — V, )
where V is any symmetric connection on V' x S*. Identifying I'(y*Z) in the natural

way with C®(S',T,V), using the trivial connection and writing R§(z,0) = 0y +
Xpe(z) = 0p + ¢J(2)VH(z), A, becomes the operator

A, =—Jo, —cV*H(z)

on C*(SY, T,V), where V2H(z) : T,V — T,V denotes the Hessian of H at z.
Choosing a unitary basis for T,V identifies this with —Jy0; — ¢S for some symmetric
g _01 , so ker A,
corresponds to the space of 1-periodic solutions to n = Bn for B := ¢JyS. The
Morse condition implies that S is nonsingular, thus so is B, but it is also small since
c is small. We claim that if ¢ is small enough to satisfy

1
IB] < 5,
s

2n-by-2n matrix S and the standard complex structure Jy =
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then all 1-periodic solutions n to = Bn are constant. To see this, let us complexify
and regard 7 as a loop in C?>" and B as a complex-linear map on C?". We can then
write the smooth loops 7,7 : S* — C?" as Fourier series

n(t) = Z Ry ii(t) = Z e*™ . omikay,,  where ap = f n(t)e 2kt e C*,
keZ ke st

Since ag = §, 7(t) dt = 0, Parseval’s identity then implies

1 1 1
lil7e = X lan® = 55 2, @)% lanl® < o5 > [2mikax* = ——5 il
ez (@) % (@) i (27)
thus plugging in the derivative of the equation n = Bn gives
) 1. 1 ) B, .
< o— = —|B < — .
il < 5-lilie = oo |Bilie < o il

If |B| < 27, then this inequality gives a contradiction unless = 0, proving the
claim.” Since S is nonsingular, it follows that A., has only the trivial eigenfunction,
hence 7y is nondegenerate.

To calculate uf,(7y), suppose Sy denotes a pair of nonsingular symmetric matri-
ces defining asymptotic operators Ay = —Jy0; — ¢S+, and choose a path {S;}se(—1,1]
of symmetric matrices connecting Sy; := Si. For ¢ > 0 sufficiently small, the
claim in the previous paragraph identifies the kernel of Ay := —Jy0; — ¢S, for each
s € [—1, 1] with ker S as a space of constant solutions. Similarly, A € R is an eigen-
value of A, if and only if the kernel of —.Jy0; — (¢S + A) is nontrivial, which for |A|
sufficiently small holds if and only if —\ is an eigenvalue of ¢S. This implies that
eigenvalues of the family {A,}.c[—1,1] change signs precisely when eigenvalues of the
family {Ss}se[-1,1] change signs in the opposite direction, giving a relation between
spectral flows

ILLSpeC<A,7A+) — —/LSpeC(S,, S+)
as long as ¢ > 0 is sufficiently small. Denoting the maximal negative-definite sub-
space of S; by E~(S4), this relation implies
dim B (5;) —dim E™(S_) = pcz(AZ) — pez(Ay).
Now suppose S, is a coordinate expression for the Hessian V2H (z), hence dim E~ (5, ) =
g _0]1 then gives dim £~ (S5_) =
n and pucz(A_) = 0 by definition, so ufy(v) = n —ind(x) follows.

The second statement follows in a similar manner by writing down and compar-
ing the linearized operators for the Floer equation and the negative gradient flow
equation. Let’s leave this as an exercise.

For the third statement, suppose we have a sequence ¢, — 0 and a sequence of
loops xj, : S' — 1% satisfying & = Xpyer(2g) = cx Xp(xx). Pick a number ¢ > 0 small

ind(z) and pez(Ay) = uiy (7). Choosing S_ =

5The claim is a linear version of a more general dynamical phenomenon: for an autonomous
dynamical system defined via a C''-small vector field on a compact manifold, all 1-periodic solutions
are constant. This fact can be cited as naive motivation for the Arnol’d conjecture on symplectic
fixed points; see for instance [HZ94, Chapter 5, Prop. 17 and P. 200].
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enough for part (1) of the theorem to hold, choose a sequence of integers N € N
such that

Niey, — ¢,
and consider the loops i : S* — V : t — x3(Nyt). These satisfy

U = Necr X (ye),

and since Xy is C™-bounded on V and N.¢, is also bounded, the Arzela-Ascoli
theorem provides a subsequence with

Ur — Yo in CP(SHLV),

where y,, : ST — V satisfies 90 = Xpe(yy) for H® := cH : V — R. But y, is also
constant: indeed, since yx(t +1/Ng) = yr(t) and Nj, — o0, we can find for any ¢ € S*
a sequence gy € Z satisfying qx /Ny — t, so

(10.10) Yoo(t) = lim yr(g/Ny) = lim yx(0) = e (0).

Since the constant orbit y., is nondegenerate by part (1) of the theorem, there can
only be one sequence of solutions to ¢x = Xy, (yx) converging to ys, and we
conclude that ¥, is also constant for all k£ sufficiently large.

We will now use a similar trick to prove the fourth statement in the theorem.
We shall work under the additional assumption that

(10.11) |ind(xz) —ind(y)| <1 for all pairs x,y e Crit(H),

which suffices for the application in §10.3.3 below.

Suppose to the contrary that there exists a sequence of positive numbers ¢, — 0
with finite-energy solutions v : R x St — V of the equation dsvy + J(vg) (0o —
Xpex (vg)) = 0, where each vy (s, t) is not t-independent. By part (3) of the theorem,
we can restrict to a subsequence and assume each vy for large k is asymptotic to
a fixed pair of critical points x4 = limg 4o vk(s,-) € Crit(H), and x, # x_ since
v, would otherwise by constant and therefore ¢-independent. Choose a sequence
N, k € N with

N, —> o and Nge — c,
where ¢ > 0 is chosen sufficiently small for the first three statements in the theorem
to hold. Define wy, : R x S* — V by

wk(s, t) = Uk(NkS, th)
Then wy, satisfies another time-independent Floer equation,
(10.12) Oswi + J(wy) (Qpwr — X e, (wy)) = 0,

where the Hamiltonian functions H™V** converge to H¢. The standard compactness
theorem for Floer trajectories should now imply that a subsequence of wy converges
to a broken Floer trajectory whose levels will be t-independent. Since the setting
may seem a bit nonstandard, here are some details.

The sequence wy, is uniformly C°-bounded since V' is compact. We claim that
it is also C''-bounded. If not, then there is a sequence z; = (sg, ;) € R x St with

6Lifting this assumption requires gluing, whereas we shall only need the usual implicit function
theorem for Fredholm regular solutions of the Floer equation.
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|dwy(zx)| =: R, — o0, and we can use the usual rescaling trick from Lecture 9 to
define a sequence

fr :Der, = Vi 2> w2z, + 2/Ry)
for a suitable sequence €, — 0 with €, R, — o0 and |dwy(z)| < 2Ry, for all z € Dy, (2x).
The latter implies that fj, satisfies a local C*-bound independent of k, and since

Oufic + J(f)oufe = R%J(fk)XHNM(fk) I

elliptic regularity (Theorem 2.24) and the Arzela-Ascoli theorem provide a subse-
quence for which fi converges in C{>.(C, V) to a J-holomorphic plane fy, : C — V,
which is nonconstant since

A1c(0)] = Jim [dfi(0)] = 1.

Since v; and therefore wy, are all asymptotic to fixed constant orbits x4, we have a
uniform bound on the Floer energies of wy,

(10.13)  Egper (wi) = Agryes (24) — Ao () = Nyey [H(z_) — H(z,)],

where the right hand side is bounded since Njc; — c. Using change of variables and
the fact that d5(0sfx, J(fx) 0sfx) = 0, this implies a uniform bound

f dﬁ(asfk,ﬂfk)asfk)dmdt:f AB(@swp, I (wy) duwy) ds A db
D

e Ry, De,, (2k)

< J dB(Oswy, J(wy) Oswy) ds A dt = Egynye, (wy) < C,
RxS1
thus
| £2d5 = | dB(@utestif)ds ndt = | dB(fes I (Fe) Ouf)ds it <o
C C C

The removable singularity theorem now extends f,, to a nonconstant J-holomorphic
sphere f,, : S? — V, but this violates Stokes’ theorem since .J is tamed by an exact
symplectic form.

We’ve now shown that the sequence wy : R x S — V is uniformly C'-bounded,
and it has bounded energy due to (10.13). Pick any sequence s, € R and consider
the sequence of translated Floer trajectories

We(s,t) := wi(s + sg, t).

These are also uniformly C*'-bounded, so by elliptic regularity again, a subsequence
converges in C2 (R x S') to a map we, : R x ST — V satisfying

loc
OsWoo + J(Weo) (O — Xpe(we)) = 0,

and it has finite energy Fpye(wy) < 0o due to (10.13), implying that w., is asymptotic
to a pair of 1-periodic orbits of Xpyc as s — +00. By the same argument used in
(10.10) above, wy, is also t-independent. It follows that wq(s,t) = Y4 (s) for some
nonconstant gradient flow trajectory v, : R — V. Depending on the choice of
sequence sy, this trajectory may or may not be constant, but we can always choose
sk to guarantee that v, is not constant: indeed, since each wy is asymptotic to two
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separate critical points at +00, s € R can be chosen such that wg(sk,0) stays a
fixed distance away from every critical point of H, and then

we(0,0) = ]}Ln;o w8k, 0) ¢ Crit(H®).

One can now adapt the argument of Proposition 10.19 to find various sequences sj €
R that yield potentially separate limiting trajectories forming the levels of a broken
trajectory, which is the limit of w; in the Floer topology. But since all the levels
are t-independent and the gradient flow of H¢ is Morse-Smale, condition (10.11)
implies that the most complicated (and therefore the only) limit possible involves
a single level wy(s,t) = 7(s), which is a gradient flow trajectory between critical
points whose Morse indices differ by 1. This trajectory is Fredholm regular and has
index 1 due to part (2) of the theorem, thus by the implicit function theorem, the
only solutions to (10.12) that can converge to we, are the obvious reparametrizations
of v, i.e. they are also t-independent. This is a contradiction. 0

REMARK 10.31 (sign conventions). You may notice with some horror that (10.8)
differs by a sign from what is stated in [SZ92]. The mundane reason for this is that
the Conley-Zehnder index defined in [SZ92] also differs from ours by a sign (see
Remark 3.69). On a deeper level, one can relate this discrepancy to the fact that
while Floer homology is traditionally defined in terms of a negative gradient flow
for the action functional, SFT is based on a positive gradient flow—this is also why
the action functional in (10.6) differs by a sign from what we saw in Lecture 1, and
why the Floer homological formula for asymptotic operators (Exercise 3.3) lacks the
initial minus sign that appears in its SF'T analogue (see Remark 3.7).

Returning now to the family H., choose ¢ > 0 sufficiently small for Theorem 10.30
to hold and define a modified family of stable Hamiltonian structures on V' x S! by

HE = (wca )‘5)’

where
wi=df+d0 AdH® and X :=df +e(f— HdO).
Denote the induced hyperplane distributions and Reeb vector fields by =¢ and R¢

respectively. We have only changed the Hamiltonian H by rescaling, so all previous
statements about H, also apply to H¢, in particular X¢ is contact and J (HE) = J(XS)
for all € > 0 sufficiently small, though the upper bound for the allowed range of €
may now depend on c¢. Once ¢ > 0 is fixed by the requirements of Theorem 10.30,

we are still free to take € > 0 as small as we like.

THEOREM 10.32. Assume the same hypotheses as in Theorem 10.50, including
(10.11), and denote the unique extension of J to an R-invariant almost complex
structure in J(HS) by Jy. Given ¢ > 0 sufficiently small and any smooth family of
compatible R-invariant almost complex structures J. € J(HE) matching Jy at € = 0,
there exists €g > 0 such that every critical point x € Crit(H) gives rise to a smooth
family of nondegenerate closed R¢-orbits

z€: St -V x St e € [0, €]
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with 2°(t) = (x,t), and every gradient flow trajectory v : R — V for H gives rise to
a smooth family of Fredholm regular J.-holomorphic cylinders

ul, R x S'—Rx (VxS e € [0, €]

with ul(s,t) = (s,7(cs),t). Moreover, for all € € [0, €], every closed R¢-orbit homo-
topic to t — (const,t) belongs to one of the families x° up to parametrization, and
every J.-holomorphic cylinder with a positive and a negative end asymptotic to orbits
of this type belongs to one of the families us, up to biholomorphic parametrization.

PROOF. The first part is immediate from the implicit function theorem since the
orbits 2°(t) = (,t) are nondegenerate and the curves u (s, t) = (s, y(cs),t) are Fred-
holm regular by Theorem 10.30. For the uniqueness statement, observe that if ¢, — 0
and 7, is a sequence of R¢ -orbits in the relevant homotopy class, then their periods
are uniformly bounded, so Arzela-Ascoli gives a subsequence convergent to a closed
RS-orbit, which is a nondegenerate orbit of the form z°(t) = (z,t) for x € Crit(H)
by Theorem 10.30, thus sequences converging to this orbit are unique by the implicit
function theorem. A similar argument proves uniqueness of J.-holomorphic cylin-
ders: if ¢, — 0 and wuy is a J,, -holomorphic sequence, then first by the uniqueness
of the orbits, we can extract a subsequence for which all u; are asymptotic at both
ends to orbits in fixed families % converging to 29 (t) = (z4,t) as k — co. Since
w is exact, Stokes’ theorem then gives a uniform bound on the energies E., (ug).
Since all R§-orbits in the relevant homotopy class are nondegenerate and none are
contractible, one can now prove as in Proposition 10.19 that u; has a subsequence
convergent to a finite-energy stable Jy-holomorphic building u,, consisting only of
cylinders. Its levels are asymptotic to orbits of the form z(t) = (z,t) for x € Crit(H),
thus they can be parametrized as (s,t) — (s,v(s,t),t) for v: R x S — V satisfying
the H°-Floer equation, hence v(s,t) = v(cs) by Theorem 10.30. Now since VH is
Morse-Smale and indices of critical points can only differ by at most 1, the building
u,, can have at most one nontrivial level uy(s,t) = (s,7(cs),t), implying uy — .
Since uy is Fredholm regular, the implicit function theorem does the rest. U

10.3.3. Admissible data for (T2, &;). We now complete the computation of
the cylindrical contact homology HC"(T? &,). We can assume via Lemma 10.26
that h is the homotopy class of the orbits in the special set of tori

T,, = {m/k} x T? = T?, m=0,....k—1
Let’s focus for now on the case k = 1, as the general case will simply be a k-fold
cover of this. Thanks to the Morse-Bott discussion in §10.3.1, we know what we're
looking for: we want an h-admissible contact form a for (T2, &;) such that Py(a)
contains exactly two orbits, both in Ty < T?, along with an h-regular J € J(«) such

that the differential on CC%(T3, ) counts exactly two J-holomorphic cylinders that
connect the two orbits in 7j. Let A denote the annulus

A=[-1,1]x S'=[-1,1] x (R/Z)

with coordinates (p, ¢). This will play the role of the Liouville manifold (V, d5) from
the previous section, and we set

B = pdo.
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F1GURE 10.4. The gradient flow of the Hamiltonian H : A — R

For the Hamiltonian H : A — R, choose a Morse function with the following prop-
erties (see Figure 10.4):

(1) H has a minimum at zy = (0,0), an index 1 critical point at x; = (0,1/2),
and no other critical points;

(2) H(p, @) = |pl for 1/2 < |p| < 1;

(3) The gradient flow of H with respect to the standard Euclidean metric on
[-1,1] x S is Morse-Smale.

Fix a number ¢ > 0 sufficiently small so that Theorem 10.30 applies for Floer
trajectories of H® := cH in A, and since it will turn out to be useful in Lemma 10.33
below, assume without loss of generality

ce Q.

Then following the prescription described above, we consider the family of stable
Hamiltonian structures H¢ = (w® A¢) on A x S! for € > 0 small, where

A= (1—ecH)dO + epdo, wé=dpndp+cdd A dH,

with induced Reeb vector fields R¢ and hyperplane distributions =¢ := ker AL
Choose J. € J(H¢) to be any smooth family such that Jy|ze matches the stan-
dard complex structure on A defined by Jyd, = d4. Then for all € > 0 sufficiently
small, Theorems 10.30 and 10.32 give a complete classification of all closed R¢-orbits
in A x S! homotopic to t — (0,0,t), as well as a classification of all .J.-holomorphic
cylinders asymptotic to them. Up to parametrization, there are exactly two such
orbits,

e St A x St i=0,1,

which correspond to the Morse critical points zy and x; and thus by (10.8) have
Conley-Zehnder indices

W) = 1 —ind(z) = 1 —i € {0, 1}
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relative to the constant trivialization 7. There are also exactly two J.-holomorphic
cylinders

ul :Rx SR x (AxSh,

corresponding to the two negative gradient flow lines that descend from z; to xg,
thus the u§ are index 1 curves with a negative end approaching 7{ and a positive
end approaching 7§. If we can suitably embed this model into (T?,&;) and show that
all the orbits and curves needing to be counted are contained in the model, then we
will have a complete description of HC(T?, &), with two generators (75> and (v5),
of even and odd degree respectively, satisfying

Kvp) =2(71)=0 and () =0
since the former counts two curves and the latter counts none.

LEMMA 10.33. For any € > 0 sufficiently small, there exists a contact embedding
of
(A x S* ker \¢) — (T?, &)

identifying the homotopy class of the loops t — (0,0,t) in A x S* with h. Moreover,
the contact form X¢ and almost complez structure J. € J(HE) can then be extended to
an h-admissible contact form o on (T3, &) and an h-regular almost complex structure
J € J(a) such that v§ and ~5 are the only orbits in Pr(a), and all J-holomorphic
cylinders with a positive and a negative end asymptotic to either of these orbits are
contained in the interior of A x S*.

PrOOF. We've chosen  and H so that in the region 1/2 < |p| < 1,

a =X\ = (1 —eclp|)df + epdp =: f(p)dO + g(p) do,

so the Reeb vector field on this region has the form ﬁ(g’ (p) 0 — f'(p) 0p) with
D := fqg" — f'g. Notice that

f'lp) _ _ec

= F— = Fe,

glp) e
and we assumed c € QQ, so the Reeb orbits in this region are all periodic. Next, pick
a large number N » 1 and extend « to a contact form on [N, N] x St x S! via
the same formula. Now extend the path (f,g) : [1/2, N] — R? to R such that it
has period 2N + 2, satisfies (f(—p), g(—p)) = (f(p), —g(p)), and winds once around
the origin over the interval [-N — 1, N + 1], with positive angular velocity (see
Figure 10.5). This gives rise to a contact form a on

TS, = (R/(2N+2)Z) x 1 x &

which matches A¢ in the region |p| < 1 and takes the form f(p) df + g(p) d¢ outside
of that region. We claim in fact that « is also globally homotopic to f(p) df+g(p) do
through a family of contact forms. To see this, one need only homotop H in the
region |p| < 1/2 to a Morse-Bott function that depends only on the p-coordinate;
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9

FIGURE 10.5. The periodic path (f,g) : [-N —1,N + 1] — R? in
the proof of Lemma 10.33.

the contact condition holds for all Hamiltonians in this homotopy as long as ¢ > 0
is sufficiently small. With this understood, the obvious diffeomorphism

TS, - T3 (p,¢,0) — | —2—, 6,0

N <p7¢7 ) (2N+27¢7

pushes ker a forward to a contact structure isotopic to one of the form F(p)df +
G(p)d¢ for a loop (F,G) : S' — R? winding once around the origin, so taking a
homotopy of this loop to (cos(27p), sin(27p)) and applying Gray’s stability theorem
produces a contactomorphism

(T3, ker o) — (T?, &)

that is isotopic to the above diffeomorphism.

The construction clearly guarantees that no closed Reeb orbit of a outside A x S*
is homotopic to the preferred class h, and there are also no contractible orbits, so
« is an h-admissible contact form on T3. Choose any extension of J. to some
J € J(a) on T%. We claim now that if N is chosen sufficiently large, then no
J-holomorphic cylinder in R x T%, with one positive end at either of the orbits ~¢
can ever venture outside the region R x (—1/2,1/2) x T2. Suppose in particular that
u is such a curve and its image intersects R x {1/2} x T?. Since the entire region
[1/2, N] x T? is foliated by closed Reeb orbits, we can define T to be the set of
Reeb orbits v in that region for which the image of u intersects R x ~. This is a
closed subset of the connected topological space of all Reeb orbits in [1/2, N] x T:
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indeed, if v, € T is a sequence converging to some orbit 7., then u(z;) € R x 74
for some sequence z, € R x S, which must be contained in a compact subset since
the asymptotic orbits of u lie outside of [1/2, N] x T2, hence z;, has a convergent
subsequence zp — 2y € R x ST with u(2,) € R X vy, proving v, € T. We claim
that T is also an open subset of the space of orbits in [1/2, N] x T?. This follows
from positivity of intersections, as every R x « is also a J-holomorphic curve: if
u(z) € R x 7, then for every other closed orbit 7" close enough to +, there is a point
2/ € R x S! near z with u(2’) € R x o/. This proves that, in fact, u passes through
R x ~ for every orbit v in the region [1/2, N] x T2?. We will now use this to show
that if N is sufficiently large, the contact area of u will be larger than is allowed by
Stokes’” theorem.

Let us write

u(s,t) = (r(s,t),p(s,t), (s, 1),0(s, 1)) e R x (R/(2N +2)Z) x §* x §*

and choose two points p; € [1/2,1] and py € [N —1, N| which are both regular values
of the function p : R x S — R/(2N + 2)Z. The intersections of u with the orbits
in [1/2, N] x T? imply that the function p(s,t) attains every value in [1/2, N], and
since the asymptotic limits of u lie outside this region,

U:=p ([p1,p2]) =R x S!

is then a nonempty and compact smooth submanifold with boundary
U=—Cr ][

where C; := p~'(p;) for i = 1,2. Restricting u to the multicurves C; then gives a
pair of smooth maps
w; : C; — T2 : (s,1) = (H(s,1),0(s,1)), i=1,2,

which are homologous to each other. Denote the generators of H;(T?) corresponding
to the ¢- and 6-coordinates by £, and ¢y respectively, and suppose [w;] = mly +nly
for m,n € Z. The key observation now is that the restriction of a to each of the
tori {p;} x T? is a closed 1-form, thus for each i = 1,2, Sci u*a depends only on

the homology class mly + nly € H,(T?) and not any further on the maps w;. In
particular,

J ua = f(pi)n+ g(p;)m
C;

for ¢+ = 1,2. We now compute,

L u*do = L? wta - Ll wta = nlf(p) — Flp1)] + mlg(p) — g(p1)]

= n[(1 — ecpz) = (1 — ecp1)] + mlepz — ep1]
— e(p2 — p1)(m — nc)
This integral has to be positive since u*da > 0 and u is not a trivial cylinder, thus

m — nc > 0. Moreover, ¢ was assumed rational, so if ¢ = p/q for some p,q € N, we
have

Y

1
m —nc = —(mq —np) =
q

| =
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implying N9
J uda = f u*da = E(/)2 —p1) = D
Rx S1 u q q

Having chosen ¢ (which determines ¢) and € in advance, we are free to make N as
large as we like. But by (10.2), SRXSI u*da cannot be any larger than the period
of its positive asymptotic orbit, which does not depend on N. So this gives a
contradiction, proving that u cannot touch the region {p > 1/2}. The mirror image
of this argument shows that u also cannot touch the region {p < —1/2}. O

With Lemma 10.33 in hand, the calculation of HC"(T%, , J) for sufficiently
large N is straightforward: there is one odd generator and one even generator, with
a trivial differential, giving

7 % =
Hc!:mr?’,gl)z{ 2+ =odd,

Zo = = even.

This calculation can now be extended to (T3, &) by a cheap trick: using the contac-
tomorphism (T3, ker o) — (T3, &), let us identify T3, with T3 and write a« = Fay
for some function F' : T® — (0,00). Then the k-fold covering map

Dp T - T (p,9,0) — (kp, 9,0)

maps the homotopy class h to itself and pulls back & to &, so @ is a contact form
for &. It is also h-admissible: indeed, ®;a admits no contractible orbits since they
would project down to contractible orbits on (T, «), and every orbit in Py (®fa)
projects to one in Pj(a), hence they are all nondegenerate. The almost complex
structure ®5.J € J(Pfa) then makes the map Id x @ : (R x T?, &5.J) — (R x T?, J)
holomorphic, so every ®%.J-holomorphic cylinder counted by HC! (T3, ®fa, ®fJ)
projects to a J-holomorphic cylinder counted by HC?(T3 «,.J), and conversely,
each orbit in Py («) and each J-holomorphic cylinder has exactly £ lifts to the cover.
The generators of CCHT?, ®F«) thus consist of 2k orbits, k¥ odd and k even, with
2k connecting ®;.J-holomorphic cylinders that cancel each other in pairs, giving a
trivial differential. In summary:

k
HCOMT?, &) = {Zi *=odd,
Zs = = even.

REMARK 10.34. The method of this lecture for proving existence and uniqueness
of the holomorphic curves in the chain complex for HC*(T?,¢;) is not the only
approach possible. The Morse-Bott technique from [Bou02] was mentioned already
in §10.3.1 and is used quite often in practice; a higher-dimensional analogue of
the same computation using the Morse-Bott method may be found in [MINW13,
Theorem 9.10(4)]. Alternatively, one can use the same nondegenerate data as in
our computation but simplify the uniqueness proof by using intersection theory; we
will take this approach to compute other SFT invariants of contact 3-manifolds in
Lecture 16. For a higher-dimensional computation that combines intersection theory
with the Floer-theoretic approach of §10.3.2, see [Mora, Morb].
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11.1. Gluing maps and coherence

This lecture will be concerned with orienting the moduli spaces
M(J) = Mg,m(Ja A7 '7+7 77)

of J-holomorphic curves in a completed symplectic cobordism W, in cases where
they are smooth. We assume as usual that all Reeb orbits are nondegenerate so
that the usual linearized Cauchy-Riemann operators are Fredholm.

For SFT and other Floer-type theories, it is not enough to know that each
component of M(J) is orientable—relations like 0> = 0 rely on having certain
compatibility conditions between the orientations on different components. The
point is that whenever a space of broken curves is meant to be interpreted as the
boundary of some other compactified moduli space, we need to make sure that it
carries the boundary orientation. This compatibility is what is known as coherence,
and in order to define it properly, we need to return to the subject of gluing.

Our discussion of gluing in Lecture 10 was fairly simple because it was limited
to somewhere injective holomorphic cylinders that could only break along simply
covered Reeb orbits. Recall however that more general holomorphic buildings carry
a certain amount of extra structure that was not relevant in that simple case. Even
in a building u that has only two nontrivial levels v_ and u, the breaking punctures
carry decorations: i.e. if {z*, 27} is a breaking pair in u, then the decoration defines
an orientation-reversing orthogonal map

Jor —2> 0,
between the two “circles at infinity” d,+ associated to the punctures z* (see §9.3.3).
This extra information is uniquely determined if the breaking orbit is simply covered,
but at a multiply covered breaking orbit there is ambiguity, and the decoration

309
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cannot be deduced from knowledge of u_ and w, alone. We therefore need to
consider moduli spaces of curves with a bit of extra structure.
For each Reeb orbit v in M, or M_, choose a point on its image

Py €Eimy < M.

For a J-holomorphic curve u : (X = S\(I't U T7),j) — (I//I\/, J) with a puncture
z € I'* asymptotic to 7, an asymptotic marker is a choice of a ray ¢ < 7,3 such
that

lim u(c(t)) = (£, p,)

t—0t

for any smooth path ¢(t) € ¥ with ¢(0) = z and 0 # ¢(0) € £. If v has covering
multiplicity m € N, then there are exactly m choices of asymptotic markers at z,
related to each other by the action on 7, by the mth roots of unity. We shall
denote

M) = M (T Ay ) = {(5,5,T5,17,0,u,0} / ~,

where (X,7,I'",I'", ©, u) represents an element of M, ,,(J, A,y*,~v7), ¢ denotes an
assighment of asymptotic markers to every puncture z € I'*, and

(207j071—‘(—)i_71—‘(;7 @07u07£0) ~ (Zlajlarfarl_a @1,U1,£1)

means the existence of a biholomorphic map v : (3, jo) — (21, 71) which defines
an equivalence of (g, 70, g, g, O0,up) with (31,71, T7,T7,01,u;1) and satisfies
Y ly = f1. There is a natural surjection

MP(T) — M(J)

defined by forgetting the markers. We will say that an element u € M®(J) is
Fredholm regular whenever its image under the map to M(J) is regular. Let

MPTE(]) = MEWE(J, AT, y7) « M(J)

denote the open subset consisting of Fredholm regular curves with asymptotic mark-
ers. Note that components of M(J) and M?®(.J) consisting of closed curves are
identical spaces; components with punctures have the following simple relationship
to each other.

PROPOSITION 11.1. Each component of M3™8(J) consisting of curves with at
least one puncture admits the structure of a smooth manifold, whose dimension on
each connected component matches that of M*(J). Moreover, the natural map

M$,reg(J) N Mreg(J)

is smooth, and the preimage of a curve u € M™8(J) with asymptotic orbits {,}.er
of covering multiplicities {k,}.er contains exactly

HZEF Kz

| Aut ()]

distinct elements.
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PROOF. The smooth structure of M®™8(.J) arises from a small modification
of the same argument we used in Lecture 7 for M™8(.J). Recall that in order to

describe a neighborhood of a curve in M"™8(.J) represented by a map ug : (%, jo) —

(W, J) whose domain has punctures I' = X, marked points ©® < ¥ := ¥\I" and
automorphism group G := Aut (3, jo, 'U©), we chose a G-invariant Teichmiiller slice
T < J () through jy and defined the smooth section 0 : T x B¥P?9 — EF=1P wwhose

zero-set consists of the pairs (j,u) such that u : (3, ) — (W, J) is J-holomorphic.
Fredholm regularity implies that a neighborhood of (jo,u) in @;'(0) is a smooth
finite-dimensional submanifold of 7 x B*?9, and G acts smoothly and properly (but
possibly not freely) on d;'(0) by ¢ - (j,u) := (¢¥*j,u o) for 1 € G, so that the
natural map 0;'(0)/G — M(J) is a local homeomorphism near ug. To include
asymptotic markers in this picture, we observe that there is a natural finite covering
map
M — 251(0),

where the elements of M are tuples (j,u, £) where (j,u) € 0;(0) and ¢ denotes an
assignment of asymptotic markers to each puncture of u : (3,j) — (I//I\/, J). We
can therefore regard M as a smooth finite-dimensional manifold by pulling back the
smooth structure of 5;1(0), and G then also acts smoothly and properly on M by

b (Gou, ) i= (P j,u 0, (P71)al).

We claim however that this action is also free. Indeed, if ¥ - (j, u, ) = (j,u, (), then
¥ € Aut(u), and the finiteness of Aut(u) then implies that v is a biholomorphic map
fixing I and satisfying 1* = 1d for some k € N. Choosing a G-invariant neighborhood
U < ¥ of some puncture ¢ € I', the Riemann mapping theorem permits us to
identify U biholomorphically with the unit disk in C so that { becomes the origin,
and 1) on this neighborhood must then be a rotation, specifically a map of the form
z > 2k for some m € {1,...,k}. The cases m # k are impossible since ¢ would
then change the asymptotic marker at ¢, thus ¢) can only be the identity map on U.
Unique continuation then implies ¢) = Id, proving the claim. The quotient M /G is
therefore a smooth manifold, with the same dimension as the orbifold 0;'(0)/G.

Finally, if v : (¥ = L\I',j) — (17[\/, J) represents an element of M(J) with
asymptotic orbits {7, }.er, then the number of possible choices of asymptotic markers
is precisely [[..p .. However, not all of these produce inequivalent elements of
MB3(J): indeed, the previous paragraph shows that Aut(u) acts freely on the set
of all choices of markers, so that the total number of inequivalent choices is as
stated. OJ

Suppose u, and u_ are two (possibly disconnected and/or nodal) holomorphic
curves, with asymptotic markers, such that the number of negative punctures of u,
equals the number of positive punctures of u_, and the asymptotic orbit of u, at
its ith negative puncture matches that of u_ at its ¢th positive puncture for every 1.
Then the pair (u_,u,) naturally determines a holomorphic building: indeed, the
breaking punctures admit unique decorations determined by identifying the markers
on u, with the markers at corresponding punctures of u_.
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Let us now consider a concrete example of a gluing scenario. Figure 11.1 shows
the degeneration of a sequence of curves in Ms4(J, Ag, (V4,75),Y~) to a building
ue Mzy(J,A+ B+ C,(v4,73),7") with one main level and one upper level. The
main level is a connected curve uy € M o(J, A, (71,72,73), 7~ ), and the upper level
consists of two connected curves

up € MI,I(JJM 37747 (71772))7 Uc € MO,I(J+7 Ca 75773)'

One can endow each of these curves with asymptotic markers compatible with the
decoration of u; this is a non-unique choice, but e.g. if one chooses markers for u
arbitrarily, then the markers at the negative punctures of ug and uc are uniquely
determined. Now if all three curves are Fredholm regular, then a substantial general-
ization of the gluing procedure outlined in Lecture 10 provides open neighborhoods
US and Us,,

ua € Z/{i - M?,Q(Jv A7 (71772773)77_)7
[(quuC)] EU%C = (M?,l(‘]-i-an%la (’717’72)) X Mg,l(‘]-i-aca 757’73)) /R

which are smooth manifolds of dimensions
dim U = vir-dim My 5(J, A, (71,72, 73), ¥ 7),
dim U, = vir-dim My 1 (Jo, B, v4, (71,72)) + vir-dim Mo, (J, C,vs,73) — 1,
along with a smooth embedding
(11.1) T : [Ry, ) x US x u@c — M§,4(J, A+ B+C,(74,7%),Y ),

defined for Ry » 1. This is an example of a gluing map: it has the property that
for any u € Z/{f1 and v € L[gc, U (R, u,v) converges in the SFT topology as R —
to the unique building (with asymptotic markers) having main level u and upper
level v, and moreover, every sequence of smooth curves degenerating in this way is
eventually in the image of .

In analogous ways one can define gluing maps for buildings with a main level and
a lower level, or more than two levels, or multiple levels in a symplectization (always
dividing symplectization levels by the R-action). It’s important to notice that in all
such scenarios, the domain and target of the gluing map have the same dimension,
e.g. the dimension of both sides of (11.1) is the sum of the virtual dimensions of the
three moduli spaces concerned.

DEFINITION 11.2. A set of orientations for the connected components of M®(.J)
and M3(J;) is called coherent if all gluing maps are orientation preserving.

Stated in this way, this definition is based on the pretense that we never have to
worry about non-regular curves in any components of M%(.J), and that is of course
false—sometimes regularity cannot be achieved, in particular for multiply covered
curves. As we’ll see though in §11.4, the question of orientations can be reframed in
a way that completely disjoins it from the question of regularity, thus we will later
be able to state a more general version of the above definition that is independent of
regularity (see Definition 11.17). The main result whose proof we will outline near
the end of this lecture is then:
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FIGURE 11.1. The degeneration scenario behind the gluing map (11.1)

THEOREM 11.3. Coherent orientations exist.

But there is also some bad news. The space M*(.J) with asymptotic markers
is not actually the space we want to orient. In fact, even the usual moduli space
M(J) has a certain amount of extra information in it that we’'d rather not keep
track of when we don’t have to, for instance the ordering of the punctures. Can we
forget this information without forgetting the orientation of the moduli space? Not
always:

PROPOSITION 11.4. Suppose 4" = (77, . .. ,'y,;:), and " is a similar ordered list

of Reeb orbits obtained from 4" by exchanging fy;-r with v for some1 < j <k < k.
Then for any choice of coherent orientations, the natural map

$ o+ - $ ~+
Mg (LAY YT) = Mg (LAY Y7)

defined by permuting the corresponding punctures z;f, z e I't along with their as-
ymptotic markers is orientation reversing if and only if the numbers

n—3+ pez(y;)

for i = j,k are both odd. A similar statement holds for permutations of negative
punctures.

This result is the reason for the super-commutative algebra that we will see in
the next lecture. What about forgetting the markers? It turns out that we can
sometimes do that as well, but again not always.
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PROPOSITION 11.5. Suppose Mf,,m(J, At y7) — Mi,m(‘L Ayt y7) is the
map defined by multiplying the asymptotic marker by e>™™ at one of the punctures
for which the asymptotic orbit is an m-fold cover v™ of a simple orbit . For any
choice of coherent orientations, this map reverses orientation if and only if m is
even and pez(7™) — poz(7y) is odd.

Note that in both of the above propositions, only the odd/even parity of the
Conley-Zehnder indices matters, so there is no need to choose trivializations. Propo-
sition 11.5 motivates one of the more mysterious technical definitions in SFT.

DEFINITION 11.6. A closed nondegenerate Reeb orbit v is called a bad orbit if
it is an m-fold cover of some simple orbit 7" where m is even and pcz(y) — pez ()
is odd. Orbits that are not bad are called good.

The upshot is that coherent orientations can be defined on the union of all
components M, ,,(J, A, v+, ~7) for which all of the orbits in the lists v* and v~ are
good. This does not mean that moduli spaces involving bad orbits cannot be dealt
with—in fact, such moduli spaces have the convenient property that the number of
distinct choices of asymptotic markers is always even, and every such choice can be
cancelled by an alternative choice that induces the opposite orientation. For this
reason, while bad orbits certainly can appear in breaking of holomorphic curves, we
will see that they do not need to serve as generators of SFT.

ExAMPLE 11.7. The following thought-experiment produces at first glance an
apparent counterexample to Proposition 11.5. Working in a symplectization (R x
M,J) with J € J(H) for some stable Hamiltonian structure H on a (2n — 1)-
manifold M, suppose u : (Z, j) — (R x M, J) represents a Fredholm regular curve
in a moduli space MgO(J,A,yQ, ) of virtual dimension 1, where u has exactly
one puncture, asymptotic to a bad orbit 42, which is necessarily a double cover
of some other orbit 7. Suppose also that u itself is a double cover of some curve
v:(X,7) — (R x M,J) asymptotic to 7. Since u has only one puncture, it cannot
be a cover of a trivial cylinder, thus it is not invariant under the R-action. Meanwhile
the regularity assumption and ind(u) = 1 imply via the implicit function theorem
from Lecture 7 that a neighborhood of u in M?O(J, A, ~v% &) is a smooth 1-manifold,

so it follows that the component of ./\/ljo(J, A,~v? ) containing u consists only of
the R-translations of u, and it is diffeomorphic to R. But since u is a double cover
of v, it also has a nontrivial automorphism, which must necessarily act by a 180-
degree rotation on a neighborhood of the puncture, implying that it changes the
asymptotic marker. In other words, the two possible choices of asymptotic marker
for u at its unique puncture are related to each other by a biholomorphic map,
so they define equivalent elements of Mi,O(J,A,ny, ). It follows that the map
ME (LAY, D) — ME (], A,4*, &) considered in Proposition 11.5 acts as the
identity map on the component containing u. Clearly, the identity map is never
orientation reversing.

Where did we go wrong? It turns out that the particular set of assumptions we
adopted in this example can never actually be satisfied all at once—in particular,
this is one situation in which transversality for multiply covered curves really is
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impossible. To see this, note first that if v is Fredholm regular, then the curve v that
it covers must also be regular—one can prove this by splitting the linearized Cauchy-
Riemann operator for u into symmetric and antisymmetric factors determined by
the automorphism group Aut(u) = Zs, where the symmetric factor is equivalent to
the linearized operator for v (cf. [Wen]). Since v also cannot be invariant under
the R-action, the orbifold in which it lives contains a 1-dimensional family of R-
translations of v, implying ind(v) = 1. But compare the indices of v and u: for
some choice of trivialization 7 along v, we have

ind(v) = (n — 3)\(E) + 26 (v€) + Hi(r),  and
ind(u) = (n — 3)x(E) + 2] (u"€) + ui (1) = L

Since ¥ and ¥’ each have exactly one puncture, their Euler characteristics are both
odd, but the assumption that 72 is a bad orbit implies that u&,(7?) — ugy,(7y) is also
odd, thus ind(v) must be even and therefore satisfies ind(v) > 2. If this holds, then
there exists at least a smooth 2-parameter family of curves near v, and one can then
take double covers of these curves to find a smooth 2-parameter family of curves
near u, contradicting the conclusion that M?O(J, A, ~% &) is a 1-manifold near .

The only way out of this paradox is to remember that since w is multiply cov-
ered, the results of Lecture 8 provide no guarantee that it can ever be assumed
Fredholm regular, no matter how generically J € J(H) is chosen. The impossibility
of transversality for the curve in this example does not mean that such curves can
generally be ignored, but rather that more sophisticated methods are needed for
understanding how to count them (or avoid them) in SF'T. We will discuss this issue
further in §12.4.

11.2. Permutations of punctures and bad orbits

Before addressing the actual construction of coherent orientations, we can al-
ready give heuristic proofs of Propositions 11.4 and 11.5. They are not fully rigor-
ous because they are based on the same pretense as Definition 11.2, namely that
all curves we ever have to worry about (including multiple covers) are regular. But
we will be able to turn these into precise arguments in §11.7, after discussing the

determinant line bundle.

HEURISTIC PROOF OF PROPOSITION 11.4. To simplify the notation, suppose
A" consists of only two orbits, so 47 = (v1,72) and ¥7 = (92,71). Consider the
gluing scenario shown in Figure 11.2, where u € M?m(J, A, (71,72),7~) needs to be
glued to a disjoint union of two planes

up € Mg,O(JJM Bu @771% Uc € Mg,O(JJrv C7 @772)-

You might object that there’s no guarantee that such planes must exist in R x M,
e.g. the orbits v; and 7, might not even be contractible. This concern is valid so
far as it goes, but it misses the point: since we're talking about gluing /r\ather than
compactness, we do not need any seriously global information about W and M,
as the gluing process doesn’t depend on anything outside a small neighborhood of
the curves we're considering. Thus we are free to change the global structure of
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M. elsewhere so that the planes ug and uc will exist.! If you still can’t imagine
how one might do this, try not to worry about it and just think of Figure 11.2 as a
thought-experiment: it’s a situation that certainly does sometimes happen, so when
it does, let’s see what it implies about orientations.

Assuming all three curves in the picture are regular, there will be smooth open
neighborhoods

uwelhy = M2, (J, A, (71,72),77)
[(u, uc)] € Use = (Mio(J+, B, @) x Miy(J1,C, 7)) /R
and a gluing map
Upo : [Ro, 0) x Upa x Upe — M (J,A+ B+ C,&,v7),
which must be orientation preserving by assumption. But reversing the order of the
product M%vo(JJr, B, &, M) xM%vo(JJr, C, &, v2) and letting u’ € M§7m(J, A (72,71),77)

denote the image of v under the map that switches the order of its positive punc-
tures, there are also smooth open neighborhoods

u ey Mjm(J, A (v2,m),77)
[(uc,up)] € Uos = (M3o(J1,C. D7) x Mio(Jo, B,@, ) /R
and a gluing map
Uep : [Ro,90) x Usy x Uop — ME, (J, A+ B+ C, &,v7).

If both of these gluing maps preserve orientation, then the effect on orientations of
the map from M?,m(‘L A7 (/717 /72)7 7_) to M?,m(‘L A7 (/727 71)7 '7_> defined by inter-
changing the positive punctures must be the same as that of the map

Mg,o(JJmBa@,%) X Mg,o(JJmC,@a’h) - Mg,o(JJmC,@a’h) X Mg,o(JJmB,@a’Yl)
(uBauC) = (uC'auB)-

The latter is orientation reversing if and only if both moduli spaces of planes are
odd dimensional, which means n — 3 + pcz(7;) is odd for i = 1, 2. O

HEURISTIC PROOF OF PROPOSITION 11.5. Let us reuse the thought-experiment
of Figure 11.2, but with different details in focus. Suppose 7, in the picture is an
m-fold covered orbit v, where ~ is simply covered, and suppose that ug is also an
m-fold cover, taking the form

up(z) = v(z")
for a somewhere injective plane v € Mgo(Js, By, &,7). We're going to assume

again that all curves in the discussion are regular, including the multiple cover up;
while this doesn’t sound very plausible, we will see once the determinant line bundle

LOf course by the maximum principle, planes with only negative ends will not exist in R x M
if this is the symplectization of a contact manifold. But we could also change the contact data to
a stable Hamiltonian structure for which such planes are allowed.
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B

FiGure 11.2. The gluing thought-experiment used for proving
Propositions 11.4 and 11.5.

enters the picture in §11.4 that it is an irrelevant detail. Now, up has a cyclic
automorphism group
Aut(ug) = Z,, < U(1)

which acts freely on the set of m choices of asymptotic marker for ug. Then if we
act with the same element of Z,, on ug and on the corresponding asymptotic marker
for u, the building is unchanged, as it has the same decoration. Coherence therefore
implies that the effect on orientations of the map from Mﬁym(J, A, (71,72),7") to it-
self defined by acting with the canonical generator of Z,, < U(1) on the marker at 7,
is the same as the effect of the map Mg,o(h, mBy, I, y") — MgO(JJr, mBy, &,7™)
defined by composing up : C — R x M, with ¢(2) := >™/™z.

The derivative of this map from M% o(J4,mBy, &,~4™) to itself at up defines a
linear self-map 7

\I] . TuBM0,0<J+7 mBOu @7 f)/m) - TUBM0,0<J+7 mBO7 @7 ’Vm)

with W™ = 1. The latter implies that ¥ cannot reverse orientation if m is odd. If
m is even, observe that the representation theory of Z,, gives a decomposition

TuBMO,O<J+7 mBO7 @7 ’Vm) = ‘/1 ® vfl ® ‘/rotu

where U acts on Vi as £1, and V4 is a direct sum of real 2-dimensional subspaces
on which ¥ acts by rotations (and therefore preserves orientations). Thus U reverses
the orientation of T, Mo o(J, mBy, &,7™) if and only if dimV_; is odd. As we
will review in the next section, T, , Mo o(J+, mBy, &, 7™) is a space of holomorphic
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sections of uZT(R x M, ) modulo a subspace defined via the linearized automor-
phisms of C, so V; consists of precisely those sections 7 that satisfy n = n o 1,
meaning they are m-fold covers of sections of v*T'(R x M, ). This defines a bijective
correspondence between Vi and T, M o(J, By, &,7), so

dim V_l = dim M070(J+,mBo, @, ’)/m) — dim M070(<]+, Bo, @,’7) (mod 2).

The result then comes from plugging in the dimension formulas for these two moduli
spaces. ]

11.3. Orienting moduli spaces in general

We now discuss concretely what is involved in orienting a moduli space of J-
holomorphic curves.

Recall from Lecture 7 that whenever a curve ug : (X = X\T, jo) — (I//I\/, J) with
marked points © Y is Fredholm regular, a neighborhood of uy in M(J) can be
identified with

;(0)/G,
where G' = Aut(X%, jo,I' U ©) and 0, is the smooth Fredholm section
T x BP0 5 gh=bpd (5 ) v du + J(u) o du o j,

defined on the product of a G-invariant Teichmiiller slice 7 through (jo, I' U ©) with

a Banach manifold BP9 of W*P-smooth maps I W satisfying an exponential
decay condition at the cylindrical ends. Here G acts on 6;1(0) by

(11.2) G % 051(0) = 0;1(0) : (0, (j,u)) = ("), uo ).
Regularity means that the linearization Dd;(jo,uo) : Tj, T @ ToeBHP0 — gF-Lpd i

(do,u0)
surjective, and the implicit function theorem then gives a natural identification

TUOM(J) = ker D(T}J(jo, uo)/aut(Z,jo, I'ov C"‘)),

where aut(3, jo, [ UO) denotes the Lie algebra of G, which acts on ker Dd;(jo, uo) by
differentiating (11.2).> This action actually defines an inclusion of aut(%, jo, ' U ©)
into ker D0 (jo, ug) whenever g is not constant, thus we can regard aut(%, jo, T U ©)
as a subspace of ker Dy (jo, uo).

As outlined in the proof of Proposition 11.1, the space M*(.J) with asymptotic
markers admits a similar local description: here one only needs to replace d;'(0)
with a finite cover that includes information about asymptotic markers, and the
action of GG on the cover becomes free.

We now make a useful observation about the spaces aut(%, jo,I' U ©) and T}, T
namely, they both carry natural complex structures and are thus canonically ori-
ented. This follows from the fact that both the automorphism group G and the
Teichmiiller space T(2,I'u©) = J(X)/ Diffo(E,I' U ©) are naturally complex man-
ifolds. On the linearized level, one way to see it is via the fact—discussed previously
in §7.3.1—that aut(3, jo,I' U ©) and Tj;;;7(2,I" U ©) have natural identifications

2The presence of aut(3, jo,I' U ©) in this discussion is only relevant in the finite set of “non-
stable” cases where x(Z\0) > 0, since otherwise G is finite and thus aut(3, jo,I' U ©) is trivial.
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with the kernel and cokernel respectively of the canonical linear Cauchy-Riemann
type operator on (X, jo),

(11.3) Dy : WP (TE) — WELP(End(TY)),

which is the linearization at Id : ¥ — X of the nonlinear operator that detects
holomorphic maps (X%, jo) — (X, /o). This operator is equivalent to the operator
that defines the holomorphic structure of 7’3, thus it is complex linear. To handle
the punctures and marked points, one needs to restrict the nonlinear operator to the
space of W¥*P-smooth maps ¥ — ¥ that fix every point in I' U ©, thus the domain
of the linearization becomes the finite-codimensional subspace

WP (TE) := {X e WF(TY) | X|roe = 0}.

This subspace is still complex, thus so is (11.3), and its kernel and cokernel inherit
natural complex structures.

The complex structure on aut(X, jo,I' U ©) means that defining an orientation
on the tangent space T, M?3(J) is equivalent to defining one on ker Do (jo, ug). The
latter operator takes the form

Dy (jos uo) : Tje T @ Ty B — €[00 (y, 1) = J (o) © dug 0y + Doy,

Jo,uo)

where D, : Wk’p"s(ua‘TW) eV — kal’p"S(Hom(c(TZ.],uE’;TW)) is the usual lin-
earized Cauchy-Riemann operator at ug, with V- denoting a complex (#I")-dimensional
space of smooth sections that are constant near infinity. The remarks above and the
fact that ug is J-holomorphic imply that the first term in this operator,

Ti, T — £y J(ug) o dug oy

(Jo,uo)

is a complex-linear map. Now if D,,, happens also to be a complex-linear map, then
we are done, because ker Dd;(jo, ug) will then be a complex vector space and inherit
a natural orientation.

In general, D, is not complex linear, though it does have a complez-linear part,

1
5 (DUOn - JDuo(JTI)) )

which is also a Cauchy-Riemann type operator. The space of all Cauchy-Riemann
type operators on a fixed vector bundle is affine, so one can interpolate from D,
to DSO through a path of Cauchy-Riemann type operators, though they may not all
be Fredholm—this depends on the asymptotic operators at the punctures. In the
special case however where there are no punctures, one can easily imagine making
use of this idea: if 3 = X is a closed surface, then the obvious homotopy from D,
to its complex-linear part yields a homotopy from Dd;(jo, 1) to its complex-linear
part, and if every operator along this homotopy happens to be surjective, then the
canonical orientation defined on the kernel of the complex-linear operator determines
an orientation on ker Dd;(jo, ug).
There are two obvious problems with the above discussion:

C, ._
DuOn =

(1) We have no way to ensure that every operator in the homotopy from
Doy (jo,u) to its complex-linear part is surjective;
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(2) If there are punctures, then we cannot even expect every operator in this
homotopy to be Fredholm.

The first problem motivates the desire to define a notion of orientations for a
Fredholm operator T that does not require T to be surjective but reduces to the
usual notion of orienting ker T whenever it is. The solution to this problem is
the determinant line bundle, which we will discuss in the next section. With this
object in hand, the above discussion for the case of closed curves can be made
rigorous, so that all smooth moduli spaces of closed J-holomorphic curves inherit
canonical orientations. One of the advantages of using the determinant line bundle
is that the question of orientations becomes entirely disjoined from the question of
transversality: if one can orient the determinant line bundle then moduli spaces of
regular curves inherit orientations, but orienting the determinant bundle does not
require knowing in advance whether the curves are regular.

The second problem is obviously significant because in the punctured case, mod-
uli spaces of J-holomorphic curves sometimes have odd real dimension, making it
clearly impossible to homotop Dd;(jo, 1) through Fredholm operators to one that
is complex linear. The solution in this case will be to define orientations algorithmi-
cally via the coherence condition, and we will describe a suitable algorithm for this
in §11.6.

11.4. The determinant line bundle

Fix real Banach spaces X and Y and let Fredg(X,Y') denote the space of real-
linear Fredholm operators, viewed as an open subset of the Banach space Z&(X,Y)
of all bounded linear operators. We'll use the following notation throughout: if V'
is an n-dimensional real vector space, then the top-dimensional exterior power of V'
is denoted by

APV = A"V
This 1-dimensional real vector space is spanned by any wedge product of the form
U1 A ... AU, Where (vy,...,v,) is a basis of V. Denoting the dual space of V' by V*,

note that there is a canonical isomorphism (A™**V)* = A™®>V*_If dim V' = 0, then
we adopt the convention A™**V = R.

DEFINITION 11.8. Given T € Fredr(X,Y), the determinant line of T is the
real 1-dimensional vector space
det(T) = (A" ker T) ® (A™* coker T)".
The union of these vector spaces defines the set
det(X,Y) := {(T,v) | T € Fredr(X,Y), vedet(T)},
and for a subset U < Fredg(X,Y'), we will denote by det(X,Y)|,, < det(X,Y) the
preimage of U under the projection det(X,Y) — Fredg(X,Y) : (T,v) — T.

Recall that the set U < Fredr(X,Y') of surjective Fredholm operators X — Y
is open, and {(T,v) e U x X | v € ker T} forms a smooth finite-rank subbundle of
the trivial Banach space bundle U x X (see Proposition 3.23). For T € U, we have
det(T) = A™*ker T, so it follows that det(X,Y)|y; has a natural smooth vector
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bundle structure. Our main goal in this section is to prove that the latter is true
for the space of all Fredholm operators, not just the surjective ones:

THEOREM 11.9. The natural vector bundle structure of det(X,Y") over the space
of surjective Fredholm operators extends over Fredgr(X,Y') to define a smooth vector
bundle det(X,Y) - Fredr(X,Y) of real rank 1 such that 7=*(T) = det(T) for
each T € Fredg(X,Y).

If T € Fredr(X,Y) is surjective, an orientation of det(T) is equivalent to an
orientation of ker T. More generally, an orientation of det(T) is equivalent to an
orientation of ker T @ coker T. If T is an isomorphism, then det(T) is simply R, in
which case an orientation of det(T) can be called positive or negative depending
on whether it matches the canonical orientation of R.

To construct local trivializations of det(X,Y) — Fredr(X,Y’), we start with the
special case where X and Y are both finite dimensional. Here every linear map is
Fredholm, including the zero map, and its determinant is simply A™**X ® (A™**Y")*.
It will be convenient to use the following notation: if V' is a real 1-dimensional vector
space, we define the (nonlinear) bijection

V\{0} - V*\{0} : v — 0" such that v*(v) = 1.

LEMMA 11.10. Suppose X andY are real finite-dimensional vector spaces. Then
for every T € £&(X,Y), there exists a canonical isomorphism

Ty o (A" ker T) @ (A™ coker T)* —=> (A X) ® (A™*Y)*,

uniquely characterized by the condition that for any nonzero elements k € A™* ker T,

c € A" coker T and any linearly independent set vy, ...,v, € X spanning a subspace
complementary to ker T < X,
(11.4) Upk®c*)=(krvy Ao Av)®(cATop Ao A Ty

Here the product ¢ A Tvy A ... ATv, € A™Y is defined by choosing any complement
C c Y of imT and identifying ¢ € A™* coker T with an element of A™*C c
AY™CY wig the natural isomorphism C = coker T arising from the restriction of
the quotient projection Y — Y /im'T, and this product is independent of choices.

PrROOF. Assume dim X = n, dimY = m, dimker T = k and dim coker T = ¢,
so ind(T) = k — ¢ = n—m, thus n —k = m — ¢, and the latter is also ¢ in (11.4).
The vectors Tvy, . .., Ty, thus form a basis of im T. We show first that the product

c ATvy A ... ATy, € A"Y is independent of the choice of complement C' < Y
for imT. Indeed, choose a basis ci, ..., ¢, of coker T and let ¢;,...,¢ € C denote

the image of this basis under the natural isomorphism of coker T to some choice
of complement C' < Y. Changing the complement would then change each ¢; by
vectors in im T, and since Twvy,..., Ty, is a basis of im T, this does not change
A A...CoNToy Ao AT,

For the same reason, the product k A v; A ... A v, € A" X depends only on
ke A" ker T and v := [v1] A ... A [1y] € A™(X /ker T'). To see that the stated
formula for Ur(k ® c*) is independent of the choice of v # 0 € A™*(X /kerT),
observe that replacing v by Av for some A € R\{0} replaces Tv := Tv; A... ATy, €
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A™*(im T) by ATv, so ¢ A Tv becomes Ac A Tv and (c A Tv)* therefore becomes

$(c A Tv)*, giving

(kA AW)®(cATA)* =AMk AVv)® %(c ATV)" =(k Av)®(c A Tv)"

This proves that the formula (11.4) is independent of choices. It is also bilinear with
respect to k and c* and is nontrivial, thus it is an isomorphism. O

EXERCISE 11.11. This exercise establishes a naturality property for the isomor-
phism W in Lemma 11.10. Fix Banach space isomorphisms ¢ € Z&(X, X’) and
e Zx(Y'Y) and, for a given T € Fredg (X', Y’), let T := ¢T'¢ € Fredg(X,Y).
Then ¢ and v also define isomorphisms

ker T 5 ker T/, im T % im T, coker T % coker T,

which determine corresponding isomorphisms ¢, : A™*ker T — A™*ker T' and
* o A (coker T)* — A™**(coker T")*. Prove that if the Banach spaces in this
discussion are finite dimensional, then the following diagram commutes:
det(T) —Fy AmaxX @ (Amaxy’)*
l@*@TZ)* l@*@d’*
W
det(T’) _T> AmaxX/ ® (Amaxy/)*
A second naturality property of the isomorphism in Lemma 11.10 concerns direct

sums. If T; € Fredg (X}, Y;) for i = 1,2, then T; @ T3 is in Fredg(X; ® X5, Y1 ®Y5),
and the canonical isomorphisms

ker(T; @ T3) = ker T @ ker T,
(coker(T; @ Ts))" = (coker T1)* @ (coker Ty)*
give rise to a canonical isomorphism
det(T;) ® det(Ty) — det(T; @ Ts)
(k1 ®c}) ® (ky @ c3) — (—1)@mkerT@meterT e, A ky) @ (cf A c3).

The sign in this formula is related to the reordering of ko € A™*ker Ty and c €
(A™* coker T'1)*, and is necessary in order for the result of the following exercise to

hold.

(11.5)

EXERCISE 11.12. Show that if X, X5,Y:,Ys are finite dimensional, then the
diagram

det(T1) ® det(Ty) 252 pmax x| @ (Amaxy, )* @ Amax X, @ (AmaxY,)*

l |

Y@, *
det(T; ® Ty) T2 A(X @ Xo) @ (AN (Y, @ Ya))

commutes, where the vertical arrows represent the canonical map (11.5), the one at
the right defined in terms of the Fredholm operators X; BN Y; and X5 5 Ys5.
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The bundle structure of det(X,Y’) can now be understood via the following
construction from §3.3.1. Given Ty € Fredr(X,Y), write X = Vp, ® K, and
Y = Wy, ® Cp, where Kt, = ker Ty, Cp, = coker Ty, Wp, = im Ty and T0|VTO :
Vi, — Wi, is an isomorphism. We use these splittings to write any other operator
T € Fredr(X,Y) as

Ar B
T = <C"£ D;) :VT()@KTO — WTO@CTO,

and let U < Fredg(X,Y) denote an open neighborhood of Ty such that the block
At :V — W is invertible for all T € &. This gives rise to a pair of smooth maps

A1
U— gR(VTo @KTO) = .,%R(X) T — FT = (]1 AT BT) 7

0 1
and
1 0
Z/{ - gﬂ%(WTo (—BCTO) = gR(Y) T — GT = (—CTATl ]1)
such that Fr and Gt are invertible for every T € U and satisfy
A 0
(116) GTTFT = ( OT (I)T> € FredR(VTO @ KTO, WTO @ CT0>,

where we write

(I)T = DT — CTAE\lBT € ZR(KT(), CTO)-
This shows in particular that Fp maps ker & < K, isomorphically to ker T, while
Gt maps im T isomorphically to Wr, @im @1 and thus descends to an isomorphism
of coker T to coker ®. Using this construction, we can define splittings of the trivial
Banach space bundles U x X and U x Y into direct sums of smooth subbundles VK
and W @ C' respectively, with fibers

VT = FT(VTO), KT = FT<KT0>7 WT = GE‘I(WT()), CT = Gr}l(CTO),
such that for all T e U,
kerT < Ky imT > Wr, T(Vr) c Wp and T(Kp) < Crp.

We will refer to any collection (U, V, K, W, (') consisting of a neighborhood U <
Fredg (X, Y) of Ty and subbundles V, K < U x X and W,C < U x Y constructed in
the above manner as a reduction of Fredg(X,Y) near T(. Note that a reduction
is uniquely determined on some neighborhood of T by the choice of complements
Vi, © X for ker Ty and Cp, < Y for im T.

A reduction (U, V, K, W, C') near T determines a smooth vector bundle structure
on det(X,Y)|y, as follows. Let us write T|y. = T € Fredg(Vr, W) and T|x, =
T € Fredg (K, Ct), noting that by (11.6), T® is conjugate to the isomorphism
Ar : Vg, —» Wr,, so that det(T*) = R, and this isomorphism is canonical, i.e. it
does not depend on any choices. The natural isomorphisms in (11.4) and (11.5)
therefore give rise to a chain of natural isomorphisms

det(T) = det(T* @ T™%) < det(T*) ® det(T™) = R ® det(T")
_ det(Tred) \Ij'l“i;i AmaxKT ® (AmaxCT)*.
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Since K and C are smooth subbundles of the trivial bundles &/ x X and U x Y
respectively, the right hand side is now the fiber of a smooth vector bundle A™* K ®
(A™2>C)* over U, so this family of isomorphisms determines a vector bundle struc-
ture on det(X,Y)|y. One can use the naturality properties to show that any two
reductions determine smoothly isomorphic bundle structures on the region where
they overlap.

EXERCISE 11.13. Show that if X and Y are complex Banach spaces, then
the restriction of det(X,Y’) to the subspace of complex-linear Fredholm operators
Frede(X,Y) < Fredgr(X,Y) admits a canonical orientation compatible with the
complex structures of ker T and coker T for each T € Frede(X,Y). Show also
that whenever T € Fredc(X,Y) is an isomorphism, the resulting orientation of
det(T) = R is positive.

The orientation of det(T) for T € Fredc(X,Y) described in Exercise 11.13 is
called the complex orientation.

11.5. Determinant bundles of moduli spaces

Combining ideas from the previous two sections, let
det(J) — M3(J)
denote the topological line bundle that associates to any u € M?m(J, A, yT,~7) the
determinant line of the Fredholm operator
D, : WEPI(*TW) @ Vi — W29 (Home (TS, w*TW)).

One can construct local trivializations for this bundle using Theorem 11.9 and any
choice of local trivializations for the Banach space bundles TB*?9 and £+ 1P

PROPOSITION 11.14. Any orientation of det(J) — M®*(J) canonically deter-
mines an orientation of M5 8(.J).

PROOF. As explained in §11.3, an orientation of M®™8(J) near a particular
curve ug : (3, jo) — (W, J) is equivalent to a continuously varying choice of orien-
tations for the kernels

ker D0, (j,u) < T;T ® T, B
for all (j,u) € 07'(0), where T is a Teichmiiller slice through (jo,I' U ©). The
operator Dd;(j,u) is of the form

L(y,n) := J(u) oduoy + D,y

and thus is homotopic through Fredholm operators to

L0<y777> == Dun,
namely via the homotopy L*(y,n) := sJ(u) o duoy + D,n for s € [0, 1]. The kernel
and cokernel of LY are T; T @ker D,, and coker D, respectively, and since T;7T carries
a complex structure, the orientation of det(D,,) naturally determines an orientation
of det(L?). Using the homotopy L?, this determines orientations of det(Dd;(j,u))
and thus orientations of ker Dd;(j, u) for all (j,u) near (jo, ug), and this orientation
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does not depend on the choice of Teichmiiller slice since the operators D, also do
not. U

From now on, when we speak of an orientation of M?*(.J), we will actually
mean an orientation of the bundle det(J) — M?3(.J). The above proposition implies
that this is equivalent to what we want in applications, but one advantage of talking
about det(.J) is that there is no need to limit the discussion to curves that are
regular, i.e. the notion of an orientation of M?®%(.J) now makes sense even though
MB3(J) is not globally a smooth object.

PROPOSITION 11.15. Suppose all Reeb orbits in v+ are nondegenerate and have
the property that their asymptotic operators are complex linear. Then M?m(J, Ayt y7)
admits a natural orientation, known as the complex orientation.

ProOOF. Having complex-linear asymptotic operators implies that the obvious
homotopy from each Cauchy-Riemann operator D, to its complex-linear part does
not change the asymptotic operators and is therefore a homotopy through Fred-
holm operators. We therefore have a continuously varying homotopy of each of the
relevant fibers of det(J) to the determinant bundle over a family of complex-linear
operators, which inherit the complex orientation described in Exercise 11.13. O]

Proposition 11.15 applies in particular to all moduli spaces of closed J-holomorphic
curves, and thus solves the orientation problem in that case.

11.6. An algorithm for coherent orientations

We now briefly describe the construction of coherent orientations due to Bour-
geois and Mohnke [BIM04]. A slightly different construction is sketched in [EGHO0],
but the Bourgeois-Mohnke construction has become the standard.

Recall from Lecture 4 the notion of an asymptotically Hermitian vector bundle
(E,J) over a punctured Riemann surface (3, 7). Here (X, 7) is endowed with the
extra structure of fixed cylindrical ends (U, j) = (Zy,i) for each puncture z € T'*,
which determines a choice of asymptotic markers. Likewise, the bundle F comes
with an asymptotic bundle (E., J,,w.) — S! associated to each puncture, carrying
compatible complex and symplectic structures. We shall now endow EA with a bit
more structure that is always naturally present in the case £ = u*T'W: namely,
assume each of the asymptotic bundles comes with a splitting

(11.7) (Bzy Joyw:) = (COE. i@ T w0 @32),
where wy is the standard symplectic structure on the trivial complex line bundle

(C,7) over S!, and (E’Z, jz,&\)z) — S' is another Hermitian bundle. Fix a choice

{A.}.er of nondegenerate asymptotic operators on each of the bundles (EAJZ, jz, w,),
and define the topological space

CR(E7 {Az}zeF)

to consist of all Cauchy-Riemann type operators on F that are asymptotic at the
punctures z € I' to the asymptotic operators

A~

(—ie) A, :T(CBE,) > T(CBE,).
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This is an affine space, so it is contractible, and if § > 0 is sufficiently small
and Vr < I'(E) denotes a complex (#I')-dimensional space of smooth sections
that take constant values in C @ {0} < FE, near each puncture z, then every
D € CR(E,{A.}.cr) determines a Fredholm operator

D : WFPO(E) @ Vb — WE P9 (Home (TY, E)).

It follows that a choice of orientation of the determinant line for any one of these
operators determines an orientation for all of them. The point of this construction
is that every u € M?*(J) determines an operator D,, belonging to a space of this
form.

We now construct a gluing operation for Cauchy-Riemann operators that lin-
earizes the gluing maps described in §11.1. Suppose (E*, J%) — (3; = Z,\I'y, j;) for
1 = 0,1 is a pair of asymptotically Hermitian bundles of the same rank, endowed
with asymptotic splittings as in (11.7) and asymptotic operators {A}.cr,, and that
there exists a pair of punctures zg € I'j and z; € '] such that some unitary bundle
isomorphism

E! = E°
identifies A, with A, . Note that such an isomorphism is uniquely determined up
to homotopy whenever it exists. For R > 0, we can define a family of glued Riemann
surfaces

(Xr = Zr\l'r, jr)
by cutting off the ends (R,o0) x S < U,, and (—w,—R) x S* ¢ U., and gluing
{R} x S' ¢ 3 to {—R} x S' ¢ ¥;. The glued Riemann surface contains an
annulus biholomorphic to ([—R, R] x S',4) in place of the infinite cylindrical ends
at the punctures zp and z;. The unitary isomorphism EA?le — ESO then determines
an isomorphism E;l — ESO via the splitting (11.7) and hence an asymptotically
Hermitian bundle
(ER, J%) = (Zg, Jg).

Using cutoff functions in the neck [—R, R] x S!, any Cauchy-Riemann operators
D; € CR(E',{A.}.cr,) for i = 0,1 now determine a family of operators

Dr e CR(E® {A.}.cry)

uniquely up to homotopy. Analogously to the gluing maps in §11.1, one can ar-
range this construction so that the operators Dg converge in some sense to the pair
(Dy,Dy) as R — o, which has the following consequence:

LEMMA 11.16 ([BMO04, Corollary 7]). For R > 0 sufficiently large, there is a
natural isomorphism
det(Do) &® det(Dl) - det(DR)

that is defined up to homotopy. 0

Up to some additional direct sums and quotients by finite-dimensional complex
vector spaces, this isomorphism should be understood as the linearization of a glu-
ing map between moduli spaces, generalized to a setting in which the holomorphic
curves involved need not be regular. To orient M®*(.J) coherently, it now suffices to
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choose orientations for the operators in CR(E, {A.}.er) that vary continuously un-
der deformations of j and E and are preserved by the isomorphisms of Lemma 11.16.
This motivates the following generalization of Definition 11.2.

DEFINITION 11.17. A system of coherent orientations is an assignment to
each asymptotically Hermitian bundle (E, J) — (¥, j) with asymptotic splittings as
in (11.7) and asymptotic operators {A.,}.cr of an orientation for the determinant
line of each D € CR(E, {A.}), such that these orientations vary continuously with
D as well as the data 5 and J, and such that the isomorphisms in Lemma 11.16 are
always orientation preserving.

The prescription of [BIM04] to construct such systems is now as follows.

(1) For any trivial bundle E over ¥ = C with o as a negative puncture and any
asymptotic operator A, choose an arbitrary continuous family of orien-
tations for the operators in CR(E, {A}), subject only to the requirement
that these should match the complex orientation whenever A, is complex
linear. '

(2) For any trivial bundle E_ over ¥ = C with o as a positive puncture, any
asymptotic operator A, and any D_ € CR(E_,{A}), let E, denote the
trivial bundle over C with a negative puncture as in step (1), choose any
D, e CR(F,{Ay}) and construct the resulting family of glued operators

Dy € CR(E"),

where the E are trivial bundles over S?. Since S? has no punctures, Dpg
has a natural complex orientation, so define the orientation of D_ to be
the one that is compatible via Lemma 11.16 with this and the orientation
chosen for D in step (1).

(3) For an arbitrary (E,.J) — (%, ), glue positive and negative planes to 3 to
produce a bundle over a closed surface i, and define the orientation of any
D € CR(E,{A.}.cr) to be compatible via Lemma 11.16 with the choices in

steps (1) and (2) and the complex orientation for operators over .

It should be easy to convince yourself that if we now vary the bundle (E, J) —
(3, ) or the operators on this bundle (but not the asymptotic operators!) contin-
uously, the capping procedure described in step (3) above produces a continuous
family of Cauchy-Riemann type operators on bundles over closed Riemann surfaces.
Since these all carry the complex orientation, the resulting orientations of the orig-
inal operators vary continuously. It is similarly clear from the construction that
any Cauchy-Riemann operator whose asymptotic operators are all complex linear
will end up with the complex orientation. Bourgeois and Mohnke use this fact to
prove that any system of orientations constructed in this way is compatible with
all possible linear gluing maps arising from Lemma 11.16. The idea is to reduce
it to the complex-linear case by gluing cylinders to the ends of any asymptotically
Hermitian bundle so that the asymptotic operators can be changed at will; see
[BM04, Proposition §].
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11.7. Permutations and bad orbits revisited

The heuristic proofs in §11.2 can now be made precise in the following way.

Suppose D € CR(E,{A_}.cr), and D’ is the same operator after interchanging
two of the punctures in I'. Imagine gluing (F, J) — (Z, 7) to trivial bundles E' and
E? over planes in order to cap off the two punctures that are being interchanged,
and choose Cauchy-Riemann operators D; and D, on these planes to form a glued
operator on the capped surface. This capping procedure is done one plane at a time,
and the order of the two punctures determines which plane is glued first. Compati-
bility with the isomorphisms of Lemma 11.16 then dictates that the orientations of
det(D) and det(D’) match if and only if the orientations of det(D;) ® det(D,) and
det(D2) ®det(D;) match. Since orientations of det(D;) for ¢ = 1,2 are equivalent to
orientations of ker D; @ coker D;, reversing the order of the tensor product changes
orientations if and only if both of these direct sums are odd dimensional, which
means ind(D;) and ind(Dy) are both odd. If the bundles have complex rank n and
the asymptotic operators are A; for k = 1,2, we have

ind(D;) = nx(C) + pez((—i0: @ Ai) £6) = n — 1+ pcz(Aq),

which matches n — 3 + pucz(A;) modulo 2. This proves Proposition 11.4.

Similarly for Proposition 11.5, we consider the action of the generator ¢ € Z™
on det(D) where 1 rotates the cylindrical end by 1/m at some puncture where the
trivialized asymptotic operator A is of the form —id, —S(mt) for a loop of symmetric
matrices S(t). Capping off this puncture with a plane carrying a Cauchy-Riemann
operator D, coherence dictates that the same transformation must act the same
way on the orientation of det(Dy). Since ¢™ = 1, ¢ cannot reverse this orientation
if m is odd. To understand the case of m even, note first that we are free to
choose D, so that it is an m-fold cover, meaning it is related to the branched cover
p:C—->C:z— 2" by ~

Dy (nop) = ¢" Do
for some other Cauchy-Riemann operator f)oo, which is asymptotic to A= —i0; —
S(t). Now the group Z,, generated by v acts on ker D, and coker D, so represen-
tation theory tells us

kerDy =V ®V_1 ® Vit
coker Dy = W1 @ W_1 ® Wiot,

where ¢ acts on V1 and W, as +1 and acts as orientation-preserving rotations on
Viot and Wio. It follows that 1 reverses the orientation of ker D, @ coker D, if and
only if dim V_; —dim W_; is odd. Now observe that there are natural isomorphisms

Vi = ker f)go, W1 = coker IA)OO,

hence

dimV_; — dimW_; = ind(D,) — ind(Ds,)  (mod 2).

A~

This difference in Fredholm indices is precisely pcz(A) — pez(A) up to a sign, and
this completes the proof of Proposition 11.5.
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It is time to begin deriving algebraic consequences from the analytical results of
the previous lectures. We saw the simplest possible example of this in Lecture 10,
where the behavior of holomorphic cylinders in symplectizations of contact mani-
folds without contractible Reeb orbits led to a rudimentary version of cylindrical
contact homology HC, (M, &) with Zsy coefficients. Unfortunately, the condition on
contractible orbits means that this version of HC, (M, &) cannot always be defined,
and even when it can, it only counts cylinders—we would only expect it to capture
a small fragment of the information contained in more general moduli spaces of
holomorphic curves. Extracting information from these general moduli spaces will
require enlarging our algebraic notion of what a Floer-type theory can look like.

12.1. Some important caveats on transversality

For most of this and the next lecture, we fix the following fantastically optimistic
assumption:

ASSUMPTION 12.1 (science fiction). One can choose suitably compatible almost
complex structures so that all pseudoholomorphic curves are Fredholm reqular.

This assumption held in Lecture 10 for the curves we were interested in, because
they were all guaranteed for topological reasons to be somewhere injective. It can
also be shown to hold under some very restrictive conditions on Conley-Zehnder

329
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indices in dimension three, see [Nell5, Nel20]. Both of those are very lucky situ-
ations, and as we’ve discussed before, the assumption cannot generally be achieved
merely by perturbing J generically—it must sometimes fail for curves that are mul-
tiply covered, and such curves always exist (see §12.4 for more on this). The only
way in reality to ensure something like Assumption 12.1 is to perturb the nonlin-
ear Cauchy-Riemann equation more abstractly, e.g. by replacing ¢;u = 0 with an
inhomogeneous equation of the form

a]UZV

for a generic perturbation v. This is the standard technique in certain versions of
Gromov-Witten theory (see e.g. [RT95, RT97]), and we will outline the main ideas
in §12.4.3. Alternatively, one can allow J to depend generically on points in the
domain rather than just points in the target, as in [MS12, §7.3]. Both approaches
eliminate the initial problem with multiple covers, but they both also run into seri-
ous and subtle difficulties concerning the relationship between M (J) and the strata
of its compactification M(J). As observed in [Sal99, §5], the presence of natural
symmetries in M (.J) makes it necessary for any sufficiently general abstract pertur-
bation scheme to involve multivalued perturbations, and it is important for these
perturbations to be “coherent” in a sense analogous to our discussion of orientations
in the previous lecture. These notions have not yet all been developed in a sufficiently
consistent and general way to give a rigorous definition of SF'T, though there has
been much progress: this is the main objective of the long-running polyfold project
initiated by Hofer-Wysocki-Zehnder [Hof06]. More recently, a quite different and
much more topological approach was introduced by Pardon [Par19] specifically for
contact homology, and an approach to general SF'T based on Kuranishi structures
has been proposed by Ishikawa [Ish].

For most of this lecture we will ignore these subtleties and simply adopt As-
sumption 12.1 as a convenient fiction, thus pretending that all components of M(.J)
are smooth orbifolds of the correct dimension and all gluing maps are smooth. All
“theorems” stated under this assumption should be read with the caveat that they
are only true in a fictional world in which the assumption holds. Even if it is a
fiction, one can get quite far with this point of view: it is still possible not only
to deduce the essential structure of what we assume will someday be a rigorously
defined polyfold-based SFT, but also to infer the existence of certain contact in-
variants that have interesting rigorous applications requiring only well-established
techniques, e.g. the cobordism obstructions discovered in [LW11].

12.2. Auxiliary data, grading and supercommutativity

The goal is to define an invariant of closed (2n — 1)-dimensional contact mani-
folds (M, &) with closed nondegenerate Reeb orbits as generators and a Floer-type
differential counting J-holomorphic curves in the symplectization (R x M, d(e"a)).
The auxiliary data we choose must obviously therefore include a nondegenerate con-
tact form a and a generic J € J(«), for which we shall suppose Assumption 12.1
holds. For convenience, we will also assume throughout most of this lecture:

ASSUMPTION 12.2. Hy(M) is torsion free.
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This is needed mainly in order to be able to define an integer grading, though
without this assumption, it is still always possible to define a Z,-grading—see §12.7.1
for more on what to do when Assumption 12.2 does not hold. We now supplement
the auxiliary data («, J) with the following additional choices:

(1) Coherent orientations as in Lecture 11 for the moduli spaces M?*(J) with
asymptotic markers.
(2) A collection of reference curves

St~cy,....C,c M

whose homology classes form a basis of Hy(M).

(3) A unitary trivialization of ¢ along each of the reference curves Ci,...,C,,
denoted collectively by 7.

(4) A spanning surface C,, for each periodic Reeb orbit v: this is a smooth
map of a compact and oriented surface with boundary into M such that

oC, = Zmi[Ci] — ]

in the sense of singular 2-chains, where m; € Z are the unique coefficients
with [v] = >, m;[Ci] € Hi(M).
These choices determine the following. To any collections of Reeb orbits v =
(vi,. ..,7,;—:) and any relative homology class A € Ho(M,5" U 4~) with 0A =
il = ;[ ], we can now associate a cycle in absolute homology,

A+ Cr =) C - € Hy(M).
i J

Indeed, the boundary of this real 2-chain is a sum of linear combinations of the
reference curves Cj, which add up to zero because },[7,"] and 3}.[; ] are homolo-
gous. We shall abuse notation and use this correspondence to associate the absolute
homology class
[U] € HQ(M)
to any asymptotically cylindrical holomorphic curve u in R x M. Adapting the
previous notation,
Mg,m(‘L A7 7+7 77)

for A € Hy(M) will now denote a moduli space of curves whose relative homology
classes glue to the chosen capping surfaces to form A.

Secondly, the chosen trivializations 7 along the reference curves can be pulled
back and extended over every capping surface C,, giving trivializations of £ along
every orbit v uniquely up to homotopy. We shall define

pez(y) € Z
from now on to mean the Conley-Zehnder index of 7 relative to this trivialization.
EXERCISE 12.3. Show that if Hy(M) has no torsion and u : ¥ — R x M is

asymptotically cylindrical, then its relative first Chern number with respect to the
trivializations 7 described above satisfies

(TR x M)) = er([u]),
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where ¢;([u]) denotes the evaluation of ¢;(£) € H*(M) on [u] € Hy(M).

By Exercise 12.3, the index of a curve u : (X = X\I',j) — (R x M, J) with
[u] = A € Hy(M) and asymptotic orbits {~,}.cr+ can now be written as

(12.1) ind(u) = —x(2) +2e1(A) + Y] pez(v:) = Y, nez(7:)-

zel't zel'—

In order to keep track of homology classes of holomorphic curves algebraically,
we can define our theory to have coefficients in the group ring Q[Hy(M)], or more
generally,

R := Q[Hx(M)/G]

for a given subgroup G' © Hy(M). Elements of R will be written as finite sums

ZcieAi ER, CZ'EQ, AZEHQ(M>/G,

where the multiplicative structure of the group ring is derived from the additive
structure of Ho(M)/G by eef := eA*B. The most common examples of G are
Hy(M) and the trivial subgroup, giving R = Q or R = Q[Hy(M)] respectively. We
will see a geometrically meaningful example in between these two extremes in the
next lecture.

Finally, we define certain formal variables which have degrees in Z or Zyy for
some N € N, and will serve as generators in our graded algebra. To each closed
Reeb orbit v we associate two variables, ¢, p,, whose integer-valued degrees are

lgy| = n =3+ pez(v), Ipy| =1 —3— pez(7y)-

To remember these numbers, think of the index of a J-holomorphic plane u positively
or negatively asymptotic to v, with [u] = 0.

We also assign an integer grading to the group ring Q[Hy(M)] such that rational
numbers have degree 0 and

le?] = —2¢1(A), for Ae Hy(M).

If ¢;(A) = 0 for every A € G, in particular if ¢;(£) = 0, then this descends to an
integer grading on the ring R = Q[Hs(M)/G]. Otherwise, R inherits a Zyy-grading,
where

N :=min{c;(A) >0| AeG}.
A Zs-grading is well defined in every case.

The algebra will include one additional formal variable A, which is defined to

have degree

|h| = 2(n — 3).
The degrees of A and the p, and g, variables should all be interpreted modulo 2N
if Cl(f)‘g # 0.

The algebra of SF'T uses monomials in the variables p, and g, respectively to
encode sets of positive and negative asymptotic orbits of holomorphic curves, while
the group ring R = Q[H2(M)/G] is used to keep track of the homology classes of
such curves, and powers of A are used to keep track of their genus. More precisely,
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given g = 0, A € Hy(M) and ordered lists of Reeb orbits v+ = (7{,... ,7,;—1), we
encode the moduli space M, o(J, A,v*,~v~) formally via the product

_ — + _
(12.2) eI pY = AR 1qvf' Uy Doy py++,

where we are abusing notation by identifying A with its equivalence class in Hy(M)/G
if G is nontrivial. Notice that according to the above definitions, this expression has
degree

(12.3)

e h g T = e + (g — 1 |ﬁ|+2 (n—3) + pez(7;)]
k4
+ > [(n=3) = pez (7]
=1

= —2¢1(A) + (29— 2+ ks + k) Z,UCZ o JrZ:/icz i)

= — vir-dim Mg,o(c]y A7 7+7 Y )7

interpreted modulo 2N if ¢1(€)|g # 0. The orientation results in Lecture 11 suggest
introducing a supercommutativity relation for the variables ¢, and p,: defining the
graded commutator bracket by

(12.4) [F,G] := FG — (-1)FI€IG F,
we define a relation on the set of all monomials of the form ¢7 p?" by setting

(12.5) (@31 4] = [Py P2] =0

for all pairs of orbits 7, and 5. As a consequence, permuting the orbits in the lists
~* changes the sign of the monomial (12.2) if and only if it changes the orientation
of the corresponding moduli space. In particular, any product that includes multiple
copies of an odd generator ¢, or p, is identified with 0. This accounts for the fact that
any rigid moduli space M o(J, A,y",~~) with two copies of v among its positive or
negative asymptotic orbits contains zero curves when counted with the correct signs:
every curve is cancelled by a curve that looks identical except for a permutation of
two of its punctures.

12.3. The definition of H and commutators
To write down the SFT generating function, let
M?(J) = M(J)/ ~

denote the space of equivalence classes where two curves are considered equivalent
if they have parametrizations that differ only in the ordering of the punctures. This
space is in some sense more geometrically natural than M(.J) or M*(.J), but due to
the orientation results in the previous lecture, less convenient for technical reasons.
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Given u : (2,j) — (R x M, J) representing a nonconstant element of M?(.J) with
no marked points, it is natural to define

Aut?(u) < Aut(X, 5)

as the (necessarily finite) group of biholomorphic transformations ¢ : (3, 5) — (3, 7)
satisfying u = u o ; in particular, elements of Aut”(u) are allowed to permute the
punctures, so Aut’(u) is generally a larger group than the usual Aut(u). For k € Z,
let
M7(J) < M?(J)
denote the subset consisting of index k£ curves that have no marked points and whose
asymptotic orbits are all good (see Definition 11.6 in Lecture 11).
We now define the SFT generating function as a formal power series

e(u) —1 A ~~ ~*F

(12.6) H = Z ———h""e"q" 7,
wertginyz | A0t ()]

where the terms of each monomial are determined by u € MY(J) as follows:

e ¢ is the genus of u;

e A is the equivalence class of [u] € Hy(M) in Hy(M)/G;

o vt = (7f,...,7i;,) are the asymptotic orbits of u after arbitrarily fixing
orderings of its positive and negative punctures;

e ¢(u) € {1, —1} is determined by the chosen coherent orientations on M®(.J).
Specifically, given the chosen ordering of the punctures and an arbitrary
choice of asymptotic markers at each puncture, u determines a 1-dimensional
connected component of M®(.J), and we define e(u) = +1 if and only if the
coherent orientation of M®(.J) matches its tautological orientation deter-

mined by the R-action.

Note that while both e(u) and the corresponding monomial ¢7 p?" depend on a
choice of orderings of the punctures, their product does not depend on this choice.
Moreover, €(u) does not depend on the choice of asymptotic markers since curves
with bad asymptotic orbits are excluded from MY(J). Since every monomial in H
corresponds to a holomorphic curve of index 1, (12.3) implies

H| = 1.

There are various combinatorially more elaborate ways to rewrite H. For any
Reeb orbit v, let

Ky = cov(y) e N

denote its covering multiplicity, and for a finite list of orbits v = (y1,...,7), let

k
iy = [ [
i=1

Given u € M?(J) with k+ > 0 positive/negative punctures asymptotic to the set

of orbits v = (74,... ,fyii), there are k;!k_!k,+k, - ways to order the punctures
and choose asymptotic markers, but some of them are equivalent since (by an easy
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variation on Proposition 11.1) the finite group Aut?(u) acts freely on this set of
choices. As a result, (12.6) is the same as

(12.7) H-— Z ¢h9*16‘4q7_p7+,

ko kKt Fomm
weMS(YR T RaNiel

where M$(.J) denotes the space of all (see Remark 12.5 below for some important
commentary about the word “all”) index 1 curves without marked points in M3(.J),
and the rest of the mononomial is determined by the condition that u belongs to
M§7O(J, A,~*,v7), with no need for any arbitrary choices. Another way of writing
this is

5 # (M (] Ay, 77)/R)

hg_leAq7_p7+
)
kb Ky ki

(12.8) H =

gAYty
where the sum ranges over all integers g > 0, homology classes A € Hy(M) and or-
dered tuples of Reeb orbits v+ = (i, ... ,%;—:) for which vir-dim M?O(J, Ayt y7) =
1, and # (Mjo({], A, 7*,7*)/R) is the signed count of connected components in
M§7O(J, A, v+, 7). For fixed g and v*, the union of these spaces for all A € Hy(M)
is finite due to SFT compactness, as the energy of curves in (R x M, d(e‘a)) is com-
puted by integrating exact symplectic forms and thus (by Stokes) admits a uniform
upper bound in terms of 4. For this reason, (12.8) defines a formal power series
in the p variables and in A, with coefficients that are polynomials in the ¢ variables
and the group ring R.

REMARK 12.4. The formulas (12.6) and (12.7) for H are predicated on the
explicit assumption that all J-holomorphic curves are Fredholm regular, and some
modification is required for the reality in which this assumption cannot always hold.
We will sketch in §12.4.3 how (12.8) can be defined without this assumption, but
the count # (M?O(J, A,v",47)/R) appearing in this formula will require a more
general interpretation in which it may sometimes be a rational number, not an
integer.

REMARK 12.5. We played a slightly sneaky trick in writing down (12.7) and
(12.8): these summations do not exclude bad orbits, whereas (12.6) was a sum over
curves u that are not asymptotic to any bad orbits—a necessary exclusion in that
case because €(u) would otherwise depend on choices of asymptotic markers. The
reason bad orbits are allowed in (12.8) is that their total contribution adds up to zero.
Indeed, bad orbits are always multiple covers with even multiplicity, so whenever
u € M3(J) has a puncture approaching a bad orbit with multiplicity 2m, there are
2m — 1 other elements of M®(J) that differ only by adjustment of the marker at
that one puncture, and by Proposition 11.5, half of these cancel out the other half
in the signed count.! For similar reasons related to Proposition 11.4, (12.8) will not

IThere is one caveat: if Aut(u) is nontrivial, then not all of these 2m curves are inequivalent
elements of M$(J ), which is fine if the equivalence classes still cancel in pairs, but one can imagine
scenarios as in Example 11.7, where two choices of asymptotic markers defining different signs
e(u) give the same element of M®(.J). This is nonsense, but it takes some effort to see why. The
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contain any terms with multiple factors of any odd generator ¢, or p,, even though
curves with multiple ends asymptotic to v sometimes exist.

REMARK 12.6. Readers famliar with Floer homology may see a resemblance
between the group ring R = Q[H2(M)/G] and the Novikov rings that often appear
in Floer homology, though R is not a Novikov ring since it only allows finite sums.
In Floer homology, the Novikov ring sometimes must be included because counts of
curves may fail to be finite, though they only do so if the energies of those curves
blow up. The situation above is somewhat different: since the symplectization is an
exact symplectic manifold, Stokes’ theorem implies that energy cannot blow up if
the positive asymptotic orbits are fixed, and one therefore obtains well-defined curve
counts no matter the choice of the coefficient ring R. The use of the group ring is
convenient however for two reasons: first, without it one cannot always define an
integer grading, and second, different choices of coefficients can sometimes be used
to detect different geometric phenomena via SF'T. We will see an example of the
latter in Lecture 13.

The compactness and gluing theory of SF'T is encoded algebraically by viewing H
as an element on a noncommutative operator algebra determined by the commutator
relations
[P+, 4,] = k4R
[pyiay] =0 ify =7
Here [, | again denotes the graded commutator (12.4), so “commuting” generators
actually anticommute whenever they are both odd. The rest of the multiplicative
structure of this algebra is determined by requiring all elements of R and powers
of i (all of which are even generators) to commute with everything, meaning all
operators are R[[h]]-linear.

One concrete representation of this operator algebra is as follows: let A denote
the graded supercommutative unital algebra over R generated by the set

{4 | 7 a good Reeb orbit} .

(12.9)

The ring of formal power series A[[A]] is then an R[[A]]-module. Define each of
the generators g, to be R[[h]]-linear operators on A[[%]] via multiplication from the
left, and define p, : A[[h]] — A[[R]] by

0
12.10 Py = kyh=—.
( ) v Y 0 ¢
Here the R[[h]]-linear partial derivative operator is defined via
0 0

—q, =1, —qy, =0 fory#+
g, g,

main reason is the observation in Example 11.7 that scenarios of this type are incompatible with
the assumption that all curves are Fredholm regular. This may seem an unconvincing explanation
in light of the unreasonable optimism of our transversality assumption, but as we will outline in
§12.4.3, regularity really can be achieved for all curves using multivalued inhomogeneous pertur-
bations, so in that context, a similar argument rules out unwanted automorphisms without having
to rely on science fiction.



LECTURES ON SYMPLECTIC FIELD THEORY 337

and the graded Leibniz rule

0 oF oG
—(FGQ) = —G + (=NollFIlpZ=
2 (FG) = 5 G+ (c1mIfE=s

for all homogeneous elements F, G € A[[h]].

EXERCISE 12.7. Check that the operator p, : A[[:]] — A[[}]] defined above has
the correct degree and satisfies the commutation relations (12.5) and (12.9).

Notice that while H contains terms of order —1 in A, every term also contains
at least one p., variable since all index 1 holomorphic curves in (R x M, d(e‘«)) have
at least one positive puncture. The substitution (12.10) thus produces a differential
operator in which every term contains a nonnegative power of A, giving a well-defined
R|[[}]]-linear operator

Dspr = A[[R]] = A[[A]].
The following may be regarded as the fundamental theorem of SFT.

THEOREM 12.8. H2 = 0.

We will discuss in §12.6 how this relation follows from the compactness and
gluing theory of punctured holomorphic curves, and we will use it in Lecture 13 to
define various Floer-type contact invariants. The first and most obvious of these is
the homology

HPH (M, €) := H.(A[[h]], Dspr),

which will turn out to be an invariant of (M, &) in the sense that any two choices
of a, J and the other auxiliary data described in §12.2 gives rise to a functorial
isomorphism between the two graded homology groups. Notice that while A[[A]] is
an algebra, its product structure does not descend to HS¥T (M, €) since Dgpr is not a
derivation—indeed, it is a formal sum of differential operators of all orders, not just
order one. In the next lecture we will discuss various ways to produce homological
invariants out of H with nicer algebraic structures.

On the other hand, it is fairly easy to understand the geometric meaning of the
complex (A[[%]], Dspr) in Floer-theoretic terms. Each individual curve u € MY (J)
with genus ¢, homology class A € Hy(M) and asymptotic orbits yv* = (i, ... ,fyi)
contributes to Dgpr the differential operator -

0 0
Gy oGy é’qﬁ . 6%: .
+

E(U) K,.y+hg+k+_16A

| Aut? (u)]

Applying this operator to a monomial ¢, ... ¢,,, € A[[k]] that does not contain all of
the generators Gyt oo o oyt will produce zero, and its effect on a product that does
+

contain all of these generators will be to eliminate them and multiply Qyr - 0y by

whatever remains, plus some combinatorial factors and signs that may arise from
differentiating by the same ¢, more than once. Ignoring the combinatorics and
signs for the moment, this operation on ¢, ...g¢,,, has a geometric interpretation:
it counts all potentially disconnected J-holomorphic curves of index 1 (i.e. disjoint
unions of u with trivial cylinders) that have ~q,...,7,, as their positive asymptotic
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71 Y2 Ve

Ficure 12.1. Counting disjoint unions of index 1 curves u €
Moo(J, A, (73,71, 75), (77, 78)) with some trivial cylinders contributes

a multiple of ﬁ4e‘4q% Gy @yr Grs G 50 DSFT (G Gy Gy Gra Ts T ) -

orbits; see Figure 12.1. In other words, the action of Dgpr on each monomial ¢” for
~ = (71,.-.,7Ym) is determined by a formula of the form

(12.11) Dgprq” = i Z Z i RTEeAn, (v, 4, k) g,

9=0 AeHy (M) ~' k=1

where n, (7,7, k) is a product of some combinatorial factors with a signed count of
generally disconnected index 1 holomorphic curves of genus g and homology class A
with positive ends at 4 and negative ends at 4/, such that the nontrivial connected
component has exactly k positive ends. The presence of the combinatorial factors
hidden in ny4(vy,v', k) is a slightly subtle point which we will try to clarify in the
following sections.

12.4. Interlude: Orbifolds and branched manifolds

12.4.1. How to count zeroes in an orbifold. As in all versions of Floer
theory, the proof that H? = 0 is based on the idea that certain moduli spaces
are compact oriented 1-dimensional manifolds with boundary, and the signed count
of their boundary points is therefore zero. We must be careful of course because,
strictly speaking, M(.J) is not a manifold, even when Assumption 12.1 holds—it
is an orbifold, with the possibility of singularities at multiply covered curves with
nontrivial automorphism groups. On the other hand, if we exclude curves with
bad asymptotic orbits, then it is an oriented orbifold, and oriented 1-dimensional
orbifolds happen to be very simple objects: since smooth finite group actions on
R cannot be nontrivial without reversing orientation, all oriented 1-dimensional
orbifolds are actually manifolds, so that the standard classification of compact 1-
manifolds should apply and lead to the simple formula

YoM, (J) = 0

I have placed this formula in quotation marks for a reason. The reality of the
situation is somewhat more complicated.

This is in fact where it becomes important to remember that Assumption 12.1
in its stated form is really not just science fiction, but fantasy: transversality is
sometimes impossible to achieve for multiple covers, and we must therefore at least
have a sensible back-up plan for such cases. To see the problem, remember that our
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local structure theorem for M(J) was proved by identifying it in a neighborhood of
any curve ug : (X, jo) — (R x M, J) with a set of the form

0;(0)/G,

where 0y : T x B¥P9 — k=19 i5 3 smooth section of a Banach space bundle £¥~17;
over the product of a Teichmiiller slice 7 with a Banach manifold B*?° of maps
> — Rx M, and G is the group of automorphisms of the domain of ug, whose action
on the base’

é

G x (T x B"%) — T x B2 2 (4, (j, u)) — (¥*j,u o)

preserves 0;'(0). In fact, the action of G on T x B¥P is covered by a natural action
on the bundle £¥~179 and the reason for it preserving the zero set is that J; is an
equivariant section,

Os( g uo ) = ¢70,(j,u).
If G is finite, then another way to say this is that J; is a smooth Fredholm section
of the infinite-dimensional orbibundle £¢~17° /G over the orbifold (T x B*??)/G,
whose isotropy group at (jo,uo) is Aut(ug). This section is transverse to the zero-
section if and only if the usual regularity condition holds, making 0;'(0)/G a suborb-
ifold of (T x B*P9)/G whose isotropy group at (jo, o) is some quotient of Aut(u).

REMARK 12.9. Most sensible definitions of the term “orbifold” (cf. [ALRO7,
Dav,FO99]) require local models of the form U/G, where U is a G-invariant open
subset of a vector space on which the finite group G acts smoothly and effectively—
the latter condition is necessary in order to have isotropy groups that are well-
defined up to isomorphism at every point. In the above example, G acts effectively
on T x B¥P? but might have a nontrivial subgroup H — G of transformations that
fix every element of ¢;'(0), in which case the G-action on 0;*(0) can be replaced
by an effective action of G/H. The isotropy group of (jo,u) € 0;'(0)/G is then
Aut(ug)/(Aut(ug) N H).

Now to see just how unreasonably optimistic Assumption 12.1 is, notice that it’s
easy to think up examples of smooth orbibundles in which zeroes of sections can
never be regular if they have nontrivial isotropy:

EXAMPLE 12.10. Let M denote the real 2-dimensional orbifold C/Zs, with Z,
acting on C via the involution z — Z, and define an orbibundle £ — M as the
quotient of the trivial complex line bundle C x C — C by the Zs-action generated
by the involution (z,v) — (z, —v). A smooth function f : C — C then represents
a section f € I'(F) if and only if it satisfies f(z) = —f(z) for all z. The zero set of
f therefore is guaranteed to contain the 1-dimensional submanifold R < M, so that
Ouf(x +iy)|y=0 = 0 and the zeroes along R can therefore never be regular.

2If @ is a Lie group of positive dimension, then this discussion should be taken with a grain
of salt since, as mentioned in §7.4 (see the discussion preceding Lemma 7.29), the action of G on
T x BEP9 is not differentiable. There is no problem however if G is finite, e.g. if the underlying
Riemann surface is stable, which is true outside of finitely many cases.
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ExampLE 12.11. Let M = C/Z, with Z, acting as the antipodal map, and
consider the trivial complex line bundle £ = M x C = (C x C)/Z,, where in this
case the Zy action identifies (z,v) with (—z,v). A smooth function f: C — C then
represents a section of E if and only if f is even, implying df (0) = 0, thus for any
choice of function f that has a zero at the origin, this zero cannot be regular. In
contrast to Example 12.10, it is possible in this case to perturb f generically to a
section that is transverse to the zero-section, but the zero set of such a perturbation
can never contain 0 € M.

Continuing with this example for a moment, let us observe that while a zero at
0 € M cannot be regular, it may still be isolated, and in this case we do know how
to assign it a Z-valued order. For instance, f(z) = 2% defines a section of £ — M
with a zero of order 2 at 0. Notice however that if we perturb this to f.(z) = 2% + ¢
for € > 0 small, then f, has two simple zeroes at points near the origin, but they are
actually the same point in C/Zs, giving a count of only 1 zero. This means that if
we give the zero of f at the origin its full weight, then we are counting wrongly—
the resulting count will not be homotopy invariant. The correct algebraic count of
zeroes is evidently

(1212) #0)= Y

zef~1(0)cM
where ord(f; z) € Z is the order of the zero (computed in the usual way as a winding
number, or in higher dimensions as the degree of a map of spheres, cf. [Mil97]), and
k. € N denotes the order of the isotropy group at z.

ord(f; 2)

Rz

€Q,

EXERCISE 12.12. Convince yourself that for any smooth oriented orbibundle
E — M of real rank m over a compact, smooth and oriented m-dimensional orbifold
M without boundary, the count (12.12) gives the same result for any section with
isolated zeroes.® Hint: The space of sections of an orbibundle is still a vector space,
so any two are homotopic. Since M and [0, 1] are both compact, it suffices to focus
on small perturbations of a single section in a single orbifold chart.

For a slightly different perspective on (12.12), consider the special case of a closed

orbifold that is the quotient of a closed manifold M by an effective orientation-
preserving finite group action,

M = M/G.
Suppose E — M is an oriented vector bundle with rank equal to dim M, and G also

acts on E by orientation-preserving linear bundle maps that cover its action on M
so the quotient

E=E/G—>M
is an ¢ orblbundle A section f: M — F is then equivalent to a G-equivariant section

~

f: M — E and the signed count of zeroes
#F10) = D ord(fiz) ez

zef~1(0)cM

31f you're still not sure what an orbibundle is, a definition can be found in [FO99, Chapter 1].
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is of course the same for any section that has only isolated zeroes. It can also be
expressed in terms of f since any z € f71(0) € M has exactly |G|/k. lifts to points

in f_l(()) < M, implying
71 . |G| .
#70)= ) —ord(f32),
zef~H0)cM

and thus #f71(0) = ﬁ#f_l(()). The invariance of (12.12) is now an immediate

consequence of the invariance of #ffl(O), which follows from the standard argument
as in [Mil97].

12.4.2. Multivalued perturbations. If you enjoyed reading [Mil97] as much
as [ did, then it may seem tempting to try proving invariance of (12.12) in general
by choosing a generic homotopy H : [0, 1] x M — E between two generic sections fy
and f; and showing that H~1(0) < [0,1] x M is a compact oriented 1-dimensional
orbifold with boundary. As we observed at the beginning of this section, H~*(0) is
then actually a manifold, so the signed count of its boundary points should be zero.
But this would give the wrong result: it would suggest that > 1y, 0rd(f; 2)
should be homotopy invariant, without the rational weights, and we’ve already seen
that this is not true. What is going on here? The answer is that the homotopy H
cannot in general be made transverse to the zero-section, now matter how generically
we perturb it! It is an illustration of the fundamental conflict between the notions
of genericity and equivariance.

ExampPLE 12.13. Let M = C/Zy as in Example 12.11, but define the complex
orbibundle £ — M by

E=(CxC)/(zv) ~ (~z —v),

i.e. the Zs-action also acts antipodally on fibers. Now a smooth function f: C — C
defines a section of E' if and only if it is odd, hence all such sections have a zero at
the origin. Compare the two sections

folz +iy) = x + iy, filz +iy) = 2° —x +iy.

They have qualitatively the same behavior near infinity, meaning in particular that
they are homotopic through a family of sections whose zeroes are confined to some
compact subset, thus we expect the algebraic count of zeroes to be the same for both.
This is true if the count is defined by (12.12): we have #f;'(0) = #f; '(0) = 1, in
particular the negative zero of f; at the origin counts for —1/2 while the positive
zero at (1,0) ~ (—1,0) counts for 1. We see that the inclusion of the rational weights
H—lz is crucial for this result. Notice that if H : [0,1] x M — FE is a homotopy of
sections f, := H(7,-) from fj to fi, then f.(0) = 0 for all 7, thus 0, H (7, 0) vanishes
and
DyH(1,0) = df,(0).

But df,(0) cannot be an isomorphism for all 7 € (0, 1) since dfy(0) preserves orien-
tation while df;(0) reverses it: there must exist a parameter 7y € (0,1) for which
df-,(0) is singular (see Figure 12.2), making (79,0) a critical zero of H. This is not
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FIGURE 12.2. A family of odd functions ¢, : R — R defining a pos-
sible homotopy between the sections fo, f; € I'(F) in Example 12.13

via fr(x + 1) = o, (x) + 1y.

a problem that can be fixed by making H more generic—the homotopy will never
be transverse to the zero-section, no matter what we do.

The need to address issues of the type raised by Examples 12.10 and 12.13 leads
naturally to the notion of multisections as outlined in [Sal99, §5] and [FO99], and
this is a major feature of the analysis under development by Fish-Hofer-Wysocki-
Zehnder (see for example [HWZ10,FH]). In Example 12.13 for instance, one can
consider functions

g:C — Symy(C) := (C x C)/(21,22) ~ (22, 21),

which can be regarded as doubly-valued sections of E — M if g is Zs-equivariant
for the antipodal action of Zs on the symmetric product Sym,(C). Such a section is
considered single-valued at any point z where g(z) is of the form [(v,v)], so one can
now imagine homotopies from go(z) := [(fo(2), fo(2))] to g1(2) = [(f1(2), f1(2))]
through doubly-valued sections g, : C — Sym,(C), the advantage being that g, is
now allowed to take nonzero values of the form [(v, —v)] at the origin. Indeed, if f :
C — C is an odd function, then for any constant ¢ € C, g(2) := [(f(2) + ¢, f(2) — )]
defines an odd function C — Sym,(C) and therefore also a well-defined multisection
of E.

We can now construct a homotopy of multisections with better properties than
the homotopy f, = H(7,) in Example 12.13. Assume the homotopy in that example
is as depicted in Figure 12.2, and there is a subinterval [7_,7,] < (0,1) such that
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fr = fofor 7 < 7_ and f, = f; for 7 > 7. Choosing a smooth function S :
[0,1] — [0,1] with compact support in (0,1) such that 3|, .. = 1, we define
g7 : € — Symy(C) by

9-(2) := [(f=(2) + B(7), f(2) = B(T))]

The zero set of a multisection is defined to be the set of points at which any of its
branches vanishes, e.g. for g,, we write g-1(0) := f-1(3(7)) u f71(—B(7)), and the
zero set of the homotopy is

Z:={(r,2)€[0,1] xC | fo(2) = B(r) or fo(2) = =B(7)}.

We also associate to each point in g='(0) a rational weight, in this example namely
1/2 if the multisection has two branches but only one of them vanishes, and 1 if both
do. This produces the picture in Figure 12.3 (left) of Z as a subset of [0,1] x C.
What we really want however is to view the zero set as a subset of the orbifold
[0,1] x M = [0,1] x (C/Z,), which gives the picture of Z := Z/Zy < [0,1] x M in
Figure 12.3 (right). Here it is appropriate to adjust the rational weights by dividing
by k. at any point with a nontrivial isotropy group, as e.g. some of the branching
phenomena in Z 1o longer look like branching in Z, but are merely points at which
the local isotropy of the ambient orbifold changes. Finally, we observe that the
orbifold and orbibundle in this example both have natural orientations, thus so
do the zero sets; these orientations are indicated with arrows in Figure 12.3, and
they give rise to signs at each boundary point, which are shown multiplied by the
corresponding rational weights. You will notice that the sum of these signed rational
weights at 07 is zero.

What we have constructed in this example is known as a weighted branched
l-manifold with boundary. (For precise definitions of this notion, see [Sal99,
MecDO06].) Tt leads to a general proof of the invariance of #f71(0) € Q for sections
f of an oriented orbibundle over a closed oriented orbifold: given any two sections fy
and f; with isolated zeroes, the zero set of a generic multivalued homotopy between
them defines a compact oriented weighted branched 1-manifold that can be under-
stood as an oriented cobordism between f;'(0) and f;'(0). One must then appeal
to a certain straightforward generalization (and corollary) of the classification of 1-
manifolds: if Z is a compact oriented weighted branched 1-manifold with boundary;,
then the algebraic count (with signs and rational weights) of points in 07 is zero. A
complete proof of this statement may be found e.g. in [Sal99, Lemma 5.11]. Note
that this depends crucially on orientations—in contrast to ordinary 1-manifolds,
branched 1-manifolds need not be orientable in general, and there is no “mod 2
version” of the statement about the number of boundary points if orientations are
ignored. For this reason, the coherent orientations from Lecture 11 are an indispens-
able ingredient in any version of SF'T for which curves with nontrivial automorphisms
cannot be excluded. The precise meaning of the formula

#IMy(J) =0

should now be understood in these terms: after applying a sufficiently generic multi-
valued perturbation of the nonlinear Cauchy-Riemann equation, M;(J) carries the
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FiGURE 12.3. The zero set of a multivalued homotopy between two
sections of the orbibundle in Example 12.13. The picture at the left
shows Z < [0,1] x C, while the picture at the right shows its quotient
Z < [0,1] x M, together with orientations and rational weights.

structure of a compact oriented weighted branched 1-manifold with boundary, hence
the rational count of points in its boundary must vanish.

One can similarly use multivalued perturbations to define # f~1(0) for sections
of oriented orbibundles E over closed oriented orbifolds M on which transversal-
ity for single-valued sections is impossible. If rank £ = dim M, the zero set of a
generic multisection f € I'(E) is an oriented weighted branched 0-manifold, which
means a discrete set of points with signs and rational weights attached to them.
As Figure 12.3 suggests, the sum of these signed rational numbers is the correct
homotopy-invariant definition of # f~1(0) and thus of the Euler number of such an
orbibundle. In general it is a rational number, not an integer.

12.4.3. The inhomogeneous Cauchy-Riemann equation. Let us now briefly
sketch how the rational count of index 1 curves

(12.13) # (MEo(J, AT, 7)) /R) e Q

appearing in the formula (12.8) for the SFT generating function H can be defined
without making unrealistic assumptions about transversality. As of this writing, no
definition with complete details has yet appeared in writing, though there exists
a considerable body of literature on polyfolds meant to prepare the way for this
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definition; see [FH]| and the references therein. For our discussion, we will avoid the
difficult global aspects of this story and give only a local picture.

The functional-analytic setup from Lecture 7 identifies a neighborhood of any
curve [(X, jo,I't, I, &, ug)] € Myo(J, A,v*,~7) with a neighborhood of (jo, u)
in 0;(0)/G for the nonlinear Cauchy-Riemann operator d; : T x BFP0 — gk=1pd,
where B*P9 is a Banach manifold of asymptotically cylindrical maps > — W and
T < J(X) is a G-invariant Teichmiiller slice through (jo, '), with G := Aut(X, jo, ')
acting on T x B¥P9 by 9 - (j,u) := (¥*j,u o). In Lecture 8, we showed that
taking generic perturbations of J makes 0; transverse to the zero-section along
the open set of (j,u) € 0;'(0) such that u is somewhere injective. The set of
perturbations achieved in this way is, in fact, much smaller than the set of all
possible perturbations of the section d; : T x B¥P? — gk=1p0 in particular, all
of them are G-equivariant. The latter is a condition we need to keep if we want a
moduli space that is geometrically meaningful, but it might still make life easier if
we perturb the section ¢ directly instead of perturbing J. This leads to the idea of
an inhomogeneous perturbation.

Ignoring equivariance for the moment, let us consider what happens if we replace
the section 0; with

aLV = a] — VvV
for a generic section v : T x BFPO — gF-1LPJ 5o that instead of looking for pairs

(j,u) such that u : (X, j) — (Rx M, J) is J-holomorphic, we are looking for solutions
(7,u) of the inhomogeneous nonlinear Cauchy-Riemann equation

du+ J(u)oduoj =v(j,u).

It is clear that 0; — v will be transverse to the zero-section for generic choices of the
section v, but in practice, we also need v to satisfy a few more conditions which make
this transversality result less obvious. One of those is that the linearization of 0y — v
should be Fredholm on its zero set and have the same index as the linearization of
the unperturbed section 0;, so that the implicit function theorem can still be used
to prove that d;'(v) is a smooth manifold of the correct dimension. This will be
true for instance if Dy, (4, u) differs from D0;(j, u) only be a zeroth-order operator

that decays to zero at infinity. To achieve this, let = — T x 32 x W denote the vector
bundle with fibers

E(j,z,p) = Homc((TZi], j)v (prv ‘]))7

choose a section K € I'(Z) that is compactly supported with respect to z € 3 and
define the section v : T x B¥P? — gk=1p.0 by

V(o) (2) = K (2, u(2)).
The linearization of ¢ g at (J,u) e éji(O) now takes the form
Dy (G u) ysm) = [J(w) o duoy = DiK(jy 2, u)y] + Dim,

where

D! :=Vn+J(u)oVnoj+V,Joduoj—V,K
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for any symmetric connection V on W. The second term here is a Cauchy-Riemann
type operator on ©*T'W, and the compact support of K implies that D? has the same
asymptotic behavior as in the unperturbed case, so that the Fredholm condition
still holds and the index is unchanged. If we also allow K to vary in a suitable
Banach manifold of sections of =, say the space ['¢(Z) of Ce-small perturbations of
some chosen K™ € I'(Z), and differentiate it in some direction (n, K') € T,BP @
TkT'e(Z), we obtain the operator

kapﬁ(u*TW) DTkl (Z) — Wk_l’p’é(HomC(TZ, u*TW))
(n, K') = Dyn — K'(j, 2, u),

which is easily shown to be surjective by an argument similar to the proof of
Lemma 8.12. Indeed, for £k = 1, there must otherwise exist a nontrivial 6 €
L4~ (Home (T, u*TW)) for % + % = 1 such that

(D¥n, 052 = 0 for all n € W3 (u*TW),
(K'(j,2,u),0)r2 = 0 for all K’ € TxTe(Z).

The first relation implies that 6 is a weak solution to a linear Cauchy-Riemann type
equation, so it is smooth and its zeroes are isolated. But it is then easy to find a
perturbation K’ € TxT'c(Z) for which the pointwise inner product of K'(j, z,u) with
0 is positive in a neighborhood of some point zy where 6(z) # 0, and vanishes outside
such a neighborhood, giving a contradiction. The implicit function theorem now
implies the smoothness of a certain universal moduli space to which one can apply
the Sard-Smale theorem as in Lecture 8 and conclude that for generic K € I'(Z),
the section 0, is transverse to the zero-section everywhere.

The inhomogeneous perturbation gives us the freedom to avoid assuming that
u is somewhere injective, but we still cheated in the above argument by ignoring
the question of equivariance. For a generic K € I'(Z), the resulting section v :
T x BFpo — gF=Lpd ig typically not G-equivariant unless K satisfies the additional
condition

K =¢*K forall pe G, where (¢*K)(j,2,2) := K(p.j, p(2),z) odp(z).

Requiring this in the transversality argument above would have killed the argument:
it takes away our ability to choose K’ at will near a specific point zg € 3 without
also changing the inner product of K'(j, z,u) with € in other regions. This should
not be surprising, as it is just another example of the standard conflict between
transversality and equivariance.

But in this form, the problem is easy to solve with a multivalued perturba-
tion. Indeed, if G is finite," we can for any given K € TI'(Z) define a finite set
{Ky,...,Ky} < T'(2) as the G-orbit of K, i.e. the set of sections of the form
e*K e T'(E) for ¢ € G, and let {11, ..., vy} denote the corresponding set of sections
of the Banach space bundle £¥=1P9 — T x BFPO  After a generic perturbation of
K, we can assume each of the perturbations ¢ gy, for i =1,... N is transverse to

4For an idea of what to do when dim G > 0, see [Sal99, §5.3].
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the zero-section, and while the individual sections 0, are not G-equivariant, they
are equivariant as a collection, so that in particular their collective zero set

N

37L(0) € T x BEre

i=1
is G-invariant. Associating to each element (j, ) in this set the weight \(j, u) := /N
where ¢ is the number of elements i € {1,..., N} such that d;,,(j,u) = 0, the
quotient of this zero set by G now acquires the structure of a finite-dimensional
weighted branched orbifold.

We can incorporate asymptotic markers into this picture the same way as in

Proposition 11.1: replace each of the finite-dimensional manifolds M; := (_3311,1 (0)

with a finite cover M consisting of triples (j,u, ), where (j,u) € 05, (0) and £ is a
choice of asymptotic markers at every puncture. Fixing coherent orientations for the
determinant line bundles of the Cauchy-Riemann type operators D? now determines

orientations of the manifolds ./\7@-, so that the quotient of vazl -/\7@ by G becomes
an oriented weighted branched orbifold. For the definition of the SFT generating
function H, we are only interested in spaces of virtual dimension 1 living in a
symplectization R x M, in which case the orientation prevents orbifold singularities
from appearing, and we are left with an oriented weighted branched 1-manifold,
whose quotient by the R-action is then an oriented weighted branched 0-manifold.
The count (12.13) is now defined as the sum of the signed rational weights of all
points in this space.

We have oversimplified several aspects of this discussion. One point worth em-
phasizing is that what we’ve given above is a purely local description of a moduli
space of solutions to a perturbed equation—it depends on several choices such as a
Teichmiiller slice through j, and the parametrization of some curve uq : (X, jo) —

(W, J). We have not given a global definition of this moduli space, which would be
necessary in order to give a proper definition of the count of perturbed solutions.
There are many subtle technical issues involved in formulating these notions globally
so that the result can be shown to be independent of choices. For an introduction
to this topic, see [FH].

REMARK 12.14. Multivalued perturbations are not the only possible approach
to transversality problems in SF'T, and easier methods are possible in some special
situations. One well-known example is the rational Gromov-Witten invariants of
semipositive symplectic manifolds: if one considers only closed holomorphic curves
of genus g = 0 with m > 3 marked points, then equivariance can be eliminated from
the picture because Aut(S?, 1, ©) is trivial whenever #0 > 3. It then suffices to take
single-valued inhomogeneous perturbations (as in [RT95]) or domain-dependent al-
most complex structures (as in [MIS12]) to achieve transversality for all moduli
spaces, and the resulting curve counts are not just rational numbers, they are in-
tegers. The same technique can also be used without the assumption m > 3, by
identifying the invariants for m < 2 with invariants that count curves with 3 marked
points, 3 — m of which are required to satisfy an incidence condition in which the
evaluation map intersects a suitable cycle in the image. The curve count obtained in
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this way is, however, generally an overcount, as there may be multiple inequivalent
ways to introduce auxiliary marked points satisfying the incidence condition; the
count therefore needs to be divided by a combinatorial factor, producing a result
that is generally in Q rather than Z. The same thing happens in the more sophis-
ticated approach by Cieliebak-Mohnke [CMO7] (see also Gerstenberger [Gerl3]
for the higher-genus case), in which Donaldson hypersurfaces are used to define an
incidence condition satisfied by a generally very large number of auxiliary marked
points. This trick kills equivariance and thus eliminates the need for multivalued
perturbations, but the invariants are still in Q due to the combinatorics of auxiliary
marked points (see §12.7.3 for more on this). The Donaldson hypersurface tech-
nique has also been applied (with single-valued inhomogeneous perturbations) for
punctured holomorphic curves in [CIM18].

We will not discuss multisections or weighted branched manifolds any further,
but the main takeaway from this discussion should be that defining an algebraic
count of objects that respect symmetries can often be done, even when achieving
transversality while respecting these symmetries is impossible, but the count one
obtains in this way is generally rational, not an integer. For the rest of this lecture,
we will return to the convenient fiction that transversality is always satisfied, but
you may want to keep in mind that the objects we describe as 0- or 1-dimensional
oriented manifolds are in general actually weighted branched manifolds.

12.5. Cylindrical contact homology revisited

Under an extra assumption on the complex (A[[%]], Dspr), we can recover from
it a more general version of the cylindrical contact homology we saw in Lecture 10.
Suppose in particular that there are no index 1 holomorphic planes in R x M, so
every term in hH has at least one factor of either i or one of the ¢, variables. Then

DSFT = Z Ky Z %efxqu/ai + ...,
1A ueMo,o(J,A,7,7)/R b
where the first sum is over all pairs of good Reeb orbits v and «/, and the ellipsis
is a sum of terms that all include at least a positive power of i or two ¢, variables
or two partial derivatives. Let us abbreviate the spaces Mgo(J, A,7,7')/R of R-
equivalence classes of J-holomorphic cylinders by M (v,7’), and notice that for
any u € Ma(v,7), the automorphism group is a cyclic group of order equal to the
covering multiplicity
| Aut(u)| = Ky 1= cov(u) € N.

Thus for any single generator ¢,, we have

Dsrrg, = dccug, + O(|q?, h),

where

(12.14) OCCHGy 1= Kny Z Z et eq,.

K
VA \ueMa(vy) Y
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The fact that D% = 0 thus implies
a(QJCH =0,

and the homology of the graded R-module generated by {g, | 7 good} with differ-
ential docp is an obvious generalization of the cylindrical contact homology from
Lecture 10. What we saw there was a special case of this where the combinatorial
factor k. /k,, did not appear because we were restricting to a homotopy class in which
all orbits were simply covered, and all holomorphic cylinders were thus somewhere
injective.

The presence of the factor k,/k, deserves further comment. According to the
above formula, we have

s Ko €(1)€(0)
6%CHq'Y = Z Z Z 6A+A Y PYHUK/U Q’y”a

YA AA ueM (v ') vEM 4 (v A7)

hence 0% = 0 holds if and only if for all A € Hy(M) and all pairs of good orbits
VY45 V=

(12.15) oy 3 %e(u)e(v) ~ 0.

K
Yo B+C=A \ (u,0)eMg(v+,70)xMc(yo,7-)

If v, and v_ happen to be simply covered orbits, then u and v in this expression
always have trivial automorphism groups and it is clear what this sum means: every
such pair (u,v) € Mp(7v4+,70) X Mc(70,7-) corresponds to exactly k., distinct holo-
morphic buildings obtained by different choices of decoration, so (12.15) is the count
of boundary points of the compactified 1-dimensional manifold of index 2 cylinders
M a(v4,7v-)/R. This sum skips over all bad orbits g, but this is fine because when-
ever the breaking orbit is bad, there are evenly many choices of decoration such
that half of these choices cancel the other half when counted with the correct signs
(cf. Remark 12.5).

To understand why this formula is still correct in the presence of automorphisms,
let us outline two equivalent approaches.

The easiest option is to instead consider moduli spaces with asymptotic markers,
which never have automorphisms: removing unnecessary factors of x,, and ., then
transforms (12.15) into

Y MY (ren0)  #ME (0 r) = 0

7 B+C=A o

Now since each pair (u,v) € M%(74,70) x ME(70,7-) carries a canonical decoration
and thus determines a holomorphlc bulldmg, the division by k., accounts for the
fact that #M% (v, ) - #ME(70,7-) overcounts the set of broken cylinders from
v4 to v_ with asymptotic markers at v, by precisely this factor, as a simultaneous
adjustment of the marker at ~y in both u € M B(’y+, ~) and v € ./\/l & (70, 7—) produces
the same decoration and therefore the same building.

The following alternative perspective will be more useful when we generalize
beyond cylinders in the next section. We can directly count points in M 4 (v, v-),
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though as we saw in §12.4, rational weights should be included in the count whenever
there is isotropy. Let us write

MA(7+7 ) M$ (fy+7 )/G7
where G =~ Ly, X Ly, isa finite group acting by adjustment of the asymptotic

markers. Since Mi(%r,fy,) is a compact oriented 1-manifold with boundary un-
der Assumption 12.1, the signed count of its boundary points is 0. We can ignore
buildings broken along bad orbits in this count, since (by Remark 12.5) these al-
ways come in cancelling pairs. Let us now transform this into a count of buildings
(u|®[v) € OM4(v,,v-) broken along good orbits 7y: here u € Mp(yy,7) and
v € Mc(7,7-) for some homology classes with B + C' = A, and ® is a decoration
which describes how to glue the ends of u and v at ~y. The automorphlsm group of
such a building is the subgroup

Aut(u|®|v) < Aut(u) x Aut(v)

consisting of all pairs (¢, ) € Aut(u) x Aut(v) that define the same rotation at the
two punctures asymptotic to 7p; note that this group does not actually depend on
the decoration ®. Since we're talking about cylinders, we can be much more specific:
we have Aut(u) = Z,, and Aut(v) = Z,,, and if both are regarded as subgroups of
u(),

Aut(u|®|v) = Zy, N Ly, = Lged(rn k)

which is injected into Aut(u) x Aut(v) by ¢ — (¢,1). The boundary of ﬂi (Y4, 7-)
can be understood likewise as a space of equivalence classes

[(u, )] € (M (74,70) x ME(30,7-)) / ~,

where two such pairs are equivalent if their asymptotic markers at the ends as-
ymptotic to 7y determine the same decoration. Now observe that the group G =~

Z
Ky
at (u,v) is Aut(u|®|v), hence each (u|®|v) € M (v, 7-) gives rise to

X Zy,, also acts on buildings in 5ﬂi(7+, v—), and the stabilizer of this action
G|
ged(Ku, ko)

terms in the count of 8Mi (v4,7-), implying

(12.16) 3 _clwel)

—_ d us v
(u|®|v)edM 4 (V4 ,7-) god(u, o)

Finally, notice that while each pair (u,v) € Mpg(v4,%) x Mc(Y0,7-) determines
buildings with k., distinct choices of decoration, some of these buildings may be
equivalent: every pair of automorphisms (¢,v) € Aut(u) x Aut(v) transforms a
building (u|®|v) by potentially changing the decoration ®, thus producing an equiv-
alent building. This action on buildings is trivial if and only if (¢,%) € Aut(u|®|v),
hence every pair (u,v) € Mp(v+,7) X Mc(70,7-) gives rise to exactly

H’Yo _ ’%“/0 ng<’KLU7 "iv)
|(Aut(u) x Aut(v)) / Aut(u|®|v)| - Kk
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elements of dMa(v4,7_), so that (12.16) becomes

e(u)e(v) Ky, ged(Ky, Ky
Z Z Z (w)e(v) g,{u(,.;v )

cd(ky, K
Yo BAC=A \ (up)eMp (570) x Mc (o) & (Kus Fv)

Yy 5 okl )

Y0 B+C=A \ (u,0)eMpB(v+,7)xMc(v0,7-)

reproducing (12.15).

12.6. Combinatorics of gluing

Now let’s try to justify the formula H? = 0. The product of H with itself is the
formal sum over all pairs of index 1 curves u,v € MYJ(J)/R of certain monomials:
in particular if these two curves respectively have genus g, and g,, homology classes
A, and A,, and asymptotic orbits v+ and ~7, then the corresponding term in H?
is

V) g e,

| Aut?(u)|| Aut? (v)]

Before we can add up all monomials of this form, we need to put all the ¢ and p
variables in the same order: within each of the products ¢7=, p* and so forth this is
simply a matter of permuting the variables and changing signs as appropriate, but
the interesting part is the product p¥« ¢7v , for which we can apply the commutation
relations (12.9) to put all ¢ variables before all p variables. Before discussing how
this works in general, let us consider a more specific example.

Assume ~; for ¢ = 1,2 are two specific orbits with n — 3 + ucz(7;) even, so the
corresponding ¢ and p variables have even degree, and suppose

— ot A At
P A el
q u p u q v p v .

7;_ = (71771772)7 7; = (71771)'

After applying the relation p., ¢, = ¢,,py, + k4, a total of five times, one obtains
the expansion

Py Py Pyl = q'2ylp’271p72 + 4/{“/1 hq%p%pw + 2/{31 h2p727

thus contributing a total of three terms to H?, namely the products of the factor
e(u)e(v) Ay+A
e

TAw ) At v with each of the expressions

_ — +
(12.17) Rt =2 g? p2 pa,p
1 +
(12.18) Ak B9 g g py D7
- +
(12.19) 2R3 W99 g, p e

As shown in Figure 12.4, this sum of three terms can be interpreted as the count of
all possible holomorphic buildings obtained by gluing v on top of u together with a
collection of trivial cylinders. Indeed, since 4} and 4, include two matching orbits
(which also happen to be the same one), there are several choices to be made:



352 CHRIS WENDL

(1) The top-right picture shows what we might call the “stupid gluing,” in
which no ends of u are matched with any ends of v, but all are instead
glued to trivial cylinders, thus producing a disconnected building. This
possibility is encoded by (12.17), and we will see that in the total sum
forming H?, this term gets cancelled out by a similar term for the stupid
gluing of u on top of v.

(2) The lower-left picture shows the building obtained by gluing one end of
u to an end of v along the matching orbit +;. This option is encoded
by (12.18), where the factor 4x,, appears because there are precisely 4x.,
distinct buildings of this type: indeed, there are four choices of which end
of u should be glued to which end of v, and for each of these, a further &.,
choices of the decoration. The arithmetic genus of the resulting building is
Gu + gu, as represented by the factor hd«+9»—1,

(3) The lower-right picture is encoded by (12.19): here there are two choices of
bijections between the two pairs of punctures asymptotic to v, and taking
the choices of decoration at each breaking orbit into account, we obtain the
combinatorial factor 2/-@,%1. The presence of two nontrivial breaking orbits
increases the arithmetic genus to g, + g, + 1, as encoded in the factor A9 9.

You may now be able to extrapolate from the above example why the commu-
tator algebra we’ve defined encodes gluing of holomorphic curves in the symplec-
tization and thus leads to the relation H?> = 0. Think of the algorithm by which
you change ¢« pe g7 p7t into a sum of products with all ¢’s appearing before p’s:
for the first ¢ you see appearing after a p, move it past each p for different orbits
(changing signs as necessary) until it encounters a p for the same orbit. Now you
replace p,q, with (—1)lP ”q”‘q%’p7 + k4 h, turning one product into a sum of two. This
represents a choice between two options: either you move ¢, past p, and apply the
usual sign change, or you eliminate them both but replace them with the combina-
torial factor £, and an extra h. Then you continue this process until all ¢’s appear
before all p’s.

The key point is that the process of gluing v on top of u in all possible ways is
governed by ezactly the same algorithm: first consider the disjoint union of the two
curves as a single disconnected curve, with its punctures ordered in the same way
in which their orbits appear in the monomial. Now reorder negative punctures of v
and positive punctures of u, changing orientations as appropriate, until you see two
such punctures next to each other approaching the same orbit . Here you have two
options: either glue them together, or don’t glue them but exchange their order. If
you exchange the order, then you may again have to change orientations (depending
on the parity of n — 3 + pcz(7)), but if you glue, then you have &, distinct choices
of decoration and will also increase the arithmetic genus of the eventual building
by 1. In this way, every individual term in the final expansion of ¢« pTugYs p¥u
represents a particular choice of which positive of ends of u should or should not be
glued to which negative ends of v. Additional factors of A appear to keep track of
the increase in arithmetic genus, and covering multiplicities of the breaking orbits
also appear due to distinct choices of decorations. At the end these must still be
divided by orders of automorphism groups in order to avoid counting equivalent
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FiGURE 12.4. Three possible ways of gluing the curves u and v
along with trivial cylinders to form index 2 curves.

buildings separately. Fleshing out these details leads to the following explanation
for the relation H? = 0:

PROPOSITION 12.15. Let OM;(J) denote the space of two-level holomorphic
buildings® in M(J) that have total index 2 and no bad asymptotic or breaking orbits,
divided by the equivalence relation that forgets the order of the punctures. Then

6(11) _ — +

H? = T Rl AT Y

_ZU Auw(w)] TP
uedMs (J)

where the terms in each monomial are determined by ue O Mo (J) as follows:
(1) g is the arithmetic genus of u;
(2) A is the equivalence class of [u] € Hy(M) in Ho(M)/G;
(3) v* = (O, .. ,fykii) are the asymptotic orbits of w after arbitrarily fixing
orderings of its positive and negative punctures;

"Recall from §9.4.4 that for a holomorphic building in a symplectization, each level is defined
only up to R-translation. Under our present transversality assumptions, both levels of each building
in 6ﬂg(J ) must have index 1, meaning each has a single index 1 component and possibly also
some trivial cylinders, thus dMj (.J) is a discrete (and therefore finite) space.
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(4) €(u) € {1, —1} is the boundary orientation at u determined by the chosen co-
herent orientations on M3(J). Specifically, given the chosen ordering of the
punctures and an arbitrary choice of asymptotic markers at each puncture,

u determines a boundary point of a 1-dimensional connected component of

M$(J), and we define e(u) = +1 if and only if the orientation of M$(J)

at this point is outward.

Once again ¢(u) and ¢ p?" change signs in the same way under any reordering
of the punctures, so their product is well defined, and there is no dependence on
choices of markers since bad orbits have been excluded.

PROOF OF PROPOSITION 12.15. Our original formula for H gives rise to an
expansion

H2 — 2 e(u)e(v) fgutgv—2 pAut A q'y;p'yt q'y;p'y,f_
. ooy | Aut? (W) Aut?(v)]

(u,0)eMS (J)/Rx MS (J)/R

As explained in the previous paragraph, the process of reordering p% ¢ to put all
q’s before p’s produces an expansion, each term of which can be identified with a
specific choice of which positive punctures of u should be glued to which negative
punctures of v. If k punctures are glued, then the resulting power of A is g, +
gv — 2+ k, corresponding to the fact that the resulting building has arithmetic genus
Ju+g,+k—1. We claim that the term for k£ = 0 is cancelled out by the corresponding
term of H? that has the roles of u and v reversed. To see this, imagine first the case
where v and v have no asymptotic orbits in common, hence no nontrivial gluings
are possible and all the ¢ and p variables in the expression supercommute with each
other. Then since both curves have index 1, the monomials g7« p7* and ¢ p?* must
both have odd degree, implying

— + — + — + — +
q"/u p7u q7v p’Yv — _q7v p7v q7u p7u

and thus the desired cancelation. If v and v do have orbits in common, then the
result for the k£ = 0 terms is still not any different from this: all signs still change
in the same way when applying [p,,q,] = k,h to change p,q, into g,p,, we simply
ignore the extra term kA since it is only relevant for gluings with £ > 0. This
proves the claim, and consequently, that the expansion resulting from the curves u
and v has no term containing h9*9 2,

The combinatorial factors can be explained as follows. The commutator expan-
sion for p7u g7 automatically produces combinatorial factors that count the different
possible gluings, but if v and v have automorphisms, then not all of these give in-
equivalent buildings. This part of the discussion is a straightforward extension of
what we did for cylindrical contact homology at the end of §12.5. Indeed, the actual
set of inequivalent buildings is the quotient of this larger set by an action of

(Aut”(u) x Aut’(v)) / Aut’(u),

where for a building u formed by endowing the pair (u, v) with decorations, Aut?(u)
denotes the subgroup consisting of pairs (¢, ) € Aut?(u) x Aut’(v) that preserve



LECTURES ON SYMPLECTIC FIELD THEORY 355

pairs of breaking punctures along with their decorations. This is what changes the
factor o into as in the statement of the proposition. O

1 1
| Aut? (u)|] Aut® | Aut? (u)|

The theorem that H? = 0 now follows once you believe the propaganda from

§12.4, arguing that Zueaﬂg( ) % is the correct way to count the boundary

points of ﬂg(J ). As we did with cylindrical contact homology, one can also use
the obvious projection M&;(J) — M’ (J) to reduce this to the fact that if the 1-

dimensional components of M$(J ) are manifolds (which is true if Assumption 12.1
holds), then the integer-valued signed count of their boundary points vanishes.

12.7. Some remarks on torsion, coefficients, and conventions

12.7.1. What if H,(M) has torsion? The main consequence for SFT if H, (M)
has torsion is that one cannot define an integer grading, though there is always a
canonical Zs-grading.® The setup in §12.2 must now be modified as follows. The
reference curves

Cl, NN Cr M
are required to form a basis of Hy(M)/torsion, so for every integral homology class
[v], there is a unique collection of integers my, ..., m, such that [y] = >, m;[C;] €

H,(M;Q). Instead of spanning surfaces for each orbit, one can define spanning
chains C, which are singular 2-chains with rational coefficients satisfying

0, = ZW[CZ-] —[]

for the aforementioned set of integers m; € Z. Note that C,, must in general have non-
integral coefficients since »}, m;[C;] and [y] might not be homologous in H,(M;Z),
so C,, cannot always be represented by a smooth map of a surface. One consequence
of this is that the absolute homology class associated to an asymptotically cylindrical
holomorphic curve u : > — R x M will now be rational,

[U] € HZ(Mﬂ Q)a
and we must therefore take GG to be a linear subspace
G < Hy(M;Q).

Another consequence is that we cannot use capping chains to transfer trivializations
from the reference curves to the orbits, so there is no natural way to define pcyz(7y)
as an integer. The easiest thing to do instead is to take the mod 2 Conley-Zehnder
index

pez () € Ly

and define all degrees of generators as either even or odd with no further distinction.
In particular, we now have

¢y| =1 — 3+ pcz(y) € Zo, Pyl = n =3 — pez(y) € Zs,

6In fact there is a bit more than a Z,-grading, see [EGHO00, §2.9.1].
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while & and all elements of R = Q[Hy(M;Q)/G] are even. With these modifications,
the rest of the discussion also becomes valid for the case where H;(M) has torsion,
and leads to Zs-graded contact invariants.

12.7.2. Combinatorial conventions. The combinatorial factors appearing in
our definition of H may at first look slightly different from what appears elsewhere in
the literature. Actually, most papers seem to agree on this detail, but various subtle
differences and ambiguities in notation mean that it sometimes requires intense
concentration to recognize this fact.

The original propaganda paper [EGHO0O0] expresses everything in terms of moduli
spaces with asymptotic markers, and the formula for H in §2.2.3 of that paper (which
is expressed in a slightly more general form involving marked points) agrees with
our (12.8).

Cieliebak and Latschev [CL09, §2] write down the same formula in terms of mod-
uli spaces that have no asymptotic markers but remember the order of the punctures,
thus it includes some factorials that do not appear in (12.6) but is missing the &,
terms of (12.8). The notation ngy(I'",I'") used in [CL09] for curve counts must be
understood implicitly to include rational weights arising from automorphisms (or
multivalued perturbations, as the case may be).

My paper with Latschev [LW11] uses moduli spaces with asymptotic markers
and attempts to write down the same formula as in [EGHO00, CL09], but gets it
slightly wrong due to some missing k., terms that should appear in front of each %.
Mea culpa.

For cylindrical contact homology, the combinatorial factors in §12.5 also agree
with what appears in [Bou03]. As observed by Nelson [Nell3, Remark 8.3|, there
are other conventions for dccpy that appear in the literature and lead to equivalent
theories: in particular it is possible to replace (12.14) with

OccHgy 1= Z Koy Z (w) eAqq//.

K
v,A ueMa(vyy) ¢

One can derive this from the same definition of H by applying a “change of co-
ordinates” to the algebra A[[Ah]], or equivalently, by choosing a slightly different
representation of the operator algebra defined by the p, and ¢, variables. To avoid
confusion, let us write the generators of A as x, instead of ¢,, and then define the
operators ¢, and p, on A[[A]] by

= KT, =h .
Gy Ly D oz,
These operators still satisfy [p,, ¢,] = ki and thus define an equivalent theory, but
the resulting differential operator Dgpr on A[[/]] now includes extra factors of k.,
for the negative punctures instead of the positive punctures.

12.7.3. Coefficients: Q, Z or Z,? While we were able to use Zs coefficients
for cylindrical contact homology in a primitive homotopy class in Lecture 10, a quick
glance at any version of the formula for H should make the reader very skeptical
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about doing this for more general versions of SFT. The existence of curves with
automorphisms means that H always contains terms with rational (but nonintegral)
coefficients. And this is only what is true in the fictional world of Assumption 12.1:
in the general version of the theory, we expect to have to replace expressions like
D | Aeéf()u)' with counts of O-dimensional branched manifolds with rational weights,
arising as zero sets of generic multisections.

As mentioned in Remark 12.14, there are various tricks available for avoiding
multivalued perturbations, but these typically also produce rational counts for com-
binatorial reasons. For instance, in the approach of Cieliebak-Mohnke [CMO07] for
the rational Gromov-Witten invariants of a closed symplectic manifold (W?" w)
with [w] € H?(W;Q), the invariants are defined by replacing the usual moduli
space Mg ,(J, A) by a space Mg min(J, A;Y') consisting of .J-holomorphic spheres
w: S? — W with some large number of auxiliary marked points (i, ..., (y required
to satisfy the condition

U(CZ)EK ’L.Zl,...,N.

Here Y?"2 < W?" is a J-holomorphic hypersurface with [Y] = D - PD([w]) €
Hy,—o(W) for some degree D € N, and the number of extra marked points is deter-
mined by

N = A-[Y] = D{Ju], A),

so positivity of intersections implies that u only intersects Y at the auxiliary marked
points. These auxiliary points are convenient for technical reasons involving trans-
versality—their role is vaguely analogous to the way that asymptotic markers get
rid of isotropy in SFT—but they are not geometrically meaningful, as we’d actually
prefer to count curves in M ,,(J, A). Every such curve has N intersections with Y,
so accounting for permutations, it lifts to N! distinct elements of Mg 4 n(J, 4;Y),
and the correct count is therefore obtained as an integer count of curves in the latter
space divided by N!. Perturbing to achieve transversality breaks the symmetry,
however, so there is no guarantee that counting curves in Mg,y (J, 4;Y) will
produce a multiple of N!, and moreover, N could be arbitrarily large since one
needs to take hypersurfaces of arbitrarily large degree in order to show that the
invariants don’t depend on this choice. For these reasons, the resulting Gromov-
Witten invariants are rational numbers rather than integers, and their denominators
cannot be predicted or bounded.

The upshot of this discussion is that there is probably no hope of defining SFT
with integer coefficients in general, much less with Z, coefficients, and the inclusion
of orientations in the picture is unavoidable.

The good news however is that whenever formulas like }] ()

u | Aut(u

literally as a count of curves, the chain complex (A[[A]], Dspr) clan i(n)lfact be defined
with Z coefficients, and one can even reduce to a Zs, version in order to ignore signs.
A special case of this was observed for cylindrical contact homology in [Nell5, Re-
mark 1.5], and you may notice it already when you look at the formula (12.14) for
dccn: the factor k,/k, is always an integer since the multiplicity of a holomorphic
cylinder always divides the covering multiplicity of both its asymptotic orbits. Sur-
prisingly, something similar turns out to be true for the much larger chain complex

can be taken
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of SF'T. The following result is only a statement about a chain complex and makes
no claims about any chain maps between complexes defined via different choices of
a and J—one should therefore not expect it to imply anything interesting about
actual contact invariants, but it is included here mainly for the author’s amusement.

PROPOSITION 12.16. If Assumption 12.1 holds then the rational coefficients
ng(v,v', k) in the formula (12.11) for Dsprq” are all integers.

COROLLARY 12.17. Under Assumption 12.1, there exist well-defined chain com-
plexes
(Az[[]], Dspr)  and  (Ag[[A]], Dsrr),
where for a general commutative ring %, Ag denotes the graded supercommutative
unital algebra over Z[Ho(M)/G] generated by the g, variables for good Reeb orbits 7.
The differentials Dspr on Agz[[h]] and Agz,[[}R]] are defined by the same formula as
on A[[h]], where in the Zq case we are free to set all signs €(u) equal to 1.

PROOF OF PROPOSITION 12.16. We need to show that expressions of the form
R+ 0 0

L . q
| Aut?(u)] 0g,p gy

~

produce integer coefficients for every holomorphic curve u with asymptotic orbits
+ + + :

Y= = (7,57, ) and every tuple v = (y1,...,7n). It suffices to consider the

special case v = v, as the derivative in question is only nonzero on monomials

that are divisible by ¢”". Up to a sign change, we can reorder the orbits and write

~* in the form

7+ = (717"'7/717"'77N7---77N>
—_——— —_——
mi1 mn
for some finite set of distinct orbits 7q,..., vy and numbers m; e N, ¢ = 1,..., N.
We then have
(12.20)
R+ 0 0 q7+:I{;’il..,/{ZLNN( a)m1< 0 )mN(qml'“qu)
[Aut?(w)] 0q, " Oq [ Aut”(w)] \ dg,, Oy N
_ KL ../{ZLNlel ...mpy!
| Aut? (u)]

We claim that this number is always an integer. Indeed, if Aut?(u) is nontrivial, then
w:Y >RxMisa multiple cover u = v o ¢ for some holomorphic branched cover
¢ (2,7) — (¥, 7') and somewhere injective curve v : (X' = X\I", j') — (Rx M, J).
Automorphisms ¢ € Aut’(u) thus define biholomorphic maps on (3, 7) that permute
each of the sets of punctures asymptotic to the same orbit. Given any puncture
z € I where u is asymptotic to 7;, the Aut?(u)-orbit of z consists of £ < m; other
punctures also asymptotic to =;, and its stabilizer is a cyclic subgroup of order
k = | Aut’(u)|/¢, acting on a neighborhood of z by biholomorphic rotations. It
follows that k., is divisible by k, hence

Koy, L

A ()] <
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and (12.20) is a multiple of this. O

REMARK 12.18. Since 1 = —1 in Ayz,, anticommuting elements of Az, [[/]] ac-
tually commute, so unless one imposes extra algebraic conditions in the case of Zs
coefficients, higher powers of odd generators p, and ¢, do not vanish. Nonetheless,
these powers still do not appear in H, so the complex (Az,[[A]], Dspr) ignores curves
with multiple ends approaching an orbit of odd degree (and also bad orbits, for that
matter).
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In the previous lecture, we introduced an operator algebra defined via the su-
percommutators [p., ¢,] = k-h, then we defined the SFT generating function
e(u) ~1 A ~~
H= B YT Y
2 Trw@” 7
ue M7 (J)/R

+

and proved (modulo transversality) that H? = 0. The generating function is a formal
power series whose coefficients are rational counts of holomorphic curves, and these
counts are strongly dependent on the choices of contact form «, almost complex
structure J € J(«) and further auxiliary data such as coherent orientations. Thus
in contrast to Gromov-Witten theory, the generating function does not define an
invariant, but one can follow the standard prescription of Floer-type theories and
define invariants via homology. We saw that for the natural representation A[[A]] of

the operator algebra defined by setting p, = /@h%, H defines a differential operator

Dgpr ¢ A[[R]] — A[[h]] with DZ. = 0. One of our goals in this lecture will be to
explain (again modulo transversality) why the resulting homology

HJ" (M, & R) = Hy(A[[h]], Dsrr)

is an invariant of the contact structure. We will then use it to define simpler nu-
merical invariants that detect symplectic fillability properties of contact manifolds.

But first, A[[A]] is not the only possible representation of the operator algebra
of SFT: other choices lead to different invariants with different algebraic structures.
Let’s begin by describing the original hierarchy of contact invariants that were out-
lined in [EGHO0O0].

361
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REMARK 13.1. We will continue in this lecture under the convenient fiction of
Assumption 12.1 that choosing J generically suffices to achieve transversality for all
holomorphic curves, with only occasional remarks on what needs to be modified in
the cold hard reality where multiple covers cannot be ignored. All theorems stated
in this lecture should therefore be understood with the caveat that they refer to
objects whose complete definitions remain work in progress (see e.g. [F'H]).

We will also continue to assume for simplicity that H;(M) has no torsion, and
the same assumption is made about cobordisms in §13.2.2. Only minor changes
are necessary if this condition is lifted, e.g. one could then replace all instances of
Hy (M) with H,(M;Q) and assume always that the grading is Z,; see §12.7.1.

13.1. The Eliashberg-Givental-Hofer package

In the following, (M, &) is a (2n — 1)-dimensional closed contact manifold with
a contact form a and almost complex structure J € J(«) for which the usual
optimistic transversality condition (Assumption 12.1) is assumed to hold. We fix
also the auxiliary data described in §12.2) plus a choice of subgroup G < Hy(M)
which determines the coefficient ring

R = Q[H>(M)/G].

Each of the differential graded algebras described below then carries the same grad-
ing that was described in that lecture, i.e. there is always at least a Z,-grading, and
it lifts to Z if Hy(M) is torsion free and ¢i(£)|e = 0, or possibly Zsy if N € N is the
smallest possible value for ¢;(A) with A € G.

13.1.1. Full SFT as a Weyl superalgebra. We start with some seemingly
trivial algebraic observations. First, the relation H? = 0 is equivalent to
[H,H] = 0.

Remember that [, | is a super-commutator, so [F,F| = 0 holds automatically for
operators F with even degree, but H is odd, and for odd operators the commutator
is defined by [F, G] = FG + GF, hence [H, H] = 2H?. Formally speaking [ , ] is a
super Lie bracket and thus satisfies the “super Jacobi identity”:

(13.1) [F,[G,K]] + (—1)FICHFIKIG K, F]] + (-1)FIKIHSIKIK [F G]] = 0.

In order to create a homology theory out of H, we don’t absolutely need to find a
representation of the entire operator algebra: it suffices to find a representation of
the induced super Lie algebra. Indeed, suppose V is a graded R[[A]]-module and
L is a linear grading-preserving map that associates to operators F (expressed as
power series functions of p’s, ¢’s and /i with coefficients in R) an R[[A]]-linear map

LFV—>V

such that
Lipa) = LrLa — (—1)FIS Lo Ly

for every pair of operators F, G. Then the R[[h]]-linear map Ly : V — V satisfies

1 1
L%{ = §[LH,LH] = §L[H,H] =0,
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hence (V, Ly) is a chain complex. The complex (A[[h]], Dspr) was a special case of
this, in which we represented the super Lie algebra via a faithful representation of
the whole operator algebra.

EXERCISE 13.2. Verify (13.1).

REMARK 13.3 (supersymmetric sign rules). To see where the signs in (13.1)
come from, it suffices to know the following basic rule of superalgebra: for any
pair of Zy-graded vector spaces V and W, the natural “commutation” isomorphism
c: VW — W ®YV is defined on homogeneous elements by

clo@w) = (=1)Py @ .

For any permutation of a finite tuple of Zy-graded vector spaces, one can derive the
appropriate isomorphism from this: in particular the cyclic permutation isomor-
phismo: X®Y ®Z - Y ® Z® X takes the form

0=(1®cy3)o(c12®1): 2®Y® 2z — (—1)|$||y‘+|$||z|y®z®x.

Writing the Jacobi identity as [+, [-,-]] o (1 + ¢ 4+ %) = 0 then produces (13.1). In
this sense, it only differs from the usual Jacobi identity in being based on a different
definition of the commutation isomorphism V ® W — W ® V. For more on this
perspective, see [Var04, §3.1].

Now here is a different kind of example, where the representation does not respect
the product structure of the operator algebra but does respect its Lie bracket. Let
20 denote the graded unital algebra consisting of formal power series

> Fyr(@hp?,

v,k

where the sum ranges over all integers k£ > 0 and all ordered sets v = (v1,...,Ym)
of good Reeb orbits for m > 0, and the f,; are polynomial functions of the g,
variables, with coefficients in R. Note that the case of the empty set of orbits is
included here, which means p? = 1. The multiplicative structure of 2J is defined
via the usual (super)commutation relations, and its elements can be interpreted as
operators. If we now associate to each F € 20 the R[[A]]-linear map

Dg: 0 —-W: G~ [F G|,
then the Jacobi identity (13.1) implies
Dp.c) = DrDg — (—1)FII€IDg Dy

This is just the graded version of the standard adjoint representation of a Lie algebra.
The only problem in applying this idea to define a differential

(13.2) Dy : W —W: F— [HF]

is that H is not technically an element of 20: indeed, H contains terms of order —1
in A, thus

1
He -5
ehﬁﬁ
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On the other hand, the failure of supercommutativity in 20 is a “phenomenon of
order h,” i.e. since every nontrivial commutator contains a factor of h, we have

[F,G]=0(h) forall F,Ge?20.
Here and in the following we use the symbol
O(h")
to denote any element of the form A*F for F € 0. As a consequence, [H, F] € 20
whenever F € 20, hence (13.2) is well defined, and the Jacobi identity now implies
D = 0.

The homology of the resulting chain complex gives another version of what is often
called full SFT,
H®(M,&; R) := H, (20, Dy).

A proof (modulo transversality) that this defines a contact invariant is outlined in
[EGHO00, §2], but it is algebraically somewhat more involved than for H3¥T(M, &; R),
so I will skip it since I don’t have any applications of H2' (M, &; R) in mind. As far
as [ am aware, no contact-topological applications of this invariant or computations
of it (outside the trivial case—see §13.1.4 below) have yet appeared in the literature.
This is a pity, because H2¥(M, &; R) actually has much more algebraic structure than
HSFT (M, &; R). Indeed, using the identities

[F,GK] = [F,G]K + (-1)FICIG[F, K],

[FG,K] = F[G,K] + (-1)/¢¥I[F K]G,

one sees that Dy : 20 — 2 satisfies a graded Leibniz rule,
Du(FG) = (DyF)G + (-1)FIF DuG.

It follows that Dy : 20 — 20 is also a derivation with respect to the bracket structure
on 2, i.e.

(13.3)

Du[F,G] = [DuF, G] + (-1)F[F, DuG]
for all F,G € 2J. As a consequence, the product and bracket structures on 20
descend to H¥ (M, &; R), giving it the structure of a Weyl superalgebra.
As a matter of interest, we observe that (20, Dy), as with (A[[A]], Dspr) in the
previous lecture, can be defined with Z or Z, coefficients whenever the transversality

results are good enough to take the usual expression ), E(“)( I literally as a count

| Aut? (u

of holomorphic curves. This result is of limited interest since it cannot hold in gen-
eral cases where transversality for multiple covers is impossible without multivalued
perturbations—mnonetheless I find it amusing.'

PROPOSITION 13.4. If Assumption 12.1 in Lecture 12 holds, then Dy is also well
defined if the ring R = Q[H2(M)/G] is replaced by Z[Hy(M)/G] or Zo| Ho(M)/G].

IThe same arguments used to define SF'T chain complexes over the integers can also be applied
to the chain maps involved in the proof of invariance (see §13.3.1), so the SFT invariants should
be defined over the integers if transversality can be achieved for multiple covers. There are known
situations however in which this cannot hold: even if the chain complexes are well defined over Z,
invariance may hold only over Q, due to the failure of transversality in cobordisms. See [Hut].
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PROOF. Since Dy is a derivation, it suffices to check that for every good Reeb
orbit 7, Dug, and Dup., are each sums of monomials of the form cei*g?™ p?" with
coefficients ¢ € Z. Suppose u € M (J) is an index 1 holomorphic curve with positive
and/or negative asymptotic orbits

+_ (nt + + +
7 _(717"'7717"'7’Yk;+7"'77k+)7
— —— ———

m%r mi_

where v;" # ,y;,r for i # j. We can assume all the orbits v;" are good and that m;" = 1
whenever n — 3 + gz (") is odd. Up to a sign and factors of e# and A which are
not relevant to this discussion, u then contributes a monomial

1 my My i g
H,=———q¢"'...q p}...p."
“ |Aut"(u)|q% Dg Pot o Pop
to H. The commutator [H,, ¢,] vanishes unless 7 is one of the orbits 7, ... ,7,;:,

SO suppose v = %;:. If n— 3+ pucz(y) is odd, then m := ml; =1, and (13.3) with
[P+, ¢y] = KR implies

1 my Myt me oy
- - 1 - +
[Hu, ;] = At ()] |G by P Py P
KRy my My i me,
=——-+—hq ' ...q_ Lop T
| Aut? (u)| Sy S Py Py

The fraction in front of this expression is an integer since u can have only one
end asymptotic to 7, and &, is thus divisible by the covering multiplicity of w. If
n — 3 + pcz(7y) is even, then we generalize this calculation by using (13.3) to write

[P} ¢v] = m“vhp;n_la

so then,
1 my My i me,
Hu, o] = iy |47 4 P - P PG
+
Ky my my me 1
= ——7—hqg ' ...q_ Looop s Toplt
| Aut? (u)| D Gy Pog P Py

To see that % is always an integer, recall from our proof of Prop. 12.16 in
the previous lecture that transformations in Aut’(u) permute each of the sets of
punctures that are asymptotic to the same Reeb orbit. Suppose the set of positive
punctures of u asymptotic to 7 is partitioned by the Aut?(u)-action into N subsets,
each consisting of /1, ...,y punctures, where ¢; + ... + {5 = m. If z is a puncture
in the 7th of these subsets, then its stabilizer is a cyclic subgroup of order k; acting
on a neighborhood of z by biholomorphic rotations, where k;¢; = | Aut”(u)|. Each
of these orders k; necessarily divides the multiplicity ., so we can write k;a; = K-
for some a; € N. Putting all this together, we have

N N N
Ky = Z kol = Z kiail; = | Aut? (u)| Z a;.
i=1 i=1

i=1
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Following this same procedure, you should now be able to verify on your own
that the coefficient appearing in [H,, p,] is also always an integer. The existence
of a chain complex with Zy coefficients follows from this simply by projecting Z
to ZQ. U

13.1.2. The semiclassical limit: rational SFT. The idea of rational sym-
plectic field theory (RSFT) is to extract as much information as possible from genus
zero holomorphic curves but ignore curves of higher genus. The algebra of SFT
provides a fairly obvious mechanism for this: RSFT should be what SFT becomes
in the “limit as A — 0,” i.e. the classical approximation to a quantum theory. Let

L= Qﬂ/ﬁﬁﬂ,

so B is a graded unital algebra generated by the p, and ¢, variables and the co-
efficient ring R, but it does not include h as a generator. Since all commutators
in 20 are in A, the product structure of B is supercommutative. Let us use the
distinction between capital and lowercase letters to denote the quotient projection

W —P:F e f.

We will make an exception for the letter “H”: recall that H is not an element of 27
since its genus zero terms have order —1 in h, but hH € 20, so we will define

. 6(“) A 4 ~t
b= R Y

to be the image of AH under the projection. The sum in this expression ranges over
all R-equivalence classes of index 1 curves with genus zero and good asymptotic
orbits, so h will serve as the generating function of RSF'T. To encode gluing of genus
zero terms, note first that the commutator operation would not be appropriate since
it prodcues terms for every possible gluing of two curves, including those which glue
genus zero curves along more than one breaking orbit to produce buildings with
positive arithmetic genus. We need instead to have an algebraic operation on P
that encodes gluing along only one breaking orbit at a time.

You already know what to expect if you’ve ever taken a quantum mechanics
course: in the “classical limit,” commutators become Poisson brackets. To express
this properly, we need to make a distinction between differential operators operating
from the left or the right: let

Il
— W -0
0qy
denote the usual operator %, which was previously defined on A[[A]] but has an

—

0

obvious extension to 2 such that P = 0 for all o/. This operator satisfies the
Gy

graded Leibniz rule

T(FG) = (?F) G + (—1)olFIF (7)6}) :

0qy 0qy 0qy
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The related operator

< Qﬂﬁﬂﬂ:F»—»Fi
0q~ 0q~

is defined exactly the same way on individual variables p, and ¢, but satisfies a
slightly different Leibniz rule,

0 0 0
FG)— =F(G— | + (-)»l¢|F— ] G.
( )a% ( 5%) =1) e

PAN—

0

The point of writing . so that it acts from the right is to obey the usual conventions
Ty

of superalgebra: signs change whenever the order of two odd elements (or operators)

is interchanged. Partial derivatives with respect to p, can be defined analogously
on 2. With this notation in hand, the graded Poisson bracket on 2U is defined
by

0 0 0 0
13.4 F.G} =)k [F-—5-G— (-)fI¥lG_——F|,
(13.4) {F.G} 4 »y< 3p o, (1) 3p- 3,

where the sum ranges over all good Reeb orbits. In the same manner, the differential
operators and the bracket { , } can also be defined on .
It is easy to check that { , } on 20 almost satisfies a version of (13.3): we have

(F,GK} = {F,G}K + (-1)FISIG{F K} + O(h),

{FG,K} = F{G,K} + (-1)¢I®{F K}G + O(h)

for all F,G,K € 20. The extra terms denoted by O(h) arise from the fact that
in proving (13.5), we must sometimes reorder products FG by writing them as
-1 + |F, G|, where |F, = . Since the terms wit isappear in

FIGIGF + [F,G], where [F,G] = O(h). S h hhd

B, the relations become exact in P:

{f.gk} = {f. g}k + (—1)"I¥lg{f K},

{fg, k) = f{g, k} + (—1) &M kg

(13.5)

(13.6)

for all f, g,k €.
PROPOSITION 13.5. For all F, G € 25,
[F,G] = n{f,g} + O(1?),
and { , } satisfies the conditions of a super Lie bracket on ‘3.

REMARK 13.6. In formulas like the one in the above proposition, we interpret
{f, g} € P as an element of 2 via any choice of R-linear inclusion B < 2 that acts
as the identity on the generators p.,, g,. There is ambiguity in this choice due to the
noncommutativity of 20, but the ambiguity is in 720 and thus makes no difference
to the formula.
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PROOF OF PROPOSITION 13.5. The formula is easily checked when F and G
are individual variables of the form p, or ¢,; in fact the extra term O(h?) can be
omitted in these cases. The case where F and G are general monomials follows from
this via (13.3) and (13.5) using induction on the number of variables in the product.
This implies the general case via bilinearity.

Given the formula, the condition {f,g} + (—1)fllel{g £} = 0 and the Poisson
version of the super Jacobi identity (13.1) follow from the corresponding properties
of [, ]. O

The proposition implies that our genus zero generating function h € B satisfies

0 = 12[H, H] = [KH, FH] = i{h, h} + O(h2), thus
{h,h} = 0.

This relation can be interpreted as the count of boundary points of all 1-dimensional
moduli spaces of genus zero curves: indeed, any pair of genus zero curves u,v €
M3 (J)/R contributes to {h,h} a term of the form

Z Ry eAutAv v [ it 7 Tqmi P
) TR (@)]] Auw (o) 7 ) \ o, |

plus a corresponding term with the roles of u and v reversed. This sums all the mono-
mials that one can construct by cancelling one p, variable from v with a matching
¢y variable from v, in other words, constructing a building by gluing v on top of u
along one matching Reeb orbit.

The graded Jacobi identity will again imply that any representation of the super
Lie algebra (B,{ , }) gives rise to a chain complex with h as its differential. For
example we can take the adjoint representation,

T — Endg(P) : £ — dp, deg = {f, g},

which satisfies dif gy = dedg — (—1)|f“g‘dgdf due to the Jacobi identity. Then di = 0
since h has odd degree and {h,h} = 0, and the homology of rational SFT is
defined as

HFYY(M, & R) == H, (B, dn).
We again refer to [EGHO0] for an argument that HESFT(M ¢: R) is an invariant
of the contact structure. Notice that Proposition 13.5 yields a simple relationship
between the chain complexes (20, Dy) and (3, dy,), namely

(13.7) DyF = duf + O(h),

where dpf is interpreted as an element of 20 via Remark 13.6. In other words, the
projection 2 — P : F — f is a chain map. Moreover, dg is a derivation on *J3 with
respect to both the product and the Poisson bracket: this follows via Proposition 13.5
and (13.7) from the fact that Dy satisfies the corresponding properties on 2. We
conclude that HES¥T(M, &; R) inherits the structure of a Poisson superalgebra, and
the map
H'(M,& R) — H" (M, & R)

induced by the chain map (20, Dg) — (3, dn) is both an algebra homomorphism
and a homomorphism of graded super Lie algebras.
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13.1.3. The contact homology algebra. Contact homology is the most pop-
ular tool in the SFT package and was probably the first to be understood beyond the
more straightforward cylindrical theory. In situations where cylindrical contact ho-
mology cannot be defined due to bubbling of holomorphic planes, the next simplest
thing one can do is to define a theory that counts genus zero curves with one positive
end but arbitrary numbers of negative ends (cf. Exercise 10.14 in Lecture 10).

The proper algebraic setting for such a theory turns out to be the algebra A
generated by the g, variables, and it can be derived from RSFT by setting all p,
variables to zero. Using the obvious inclusion A — B, define dcy : A — A by

Oont = dufl—o.
We can thus write dpf = deuf + O(p), where
O@p")

will be used generally to denote any formal sum consisting exclusively of terms of
the form p,, ...p,, f for f € P. Now observe that for any good orbit -,

dwpy = {h,p,} = —(=1)P1 ) (pya;) (a; h) = —(=1)ll fh = O(p)

0@~

since every term in h has at least one p variable. It follows that dj, (O(p)) = O(p),
so the fact that df = 0 implies 0% = 0, and contact homology is defined as

HC*(M,f, R) = H*(.A, GCH)

Since dy, is a derivation on B, the formula d,f = dcuf + O(p) implies that dcop is
likewise a derivation on A, so HC,(M,&; R) has the structure of a graded super-
commutative algebra with unit. Moreover, the projection p — A : f — f|,_o is a
chain map, giving rise to an algebra homomorphism

HPT(M, & R) — HCW (M, & R).

The invariance of HC, (M, &; R) will follow from the invariance of HSFT(M, &; R), to
be discussed in §13.3.1 below.

To interpret Ocu, we can separate the part of h that is linear in p variables,
writing

h = Zh q)p, + O(p?),

where for each good Reeb orbit ~, hv(q) denotes a polynomial in g variables with
coefficients in R. Since elements f € A have no dependence on p variables, we then

have
o
dpnf = {h.f} = » k, | h— K.
of = {h.f) ;y<5p)<aqy> Zwa O(),
hence
af—Zthi
CHY — vvaqu-

v
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In particular, dcy acts on each generator ¢, € A as

e(u)ky 4
(’/30qu = thv = ; We q,

where the sum is over all R-equivalence classes of index 1 .J-holomorphic curves
u with genus zero, one positive end at 7, negative ends at good orbits v~, and
homology class A € Hy(M)/G.

13.1.4. Algebraic overtwistedness. Even the simplest of the three differen-
tial graded algebras described above is too large to compute in most cases. The
major exception is the case of overtwisted contact manifolds.

THEOREM 13.7. If (M,§) is overtwisted, then HC(M,&; R) = 0 for all choices
of the coefficient ring R.

REMARK 13.8. If X is an algebra with unit, then saying X = 0 is equivalent to
saying that 1 =0 in X.

The notion of overtwisted contact structures in dimension three was introduced
by Eliashberg in [Eli89], who proved that they are flexible in the sense that their
classification up to isotopy reduces to the purely obstruction-theoretic classification
of oriented 2-plane fields up to homotopy. This means in effect that an overtwisted
contact structure carries no distinctly contact geometric information, so it should
not be surprising when “interesting” contact invariants such as HC,(M, &) vanish.
The three-dimensional case of Theorem 13.7 seems to have been among the earliest
insights about SF'T: its first appearance in the literature was in [E1i98], and a proof
later appeared in a paper by Mei-Lin Yau [Yau06], which includes a brief appendix
sketching Eliashberg’s original proof. We will discuss Eliashberg’s proof in detail in
Lecture 16.

The definitive higher-dimensional notion of overtwistedness was introduced much
more recently by Borman-Eliashberg-Murphy [BEM15], following earlier steps in
this direction by Niederkriiger [Nie06] and others. There are now two known proofs
of Theorem 13.7 in higher dimensions: the first uses the fact that since overtwisted
contact manifolds are flexible, they always admit an embedding of a plastikstufe,
which implies vanishing of contact homology by an unpublished result of Bourgeois
and Niederkriiger (see [Bou09, Theorem 4.10] for a sketch of the argument). The
second argument appeals to an even more recent result of Casals-Murphy-Presas
[CMP19] showing that (M, ) is overtwisted if and only if it is supported by a neg-
atively stabilized open book, in which case HC,(M, &) = 0 was proven by Bourgeois
and van Koert [BvK10].

It is not known whether the vanishing of contact homology characterizes over-
twistedness, i.e. there are not yet any examples of tight contact manifolds with
HC.(M, &) = 0. I will go out on a limb and say that such examples seem unlikely to
exist in dimension three but are much more likely in higher dimensions; in fact var-
ious candidates are known [MINW 13, CDvK16], but we do not yet have adequate
methods to prove that any of them are tight. The lack of known counterexamples
has nonetheless given rise to the following definition.
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DEFINITION 13.9. A closed contact manifold (M, ¢) is algebraically over-
twisted if HC,(M,&; R) = 0 for every choice of the coefficient ring R.

REMARK 13.10. The coefficient ring is not always mentioned in statements of the
above definition, but it should be. We will see in §13.3.2 below that this detail makes
a difference to issues like symplectic filling obstructions. Note that for any nested
pair of subgroups G ¢ G’ < Hy(M), the natural projection Ho(M)/G' — Ho(M)/G
induces an algebra homomorphism

Since algebra homomorphisms necessarily map 1 — 1 and 0 — 0, the target of
this map must vanish whenever its domain does, so for checking Definition 13.9, it
suffices to check the case R = Q[Hz(M)].

We’ve seen above that there exist algebra homomorphisms
(13.8) HP (M, & R) — H™ (M, & R) — HCOW(M, & R),

thus the vanishing of either of the algebras HX(M,&; R) or HRSFT(M & R) with
all coefficient rings R is another sufficient condition for algebraic overtwistedness.
Bourgeois and Niederkriiger observed that, in fact, these conditions are also neces-
sary:

THEOREM 13.11 ([BIN10]). For any coefficient ring R, the following conditions
are equivalent:
(1) HC.(M, & R) =0,
(2) H"(M,& R) =0,
(3) H{*' (M, & R) = 0.

PROOF. The implications (3) = (2) = (1) are immediate from the algebra ho-
momorphisms (13.8), thus it will suffice to prove (1) = (3). Suppose 1 = 0 €
HC.(M,&; R), which means dcyf = 1 for some f € A. Using the obvious inclusion
A — 20, this means

Duf =1-G,
where G = O(p, h), i.e. G is a sum of terms that all contain at least one p., variable
or a power of h. It follows that G* = O(pF, h*) for all k € N, and the infinite sum

o)
2,6
k=0

is therefore an element of 20, as the coefficient in front of any fixed monomial A*p?Y in
this sum is a polynomial function of the ¢ variables. This sum is then a multiplicative
inverse of 1 — G, and since

0= Dgif =0 = —DyuG,

it also satisfies Dy ((1 — G)™!) = 0. Using the fact that Dy is a derivation, we
therefore have

Dg(1-G) ') =(1-G)'1-G) =1,
implying 1 = 0 e HYT(M, & R). OJ
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13.2. SFT generating functions for cobordisms

All invariance proofs in SFT are based on a generating function analogous to
H that counts index 0 holomorphic curves in symplectic cobordisms. The basic
definition is a straightforward extension of what we saw in Lecture 12, but there
is an added wrinkle due to the fact that, in general, one must include disconnected
curves in the count.

13.2.1. Weak, strong and stable cobordisms. First some remarks about
the category we are working in. Since the stated purpose of SF'T is to define invari-
ants of contact structures, we have been working since Lecture 12 with symplectiza-
tions of contact manifolds rather than more general stable Hamiltonian structures.
We’ve made use of this restriction on several occasions, namely so that we can
assume:

(1) All nontrivial holomorphic curves in R x M have at least one positive punc-
ture;
(2) The energy of a holomorphic curve in R x M can be bounded in terms of
its positive asymptotic orbits.
It will be useful however for certain applications to permit a slightly wider class of
stable Hamiltonian structure. Recall that a hypersurface V' in an almost complex
manifold (W, J) is called pseudoconvex if the maximal complex subbundle

§:=TV AJTV)cTV

defines a contact structure on V' whose canonical conformal symplectic bundle struc-
ture tames J|¢. For example, if a is a contact form on M and J € J(«), then each of
the hypersurfaces {const} x M is pseudoconvex in (R x M, J). The contact structure
¢ induces an orientation on the hypersurface V; if V' comes with its own orientation
(e.g. as a boundary component of W), then we call it pseudoconvez if £ is a positive
contact structure with respect to this orientation, and pseudoconcave otherwise.
For example, if (W,w) is a symplectic cobordism from (M_,¢ ) to (M,,&,) and
JeJW,w,a,,a_), then M, is pseudoconvex and M_ is pseudoconcave.

DEFINITION 13.12. Given an odd-dimensional manifold M, we will say that an
almost complex structure J on R x M is pseudoconvex if {r} x M is a pseudoconvex
hypersurface in (R x M, J) for every r € R, with the induced orientation such that
0r and {r} x M are positively transverse.

If H = (w,\) is a stable Hamiltonian structure on M, then pseudoconvexity of
J € J(H) imposes conditions on H, in particular A must be a contact form. It also
requires J|¢ to be tamed by d\|¢, but unlike the case when J € J()), J|¢ need not be
compatible with it, i.e. the positive bilinear form dA(-, J-)|¢ need not be symmetric.
As always, J|¢ must be compatible with w|¢, but w need not be an ezact form for
this to hold—the freedom to change [w] € H3z (M) will be the main benefit of this
generalization, particularly when we discuss weak symplectic fillings below.

PROPOSITION 13.13. Suppose H = (w,\) is a stable Hamiltonian structure on
a closed manifold M and J € J(H) is pseudoconvex. Then all nonconstant finite-
enerqy J-holomorphic curves in R x M have at least one positive puncture, and
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their energies satisfy a uniform upper bound in terms of the periods of their positive
asymptotic orbits.

ProOOF. It is straightforward to check that either of the two proofs of Proposi-
tion 10.9 given in Lecture 10 generalizes to any J on R x M that is pseudoconvex.
In particular, pseudoconvexity implies that if u : (Z, j) — R x M,J) is a J-
holomorphic curve, then u*d\ > 0, with equality only at points where u is tangent
to 0, and the Reeb vector field. Stokes’ theorem thus gives

(13.9) 0< Lu d\= > T.— ) T,

zel't zel'—

where T, > 0 denotes the period of the asymptotic orbit at each positive/negative
puncture z € I'F. Since J|¢ is also tamed by w|¢ and w annihilates the Reeb vector
field, we similarly have u*w > 0, with the same condition for equality, and the
compactness of M then implies an estimate of the form

0 <u*w < cu®d

for every J-holomorphic curve u : (£,7) — (R x M, J), with a constant ¢ > 0 that
depends only on M, ‘H and J. In light of (13.9), this implies an upper bound on
{5 u*w in terms of the periods T for z € I'". Writing w, = w+ d((r)A) for suitable
(C°-small increasing functions ¢ : R — R, we can then apply Stokes’ theorem to the
second term in

E(u) =sup | uw, = | u*w+sup | u*d(p(r)A),
Joe = Jorrerve |

v Ju by v Ju

implying a similar upper bound for F(u). O

COROLLARY 13.14. For any stable Hamiltonian structure H = (w,\) with a
nondegenerate Reeb vector field Ry and a pseudoconver J € J(H), one can use
closed Ry -orbits and count J-holomorphic curves in R x M to define the chain

complezes (A[[R]], Dspr), (20, Du), (B, dn) and (A, dcn). O

We shall denote the homologies of the above chain complexes with coefficients
in R = Q[H,(M)/G] by

oY (M, H, J; R), HF(M,H,J;R), HS"'(M,H,J;R), HC.(M,H,J;R).

We make no claim at this point about these homologies being invariant. For the
examples that we actually care about, this will turn out to be an irrelevant question
due to Proposition 13.16 and Exercise 13.36 below.

EXAMPLE 13.15. Suppose « is a contact form on (M,§) and H = (Q,«a) is a
stable Hamiltonian structure. Then for all constants ¢ > 0 sufficiently large, H, :=
(Q+ cda, a) is also a stable Hamiltonian structure and there exists a pseudoconvex
Jo € J(Hc). To see the latter, notice that H., := (1Q + do, ) is another family of
stable Hamiltonian structures, with J(H,) = J(#.) for all ¢, and H, — (do, ) as
¢ — . Thus one can select J. € J(H,.) converging to some Jy, € J(a) as ¢ — o0,
and these are pseudoconvex for ¢ > 0 sufficiently large since J, is.
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PROPOSITION 13.16. In the setting of Example 15.15, assume o is nondegen-
erate and Jo, € J(«a) satisfies Assumption 12.1. If HC.(M,&; R) vanishes, then
HC.(M,H., J.; R) also vanishes for all ¢ > 0 sufficiently large.

PROOF. We will assume in the following that the usual (unrealistic) transver-
sality assumptions hold, but the essential idea of the argument would not change in
the presence of abstract perturbations.

Let (A, 0&;) denote the contact homology chain complex generated by closed
R,-orbits, with d&y counting .J,-holomorphic curves in R x M. The assumption
HC.(M,& R) = 0 means there exists an element f € A with 0gyf = 1. Here f
is a polynomial function of the g, variables, and JZuf counts a specific finite set
of Fredholm regular index 1 curves in (R x M, J,). Now let (A, d&y) denote the
chain complex for HC.(M,H,, J.; R), and notice that since « is contact, the stable
Hamiltonian structures (do, ) and H,. = (2 + cda, ) define matching Reeb vector
fields, so the set of generators is unchanged. There is also no change to this complex
if we replace H, = (2 + cda, ) by H. = (%Q + day, a): this changes the energies
of individual J.-holomorphic curves, but the sets of finite-energy curves are still the
same in both cases. We can assume J. — J,, in C* as ¢ — . The implicit function
theorem then extends each of the finitely many J,-holomorphic curves counted by
0*f uniquely to a smooth 1-parameter family of J.-holomorphic curves for ¢ > 0
sufficiently large.” We claim that these are the only curves counted by d&uf when
¢ > 0 is large. Indeed, there would otherwise exist a sequence ¢ — oo for which
additional .J., -holomorphic index 1 curves uy, contribute to d¢i;f, and since f has only
finitely many terms representing possible positive asymptotic orbits, we can find a
subsequence for which all the u; have the same positive asymptotic orbits. A further
subsequence then has all the same negative asymptotic orbits as well since the Reeb
flow is nondegenerate and the total period of the negative orbits is bounded by the
total period of the positive orbits. Finally, since the sequence of stable Hamiltonian
structures H;, converges to (da, a), the curves u; have uniformly bounded energy
with respect to H, , so that SF'T compactness yields a subsequence converging to
a Jyp-holomorphic building of index 1, which can only be one of the curves counted
by 0&uf. This contradicts the uniqueness in the implicit function theorem and thus
proves the claim. We conclude that for all ¢ > 0 sufficiently large, d¢uf = 1. U

DEFINITION 13.17. Assume (W,w) is a symplectic cobordism with stable bound-
ary OW = —M_] [ M,, with induced stable Hamiltonian structures Hy = (w4, A\+)

—~

at My, and suppose J is an almost complex structure on the completion W that is
w-tame on W and belongs to J(H+) on the cylindrical ends. We will say that J
is pseudoconvex near infinity® if the R-invariant almost complex structures J.
defined by restricting J to [0,0) x M, and (—o0,0] x M_ are both pseudoconvex.

2In case you are concerned about the parametric moduli space being an orbifold instead of a
manifold, just add asymptotic markers so that there is no isotropy, and divide by the appropriate
combinatorial factors to count.

31f I were being hypercorrect about use of language, I might insist on saying that J is “pseudo-
convex near +00 and pseudoconcave near —o0,” as the orientation reversal at the negative boundary

3

makes M_ technically a pseudoconcave hypersurface in (W, J), not pseudoconvex. But this defi-
nition will only be useful to us in cases where M_ = ¢, so my linguistic guilt is limited.
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Note that the condition on J in the above definition can only be satisfied if Ay
are both positive contact forms on M, but the 2-forms w4 need not be exact.

Proving contact invariance of SF'T requires counting curves in trivial exact sym-
plectic cobordisms, but it is also natural to try to say things about non-exact
strong symplectic cobordisms using SFT.? These fit naturally into our previously
established picture since every strong cobordism has collar neighborhoods near the
boundary in which it matches the symplectization of a contact manifold. The fol-
lowing more general notion of cobordism is also natural from a contact topological
perspective, but fits less easily into the SF'T picture.

DEFINITION 13.18 ([MINW13]). Given closed contact manifolds (M,,£,) and
(M_,¢_) of dimension 2n — 1, a weak symplectic cobordism from (M_,{ ) to
(M, £y) is a compact symplectic manifold (W, w) with 0W = —M_ [ M, admit-
ting an w-tame almost complex structure J for which the almost complex manifold
(W, J) is pseudoconvex at M, and pseudoconcave at M_, with

éi = TMi M J(TMi)

Weak cobordisms are characterized by the existence of a tame almost complex
structure J whose restriction to &4 is tamed by two symplectic bundle structures,
wle, and dayle, (for any choices of contact forms g defining &;). Notice that
in dimension 4, the second condition is mostly vacuous, and the weak cobordism
condition just reduces to

W|§i > 0.

In this form, the low-dimensional case of Definition 13.18 has been around since the
late 1980’s, and there are many interesting results about it, e.g. examples of contact
3-manifolds that are weakly but not strongly fillable [Gir94, Eli96]. We will see in
§13.3.2 that this distinction is detectable via SFT. Higher-dimensional examples of
this phenomenon were found in [MINW13].

One major difference between weak and strong cobordisms is that the latter are
always exact near the boundary, as the Liouville vector field is dual to a primitive
of w. It turns out that up to deformation, weak fillings that are exact at the
boundary are the same thing as strong fillings—this was first observed by Eliashberg
in dimension three [Eli91, Prop. 3.1], and was extended to higher dimensions in
[MNW13]:

PROPOSITION 13.19. Suppose (W,w) is a weak filling of a (2n — 1)-dimensional
contact manifold (M, &) such that w|ryr is exact. Then after a homotopy of w through
a family of symplectic forms that vary only in a collar neighborhood of OW and define
weak fillings of (M,§), (W,w) is a strong filling of (M,§).

PROOF. Choose any contact form « for £, and let Q = w|ry;. By Proposition 6.9
and Remark 6.10, we can identify a collar neighborhood of 0W in W with (—e¢, 0] x M,
with the coordinate on (—e¢, 0] denoted by 7, such that w = € + d(ra) on the collar.

4By strong cobordism, we mean the usual notion of a compact symplectic manifold with convex
and/or concave boundary components (see §1.4). The word “strong” is included in order to contrast
this notion with its weaker cousin described in Definition 13.18.
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By assumption, 2 = dn for some 1-form 7 on M, and since (W,w) is a weak
filling of (M, & = ker o), we can choose a complex structure Je on £ that is tamed
by both dale and dnle. Now choose a smooth cutoff function 3 : [0,0) — [0, 1] that
has compact support and equals 1 near 0. We claim that

w = d(B(r)n) + d(ra)
is a symplectic form on [0,00) x M if |f'] is sufficiently small. Indeed, writing
w=dr A (a+ B (r)n) + [B(r)dn+ rda], we have

W' =ndr A an[B(r)dy+rda]”t +nf(r)dr An A [B(r)dn+rda]" "

The first term is positive and bounded away from zero since dn|¢ and dale both
tame J¢, hence so does Sdn + rdale. The second term is then harmless if || is
sufficiently small, proving w™ > 0.

. This defines an extension of the original weak filling to a symplectic completion
W =W up ([0,00) x M), and for each 7y > 0, the compact subdomains defined
by r < 1o define weak fillings of ({ro} x M,§) since wle = (B(r¢) dn + 1o dar)|¢ also
tames Je. Notice that for ry sufficiently large, the dn term disappears, so w has
a primitive that restricts to {ro} x M as a contact form for £, meaning we have a
strong filling of this hypersurface. The desired deformation of w can therefore be
defined by pulling back via a smooth family of diffeomorphisms (—e¢, 0] — (—¢,ro],
where r( varies from 0 to a sufficiently large constant. 0

Unlike strong cobordisms, being a weak cobordism is an open condition: if (W, w)
is a weak cobordism, then so is (W,w + €o) for any € > 0 sufficiently small and a
closed 2-form o, which need not be exact at dWW. As a consequence, the cylindrical
ends of a completed weak cobordism cannot always be deformed to look like the
symplectization of a contact manifold. This is where Definition 13.17 comes in
useful. The proof of the next lemma is very much analogous to Proposition 13.19.

LEMMA 13.20 ([MNW13, Lemma 2.10]). Suppose (W,w) is a weak filling of
a (2n — 1)-dimensional contact manifold (M,€), « is a contact form for & and )
is a closed 2-form on M with [Q)] = |w|ra] € Hig(M). Then for any constant
¢ > 0 sufficiently large, after a homotopy of w through a family of symplectic forms
that vary only in a collar neighborhood of OW and define weak fillings of (M,§),
wlry = Q + cda. O

The following result then provides a suitable model that can be used as {2 in
the above lemma when w|7), is nonexact. The statement below is restricted to the
case where [w|r)/] is a rational cohomology class; the reason for this is that it relies
on a Donaldson-type existence result for contact submanifolds obtained as zero sets
of approximately holomorphic sections, due to Ibort, Martiinez-Torres and Presas
[IMTPO0O0]. It seems likely that the rationality condition could be lifted with more
work, and in dimension three this is known to be true; see [NW11, Prop. 2.6].

LEMMA 13.21 ([CV15, Prop. 2.18]). For any rational cohomology class n €
H?(M;Q) on a closed (2n — 1)-dimensional contact manifold (M,§), there erists
a closed 2-form 2 and a nondegenerate contact form « for & such that (Q,«) is a
stable Hamiltonian structure. O
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Combining all of the above results (including Example 13.15) proves:

PROPOSITION 13.22. Suppose (W,w) is a weak filling of a (2n — 1)-dimensional
contact manifold (M,€) such that [w|ra] € Hig (M) is rational or n = 2. Fiz a
nondegenerate contact form « for & Then there exists a closed 2-form ) coho-
mologous to w|ry such that H = (Q,«) is a stable Hamiltonian structure, and
for all ¢ > 0 sufficiently large, w can be deformed in a collar neighborhood of oW,
through a family of symplectic forms defining weak fillings of (M, &), to a new weak
filling for which oW is also stable and inherits the stable Hamiltonian structure
He = (2 + cda,a). In particular, after this deformation, the completed stable fill-
g admits a tame almost complex structure that is pseudoconvexr near infinity and
may be assumed C*-close to any given J € J(«). O

We will use this in §13.3.2 to define obstructions to weak fillability via SF'T.

REMARK 13.23. There is apparently no analogue of Propositions 13.19 and 13.22
for negative boundary components of weak cobordisms, and this is one of a few
reasons why they are not often discussed. For example, if L is a Lagrangian torus
in the standard symplectic 4-ball D*, then the complement of a neighborhood of
L in B* defines a strong cobordism from the standard contact T?® to S®. The
symplectic form on this cobordism is obviously exact, but if any result analogous to
Proposition 13.19 were to hold at the concave boundary, then we could deform it to
a Liouville cobordism. No such Liouville cobordism exists—it would imply that the
Lagrangian L < B* is exact, thus violating Gromov’s famous theorem [Gro85] on
exact Lagrangians.

13.2.2. Counting disconnected index 0 curves. Fix a symplectic cobor-
dism (W,w) with stable boundary 0W = —M_ [ [ M, carrying stable Hamiltonian
structures Hy+ = (w4, A+ ), along with a generic almost complex structure J that is
w-tame on W, belongs to J(H+) on the cylindrical ends, and is pseudoconvex near
infinity. This implies that the stabilizing 1-forms Ay are both contact forms. Let
us also assume that the Ay are both nondegenerate, and that both J and the in-
duced R-invariant almost complex structures J4 € J(H+) satisfy Assumption 12.1.
These assumptions mean that all the usual SF'T chain complexes are well defined for
(M4, H+, J+; Ry) with any choice of coefficient ring Ry = Q[H2(M4)/G+]. Denote
the corresponding SF'T generating functions by H.

Recall from Lecture 12 that the auxiliary data on M, and M_ includes a choice
of capping surface C., for each closed Reeb orbit v (or a capping chain with rational
coefficients if H; (M) has torsion). These surfaces satisfy

oC, = Y, milCF] - )

where the m; are integers and C;" = M, are fixed curves forming a basis of H; (My.).
Assume H;(W) and H;(My) are all torsion free. (Only minor modifications are
needed if this assumption fails to hold, see Remark 13.1.) We can then fix the
following additional auxiliary data:

(1) A collection of reference curves
St=Cy,...,Ch,c W
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whose homology classes from a basis of Hy (V).

(2) A unitary trivialization of TW along each of the reference curves C1, ..., C,,
denoted collectively by 7.

(3) A spanning surface S; for each of the positive/negative reference curves
C* < My, ie. a smooth map of a compact and oriented surface with
boundary into W such that

05t = myu[Cy] - [CF]
j

in the sense of singular 2-chains, where m;; € Z are the unique coefficients
with [C7] = 3, m[C)] € Hi(W).
Now to any collections of orbits v+ = (77, ... ,fy,;—:) in My and a relative homol-
ogy class A € Hy(W, 5" u~7) with 0A = 3["] — X;[7; ], we can associate an

absolute homology class in two steps: first add A to suitable sums of the capping
surfaces C_ + producing a 2-chain whose boundary is a linear combination of positive

and negative reference curves, then add a suitable linear combination of the S;* so
that the boundary becomes the trivial linear combination of C4, ..., C,.. With this
understood, we can now associate an absolute homology class

[u] € Hy(W)

to any asymptotically cylindrical J-holomorphic curve w : (Z, j) — (W, J), and
this defines the notation M, ,,(J, A,y*,v7) with A € Hy(W). We now require the
trivializations of &4 along each C;* to be compatible with 7 in the sense that they
extend to trivializations of TW along the capping surfaces S;°. With this convention,
the Fredholm index formula takes the expected form

ind(u) = (n — 3)x () + 2¢1([u]) + i pez(vi) — Z pez(v5)-

If H;(W) has torsion, then this whole discussion can be adapted as in §12.7.1 by re-
placing integral homology with rational homology and capping surfaces with capping
chains, and the Conley-Zehnder indices can be defined modulo 2.

We will also need to impose a compatibility condition relating the coefficient
rings Ry = Q[Hy(M4)/G+] to a corresponding choice on the cobordism . Choose
a subgroup G < Hy(W) such that

(13.10) (w],A)=0 forall AegG,

and such that the maps Ho(My) — Ho(W) induced by the inclusions My — W
send G4 into G. If [w] # 0 € H3z (W), then we will have to deal with noncompact
sequences of J-holomorphic curves that have unbounded energy, so it becomes nec-
essary to “complete” R to a Novikov ring R, which contains R but also includes
infinite formal sums

0
ZcieAi such that  {Jw], A;) — +0 as i — .
i—1
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Note that the evaluation (Jw], A) € R is well defined for A € Hy(W)/G due to
(13.10).

Analogously to our definition of H in Lecture 12, the generating function for
index 0 curves in W is defined as a formal power series in the variables h, ¢, (for
orbits in M_), and p, (for orbits in M, ), with coefficients in R:

_ €(u) g-1,A v~ vt
(13.11) F = Z mh e“q7 p7’
ueMg(J)
where M (.J) denotes the moduli space of stable connected J-holomorphic curves
u in W with ind(u) = 0 and only good asymptotic orbits, modulo permutations of
the punctures, and for each u:
e ¢ is the genus of u;
e A is the equivalence class of [u] € Ho(W) in Hy(W)/G;
e vt = (7f,. .. ,vi) are the asymptotic orbits of u after arbitrarily fixing
orderings of its positive and negative punctures;
e ¢(u) € {1, —1} is the sign of u as a point in the 0-dimensional component of
M3(J) (after choosing an ordering of the punctures and asymptotic mark-
ers), relative to a choice of coherent orientations on M?*(.J).
As usual, the product e(u)q” p?" is independent of choices. Similarly to our dis-
cussion of H in §12.3, writing F in the form of (1/3\ 11) only makes sense under the

unrealistic assumption that all index 0 curves in W (including multiple covers) are
regular, but under the same assumption, the formula is equivalent to

ol ATy~
(13.12) F- Y #Mgo(L A7)

—1 A - +
ko k kv kK e P
_ +v—Tvy o
gAYty

in which the sum ranges over all integers g > 0, equivalence classes A € Hy(M)/G,
and ordered tuples of Reeb orbits v* = (v, ...,7, ) in My and v~ = (..., %)

for which vir-dim Mi,O(J, A,v*,v7) = 0. In this form, the transversality issues can

be dealt with as in §12.4.3 by defining #M?O(J, A, vt v7) € Q as a count of a com-
pact weighted branched O-manifold obtained as the zero set of a generic multivalued
inhomogeneous perturbation of the nonlinear Cauchy-Riemann operator.

REMARK 13.24. The word “stable” in the above definition deserves further com-
ment. Recall from Remark 6.31 that a smooth connected J-holomorphic curve
without marked points is called stable if either it is nonconstant or its domain has
negative Euler characteristic; equivalently, u is stable if and only if Aut(u) is finite.
This condition was not relevant in our definition of H because constant curves never
have index 1, but they can have index 0, thus the definition of F explicitly ex-
cludes closed J-holomorphic spheres and tori with [u] = 0, and #M?O(J, 0,7, )
in (13.12) is defined to be 0 for g = 0,1. This is appropriate in light of the SFT
compactness theorem, in which smooth non-stable curves can never appear as com-
ponents in stable holomorphic buildings. What may seem a bit confusing at first
is that if dimW = 6, then constant curves of genus g > 2 have index 0 and are
stable, so (13.12) does count them. But constant curves can never be isolated, so
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this is yet another case where Assumption 12.1 on transversality definitely cannot
be satisfied. The contributions #./\/ljo(J, 0, d, ) for g = 2 can be defined in this
case using multivalued inhomogeneous perturbations as in §12.4.3, meaning that we
count (with signs and rational weights) nullhomologous solutions u : 3, — W to
equations of the form d;u = v.

We shall regard F as an element in an enlarged operator algebra that includes
q and p variables for good orbits in both M, and M_, related to each other by the
supercommutation relations

[Py @ri] = [Prss 0] = lar- s 0] = [Pr 0 ] = 0
whenever ~_ is an orbit in M_ and ~, is an orbit in M . Since all curves counted
by F have index 0, F is homogeneous with degree

IF| = 0.

Notice that for any fixed monomial g7 p?", the corresponding set of curves in M5 (J)
may be infinite if w is nonexact, but SF'T compactness implies that the set of such
curves with any given bound on {[w], [u]) is bounded. As a consequence, the coeffi-
cient of A9~ 1¢” p*" in F belongs to the Novikov ring R.

REMARK 13.25. In the case M, = dM_ = (J, there are no g or p variables, so
F is an element of R[[R]] recording the counts of closed J-holomorphic curves of
all genera in all homology classes in the closed symplectic manifold (W, w). These
are, in other words, Gromov-Witten invariants of (WW,w), and F is a simple version
of the so-called Gromov-Witten potential.’

REMARK 13.26. In many standard presentations of Gromov-Witten theory, the
moduli space MiO(J,A,'y*,'y_) in (13.12) is replaced with the compactification

sz(J, A,~v",~7). This distinction is academic in our presentation, because if As-

sumption 12.1 on transversality holds, then Mjo(t], A,~*,v7) does not contain any
nodal curves, for dimensional reasons, so the two spaces are the same finite set. It is
important to keep in mind however that in the real world where transversality cannot
be achieved merely by perturbing .J, there exist situations (see Example 13.27 be-
low) where MiO(J, A, vt y7) is empty but mjo(tf, A,~*,~7) is not, in which case
#Mio((], A,~v",~7) may be nonzero. The latter can happen because under generic
inhomogeneous perturbations, there may exist solutions u of the perturbed equation
0;u = v that converge to nodal curves or buildings (but not to smooth curves) as
the perturbation v is turned off. The moral is: if you want to deduce a computation
of #M?O(J, A, vt y7) without actually carrying out abstract perturbations, then

you generally need to understand the compactified space M;O(J, A, vt y7), not
just Mio((], A,v",~7), even if the latter is finite or empty.

5The more elaborate standard version of the Gromov-Witten potential also involves moduli
spaces with marked points, and includes extra generators to keep track of intersection numbers of
the evaluation map with homology cycles in the target manifold. One can similarly build this type
of information into the algebraic formalism of SF'T, making it a direct generalization of Gromov-
Witten theory—see [EGHO00, §2.2-2.3] for details.
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ExaMPLE 13.27. Consider the space of closed genus g > 1 curves of degree 1
in (S2,4): M,(i,[S?], d, ) is empty since a holomorphic map (X,,7) — (S?,14)
of degree 1 would have to be a diffeomorphism, but M, (4, [S?], &, &) contains
a nodal curve u with one spherical component on which w is the identity map,
attached by a node to a genus g component on which v is constant. Nodal curves of
this type are known to make nontrivial contributions to Gromov-Witten invariants;
see e.g. [MS12, Example 8.6.12].

Consider next the series

| —

k
!F.

-

exp(F) := Z
k=0

We will be able to view this as a formal power series in ¢ and p variables and a formal
Laurent series in i with coefficients in R, though it is not obvious at first glance
whether its coefficients are in any sense finite. We will deduce this after interpreting
it as a count of disconnected index 0 curves: first, write

o0
1 e(uq) ... e(uy) ok At A
= k! (1 MG T | Aut? (uq)|. .. | Aut? (uy)|

ST .qvkpﬁ)_

Observe that since each of the curves u; € MZ(J) in this expansion has index 0,
the monomials ¢ p“’i+ all have even degree and thus the order in which they are
written does not matter. Now for a given collection of distinct curves vy, ..., vy and
integers ki,...,ky € N with ky + ... + ky = k, the various permutations of

(Ur, . ) = (U1, V1, UN - ) € (MG(T))F
—_——— —_————

kl kN

occur times in the above sum, so if we forget the ordering, then the contri-

k!
kil k!
bution of this particular k-tuple of curves to exp(F) is

G(Ul) R E(Uk) hgl+...+gk—k6A1+...+Akq71_p'yr o q'y;p'y:

kil k! Aut? (ug)] .. | Aut? (uyg)]

Notice next that the denominator k;! ... ky!| Aut?(uqi)|.. .| Aut?(uy)| is the order of
the automorphism group of the disconnected curve formed by the disjoint union of
Uy, ..., u;: the extra factors k;! come from automorphisms that permute connected
components of the domain. Thus exp(F') can also be written as in (13.11), but with
MG (J) replaced by the moduli space of potentially disconnected index 0 curves with
unordered punctures, and g — 1 generalized to g; +. ..+ gx — k for any curve that has
k connected components of genera ¢y, ..., gr. One subtlety that was glossed over in
the above discussion: the sum also includes the unique curve with zero components,
i.e. the “empty” J-holomorphic curve, which appears as the initial 1 in the series
expansion of exp(F).
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With this interpretation of exp(F') understood, we can now address the possibil-
ity that the infinite sum defining exp(F) might include infinitely many terms for a
given monomial "¢ p", i.e. that there are infinitely many disconnected index 0
curves with fixed asymptotic orbits and a fixed sum of the genera minus the number
of connected components. We claim that this can indeed happen, but only if the
curves belong to a sequence of homology classes A; € Hy(M)/G with (Jw], A;) — o0,
hence the coefficient of A¢” p?" in exp(F) belongs to the Novikov ring R. The
danger here comes only from closed curves, since a disjoint union of two curves
with punctures always has strictly more punctures. Notice also that for any given
tuples of orbits v+, there exists a number ¢ € R depending only on these orbits and
the chosen capping surfaces such that every (possibly disconnected) J-holomorphic

curve u : X — W asymptotic to v* satisfies

(@], [u]) = c.

This follows from the fact that the integral of w over the relative homology class of
u always has a nonnegative integrand.

LEMMA 13.28. Given constants C e R and k € Z, there exists a number N €
N such that if u : (X,j) — (W,J) is a closed J-holomorphic curve satisfying
{w], [u]) < C, with m connected components, all stable, of genera gy, ..., gn satis-
fying g1 + ...+ gm —m =k, then m < N.

PrOOF. Note first that for each integer g > 0, there is an energy thresh-
old, i.e. a constant ¢, > 0 such that every nonconstant closed and connected J-

holomorphic curve u : > — W of genus g has

(w]; [ul) = <.

This is an easy consequence of Gromov’s compactness theorem, which is just the
closed case of SF'T compactness. Indeed, if there were no such constant, then we
would find a sequence uy : X — W of connected closed curves with genus g such
that
Bwn) = sup | wjio, = sup(l ], ) = (), ) = 0.
)

® ®

where we have used the fact that the cohomology class [w,] € H, gR(W) is indepen-
dent of the choice of auxiliary function ¢ : R — (—¢,€) and matches [w] under

the isomorphism H, gR(W) = H32z (W) defined via a deformation retraction of the
cylindrical ends. There is then a subsequence of u; that converges to a stable holo-
morphic building in which every component has zero energy—in other words, the
limit is a nodal curve whose components are all constant, and its total Egmology
class is therefore zero. But the latter cannot happen unless [uy] = 0 € Ho(W) for all
k sufficiently large, and since E(uy) for closed curves depends only on the homology
class, this would imply E(uy) = 0 as well, so that the curves u;, are also constant,
giving a contradiction.

Now if u is a disconnected curve satisfying the stated conditions, the bound
on {Jw],[u]) combines with the energy threshold to give bounds on the number
of connected components of u with genus 0 or 1, as stability requires these to be
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nonconstant. All other components contribute positively to the left hand side of the
relation » " (g; — 1) = k, so this implies a universal bound on m. 0

COROLLARY 13.29. Fiz constants C € R and k € Z, and tuples of Reeb orbits
~*, and assume that the usual transversality conditions hold. Then there exist at
most finitely many potentially disconnected J-holomorphic curves u : > — W with
index 0 such that the number of connected components m and the genera gy, ..., gm
of its components satisfy g1 + ...+ gm —m = k. O

COROLLARY 13.30. The expression exp(F) is a formal power series in q and p
variables and a formal Laurent series in h, with coefficients in the Novikov ring R.
O

For a compact symplectic manifold (W, w) with no boundary, the coefficients in
F and exp(F) are symplectic invariants; in particular they are independent of the
choice of almost complex structure J, and depend in fact only on the deformation
class of the symplectic structure w. One proves this by choosing a generic homotopy
{Js}sefo,1] of compatible almost complex structures associated to a deformation of w
and viewing the resulting parametric moduli space as an oriented cobordism between
the moduli spaces for Jy and J;. In the absence of transversality problems, the
cobordism is compact due to a dimension counting argument: the formation of
nodal curves is a codimension two phenomenon, so in a 1-dimensional parametric
moduli space, it never happens. But when W # ¢, breaking can also occur,
giving rise to holomorphic buildings with multiple levels that form codimension one
strata of the compatification. This kills the dimension counting argument, with the
consequence that F and exp(F) are not independent of the choice of J. Instead, the
compactness and gluing theory give rise to an algebraic relation between F and H..

Consider the 1-dimensional moduli space of connected index 1 curves in W with
genus ¢g. The boundary points of the compactification of this space consist of two
types of buildings:

TYPE 1 : A main level of index 0 and an upper level of index 1;
TYPE 2 : A main level of index 0 and a lower level of index 1.

This is clear under the usual transversality assumptions since regular curves in W
must have index at least 0, while regular curves in the symplectizations R x M
have index at least 1 unless they are trivial cylinders. The building must also be
connected and have arithmetic genus g, but there is nothing to guarantee that each
individual level is connected. In fact, we already saw this issue in Lecture 12 when
proving H? = 0, but it was simpler to deal with there, because disconnected regular
curves of index 1 in a symplectization always have a unique nontrivial component,
while the rest are trivial cylinders. In the cobordism W, on the other hand, a
disconnected index 0 curve can be formed by any disjoint union of index 0 curves,
all of which are nontrivial. The resulting algebraic relation therefore involves exp(F)
instead of F. Since the union of all buildings of types 1 and 2 described above forms
the boundary of a compact oriented 1-manifold,’ the count of these buildings is zero,

50r a weighted branched 1-manifold, if transversality problems are solved via multivalued
perturbations.
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and this fact is encoded in the so-called master equation
(13.13) H_exp(F)|, —o —exp(F)H,|,, 0 = 0,

where the expressions “p_ = 0”7 and “g, = 0” mean that we discard all terms
in H_exp(F) — exp(F)H, containing any variables p, for orbits in M_ or ¢, for
orbits in M,. The resulting expression is a formal power series in ¢ variables for
orbits in M_ and p variables for orbits in M, _representing a count of generally
disconnected index 1 holomorphic buildings in W with the specified asymptotics.
The various ways to form such buildings by choices of gluings is again encoded by
the commutator algebra. The master equation (13.13) can be used to prove the
chain map property for counts of curves in cobordisms, thus it is an essential piece
of the invariance proof for each of the homology theories introduced above.

EXERCISE 13.31. Fill in the details of the proof of (13.13), modulo transversality.

13.3. Full SFT as a BV, -algebra

In this section we discuss the specific theory HS¥T(M, &; R), defined as the ho-
mology of the chain complex (A[[A]], Dspr). The case G = Hy(M) with trivial
group ring coefficients Q[Hy(M)/G| = Q will be abbreviated as

HFH (M, €) := HIFN (M, & Q).
As we defined it, Dgpr acts on A[[A]] by treating the generating function H as a
differential operator via the substitution
0
h—.
0qy
According to [CL09], this makes (A[[A]], Dspr) into a BV,,-algebra; we’ll have no

particular need to discuss here what that means, but one convenient feature is the
expansion

(13.14) Dy = Ky

1 a0
(13.15) Dgpr = 7 Z DAY,
k=1

in which each Dg?T : A — A is a differential operator of order < k (see [CL09, §5]).
For each k € N, Dg?T is a count of all index 1 holomorphic curves that have genus
g = 0 and m > 1 positive punctures such that ¢ + m = k. In particular, DélF)T
is simply the contact homology differential dcy, and the expansion (13.15) implies

together with D2, = 0 that (DSF)T)Q = 0, hence we again see the chain complex
for contact homology hidden inside a version of the “full” SF'T complex.

13.3.1. Cobordism maps and invariance. One can use the master equation
(13.13) to prove invariance of HSFT(M, &; R) by a straightforward generalization of
the usual Floer-theoretic argument. Suppose (W, d\) is an exact symplectic cobor-
dism from (M_,&_) to (M, &4) with Alra, = g, and choose a generic almost

complex structure J on W that is dA-compatible on W and restricts to the cylin-
drical ends as generic elements J4 € J(a+). Let (AX[[A]], D&py) denote the chain
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complexes associated to the data (a4, Jy), and for simplicity in this initial discus-
sion, choose the trivial coefficient ring R = QQ for both. We then define a map

@ : AT[[h]] - AT[[R]] : f — exp(F)f|,, -0,

where the generating function exp(F') is regarded as a differential operator via the
substitution (13.14), with e := 1 for all A € Hy(W) since we are using trivial
coefficients, and “g; = 07 means that after applying exp(F) to change f into a
function of ¢ variables for orbits in both M, and M_, we discard all terms that
involve orbits in M, . The exactness of the cobordism implies that negative powers
of h do not appear in ®f, thus producing an element of A~[[A]]: indeed, since

there are no holomorphic curves in W without positive punctures, every term in
F contains at least one p variable, so that negative powers of A do not appear in
exp(F) after applying (13.14).

The master equation for F now translates into the fact that ® is a chain map,

Dgpro® —®o D;FTv

thus it descends to homology. The geometric meaning of ® is straightforward to
describe: analogous to (12.11) in Lecture 12, we can write

0

(13.16) ®q7 = ) Y (v, k)

9=0 «

where ng(vy,v', k) is a product of some combinatorial factors with a signed count
of disconnected index 0 holomorphic curves with connected components of genera
91, - .-, gm satisfying ¢1 + ... + g, — m = g — 1, and with positive ends at v and
negative ends at 4/, where k is the number of positive ends.

Let’s discuss two applications of the cobordism map ®. First, note that if W is a
trivial symplectic cobordism [0, 1] x M, then the above discussion can easily be gen-
eralized with (A%, D&,) both defined over the same group ring R = Q[Ha(M)/G]
for any choice of G ¢ Hy(M). There is no need to consider a Novikov ring in defining
F here since the cobordism is exact. We therefore obtain a chain map with arbitrary
group ring coefficients, and extending this discussion along standard Floer-theoretic
principles will imply that the chain map is an isomorphism: this can be used in
particular to prove that HSTT(M, &; R) does not depend on the choices of contact
form and almost complex structure. There are two additional steps involved in this
argument: first, one needs to use a chain homotopy to prove that ® does not de-
pend on the choice of almost complex structure J on W. Given a generic homotopy
{Js}se[0,1], the chain homotopy map

W AT[[A])] = AT[[n]]

is defined as a differential operator in the same manner as ®, but counting pairs
(s,u) where s € [0,1] is a parameter value for which Js is nongeneric and u is a
disconnected Js-holomorphic curve in W with index —1. We saw how this works
for cylindrical contact homology in Lecture 10, but there is a new subtlety now
that should be mentioned: in principle, a disconnected index —1 curve in W could
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have arbitrarily many components, including perhaps many with index —1 and oth-
ers with arbitrarily large index. Even worse, the compactified 1-dimensional space
of pairs (s,u) for Jg-holomorphic curves u of index 0 may include buildings that
have symplectization levels of index greater than 1, balanced by disjoint unions of
many index —1 curves in the main level. This sounds horrible, but it can actu-
ally be ignored, for the following reason: first, since there are only finitely many
pairs (s,u) where u is a connected Jg-holomorphic curve with index —1, one can (if
transversality is achievable at all) use a genericity argument to assume without loss
of generality that for any given s € [0, 1], at most one connected index —1 curve ex-
ists. This means that in any building that has multiple index —1 components, those
components are just multiple copies of the same curve. Now, since that curve has
odd index, it is represented by a monomial ¢¥ p?" that contains an odd number of
odd generators, and any nontrivial product of such generators therefore disappears
in A since odd generators anticommute with themselves. This algebraic miracle
encodes a convenient fact about coherent orientations: whenever one of the horrible
buildings described above appears, one can reorder two of the index —1 components
to produce from it a different building that lives in a moduli space with the opposite
orientation. Gluing this building back together then produces a continuation of the
1-dimensional moduli space, so that the horrible building can actually be interpreted
as an “interior” point of the 1-dimensional space, rather than boundary. The actual
count of boundary points is then exactly what we want it to be: it is represented
algebraically by the chain homotopy relation!

Finally, compositions of cobordism maps can be understood via a stretching
argument that is not substantially different from the case of cylindrical contact
homology. Since the trivial cobordism with R-invariant data gives a cobordism
map that just counts trivial cylinders and is therefore the identity, it follows that
cobordism maps relating different pairs of data (a4, J1) are always invertible, and
this proves the invariance of H>*T (M, &; R).

The second application concerns nontrivial exact cobordisms, and it is immediate
from the fact that ® is a chain map:

THEOREM 13.32. Any ezxact cobordism (W, d\) from (M_,&_) to (M, &) gives
rise to a Q[[h]]-linear map

HT (M, £4) — HIT(M_£.).
U

It is much more complicated to say what happens in the event of a nonexact
cobordism, but slightly easier if we restrict our attention to fillings, i.e. the case with
M_ = . Assume (W, w) is a compact symplectic manifold with stable boundary M,
inheriting a stable Hamiltonian structure H = (2, a) for which « is a nondegenerate
contact form, and assume also that the completion W admits an almost complex
structure J that is w-tame on W and has a pseudoconvex restriction J, € J(H) to
the cylindrical end. We saw in Proposition 13.22 that these conditions can always
be achieved for a weak filling after deforming the symplectic structure. Let

G = ker|w] := {A e Hy(W) | {{w], A) = 0},
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and choose G4 < Hy(M) to be any subgroup such that the map Ho(M) — Ho(W)
induced by the inclusion M < W sends GG, into G. In other words, Gy can be any
subgroup of ker[Q)] € Hy(M). Define the group rings

R, = Q[H3(M)/G.], R = Q[Hy(W)/ker[w]],

with the Novikov completion of R denoted by R. The map Hyo(M)/G, — Hy(W)/G
induced by M — W then gives a natural ring homomorphism

(13.17) R. — R.

If w is not exact, then it may no longer be true that every term in F has at least
one p variable. Let us write
F=F+Fy,

where Fy contains no p variables and F; = O(p), i.e. Fy counts all closed curves
in W, and F; counts everything else. Since Fy and F; have even degree, they
commute, and thus

exp(F) — exp(Fy) exp(Fy).
where exp(Fy) is an invertible element of R[[h, A~]] since exp(—Fy)exp(Fg) = 1.
By the master equation,

exp(Fo) exp(F1)H = O(q),

hence exp(F;)H = exp(—F()O(q) = O(q) since exp(—F) contains no p variables.
Using the substitution (13.14), and using (13.17) to map coefficients in R, to R, it
follows that exp(F;) gives rise to a differential operator

® : A[[h]] — R[[R]] : £ — exp(F1)f|4—,
which is a chain map to the SFT of the empty set with Novikov coefficients, meaning

(I)ODSFT = 0.

This chain map counts the disconnected index 0 curves in W whose connected
components all have at least one positive puncture.

THEOREM 13.33. Suppose (W,w) is a compact symplectic manifold with sta-
ble boundary (M, H = (2, a)), where o is a nondegenerate contact form, and its

completion W admits an almost complex structure that is w-tame on W and has a
generic and pseudoconvex restriction J,. € J(H) to the cylindrical end. Let R denote
the Novikov completion of Q[Ho(W)/ker|w]], and let Ry = Q[H2(M)/G ], where
G, < Hy(M) is any subgroup on which the evaluation of [Q] € Hiz(M) vanishes.
Then there exists an R[[h]]-linear map HS*Y (M, H, J,; R,) — R[[h]]. O

13.3.2. Algebraic torsion. We can now generalize the notion of algebraic
overtwistedness. Notice that since every term in Dgpr is a differential operator
of order at least 1,

Dgprf =0 forall fe R[[Ah]],
hence every element of the extended coefficient ring R[[h]] represents an element
of HS¥T(M,&; R) that may or may not be trivial. Since Dgpr commutes with all
elements of R[[A]], the subset consisting of elements that are trivial in homology
forms an ideal. The following definition originates in [LW11].
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DEFINITION 13.34. We say that a closed contact manifold (M, &) has algebraic
torsion of order k (or k-torsion for short) with coefficients in R if

[7*] = 0e H"' (M, & R).
The numerical invariant
AT(M,&; R) e Nu {0, 0}

is defined to be the smallest integer k such that (M, &) has algebraic k-torsion but
no (k — 1)-torsion, or o if there is no algebraic torsion of any order.

Several consequences of algebraic torsion can be read off quickly from the prop-
erties of SF'T cobordism maps. Consider first the case of trivial coefficients R = Q,
which we shall refer to as untwisted algebraic torsion and abbreviate

AT(M,§) := AT(M, &; Q).

If (W,w) is a strong filling of (M,¢), then the hypotheses of Theorem 13.33 are
fulfilled even with G = Hy(M) since w is exact at the boundary, thus we obtain a
Q[[A]]-linear map HSFT(M, &) — R[[h]], with R denoting the Novikov completion
of Q[Hy(W)/ker[w]]. If [A*] = 0 € HS¥T(M,€), then the cobordism map implies a
contradiction since A* does not equal 0 in R[[R]]. Similarly, if (W,d\) is an exact
cobordism from (M_,£_) to (M,,£,), then the cobordism map HYT(M,,£&,) —
HEFT(M_ &) of Theorem 13.32 is also Q[[R]]-linear, and thus any algebraic k-
torsion in (M, &) is inherited by (M_,£_). This proves:

THEOREM 13.35. Contact manifolds with AT (M, ) < oo are not strongly fillable.
Moreover, if there exists an exact symplectic cobordism from (M_,£_) to (M, &),

then AT(M_,£_) < AT(M,,&,). 0

It is known (see [Wen13b]) that the second part of the above theorem does
not hold for strong symplectic cobordisms in general, so exactness of cobordisms
is a meaningful symplectic topological condition, not just a technical hypothesis.
It is also known (see [GhiO5]) that strong and exact fillability are not equivalent
conditions.

There are many known examples of contact manifolds that have untwisted al-
gebraic torsion but are weakly fillable. The simplest are the tight tori (T3, &) for
k = 2, for which weak fillings were first constructed by Giroux [Gir94], but Eliash-
berg [E1i96] showed that strong fillings do not exist, and we will see in Lecture 16
that AT(T3,&,) = 1. The weak/strong distinction can often be detected via the
choice of coefficients in SFT. We saw in §13.2.1 that a weak filling of a contact
manifold (M, &) can always be deformed so as to have stable boundary with data
(H = (Q,«), J;) for which « is a nondegenerate contact form and J; is C*-close to
any given element of J(«). Proposition 13.16 showed that if (M, &) is algebraically
overtwisted, then the contact homology for the stable Hamiltonian data (H, J, ) can
also be made to vanish.

EXERCISE 13.36. Generalize the proof of Prop. 13.16 to show that if (M, ) has
algebraic k-torsion with coefficients in R, then also [h*] = 0 € HY*T(M, H,, J.; R)
for sufficiently large ¢ > 0.
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It then follows using Theorem 13.33 that algebraic torsion with suitably twisted
coefficients also gives an obstruction to weak filling. Let us say that (M, £) has fully
twisted algebraic k-torsion whenever [A¥] = 0 € HSYT (M, &; Q[Ho(M)]). Note that
in parallel with Remark 13.10, any nested pair of subgroups G < G’ < Hy(M) gives
rise to a map

H'Y(M, & Q[H(M)/G']) — HY'M (M, & Q[Hy(M)/G),

which is a morphism in the sense that it maps the unit and all powers of A to
themselves. This implies that (M, &) has fully twisted k-torsion if and only if it has
k-torsion for every choice of coefficients.

THEOREM 13.37. If (M,&) is a closed contact manifold with a finite order of
algebraic torsion with coefficients in R = Q[Hy(M)/G] for some subgroup G, then
(M, &) does not admit any weak symplectic filling (W, w) for which [w|ra] € H2g (M)
is rational and annihilates all elements of G. In particular, if (M, €) has fully twisted
algebraic torsion of some finite order, then it is not weakly fillable. OJ

REMARK 13.38. The rationality condition in Theorem 13.37 can probably be
lifted, and is known to be unnecessary at least in dimension three. It is clear in any
case that if (M, &) admits a weak filling (W, w), then one can always make a small
perturbation of w to produce a weak filling for which [w|r/] € H*(M; Q).

We will see some concrete examples of algebraic torsion computations in Lec-
ture 16. Let us conclude this discussion for now with the observation that algebraic
torsion of order zero is a notion we’ve seen before:

PROPOSITION 13.39. For any closed contact manifold (M,£) and group ring
R = Q[Hy(M)/G], the following conditions are equivalent:

(1) (M,€) has algebraic O-torsion (with coefficients in R);
(2) (M,&) is algebraically overtwisted (with coefficients in R);
(3) H{*' (M, & R) = 0.

PROOF. It is obvious that (3) implies (1). Since Dgprf = dcuf + O(h) for f € A,

the linear map

A[[A]] = A: F — Fli
defines a chain map (A[[A]], Dspr) — (A, dcn) and thus descends to a linear map
HSYT(M, & R) — HCL(M,&; R) which sends 1 € A[[R]] to 1 € A. The existence of
this map proves that (1) implies (2).

To prove that (2) implies (3), recall first that if there exists f € A with dcuf = 1,
then the fact that HC, (M, &; R) = 0 follows easily since for any g € A with dcpg =
0, the graded Leibniz rule implies dcn(fg) = (dcuf)g — f(dcng) = g. This works
because dcy is a derivation—but Dgpr is not one, so the same trick will not quite
work for Dgpr. The trick in proving HSYT(M,&; R) = 0 will be to quantify the
failure of Dgpr to be a derivation. For our purposes, it suffices to know that

(1318) DSFT(FG) = (DSFTF)G + (—I)IF‘F(DSFTG) + O(h)
holds for all F, G € A[[A]], which follows from the fact that dcy is a derivation.



390 CHRIS WENDL

With this remark out of the way, suppose f € A satisfies dcyf = 1, in which case
(13.19) Dgprf = 1 + hG
for some G € A[[R]]. We claim then that for any Q € A[[R]] with DgprQ = 0, there
exists Q; € A[[Ah]] with
(13.20) Dgsrr(fQ) = Q + hQ;
and DgprQ; = 0. Indeed, (13.20) follows from (13.18) and (13.19) since DgprQ = 0,
and DgprQ; = 0 then follows by applying Dgpr to (13.20) and using D = 0.
Fixing Qo := Q € A[[A]], we can now define a sequence Qj € A[[h]] satisfying
DgprQr = 0 for all integers k£ > 0 via the inductive condition

Dspr(fQi) = Qi + "Qpy1-

Then Y~ ,(—1)*r*Q; € A[[R]], and

Dgpr (fE(—l)’“h’“%) - Q.
k=0
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In this appendix, we review some of the standard properties of Sobolev spaces,
in particular using them to prove Propositions 2.6, 2.7 and 2.10 from §2.2, and
elucidating the construction of Sobolev spaces of sections on vector bundles. A
good reference for the necessary background material is [AF03].

A.1. Approximation, extension and embedding theorems

Unless otherwise noted, all functions in the following are assumed to be defined
on a nonempty open subset

UcR"?

with its standard Lebesgue measure, and taking values in a finite-dimensional normed
vector space that will usually not need to be specified, though occasionally we will
assume it is R or C so that one can define products of functions. The domain U
will also sometimes have additional conditions specified such as boundedness or reg-
ularity at the boundary, though we will try not to add too many more restrictions
than are really needed. The most useful assumption to impose on U is known as
the strong local Lipschitz condition: if I/ is bounded, then it means simply that
near every boundary point of U, one can find smooth local coordinates in which
U looks like the region bounded by the graph of a Lipschitz-continuous function,
and in this case we call Y a bounded Lipschitz domain. If I/ is unbounded,
then one needs to impose extra conditions guaranteeing e.g. uniformity of Lipschitz
constants, and the precise definition becomes a bit lengthy (see [AF03, §4.9]). For
our purposes, all we really need to know about the strong local Lipschitz condition
is that that it is satisfied both by bounded Lipschitz domains and by relatively
tame unbounded domains such as (0, 1) x (0, ) = R? which have smooth boundary
with finitely many corners. We will repeatedly need to use the generalized version
of Holder’s inequality, which states that for any finite collection of measurable

455
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functions fi,..., fi,
m m ) 1 m 1
(A1) H|f,| gHHf’HL’” forlépépl,...,pméoovvlth—=Z—.
i=1 P = p i=1 Di
This is an easy corollary of the standard version,
1 1
11 lall,s < 112s - lgles whenever 1< pg < 0 and 1= 4 .

For an integer & > 0 and real number p € [1,0], we define W*P(lf) as in
§2.2 to be the Banach space of all f € LP(U) which have weak partial derivatives
0“f e LP(U) for all |a] < k. For p = 2, these spaces are also often denoted by

HE(U) = W2 (),
and they admit Hilbert space structures with inner product
(fogme = D, f, 0%,
| <k
We denote by
Wot W) < W), HiU) < H'U)

the closed subspaces defined as the closures of Ci°(U) with respect to the relevant
norms. Since C°(U) is dense in LP(U) for 1 < p < oo (see e.g. [LLO1, §2.19]),
there is no difference between WOoP(Uf) and W P(U) for p < oo, but in general

WEPU) # WHP(U) for k > 1, with a few notable exceptions such as the case
U = R" (cf. Corollary A.2 below). Let

WEPU) = {functions f on U | f € W*P(V) for all open subsets V < U

loc

with compact closure V < U },

and say that a sequence f; € I/VIIZC’)(Z/{ ) converges in I/Vllch to f e VV{;CP(Z/{ ) if the restric-

tions to all precompact open subsets V < V < U converge in W*?(V). Recall that
for k€ {0,1,2,...,0}, C¥({U) denotes the space of functions on U with continuous
derivatives up to order k, while

CHU) < C*(U)
is the space of f € C*(U) such that for all |a| < k, 0*f is bounded and uniformly
continuous.

THEOREM A.l ([AF03, §3.17, 3.22]). For any open subset U < R™, and any
k>0,1<p< o0, the subspace

C®(U) n WrEPU) = WEP(U)

1s dense. Moreover, if U < R™ satisfies the strong local Lipschitz condition, then the
space

{rec@)| s = flu for some J e Cp(®n)}
is also dense in W*P(U), so in particular,

C*(U) n WrEP(U) c WEP(U)
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15 dense. O]
COROLLARY A.2. The space C(R™) is dense in W*P(R") for every k > 0 and
pe[l,00). O

Here is another useful characterization of VVSLC P(U):

THEOREM A.3 ([AF03, §5.29]). AssumelU < R™ is an open subset satisfying the
strong local Lipschitz condition. Then a function f € W*P(U) belongs to WyP(U)

if and only if the function f on R™ defined to match f on U and 0 everywhere else
belongs to W*P(R™). O

While it is obvious from the definitions that functions in Wg*(U) always admit
extensions of class W*? over R", this is much less obvious for functions in W*»(l{)
in general, and it is not true without sufficient assumptions about the regularity
of dU. For our purposes it suffices to consider the following case.

THEOREM A.4 ([AF03, §5.22]). Assume U < R" is a bounded open subset such
that oU is a submanifold of class C™ for some m € {1,2,3,...,0}. Then there
exists a linear operator E that maps functions defined almost everywhere on U to
functions defined almost everywhere on R™ and has the following properties:

e For every function f onU, Ef|y = f almost everywhere;
e For every nonnegative integer k < m and every p € [1,00), E defines a
bounded linear operator W*P(U) — WHFP(R™).

O

COROLLARY A.5. Suppose U, U < R™ are open subsets such that U has compact
closure contained in U'. If U satisfies the hypothesis of Theorem A.J, then the
resulting extension operator E can be chosen such that it maps each W*P(U) for
k<m and 1< p < o into WiPU).

PROOF. _Choose a smooth function p : Y’ — [0, 1] that has compact support and
equals 1 on U, then replace the operator £ given by Theorem A.4 with the operator
f—p-Ef. O

To state the Sobolev embedding theorem in its proper generality, recall that for
0 < a < 1, the Holder seminorm of a function f on i is defined by

| flee == |flca@) == sup M
oryed | —y|®

and C**(U) is then defined as the Banach space of functions f € C*(Uf) for which
the norm

I

[ flene = [flex + f};glaﬁﬂca

is finite. In reading the following statement, it is important to remember that
elements of W*P(U) are technically not functions, but rather equivalence classes
of functions defined almost everywhere. Thus when we say e.g. that there is an
inclusion W*P(U) — C™*(U), the literal meaning is that for every function f
representing an element of W*P({f), one can change the values of f in a unique way
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on some set of measure zero in U so that after this change, f € C"™*(U). Continuity
of the inclusion means that there is a bound of the form

HfHCmﬂ < CHfHWk,p

for all f € W*P(U), where ¢ > 0 is a constant which may in general depend on m,
a, k, p and U, but not on f.

THEOREM A.6 ([AF03, §4.12]). Assume U < R™ is an open subset satisfying
the strong local Lipschitz condition, k > 1 is an integer and 1 < p < o0.

(1) If 0 < k —n/p < 1, then there exist continuous inclusions
WHEP(U) — C(U)  for each o € (0,1) with a < k —n/p,
WEP(U) — LYU) for each q € [p, ©].

(2) If kp < n and p* > p is defined by the condition

r_1 k
pr p n
then there exist continuous inclusions
WhEP(U) — LYU), for each q € [p, p*].
(3) If kp = n, then there exist continuous inclusions
WEP(U) — LU, for each q € [p, ).
Moreover, the spaces Wf’p(U) admit similar inclusions under no assumption on the
open subset U < R, O]

Under the same assumption on the domain i/, one can apply Theorem A.G to suc-
cessive derivatives of functions in W#?(U/) and thus obtain the following inclusions
for any integer d > 0:

(A2) WkHrf) — Cc**U) if0<k—-n/p<1,0<a<landa<k—n/p,
A3) Wrrrf)y — WeY) if kp>nand p < q < o,

k
n

"=

( ()

(A4) WHErHErP) — W(Y) if kp < n and p < ¢ < p*, with 1
p*

( ey

A5) W) — W(Y)  if kp =nand p < g < 0.

REMARK A.7. The embedding theorem suggests that one should intuitively think
of W*P(U) as consisting of functions with “k — n/p continuous derivatives,” where
the number k& —n/p may in general be a non-integer and/or negative. This provides
a useful mnemonic for results about embeddings of one Sobolev space into another,
such as the following.

COROLLARY A.8. Assume U < R™ is an open subset satisfying the strong local
Lipschitz condition, 1 < p,q < o0, and k,m = 0 are integers satisfying

k>=m, p<q, and k;—— m—2.
p q

Then there erxists a continuous inclusion WHP(U) — W™4(U). O
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EXERCISE A.9. Derive Corollary A.8 from Theorem A.6 by checking that under
the stated conditions, there is a continuous inclusion W*="™?(Uf) — L4(U). Show
also that the hypothesis p < ¢ is unnecessary if &/ < R" has finite measure.

By the Arzela-Ascoli theorem, the natural inclusion
Ck,o/(u) N Ck,oz(u)

for < o’ is a compact operator whenever U < R" is bounded. It follows that if
U < R™in (A.2) is bounded and « is strictly less than the extremal value k—n/p, then
the inclusion (A.2) is also compact. A similar statement holds for the inclusion (A.4)
when p < ¢ < p*, and this is known as the Rellich-Kondrachov compactness
theorem. We summarize these as follows:

THEOREM A.10 ([AF03, §6.3]). AssumeU < R™ is a bounded Lipschitz domain,
k=1 and d >0 are integers and 1 < p < 0.

(1) If kp > n and k —n/p < 1, then the inclusions
Wk+d,p(u) s Cdﬁ‘(z,{) for ae (0, k— n/p),
WS @U) — WU for g [p, o)

are compact.
(2) If kp < n and p* € (p, 0] is defined by the condition 1/p* = 1/p—k/n, then
the inclusions

WHEHP(Uf) s WU)  for g € [p,p*)
are compact.

In particular, the continuous inclusion W*P(U) — W™4(U) in Corollary A.S is
compact whenever the inequality k —n/p = m — n/q is strict. O]

On connected 1-dimensional domains U < R, the spaces W1P(U) admit an alter-
native characterization in terms of classical derivatives defined almost everywhere:

PROPOSITION A.11. For —o0 < a < b < w0, every absolutely continuous function
on [a,b] belongs to W' ((a,b)) and has a weak derivative that is equal to its classical
derivative almost everywhere. Conversely, every function in Wb((a,b)) is equal
almost everywhere to an absolutely continuous function defined on |a,b].

PROOF. Let us denote the classical derivative of a function f by f. and the weak
derivative by f whenever there is danger of confusion. If f is absolutely continuous
on [a,b], then for every test function ¢ € C{°((a,b)), fe defines an absolutely
continuous function on [a, b] that vanishes at the end points, so the fundamental
theorem of calculus implies S[avb](fgo)’c = S[a,b] flo+ S[a,b] f¢' = 0, proving that the
almost everywhere defined function f. € L'([a,b]) is also the weak derivative f,
and thus f € Wh((a,b)).

Conversely, suppose f € Wh((a,b)), so it has a weak derivative f! € L'((a,b)).
We can then define an absolutely continuous function g on [a,b] by g(z) := § f/,,
which is differentiable almost everywhere and satisfies g. = f/. By the argument of
the previous paragraph, ¢. is also a weak derivative ¢/ , thus g — f is a function on
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(a,b) with vanishing weak derivative, implying via [LLO1, Theorem 6.11] that g — f
is equal almost everywhere to a constant. O

COROLLARY A.12. For —w <a <b <o and 1 < p < oo, WHP((a,b)) has
canonical identification with the space of absolutely continuous functions on |a,
whose classical derivatives belong to LP([a,b]).

(I FASa

A.2. Products, compositions, and rescaling

We now restate and prove Propositions 2.6, 2.7 and 2.10 from §2.2. These are
all corollaries of the Sobolev embedding theorem, so in particular they hold for the
same class of domains & < R", and the restrictions on U can be dropped at the cost
of replacing each space W*? by W(f P,

We begin by generalizing Prop. 2.6, hence we consider Sobolev spaces of functions
valued in R or C so that pointwise products of functions are well defined almost
everywhere. We say that there is a continuous product map,

WHRPLHUY) x o x WP () — WP (U),

or a continuous product pairing in the case m = 2, if for every set of functions
fi € WkePi(Yf) with i = 1,...,m, the pointwise product function f; - ... f,, is in
WH*P(U) and there is an estimate of the form

[fr-o Fnlwer < el filwrn o [ fmllwtmom

for some constant ¢ > 0 not depending on fi,..., f,,. The case m =2, k; = ko =k
and p; = py = p is especially interesting, as the space W*?(l{) is then a Banach
algebra. More generally, one can ask under what circumstances multiplication by
functions of class W*? defines a bounded linear operator on functions of class W"™9.
A hint about this comes from the world of classically differentiable functions: mul-
tiplication by C*-smooth functions defines a continuous map C™ — C™ if and only
if K > m. The corresponding answer in Sobolev spaces turns out to be that func-
tions of class W*? need to have strictly more than zero derivatives in the sense of
Remark A.7, and at least as many derivatives as functions of class W™4.

THEOREM A.13. Assume U < R™ is an open subset satisfying the strong local
Lipschitz condition, 1 < p,q < o, and k, m = 0 are integers satisfying

k>=m, kp > n, and k—ﬁ>m—ﬁ.
p q

Then there exists a continuous product pairing
WU, C) x W™I(U, C) — WU, C) : (f,9) — fg.

The following preparatory lemma will be useful both for proving the product
estimate and for further results below. It is an easy consequence of Theorem A.6
and Holder’s inequality.

LEMMA A.14. Assume U < R"™ is an open subset satisfying the strong lo-
cal Lipschitz condition, m = 2 is an integer, and we are given positive numbers
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P1y--->Pm = 1 and integers ky, ..., ky, = 0. Let I := {ie{l,...,m} } kip; <n}.
Then for any q = 1 satisfying

1k 1 Wl
SEROE
e \Pi T ¢ SPbi
there 1s a continuous product map
WHEPL) x .o WhmPm (U) — LYU).
PROOF. By the generalized Holder inequality (A.1), it suffices to show that for

any ¢ > 1 in the stated range, one can find numbers ¢, ..., ¢, € [q, 0] satisfying
1/g =1/q1 + ...+ 1/qy, for which Theorem A.6 provides continuous inclusions

W’% \Di (u) s i (u)

foreach i = 1,...,m. Whenever k;p; > n, this inclusion is valid with ¢; chosen freely
from the interval [p;, 0], so 1/¢; can then take any value subject to the constraint
1 1
0 x< T 90 .
4  DPi

If on the other hand k;p; < n, then we can arrange 1/¢; to take any value in the
range
1 k1 1

pi n G N bi
Adding these up, the range of values for ), % that we can achieve in this way covers
the stated interval. O

ProOOF OF THEOREM A.13. By density of smooth functions, it suffices to prove
that an estimate of the form

|£gllwma < ¢ flwer|glwma

holds for all f € C*®U) " WFkP(U) and g € C*(U) nW™4(U). Equivalently, we need
to show that for all f and g of this type and every multiindex « of degree |a| < m,
there is a constant ¢ > 0 independent of f and g such that

[0%(F@)lLe < el fllwerllglwma.

Since f and g are smooth, we are free to use the product rule in computing 0%(fg),
which will then be a linear combination of terms of the form 0°f - 97g where |a| =
18] + |77|, hence we have reduced the problem to proving a bound

10°f - 07gllza < c| flwrolgllwma
for every pair of multiindices 3, v with || + |y| < m. Since 0°f € Wk =1#l2(1f) and
07 f e Wm—hla(1f), the result follows if we can assume that for every pair of integers
a,b > 0 satisfying a + b < m, there exists a continuous product pairing
(A.6) Wk=ar(f) x WU — LYU).

If (k—a)p > n, then Wk~ — [* and (A.6) is immediate since W™~%% «— LI(lf).
For the remaining cases, we shall apply Lemma A.14, noting that the condition
1/q < 1/p + 1/q is trivially satisfied.
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If (m—b)q > n but (k—a)p < n, then the hypotheses of the lemma are satisfied
if and only if

1 k—a 1
p n q
Since % — % < % — I by assumption, we have

1 k—=a 1 k a 1 m a 1
- — ——— -4 -—<-——+4-—<-
P n p n m g nm n q
since a < m, and equality holds only if a = m, b = 0 and k — n/p = m — n/q,
which implies mq > n. In this case W™ ™24 = W™4 «— [* and the pairing (A.6)
follows because W*=2P = Wk=mP embeds continuously into L?: the latter follows
1 _k=m _ 1

from Theorem A.6 since ’ =

q9
Finally, when (k — a)p < n and (m — b)q < n, the hypotheses of the lemma are
satisfied since

<1 k—a) (1 m—b) 1 k& 1 m m <1 k;) 1 1
_— + (= - <S-— -t ———=(==Z )+ <>,
D n q n p n q n n p n q q

where we’'ve used the assumption kp > n and the fact that a + b < m. O

REMARK A.15. A much simpler argument shows similarly that for any open
domain U = R™, any integer k > 1 and any p € [1, ), there is a continuous product
pairing

C*(U,C) x WrFP(U,C) x WrP(U, C).
As in Theorem A.13, this follows from the density of C* n WP < WH? after
showing that all f € C*(U) and g € C°(U) N WHFP(U) satisfy an estimate of the
form || fg|wrr < c||f|cr|gllwrr. The latter follows easily from the definition of the
WHkP_norm.

In general it is not straightforward to say when the usual product rule 0;(fg) =
Oif g+ f - 0ig does or does not hold in the sense of weak derivatives. If g and 0;¢
are locally integrable and f is smooth, then there is no trouble: the formula can
be derived in this case directly from the definition of weak derivatives, using the
observation that for any test function ¢ € C°(U), ¢f is also in C§°(U) and satisfies
the product rule. If on the other hand f and g are not continuous but have well-
defined weak derivatives and a locally integrable product, then there is no guarantee
in general that any of d;(fg), 0;f-g or f-0;g should be well-defined locally integrable
functions. Theorem A.13 provides a means of resolving this question whenever f
and g belong to suitable Sobolev spaces.

PRrROPOSITION A.16. Suppose k,m,p,q and U < R"™ satisfy the same condi-
tions as in Theorem A.13, and m > 1. Then for every f € W*P(U,C) and
g € Wmi4(U,C), the weak partial derivatives of fg € W™4(U,C) are given almost
everywhere by the usual Leibniz rule 0;(fg) = 0;f - g+ f - 0ig.

PROOF. Choose sequences of smooth functions f;, g; with f; — f in W*? and
g; — g in W™4_ Then since K > m > 1, there is also LP-convergence 0;f; — 0;f and
Li-convergence 0;g; — 0,9, so after restricting to a subsequence, we may assume that
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all four of the sequences f;, J;f;, g; and J;g; converge pointwise almost everywhere.
The continuity of the product pairing W*? x Wm™4 — W™4 now implies W™
convergence f;g; — fg and thus L%-convergence

0i(fi9;) = 0if5 - 95 + [ - 0ig; — 0i(fg).

The result follows since 0; f; - g; + f; - 0;g; also converges pointwise almost everywhere
toé’lfg—kf@,g U

REMARK A.17. A slight simplification of the same argument as in Proposi-
tion A.16 shows that the product rule also holds (without any assumption on the
open domain Y = R") for f € C™(U,C) and g € W™P(U,C) for any p € [1,0) if
m > 1. The key facts here are the continuity of the product pairing C"™ x W™P —
W™P and the density of C! in W™P_ so that f and ¢ can be approximated by pairs
for which the classical product rule holds. Both results can also be extended in a
similar manner to prove the expected formula for 0%(fg) for any multiindex « of
order |a < m.

The next result generalizes Proposition 2.7 and concerns the following question:
if f:U — R™ is a function of class W*? whose graph lies in some open subset
YVcU xR™ and ¥ : YV — RV is another function, under what conditions can we
conclude that the function

U—-RY 2 Uz, f())

is in W*P(U,RY)? We will abbreviate this function in the following by Wo (Id x f),
and we would also like to know whether it depends continuously (in the W"»-
topology) on f and W. The following theorem is stated rather generally, but on
first reading you may prefer to assume & < R" is bounded, in which case some of
the hypotheses become vacuous. We will say that an open subset V c U x R™ is a
star-shaped neighborhood of f : i/ — R™ if it contains the graph of f, and

(x,v) eV = (z,tv+ (1 —1t)fp(x)) eV forallte|0,1].

THEOREM A.18. Assume U < R™ is an open subset satisfying the strong local
Lipschitz condition, p € [1,0) and k € N satisfy kp > n, and V < U x R™ is a star-
shaped neighborhood of some function fo € WFP(U,R™). Assume also OFP(U;V) <
WP (U, R™) is an open neighborhood of fo such that

(z, f(x)) eV forallzeld and f e OFP(U;V),

and OF(V,RN) <= CK(V,RY) is a subset such that all ¥ € OF(V,R") have the
following properties:*

(1) There exists a bounded subset I c U such that V(x,v) is independent of =
for all x € U\K;
(2) Wo(Id x f) € LP(U,RY).

Then there is a well-defined and continuous map

OF(V,RY) x O (U V) — WH(URY) : (T, f) — W o (Id x f),

!Both of the conditions on ¥ € O¥(V,R™) are vacuous if U < R” is bounded.
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and for each ¥ e OF(V,RY) and f € WEP(U,RY), the weak partial derivatives of
Vo (Id x f) are given almost everywhere by the classical formula

0; [W o (Id x f)](z) = 0;¥(z, f(z)) + Da¥(x, f(2))0; f(2),
where 0;U denotes the partial derivative of ¥(x,v) with respect to the jth coordinate
i x € R", and DoV is its differential with respect to v e R™.

PrOOF. We will show first that if f € (’)k’p_(u; V) is smooth, then ¥ o (Id x
f) belongs to WkP(U,RY) for every ¥ € OF(V,RY). Since V is a star-shaped
neighborhood of fy, we have

PWLf@»—W@JM@H==L-iwﬁiﬂ@+%1—wh@»d4

dt

< ([ 12w (@15 + 1= )] dt) - 170) — oo

0
< [Wlerw) - If (x) = folx)|
for all x € U, implying

[Wo(dx f)=Wo(ldx fo)ler < [Vlerw - [f = follze,
hence W o (Id x f) € LP(U,RY).

For ¢ =1,...,k, we can regard the (th derivative of ¥ with respect to variables
in R™ as a bounded and uniformly continuous map from )V into the vector space of
symmetric /-multilinear maps from R™ to R¥, denoting this by

DV 1V — Hom((R™)® RY).
Denote the partial derivatives with respect to variables in & < R" by
DYw Yy - RV,

where [ is a multiindex in n variables. Now for any multiindex o with |a| < k, the
derivative 0*(W o (Id x f)) is a linear combination of product functions of the form
(A7) (DYDSw o (1d x P f,..., 0% F) : U — RY,

where (+ |y| € {1,...,|a|} and |B1]| + ... +|Be] = || = |7|. If £ =0 but |y| > 0, then
this expression is clearly in LP(U, RY) since it is continuous and D] W¥(x,v) = 0 for
x € U\K, where K is bounded. For ¢ > 1, it satisfies

¢

[ 6% 1

j=1

[(DYD5w o (1d x )@, 0% )],y < DT DEW oy -

)HLP(U)

Lr(U)

if the product on the right hand side has finite LP-norm. The latter is trivially
true if £ = 1. To deal with the £ > 2 case, note that 0% f e W*=I15lp(f) for each
j=1,...,¢ so the necessary bound will follow from the existence of a continuous
product map

Wk () x ... x WE™eP(Yf) — LP(U)

for m; :=|f;|, and we claim that such a product map does exist whenever kp > n
and my,...,my = 0 are integers satisfying my + ... + my < k. To see this, note
first that since W»™? — L* whenever (k — m;)p > n, it suffices to prove the
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claim under the assumption that (k —m;)p < n for every j = 1,...,¢. In this case,
Lemma A.14 provides the desired product map if the condition

¢ ¢

1 k—m; 1 1
j=1 p n p j=1 p
is satisfied. And it is: using kp >n, £ > 2 and my + ... + my < k, we find

é(l_kj—mj):g(l_ﬁ)_i_ml-l—...—f—mg
O p n p n n
1 1 1
Loy (t-8).L
p p p

n

This proves that ¥ o (Id x f) e WFP(U, RY).

Next, suppose f € OFP(U;V) is not necessarily smooth but f; € OFP(U; V) is
a sequence of smooth functions converging to f in W*P, while ¥; € OF(V,RY)
converges to ¥ e OF(V,RY) in C*. Then the same argument we used to estimate
|Wo(Idx f)—To(Id x fy)|rr shows that U; o (Id x f;) — o (Id x f) in LP, and
since f; is also C?-convergent, the compactly supported functions D] W, o (Id x f;)
converge to D] W o (Id x f) in L? for each multiindex with 1 < |y| < k. For £ > 1
and |y| + ¢ < k, D] D5¥; o (Id x f;) converges to D] D5W o (Id x f) in CO(U,RN),
and each of the derivatives 0% f; appearing in (A.7) also converges in LP(U). In
light of the continuous product maps discussed above, it follows that each derivative
0(W; o (Id x f;)) for |a] < k is LP-convergent, and its limit is necessarily (by
Exercise A.19 below) the corresponding weak derivative 0%(¥ o (Id x f)), hence

Vo (Id x f)e WrhP(U,RY) and ¥, o (Id x f;) o (Id x f). Since all sequences
in this discussion can also be replaced with subsequences that are pointwise almost
everywhere convergent, this also proves that the classical formula for 0*(W,;o(Id x f;))
for each |a| < k remains valid for computing the corresponding weak derivative
0*(W o (Id x f)). With this understood, one can now repeat the arguments of this
paragraph for an arbitrary W*P-convergent sequence f; — f without assuming the
fi are smooth, thus proving the continuity of the map (U, f) — Wo (Id x f). U

EXERCISE A.19. Show that if f; is a sequence of smooth functions on an open set

U < R" with f; = f and 0° f; = g for some multiindex a and functions f, g € LP(U),
then 0“f = ¢ in the sense of distributions.

The following result on coordinate transformations of the domain can be proved
in an analogous way to Theorem A.18, though it is considerably easier since there is
no need to worry about Sobolev product maps (and thus no need to assume kp > n
or impose regularity conditions on the domain).

THEOREM A.20 ([AF03, §3.41]). Assume ke N, 1 <p < o0, andU,U < R" are
open subsets with a C*-smooth diffeomorphism ¢ : U — U’ such that all derivatives
of ¢ and o= up to order k are bounded and uniformly continuous. Then there is a
well-defined Banach space isomorphism

WEPU') > WHU) < f = fogp.
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U

Next, we restate and prove Proposition 2.10. Denote by D" and ]D? (x0) the open
balls of radius 1 and € about the origin and a point x( respectively in R”.

THEOREM A.21. Assume p € [1,0) and k € N satisfy kp > n, and for a given
point zo € D™ with €y := dist(x, OD"), associate to each f € W*P(D") and € € (0, )
the function f. € Wkp(]D)") defined by

fe(x) = flxo + ex).

Then for each a € (0,1) satisfying o < k — %, there exists a constant C' > 0 such
that the estimate

| fe = fe(0) [wrr < Ce*|[f = f (o) wes
holds for all f € W"“’p(ﬂcj)") and € € (0,€).

PROOF. To estimate |f. — fo(0)|z», we use the fact that f — f(zo) € WFP is
Holder continuous, i.e. Theorem A.6 embeds W#? continuously into C%¢ for any
a € (0,1) with a < k — n/p, thus f satisfies

[£(x) = f(@o)l < c| f = F(@0) lyhngom) - |2 — 0|*  for all x € D, ()

for some constant ¢ > 0. We therefore have

o= £ = | 10+ ca) = @0l < ONF = oy, [ leal
= U = Sy € [ el =5 € = fa)
]D)TL

for a suitable constant C' > 0, implying | fe — fc(0)|zr < Ce®|f — f(20)|wre-

Next, consider a multiindex 8 of order |5| = m € {1,...,k}. The functions
P(f — f(xo)) = °f and 0°(f. — f.(0)) = °f. for each € € (0,¢) are then in
Wh=mp(D"), and we need to establish bounds on ||0°f.|.» in terms of the W#-
norm of f — f(zg). If m < k, then Theorem A.6 gives a continuous inclusion

(A.8) Wh=mp (D) < LI(D")

for any ¢ € [p, o0) satisfying 1/¢ = 1/p — (k — m)/n. The same is also trivially true
in the case m = k, since ¢ and p must then be equal. Notice that if (k —m)p = n,
then ¢ is allowed to be arbitrarily large. We will therefore assume in general that
(A.8) holds with g € [p, ) satisfying

+
g 1 P
where r = "~ € (0,00] if (k —m)p < n and otherwise r = p + ¢ for some § > 0

which may be chosen arbitrarily small. Given this, we apply change of variables and
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Holder’s inequality to find
10y = [ St el = e [ g

D2 (o)
<ot s, oo 1117

< 7 [Vol(DY (x0))1 0 F 17, 0
< cemPm [Vol(]])"(xo))]p/r H&ﬁfHWk mop ()
< €™ [Vol(DP (2o)) P || f — f(o)|”

T ]D)n)

Wk,p(]fj)n)

for some constant ¢ > 0. Writing Vol(D?(xy)) = Ce" for a suitable constant C' > 0,
the exponent on e in this expression becomes mp —n + “2. If (k —m)p < 0, this is
exactly kp —n = (k —n/p)p, and otherwise, taking r —p > 0 to be arbitrarily small
makes it less than but arbitrarily close to mp. Since « < k—n/p and a < 1 < m, we
are now free to replace this exponent with ap and rewrite the established estimate

as |07 felle < Ce*|f — f(@o)lwrr- O

A.3. Difference quotients

If f is a function on R™, then for every i = 1,...,n and h € R\{0}, the difference
quotient

f(l‘l, P o A 17 + h,l‘i+1, P ,ZL‘n) — f(l‘l, .. .,ZL‘n)

D?f('r17"'7xn>:: h

defines a function D!f on R". The total difference quotient of f is then the
n-tuple of functions

D"f :=(Dif,.... Dyf),
so for example if f : R® — R™, then D"f : R®* — R™. The transformation
f — DI'f is obviously linear for any fixed number h, and it satisfies a Leibniz rule
Di(fg)=D!f g+ f-Dig
whenever pointwise products of f and g can be defined (e.g. if both are real or
complex valued). It also commutes with differentiation
D} (0;f) = ¢;(D}'f)

on any function f for which ¢;f can be defined (weakly or strongly). Clearly if
f e WEP(R™), then D" f € W"P(R"™) for every h € R\0, and if f is supported in an
open subset &/ < R”, then D"f is supported in an arbitrarily small neighborhood
of U for sufficiently small |h|. Moreover, if f is a function defined only on U < R",
then on any open subset ¥ < U with compact closure in U, D" f can be defined on
V for any h € R\{0} satisfying

|h| < dist(V,R"\U) := inf {|z —y| | z € V and y e R"\U} .

The following result about difference quotients is useful for proving local regu-
larity of solutions to PDEs, as in §2.4.
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THEOREM A.22. Assume V < U < R™ are open subsets with ¥V having compact
closure contained in U, 1 < p < oo, and k € N.

(1) If f e WEP(U), then D" f converges to Vf in WP on'V as h — 0, and

|D" Flwe-tay < |V flwr-toq)
for all h # 0 with |h| < dist(V, R™\U).
(2) Suppose p > 1, f € WrELP(U) and the difference quotients D"f satisfy a
uniform bound
HthHWk*LP(V) <C
for all h # 0 with |h| sufficiently small. Then f|y, € WEP(V) and its first
derivative satisfies |V f|wr-1o0p) < mipC, where myy, € N ois a constant
depending only on the definition of the W*=1P-norm.

The next few results are intended as preparation for the proof of Theorem A.22.

LEMMA A.23. For any open subset Y — R™ and continuously differentiable func-
tion f on U, the difference quotients D! f converge to 0;f uniformly on compact
subsets as h — 0.

PRrOOF. Fix a compact subset K < Y. Then for every x € K and h € R\{0}
sufficiently small, the mean value theorem gives

D} f(x) = 6:f (/)
where
x = (1’1, ey, L1, 24 th,xiﬂ, e ,SL’n) eU
for some ¢ € [0, 1], so in particular, |2’ — z| < |h|. We then have |0; f(x) — DI f (x)| =
|0:f(x) — 0;f(')|, and the result follows since both x and ' may be assumed to lie
in a compact subset of U/, on which ¢;f is uniformly continuous. U

PROPOSITION A.24. Suppose 1 < p < oo, U < R™ is an open subset and f €
WYP(U). Then for any open subset V < U wzth compact closure inU, | D" f| » <
IV fllze@ for every h # 0 with |h| < dist(V,R™\U), and D"f — ¥V f in LP on V as
h — 0.

PROOF. We show first that for any f e WhP(U),
(A.9) |D} flesewy < [0iflray,  i=1,....m

for every V < U with compact closure in U and every h # 0 with |h| < dist(V, R"\U).
Indeed, if f € WP(U)nC®(U), then denoting the standard basis of R” by (ey, ..., e,),

we have
\th \_‘ (x + he;) — f(x)

h

1(d
-- = the;) dt
‘hfodtf(er e;) '

1 1
= f @f(x + thei) dt| < J‘ |5Zf(x + thei)| dt.
0

Then since any measurable function ¢ : [0, 1] — R satisfies

([ ttorar) < [ e
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by Jensen’s inequality, this gives

105 = [ 1D dute) < [ ([ 16usto+ theian) auto
J J |0:f (x + the;)|P dt du(z) J J |0:f (x + the;)|P du(x) dt

< j 10 eyt = 103 g
0

This estimate extends to every f € W1P(U) by density of smooth functions.

Next, suppose f € WP(U) and € > 0 is given. Choose a smooth approximation
fee WHP(U) n C*(U) with ||f — fe|wrr@) < €/3. By Lemma A.23, D!'f. — 0;f. in
CP.onU as h — 0, and since V has finite measure, this implies we can find § > 0
such that |h| < & implies | DI fe — 0; fe| Lr(v) < €/3. Now by (A.9),

| D} fe = D floowy < 10ife = Oiflvany < Ife = Flwrsay < /3,
so combining these estimates gives |D!f — 0, f|r»v) < € whenever |h| < 4. O

The proof of the next proposition will require the following standard result from
real analysis, known as the Banach-Alaoglu theorem. It follows easily from the
separability of LP-spaces for p < o together with the duality of IL” and L7 for
1/p + 1/q = 1; see for instance [LLO1, §2.18].

THEOREM A.25 (Banach-Alaoglu). For any measurable subset U < R", if 1 <
p < 0, then every bounded sequence f; € LP(U) has a weakly convergent subsequence,
i.e. after passing to a subsequence, one can find a function fo € LP(U) such that for

every p € LYU) with 1/p+1/q =1, §, fio — §, fotp. O

REMARK A.26. One popular way of summarizing the Banach-Alaoglu theorem
is the statement that “closed balls in L? are weakly compact”; indeed, if f; € LP(U)
satisfies the bound | f;|z» < C, then the weak limit f,, provided by Theorem A.25
also satisfies | fy|» < C. The latter follows from the general fact that for any
sequence f; € LP(U) converging weakly to some f,, € LP(U),

[ fooll oy < Timinf || £ o p-
The proof of this is not hard; see e.g. [LLO1, §2.11].
PROPOSITION A.27. Suppose ¥V < U < R™ are open subsets such that V has

compact closure contained in U, 1 < p < o0, f is a measurable function on U with
| fzeev) < o0, and there exist constants C > 0 and § > 0 such that

ID! fllzswy < C whenever 0 < || < .
Then fly has a weak partial derivative 0;f € LP(V) satisfying ||0;f | Lrvy < C.

PROOF. For any sequence h; — 0 of sufficiently small nonzero real numbers, the
sequence D? 7 f satisfies HDZh " flzevy < C, thus the Banach-Alaoglu theorem implies
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that after passing to a subsequence, one finds a function g € LP(V) with |g| o) < C

such that
J (DY f)p — J g
v %

for all p € L9(V), where 1/p+1/q = 1. In particular, this is true for all test functions
p e CF(V), and in this case there is an “integration by parts” relation

hop [ @+ hye) — f(x)
R e e O

J

v
o R e e T T R

By Lemma A.23, D;hjcp — 0;¢ uniformly on V and thus also in L?(V), so taking
the limit of the integrals, we’ve shown

| 9o==| ro orangecyo)
% %
or in other words, 0;,f = g € LP(V). O

PrROOF OF THEOREM A.22. The two statements in the theorem follow by ap-

plying Propositions A.24 and A.27 respectively to 0® f for every multiindex o with
la| < k—1, using the fact that D"(0* f) = 0*(D" f). For the bound on |V fllyys-1s0,
we observe that by assumption,

ID" flws-rogy = D, 10D Aoy = D, D@ F)ew) < €,

|a|<k—1 |a|<k—1

thus each individual term in this sum satisfies | D"(0* f)| »vy < C, implying ||V (0% )| o) <
C and thus

IV flwerowy = X5 10V Py = D3 IV@)lmwy

lo|<k—1 lo|<k—1

< Z C =:my,C.

|a|<k—1

A.4. Spaces of sections of vector bundles

In this section, fix a field
F:=RorC,
assume M is a smooth n-dimensional manifold, possibly with boundary, and = :

E — M is a smooth vector bundle of rank m over F. This comes with a “bundle
atlas” A(m), a set whose elements a € A(m) each consist of the following data:

(1) An open subset U, = M,

(2) A smooth local coordinate chart ¢, : U, =5 Q,, where Q, is an open
subset of R := {(z1,...,2,) € R" | z,, = 0};

(3) A smooth local trivialization ®, : Ely, — U, x F™.
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Smoothness of ¢, and &, means as usual that for every pair a,8 € A(rw), the
coordinate transformations

Voo = 05 ©Pa:Vag — g, Qap 1= Pallla N Us)
and transition maps
9pa i Uy nUs — GL(m,F)  such that @50 ®, ' (2,v) = (7, gga(z)v)
forx e U, nUp, v e F™

are smooth, and we shall assume the bundle atlas is maximal in the sense that
any triple (U, ¢, ®) that is smoothly compatible with every a € A(m) also belongs
to A().

Any a € A(m) now associates to sections n : M — FE their local coordinate
representatives

N 1= pry 0P 0oyt i Qg — F,

where pry, : U, x F™ — F™ is the projection, and the representatives with respect
to two distinct «, 5 € A(m) are related by

1° = (gpa © 05 ) (N" © Pap) on Qo < Q.

For p € [1,00] and each integer k > 0, we then define the topological vector space of

] kvp
sections of class W by

WEP(E) = {n: M — E | sections such that n* e I/Vlif(Qa,Fm)
for all o e A(m)},

loc
a € A(m). Note that €2, is not necessarily an open subset of R™ since it may contain

o

points in JR” = R"! x {0}, but its interior €, is open in R", and WEP(Qg) is

where convergence 1, — 71 in W,?(E) means that ny — n® in WP (Q,, F™) for all

loc
thus defined as in §A.1. Strictly speaking, elements of 7 € I/Vlif(E) are not sections
but equivalence classes of sections defined almost everywhere—the latter notion is
defined with respect to any measure arising from a smooth volume element on M,
and it does not depend on this choice.

It turns out that W'IIZC”(E) can be given the structure of a Banach space if M is
compact. This follows from the fact that M can then be covered by a finite subset of
the atlas A(7), but we must be a little bit careful: not all charts in A(7) are equally
suitable for defining WW*?-norms on sections, because e.g. even a nice smooth section
n € I'(E) may have |[n%| @, = % if Qo = R} is unbounded. One way to deal
with this is as follows: we will say that a € A(7) is a precompact chart if there
exists o’ € A(m) and a compact subset K < M such that

U, c K clU,.

When this is the case, {2, < R’ is necessarily bounded, and the transition maps
between two precompact charts necessarily have bounded derivatives of all orders,
as they are restrictions to precompact subsets of maps that are smooth on larger
domains. If M is compact, then one can always find a finite subset I < A(m)
consisting of precompact charts such that M =, .; Ua.
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DEFINITION A.28. Suppose ' — M is a smooth vector bundle over a compact
manifold M, and I < A() is a finite set of precompact charts such that {Uy, }aer
is an open cover of M. We then define W*P(E) as the vector space of all sections
n: M — FE for which the norm

[nlwae == Inlweseey == 5 11 o)

ael

is finite.

The norm in the above definition depends on auxiliary choices, but it is easy to
see that the resulting definition of the space W*?(E) and its topology do not. In
fact:

PROPOSITION A.29. If M is compact, then W*?(E) = W"P(E), and a sequence

loc

n; converges to 1 in VV{ZE(E) if and only if the norm given in Definition A.28 satisfies
1m; — nlwrre) — 0.

The proposition is an immediate consequence of the following.

LEMMA A.30. Suppose M is a smooth manifold, w: E — M is a smooth vector
bundle, {f} v J < A(r) is a finite collection of charts such that M = | ., Ua and
all coordinate transformations and transition maps relating any two charts in the
collection {8} U J have bounded derivatives of all orders (e.g. it suffices to assume
all are precompact). Then there exists a constant ¢ > 0 such that

197 lswngery < € 20 10 lwrnrn)

aed

for all sections n : M — E with n® € W"“’p( o) for every a e J.

PROOF. Choose a partition of unity {p, : M — [0, 1]}ses subordinate to the
finite open cover {Uy }oes. Now n = > _; pan, and each p,n is supported in U,, so
(pan)? has support in Qg = pz(U, N Uz). Thus using Theorem A.20 with the fact
that gga, gogl, Yap and pg, = <p;ﬁ1 are all smooth functions with bounded derivatives
of all orders on the domains in question, we find

17 lwagarg) = | 2 (Pan)” < X 1P’ lwrairse
aeJ Wk p(ﬁﬁ) aeJ
= Z | (P © 905 (gpa © %1)(7)“ © ‘Paﬁ)HWk,p(sza)
aeJ
< e D I lwew@ny < €25 I lwragan
aelJ acJ

0

COROLLARY A.31. If M is compact, then the norm on W*P(E) given by Defi-
nition A.28 is independent of all auxiliary choices up to equivalence of norms. [

THEOREM A.32. For any smooth vector bundle m : E — M over a compact
manifold M, W*P(E) is a Banach space.
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PROOF. If n; € W*P(E) is a Cauchy sequence, then for some chosen finite col-
lection I = A(m) of precompact charts covering M, the sequences 7§ for a € I are

Cauchy in W*?(Q,) and thus have limits £©@ e W*?(Q,,F™). Choosing a parti-
tion of unity {p, : M — [0, 1]}aes subordinate to {U,}aer, We can now associate to
each o € I a section 1y, o € WFP(E) characterized uniquely by the condition that it
vanishes outside of U, and is represented in the trivialization on U, by

e = (a0 9a)E.

We claim that p,n; — 7w« in WHP(E) for each a € I. Indeed, we have
(Pany)® = (Pa 0035 = (P 093 VEW = in WHP(Q,)

since n¢ — £®. For all other 3 € I not equal to o, (pan;)? — 05 o € Whe(Qg, F™)
has support in Qg, = @3(U, N Ug), thus

1(0a)” = 0 alwra@yy = 1(Pany)” = 15 alwroy, < cl(pan)® = 1%l

where the inequality comes from Lemma A.30 after replacing M with U,, and Uj
with Uz N U, (note that the lemma does not require M to be compact). With the
claim established, we have

N= Y Palli = O Mo 0 WHP(E).

ael ael

Wk (Qq)

0

REMARK A.33. One can use exactly the same approach to show that when M is
compact, the space C*(E) of C*-smooth sections 1 : M — E has a canonical (up to
equivalence of norms) Banach space structure for each finite integer k£ > 0 such that
convergence in the C*-norm is equivalent to uniform convergence of all derivatives
up to order k.

EXERCISE A.34. For U c R™ an open subset, the space Wi"?(U4) was defined in
§A.1, but one can give it an alternative definition in the present context by viewing
functions on U as sections of a trivial vector bundle over U, with the latter viewed
as a noncompact smooth n-manifold. Show that these two definitions of I/VIIZCP(Z/I)
are equivalent.

EXERCISE A.35. Suppose Y < R" is a bounded open subset with smooth bound-
ary, so its closure & = R™ is a smooth compact submanifold with boundary, and let
E — U be a trivial vector bundle. Show that there is a canonical Banach space iso-
morphism between W*?({{) as defined in §A.1 and W*?(FE) as defined in the present
section. Hint: Recall that sections in W*P(E) are only required to be defined almost
everywhere, so in particular if the domain M is a manifold with boundary, they need
not be well defined on oM.

In light of Exercise A.35, the natural generalization of Wok P(U) in the present
setting is

Wo(E) := CE(Elwom),
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i.e. it is the closure in the W*P-norm of the space of smooth sections that vanish
near the boundary. Density of smooth sections will imply that this is the same as
Whe(E) if M is closed, but in general Wi?(E) is a closed subspace of W*P(E).
The partition of unity argument in Theorem A.32 contains all the essential ideas
needed to generalize results about Sobolev spaces on domains in R™ to compact
manifolds. We now state the essential results, leaving the proofs as exercises.

THEOREM A.36. Assume M is a smooth compact n-manifold, possibly with
boundary, m : E — M 1is a smooth vector bundle of finite rank, k = 0 s an in-
teger and 1 < p < co. Then the Banach space W*P(E) has the following properties.

(1) The space T'(E) of smooth sections is dense in W*P(E).
(2) If kp > n, then for each integer d = 0, there ezists a continuous and compact
inclusion

Wktdr(EB) «— CUE).
(8) The natural inclusion
WHHLE(E) s WHP(E)

18 compact.
(4) Suppose F,G — M are smooth vector bundles such that there exists a
smooth bundle map

ERF->G:n®&E—n-E.
Then if kp > n and 0 < m < k, there exists a continuous product pairing
WHP(E) x W™P(F) — W™(G) : (1.€) = n €.

In particular, products of WP sections give W*P sections whenever kp > n.
(5) Suppose F' — M is another smooth vector bundle, V < E is an open subset
that intersects every fiber of E, and we consider the spaces

W (V) = {ne WHP(E) | n(M) < V}
and
Cr(V,F):= {®:V — F | fiber-preserving maps of class C’k} ,

where the latter is assigned the topology of C*-convergence on compact sub-
sets. If kp > n, then W*P(V) is an open subset of W*P(E), and the map

Ch(V. F) x WEP(V) - WEP(F) : (9,n) — P o

1s well defined and continuous.
(6) If N is another smooth compact manifold and ¢ : N — M is a smooth
diffeomorphism, then there is a Banach space isomorphism

WHP(E) — WEP(Q*E) : p —> o .
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REMARK A.37. It is sometimes useful to extend the definitions and results of
this section to vector bundles that are not smooth, e.g. vector bundles of class C* or
WkP_ for which all transition maps are required to be of class C* or W*? respectively.
The latter makes sense in general only if kp > n, so that transition maps are at
least continuous. Given a bundle of this type, one can enhance the arguments of
this section with the aid of Theorem A.13 to show that W™P(E) is a well-defined
Banach space for every m < k, though it would not be well defined if m > k.
Such spaces arise frequently in global analysis, e.g. if f is a non-smooth element in
the Banach manifold B of W*?-smooth maps of M into another manifold N, then
f*TN — M is in general a vector bundle of class W*? and T;B = W*P(f*TN).

A.5. Some remarks on domains with cylindrical ends

For bundles 7 : E — M with M noncompact, W*?(E) is not generally well

defined without making additional choices. When M = ¥ = ¥\ is a punctured
Riemann surface and 7 : E — ¥ is equipped with an asymptotically Hermitian
structure {(E., J.,w,)}.cr as defined in Lecture 4, one nice way to define W*?(E)
was introduced in §4.1: one takes it to be the space of sections in W'lif(E) whose
WHkP_norms on each cylindrical end are finite with respect to a choice of asymp-
totic trivialization. This definition requires the convenient fact that complex vector
bundles over S* are always trivial, though one can also do without this by using
the ideas in the previous section. Indeed, any collection of local trivializations on
the asymptotic bundle E, — S! covering S! gives rise via the asymptotically Her-
mitian structure to a collection of trivializations on E covering the corresponding
cylindrical end U,. The key fact is then that S is compact, hence one can always
choose such a covering to be finite: combining this with a finite covering of X in the
complement of its cylindrical ends by precompact charts, we obtain a covering of 3
by a finite collection of bundle charts that are not all precompact, but nonetheless
have the property that all transition maps have bounded derivatives of all orders.
This is enough to define a W#P-norm for sections of £ — ¥ as in Definition A.28
and to prove that it does not depend on the choices of charts or local trivializations,
though it does depend on the asymptotically Hermitian structure.

With this definition understood, one can easily generalize the Sobolev embedding
theorem and other important statements in Theorem A.36 to the setting of an
asymptotically Hermitian bundle over a punctured Riemann surface. We shall leave
the details of this generalization as an exercise, but take the opportunity to point
out a few important differences from the compact case.

First, since ¥ is not compact, neither are the inclusions

Wkter(B) s CYE),  WFP(E) — WhP(E).

The proof of compactness fails due to the fact that cylindrical ends require local
trivializations over unbounded domains of the form (0,0) x (0,1) < R?, for which
Theorem A.10 does not hold. And indeed, considering unbounded shifts on the
infinite cylinder 3 = R x S!, it is easy to find a sequence of W*P-bounded functions
with kp > 2 that do not have a C°-convergent subsequence. That is the bad news.
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The good news is that if n € W*t4P(E) for kp > 2, then one can say considerably
more about 7 than just that it is C%smooth. Indeed, restricting to one of the
cylindrical ends [0,0) x ST < 5., notice that the finiteness of the W*+4?-norm over
) implies

|‘nHWk+d,p((R7oo)><Sl) — 0 as R — 0.
Since these domains are all naturally diffeomorphic for different values of R, the
C?-norm of n over (R, o0) x St is bounded by the W**%P_norm via a constant that
does not depend on R, so this implies an asymptotic decay condition

HﬁHcd([R,oo)xsl) —-0 as R-—o

for every n e Wk+dp(E).
Here is another useful piece of good news: since ¥ does not have boundary,
WEP(E) = WiP(E).

THEOREM A.38. Given an asymptotically Hermitian bundle E over a punctured

Riemann surface S, the space CP(E) of smooth sections with compact support is
dense in W*P(E) for allk =0 and 1 < p < 0.

PROOF. We can assume as in Definition A.28 that the W*P-norm for sections 7
of F is given by

Il = 2 HnaHkap(Qa),

ael
where I < A(r) is a finite collection of bundle charts

o= (cpazblaiﬁa,@a:EmaanxC")

such that each of the open sets €, < C is either bounded or (for charts over the
cylindrical ends) of the form

Qo = (0,0) x we cR?=C
for some bounded open subset w, = R. Now given n € W*?(E), Theorem A.1
provides for each a € I a sequence n;' € WkP(Q,) of smooth functions with bounded
support such that nf — 7 in WkP(Q,). Choose a partition of unity {p, : Y -
[0, 1]}aer subordinate to the open cover {U,}qcr and let

= Y pa(nf © 0a) € WHP(E).
ael

These sections are smooth and have compact support since the 73 have bounded
support in €, and they converge in W*® to 7. U
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The Floer C, space

The Cc-topology for functions was introduced by Floer [F1lo88b] to provide a Ba-
nach manifold of perturbed geometric structures without departing from the smooth
category: it is a way to circumvent the annoying fact that spaces of smooth functions
which arise naturally in geometric settings are not Banach spaces. The construction
of C, spaces generally depends on several arbitrary choices and is thus far from
canonical, but this detail is unimportant since the C, space itself is never the main
object of interest. What is important is merely the properties that it has, namely
that it not only embeds continuously into C* and contains an abundance of non-
trivial functions, but also is a separable Banach space and can therefore be used in
the Sard-Smale theorem for genericity arguments. We shall prove these facts in this
appendix.

Fix a smooth finite-rank vector bundle 7 : F — M over a finite-dimensional
compact manifold M, possibly with boundary. For each integer k£ > 0, we denote by
C*(E) the Banach space of C*-smooth sections of F; note that the norm on C*(E)
depends on various auxiliary choices but is well defined up to equivalence of norms
since M is compact. Now if € = (ex)7, is a sequence of positive numbers with
er — 0, set

Ce(E) = {ne T(B) | |nlec. < o},
where the C¢-norm is defined by

0

(B.1) Inlle. = D exlnlex.
k=0

The norm for C¢(E) is somewhat more delicate than for C*(E), e.g. its equivalence
class is not obviously independent of auxiliary choices. This remark is meant as
a sanity check, but it should not cause extra concern since, in practice, the space
Ce(F) is typically regarded as an auxiliary choice in itself. In many applications,
one fixes an open subset Y < M and considers the closed subspace

Ce(E;U) = {n € C(E) | nlaru =0} .

REMARK B.1. The requirement for M to be compact can be relaxed as long as
U < M has compact closure: e.g. in one situation of frequent interest in this book,
we take M to be the noncompact completion of a symplectic cobordism. In this case
Ce(E;U) can be defined as a closed subspace of C¢(E|y,) where My < M is any
compact manifold with boundary that contains the closure of ¢. For this reason,
we lose no generality in continuing under the assumption that M is compact.

477
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In order to prove things about C¢(E), we will need to specify a more precise
definition of the C*-norms. To this end, define a sequence of vector bundles E*) —
M for integers k = 0 inductively by

EO:=p  E*Y.=Hom(TM, EW).

Choose connections and bundle metrics on both TM and FE; these induce connec-
tions and bundle metrics on each of the E®) so that for any section ¢ € T'(E®),
the covariant derivative V¢ is now a section of E**+1. In particular for n € I'(E),
we can define the “kth covariant derivative” of n as a section

VEn e D(EW).

Using the bundle metrics to define C°-norms for sections of £*), we can then define

k
[nlexey = D5 IV™ llcogpm,
m=0
where by convention V% := 1. We will assume throughout the following that the
C*-norms appearing in (B.1) are defined in this way.

THEOREM B.2. C(E) is a Banach space.

PrOOF. We need to show that Cc-Cauchy sequences converge in the C¢-norm.
It is clear from the definitions that if n; € C¢(E) is Cauchy, then n; is also C*-
Cauchy for every k > 0, hence its derivatives V*n; for every k are C°-convergent
to continuous sections & of E®). This convergence implies that ¢! = V¢F in
the sense of distributions, hence by the equivalence of classical and distributional
derivatives (see e.g. [LLO1, §6.10]), 0y = £° is smooth with V*7,, = £*, so that
Vkn; — YV, in CO(EW) for all k.

We claim 7, € Ce(E). Choose N > 0 such that |n; — n;lc. <1 for all i,j > N.
Then for every m € N and every ¢ > N,

m m m
Derlmiler < elm —nxllor + D eyl
k=0 k=0 k=0

< m —nnle. + Invle. <1+ [nvlle.-

Fixing m and letting ¢ — oo, we then have

m

D elnwlor <1+ |ny
k=0

Ce

for all m, so we can now let m — oo and conclude |nylc. <1+ |nn]c. < 0.

The argument that |1, — 7, |c. — 0 as j — oo is similar: pick € > 0 and N such
that [|n; — n;llc. < € for all 4,5 = N. Then for a fixed m € N, we can let i — o0 in
the expression » ", €| n; — n;llor < €, giving

m

D erlne = miller < e

k=0
This is true for every m, so we can take m — oo and conclude ||, — 7;|c. < € for
all j > N. O
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To show that C.(E) is also separable, we will follow a hint' from [HS95] and
embed it isometrically into another Banach space that can be more easily shown to
be separable. For each integer k£ > 0, define the vector bundle

FO = EO g @E®,

and let X, denote the vector space of all sequences
0
Ei= (80,648, e [Cc(FW)
k=0

such that

0

€]x == D exll§¥co < o0

k=0
EXERCISE B.3. Adapt the proof of Theorem B.2 to show that X is also a Banach
space.

LEMmMA B.4. X, is separable.

PROOF. Since C°(F®*)) is separable for each k > 0, we can fix countable dense
subsets P* < C°(F®). The set

Pi={(,...,6",00,..)eX. |[N>0and & € P forall k =0,..., N}
is then countable and dense in X,. O
THEOREM B.5. C(E) is separable.

ProoF. Consider the injective linear map
Ce(E) > X :n— (77, (n,Vn), (n, Vn, V277), .. ) .

This is an isometric embedding and thus presents C(E) as a closed linear subspace
of X, hence the theorem follows from Lemma B.4 and the fact that subspaces of
separable metric spaces are always separable. 0

Note that given any open subset Y < M, Theorems B.2 and B.5 also hold for
Ce(E;U), as a closed subspace of C¢(F). So far in this discussion, however, there has
been no guarantee that Cc(E) or Cc(E;U) contains anything other than the zero-
section, though it is clear that in theory, one should always be able to enlarge the
space by choosing new sequences ¢, that converge to zero faster. The following result
says that Ce(E;U) can always be made large enough to be useful in applications.

THEOREM B.6. Given an open subset U < M, the sequence €, can be chosen to
have the following properties:

(1) C(E;U) is dense in the space of continuous sections vanishing outside U.

(2) Given any point p € U, a neighborhood N, < U of p, a number § > 0 and
a continuous section 1y of E, there ezists a section n € I'(E) and a smooth
compactly supported function §: N, — [0,1] such that

Bne Ce(E;U), Bp)n(p) =no(p), and |n—1nofco <.

!Thanks to Sam Lisi for explaining to me what the hint in [HS95] was referring to.
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PROOF. Note first that it suffices to find two separate sequences ¢, and €, that
have the first and second property respectively, as the sequence of minima min(e, €},)
will then have both properties.

The following construction for the first property is based on a suggestion by
Barney Bramham. Observe first that the space C°(E;U) of continuous sections
vanishing outside U is a closed subspace of C°(F) and is thus separable, so we can
choose a countable C%-dense subset P = C°(E;U). Moreover, the space of smooth
sections vanishing outside U is dense in C°(E;U), hence we can assume without loss
of generality that the sections in P are smooth. Now write P = {1y, 72,73, ...} and
define €, > 0 for every integer k£ > 0 to have the property

- . { 1 1 }
€x < — min ey T
2t Imalles ™ lmwlon

Then every n; is in Ce(E;U), as

j—1 0 1
Inslle. < X5 exlmillos + 35 5 < o0
k=0 k=j

The second property is essentially local, so it can be deduced from Lemma B.7
below. ]

LEMMA B.7. Suppose 3 : D" — [0, 1] is a smooth function with compact support

on the open unit ball D" = R™ and B(0) = 1. One can choose a sequence of positive
numbers e, — 0 such that for every ng € R™ and r > 0, the function n : R® — R™
defined by

n(p) == Bp/r)no

satisfies > o €x|nlor < oo.

PROOF. Define ¢, > 0 so that for k > 1,

1
€ = .
K¥[8l o
- S alnler < 3 i = 32 (M) <o
exlnfor < Y —— = — .
k=1 ok Blen Nk
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Genericity in the space of asymptotic operators

The purpose of this appendix is to prove Lemma 3.35, which was needed for
our definition of spectral flow in §3.3. The proof combines some ideas from that
section with the technique used in Lecture 8 to prove generic transversality of moduli
spaces via the Sard-Smale theorem. Some knowledge of that technique should thus
be considered a prerequisite for this appendix; if you have never seen it before and
were directed here after reading the statement of Lemma 3.35, you might want to
skip this for now and come back after you've read as far as Lecture 8.

Recalling the notation from Lecture 3, we fix the real Hilbert spaces

H:LQ(Sl,RZn), DZHl(Sl,RQn),
the symmetric index 0 Fredholm operator
Tref = _JOat :D—->H

and, given a bounded family of symmetric matrices S € L®(S!, Endy™ (R?")), refer
to any operator of the form

A:—Jo(}t—SZD—)H

as an asymptotic operator. Such operators belong to the space of symmetric
compact perturbations of T,

Fredy™ (D, H, Tret) = {Tret + K: D > H | K e 4™ (H)},

which we regard as a smooth Banach manifold via its obvious identification with the
space L " (H) of symmetric bounded linear operators on H. For k € N, we denote

by
FredY™"(D, H, Tye) < FredY™ (D, H, T'er)
the finite-codimensional submanifold determined by the condition dimgker A =
dimp coker A = k.
Here is the statement of Lemma 3.35 again.

LEMMA. Fiz a smooth path [—1,1] — L®(Endg™(R*")) : s — S, and consider
the 1-parameter family of symmetric index O Fredholm operators
A, = —Jy0, — S, : HY(SY R™) — L*(S', R*™)
for s € [—1,1], assuming A4y are isomorphisms. Then after replacing Ss by a
family of the form Ss(t) := S,(t) + B(s,t) for some smooth function B : [—1,1] —
Endy™ (R?") that vanishes for s = +1 and may be assumed arbitrarily C*-small,
one can arrange that the following conditions hold:
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(1) For each s € (—1,1), all eigenvalues of Ag are simple.
(2) All intersections of the smooth path

(—1,1) — Fredy™ (D, H, Tret) : s — As
with FredY™ (D, 1, T.e) are transverse.

We shall now prove this by constructing a Floer-type space of Ce-smooth (see
Appendix B) perturbed families of asymptotic operators, and using the Sard-Smale
theorem to find a countable collection of comeager subsets whose intersection con-
tains perturbations achieving the desired conditions.

Choose a sequence of positive numbers € = (€;)7_, with ¢, — 0 to define a
separable Banach space

Ac:={BeC”([-1,1] x §*, Endi™(R*")) | |

. <o and B(+1,-) =0},

and assume via Theorem B.6 that A, is dense in the Banach space of continuous
functions [—1,1] x S' — Endy™(R?") vanishing at {+1} x S'. We then consider
perturbed 1-parameter families of asymptotic operators of the form

AP = A, +B(s,):D—>H

for B € Ae, s € [—1,1]. Remarks 3.20 and 3.21 imply that the perturbed family
defines a smooth path in Fredy™ (D, H, T.) as long as the original path s +— S; is
smooth in L®(Endy™(R?*")). For each k € N and B € A, define the set

VE(B) = {(s,A) € (-1,1) x R | dimpker (A7 —X) = k}.

To show that eigenvalues are generically simple, we need to show that for a comeager
set of choices of B € A, V¥(B) is empty for all k > 2. Given (s, \g) € V¥(B), recall
from §3.3 that there exist decompositions

D=VaK, H=WOK

where K = ker (AZ —Xo), W = im (AZ — \g) is the L?-orthogonal complement
of K, and V = W n D, so that any symmetric bounded linear operator T in a
sufficiently small neighborhood O < Z"™ (D, H) of AL — X\ can be written in

block form
A B
v~ (¢ p)

with A : V — W invertible. This gives rise to a smooth map
®:0 - Endy™(K): T—D-CA'B

whose zero set is precisely the set of nearby symmetric operators with k-dimensional
kernel. A neighborhood of (sg, \g) in V*(B) can thus be identified with the zero set
of the map

Up(s,\) = (A — \) e End)™(K),
defined for (s, \) € (—1,1) x R sufficiently close to (sq, Ag). Notice that the derivative
dUg(s,\) : R®R — Endy™(K) is Fredholm since its domain and target are both
finite dimensional, and it can only ever be surjective when k = dimg K = 1.
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The following space will now play the role of a “universal moduli space” as in
Lecture 8: let

VE = {(s,A\,B)e (—1,1) x R x A, | (s,)) e VE(B)}.
The proof that this is a smooth Banach manifold depends on the following algebraic

lemma.

LEMMA C.1. Fiz an asymptotic operator A = —Jy 0y — S and a linear transfor-
mation

T:ker A — ker A
that is symmetric with respect to the L*-product. Then there exists a continuous
loop B : S' — Endy™(R?") such that
n, BE)r> = (1, TE) 1
for all n, & € ker A.

PROOF. Note first that every nontrivial loop 1 € ker A = H'(S!, R?*") is contin-
uous and nowhere zero due to the generalized existence/uniqueness result for solu-
tions to linear ODEs in Exercise 3.16. It follows that if we fix a basis (11,...,7x)
for ker A, then the vectors 0y (t), ..., n.(t) € R*" are also linearly independent for all
t € S and thus span a continuous S*-family of k-dimensional subspaces V; < R?",
each equipped with a distinguished basis. There is therefore a unique continuous
St-family of linear transformations B(t) : V; — V; such that for every n € ker A,
B(t)n(t) = (Yn)(t) for all t. Extend B(t) arbitrarily to a continuous family of linear

maps on R?".
The matrices B(t) € End(R*") need not be symmetric, but they do satisfy

{n, §£>L2 ={n, Y&z forall n,& € ker A.

Since T is symmetric, this implies moreover that for all n, ¢ € ker A,

. X&) 12 = (€. Wiz = (& Bnyre = (1, BT 1.
The loop B := %(é + ET) thus has the desired properties. O

Now using the previously described construction in the space of symmetric Fred-
holm operators, a neighborhood of any point (sg, Ay, By) in V¥ can be identified with
the zero set of a smooth map of the form

U(s, A\, B) := Up(s,\) € End¥™(K),

defined for all (s, A\, B) sufficiently close to (sg, Ao, Bp) in (—1,1) x R x A, where
K = ker (Af;o — )\0). The partial derivative of ¥ with respect to the third variable
at (So, Ao, Bp) is then a linear map

L:= Dglll(SO, )\0, BQ) : Ae - Endﬁgm(K)
of the form

(C.1) LB: K — K :n~— mg(B(so,")n),
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where 7 : W@ K — K is the orthogonal projection. We claim that L is surjective.
Indeed, for any T € Endy™(K), Lemma C.1 provides a continuous loop Cj : S* —
Endy™ (R?") such that

Tk (Con) = Tn for all ne K,

and this can be extended to a continuous function C': [-1,1] x S — Endp™ (R*")
satisfying C(sg, ) = Cp and C(£1,-) = 0 since sy # +1. The function C' might fail
to be of class C¢, but since it can be approximated arbitrarily well in the C°-norm
by functions in A, we conclude that the image of L is dense in Endy™(K). Since
the latter is finite dimensional, the claim follows.

The implicit function theorem now gives V¥ the structure of a smooth Banach
submanifold of (—1,1) x R x A, and it is separable since the latter is also separable.
Consider the projection

(C.2) m: V" > Ac: (s,\,B) — B,

which is a smooth map of separable Banach manifolds whose fibers 7=!(B) are the
spaces V¥(B). Using Lemma 8.2, the fact that each map ¥y is Fredholm implies
that 7 is also a Fredholm map, so the Sard-Smale theorem implies that the regular
values of 7 form a comeager subset

k
Amesk o A

The intersection
reg .__ reg,k
Aree = (1) A
keN

is then another comeager subset of A, with the property that for each B € AL*®
and every k € N and (s, \) € V¥(B), d¥p(s, \) is (by Lemma 8.2) surjective. As was
observed previously, this is impossible for dimensional reasons if £ > 2, implying
that V*(B) is then empty.

To find perturbations that also achieve the transversality condition, we use a
similar argument: define for each B € A, the subset

V(B) = {se(~1,1) | dimgker A® =1},
along with the corresponding universal set
V= {(s,B) e (-1,1) x Ac | s V'(B)}.

A neighborhood of any (sg, By) in V? is then the zero set of a smooth map of the
form

U(s, B) = ®(ALP) € Endy™ (ker AD0),
defined for all (s, B) € (—1,1) x A¢ close enough to (sg, By). For a fixed B € A,
near By and s; € V°(B) near sy, a neighborhood of s; in V(B) is then the zero set
of Up(s) := U(s, B), and the intersection of the path s — AF € Fredy™ (D, H, Tyet)
with Fredﬁgm’l(D, H, T.ef) at s = s; is transverse if and only if

dVUp(s1) : R — Endp™ (ker A)
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is surjective. At (sg, By), the partial derivative of ¥ with respect to B is again the
same operator

L = D,V (sg, By) : Ac — Endg™ (ker AT0)
as in (C.1), which we’ve already seen is surjective due to Lemma C.1. Thus one can
apply the Sard-Smale theorem to the projection

VW — A : (s,B) — B,
obtaining a comeager subset A&Y = A, such that all paths A+ B(s, -) for B € A&
satisfy the required transversality condition. The comeager subset A%~ A8 < A,
thus consists of perturbed families of operators for which all desired conditions are

satisfied, and it contains a sequence converging in the C'®-topology to 0. This
concludes the proof of Lemma 3.35.
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