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Preface

This book is an expanded version of the lecture notes I produced for a two-
semester course taught at University College London in 2015-16, for Ph.D. students
with a background in basic symplectic geometry and interest in symplectic topology
and/or geometric analysis. For the most part, each chapter corresponds to a two-
hour lecture in the original course, though the reader will quickly notice that in this
“expanded” version, most individual chapters contain far more material than can
reasonably fit into one lecture (or even two). In reality, much of that material was
only sketched or mentioned in passing during lectures, and I ended up using the
notes to discuss everything that I would like to have explained if I'd had unlimited
time. This includes relatively detailed discussions of several important technical
points (e.g. the definition of spectral flow, generic transversality in symplectizations,
the punctured Riemann-Roch formula, finite energy and asymptotics with arbitrary
stable Hamiltonian structures) which are either incompletely covered by the existing
literature or, in my opinion, simply more difficult to learn from other sources than
they should be. For topics that are, on the other hand, well covered elsewhere, I
have usually not felt obliged to explain every detail, but have tried always to provide
adequate references.

One of the interesting features of SFT is that its foundations are—at the time of
this writing—mnot yet complete. When the original “propaganda paper” [EGHOO]
appeared in 2000, it was widely believed that the technical details would be filled in
within a few years, and several papers introducing important applications of SFT
to contact topology were written under this assumption. Since then, a certain re-
alization has set in that the results in those papers cannot truly be regarded as
“theorems” in the sense of mathematics, and it has become less socially acceptable
to preface statements of results with caveats of the form, “this theorem is dependent
on the foundations of SF'T”. At the same time, the need for a robust perturbation
scheme to achieve transversality in SFT spawned the development of a whole new
approach to infinite-dimensional differential geometry, the polyfold project [Hof06],
which is intended for much more general applications but is not yet finished. Opin-
ions vary among symplectic topologists as to how unsatisfied we should all be with
this state of affairs, and what could be done about it—among other things, one could
make an entire course out of the discussion of such issues, but I have not chosen to
do that. My approach is instead to develop the classical' analysis of pseudoholo-
morphic curves in symplectizations and symplectic cobordisms, to explain how this
would lead to a theory of algebraic contact invariants if transversality for multiple

IFor the purposes of this discussion, the word “classical” may be defined as “not involving the
words polyfold, virtual or Kuranishi”.

vii
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covers were not an issue, and then to use the tools and insights gained from this
discussion to prove rigorous mathematical theorems about contact manifolds. Typi-
cally, such theorems can be regarded informally as consequences of computations in
a (not yet well-defined) theory called SF'T, but in a rigorous sense, they are actually
consequences of the methods used in those computations. Examples covered in these
notes include distinguishing tight contact structures on the 3-torus that are homo-
topic but not isomorphic (Chapter 11), and the nonexistence of symplectic fillings
or symplectic cobordisms between certain pairs of contact manifolds (Chapter 17).
The choice of applications is of course biased somewhat toward my own research
interests.

Prerequisites. The stated target audience for the original lecture course was
“advanced Masters and Ph.D. students in differential geometry or related fields who
are not afraid of analysis”. More precisely, the notes assume some knowledge of the
following topics:

e Differential geometry: manifolds and vector bundles, differential forms and
Stokes’ theorem, connections, basic familiarity with symplectic manifolds;

e Functional analysis: linear operators on Banach spaces, basics of Sobolev
spaces, Fredholm operators;

e Differential topology: smooth mapping degree, intersection numbers, Sard’s
theorem;

e Algebraic topology: fundamental group, homology and cohomology of man-
ifolds, Poincaré duality, first Chern class, homological intersection numbers.

The following topics are not considered formal prerequisites, but some knowledge of
them is likely in any case to be helpful to the reader, who may want to have a good
reference for them (as suggested below) within arm’s reach:

e Contact manifolds (e.g. Geiges [Gei08]);

e Differential calculus on Banach spaces and Banach manifolds (e.g. these
two books by Lang: [Lan93] and [Lan99]);

e Closed pseudoholomorphic curves (e.g. McDuff-Salamon [MS12] or my
other book in preparation [Wenb));

e Floer homology (e.g. Salamon [Sal99] or Audin-Damian [AD14]).

Acknowledgements. I would like to thank the students who have sat through
various iterations of the course that gave rise to this book, notably Alexandru Cioba
and Agustin Moreno for their assistance in editing the first several lectures, as well
as Adrian Dawid, Milica Duki¢, Shah Faisal, Solveig Hepp, Catalina Jurja, and
Michael Rothgang for useful comments. My understanding of Taubes’s approach to
the Riemann-Roch formula (explained in Chapter 5) and its generalization to the
punctured case emerged in part from discussions with Chris Gerig, and I am grateful
also to Tim Perutz for helpful hints about Weitzenbock formulas, and Patrick Massot
for patient discussions of singular integral operators and elliptic regularity. Thanks
also to Michael Hutchings and Janko Latschev for helping me understand the com-
binatorial factors in Chapter 13, to Jo Nelson for helpful comments on coefficients
and orbifold singularities, and to Sam Lisi and Barney Bramham for advice on the
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Floer C¢ space. And also to Klaus Niederkriiger and Helmut Hofer for enlightening
discussions on all manner of things.






About the current version

The version you see in front of you is being revised and updated regularly to
accompany a Masters-level special topics course on symplectic field theory at the
Humboldt-Universitdat zu Berlin in the 2026 summer semester.

I have tried to produce a manuscript that is relatively well polished, but I have
not tried quite as diligently for that as I do with most of my research papers. As
of the beginning of the 2026 summer semester, some of the later chapters that have
been in planning for over a decade are not yet complete, and one or two additional
chapters exist only as vague plans in my head, so if those chapters exist by the end
of the semester, they are unlikely to be error-free. I apologize for any sloppiness that
I may have failed so far to expunge. All comments and corrections are welcome,?
and may be sent to wendl@math.hu-berlin.de. Updates on the publication of the
book will be posted periodically on my website at

https://www.mathematik.hu-berlin.de/~wendl/publications.html#notes
Most recent update: May 18, 2026

2especially if those corrections are received before the book goes to press
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CHAPTER 1

Introduction
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1.1. In the beginning, Gromov wrote a paper 1
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1.6.1. Tight contact structures on T3 24
1.6.2. Filling and cobordism obstructions 24

Symplectic field theory is a general framework for defining invariants of contact
manifolds and symplectic cobordisms between them via counts of “asymptotically
cylindrical” pseudoholomorphic curves. In this first chapter, we’ll summarize some
of the historical background of the subject, and then sketch the basic algebraic
formalism of SF'T.

1.1. In the beginning, Gromov wrote a paper

Pseudoholomorphic curves first appeared in symplectic geometry in a 1985 paper
of Gromov [Gro85]. The development was revolutionary for the field of symplectic
topology, but it was not unprecedented: a few years before this, Donaldson had
demonstrated the power of using elliptic PDEs in geometric contexts to define in-
variants of smooth 4-manifolds (see [DK90]). The PDE that Gromov used was a
slight generalization of one that was already familiar from complex geometry.

Recall that if M is a smooth 2n-dimensional manifold, an almost complex
structure on M is a smooth linear bundle map J : TM — TM such that J? = —1.
This makes the tangent spaces of M into complex vector spaces and thus induces an
orientation on M; the pair (M, J) is called an almost complex manifold. In this
context, a Riemann surface is an almost complex manifold of real dimension 2
(hence complex dimension 1), and a pseudoholomorphic curve (also called J-
holomorphic) is a smooth map

u:x—>M
satisfying the nonlinear Cauchy-Riemann equation

(1.1) Tuoj=JoTu,
1
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where (X, 7) is a Riemann surface and (M, J) is an almost complex manifold (of
arbitrary dimension). The almost complex structure J is called integrable if M
admits the structure of a complex manifold such that J is multiplication by 7 in
holomorphic coordinate charts. By a basic theorem due to Gauss, every almost
complex structure in real dimension two is integrable, hence one can always find
local coordinates (s,t) on neighorhoods in ¥ such that

J0s =0 jOr = —0s.
In these coordinates, (1.1) takes the form
Osu + J(u)du = 0.

The fundamental insight of [Gro85] was that solutions to the equation (1.1)
capture information about symplectic structures on M whenever they are related to
J in the following way.

DEFINITION 1.1.1. Suppose (M, w) is a symplectic manifold. An almost complex
structure J on M is said to be tamed by w if

w(X,JX)>0 forall X e TM with X # 0.
Additionally, J is compatible with w if the pairing
g(X,)Y) :=w(X,JY)
defines a Riemannian metric on M.

EXERCISE 1.1.2. Show that an almost complex structure J is compatible with
a symplectic form w if and only if it is tame and w is J-invariant.

We shall denote by J (M) the space of all smooth almost complex structures on
M, with the C{° -topology, and if w is a symplectic form on M, let

N To(M,w), T(M,w) © T(M)

denote the subsets consisting of almost complex structures that are tamed by or
compatible with w respectively. Notice that J,(M,w) is an open subset of J (M),
but J(M,w) is not. Proofs of the following may be found in [MS17, §2.5] or
[Wenb, §2.2], among other places.

PROPOSITION 1.1.3. On any symplectic manifold (M,w), the spaces J.(M,w)
and J(M,w) are each nonempty and contractible. O

Tameness implies that the energy of a J-holomorphic curve v : ¥ — M,

E(u) := L urw,

is always nonnegative, and it is strictly positive unless u is constant. Notice moreover
that if the domain ¥ is closed, then E(u) depends only on the cohomology class
[w] € H3z (M) and the homology class

[u] := u.[S] € Hy(M),

so in particular, any family of J-holomorphic curves in a fixed homology class sat-
isfies a uniform energy bound. This basic observation is one of the key facts behind
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Gromov’s compactness theorem, which states that moduli spaces of closed curves in
a fixed homology class are compact up to “nodal” degenerations.

The most famous application of pseudoholomorphic curves presented in [Gro85]
is Gromov’s nonsqueezing theorem, which was the first known example of an obstruc-
tion for embedding symplectic domains that is subtler than the obvious obstruction
defined by volume. The technology introduced in [Gro85] also led directly to the
development of the Gromov-Witten invariants (see [MS12, RT95, RT97]), which
follow the same pattern as Donaldson’s earlier smooth 4-manifold invariants: they
use counts of J-holomorphic curves to define invariants of symplectic manifolds up
to symplectic deformation equivalence.

Here is another sample application from [Gro85]. We denote by

A-BeZ

the intersection number between two homology classes A, B € Hy(M) in a closed
oriented 4-manifold M.

THEOREM 1.1.4. Suppose (M,w) is a closed and connected symplectic 4-manifold
with the following properties:

(1) (M,w) does not contain any symplectic submanifold S = M that is diffeo-
morphic to S* and satisfies [S] - [S] = —1.

(1) (M,w) contains two symplectic submanifolds S1,Sy < M which are both
diffeomorphic to S, satisfy

[S1] - [S1] = [S2] - [S2] = O,
and have exactly one intersection point with each other, which is transverse
and positive.
Then (M,w) is symplectomorphic to (S? x S% 01 @ 03), where for i = 1,2, the o;
are area forms on S? satisfying

| o= s

SKETCH OF THE PROOF. Since S; and S; are both symplectic submanifolds,
one can choose a compatible almost complex structure J on M for which both of
them are the images of embedded J-holomorphic curves. One then considers the
moduli spaces M;(J) and My(J) of equivalence classes of J-holomorphic spheres
homologous to S7 and S5 respectively, where any two such curves are considered
equivalent if one is a reparametrization of the other (in the present setting this just
means they have the same image). These spaces are both manifestly nonempty,
and one can argue via Gromov’s compactness theorem for J-holomorphic curves
that both are compact. Moreover, an infinte-dimensional version of the implicit
function theorem implies that both are smooth 2-dimensional manifolds, carrying
canonical orientations, hence both are diffeomorphic to closed surfaces. Finally, one
uses positivity of intersections to show that every curve in M;(J) intersects every
curve in Ms(J) exactly once, and this intersection is always transverse and positive;
moreover, any two curves in the same space M;(J) or My(J) are either identical
or disjoint. It follows that both moduli spaces are diffecomorphic to S?, and both
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consist of smooth families of J-holomorphic spheres that foliate M, hence defining
a diffeomorphism
Ml(J) X MQ(J) - M

that sends (u1, u2) to the unique point in the intersection im u; nim uy. This identifies
M with S§% x S? such that each of the submanifolds S? x {*} and {+} x S? are
symplectic. The latter observation can be used to determine the symplectic form
up to deformation, so that by the Moser stability theorem, w is determined up to
isotopy by its cohomology class [w] € H2z(S? x S?), which depends only on the
evaluation of w on [S? x {+}] and [{+} x S?] € Hy(S? x S?). O

For a detailed exposition of the above proof of Theorem 1.1.4, see [Wenl8,
Theorem EJ.

1.2. Hamiltonian Floer homology

Throughout the following, we write
St :=R/Z,

so maps on S! are the same as 1-periodic maps on R. One popular version of the
Arnold conjecture on symplectic fixed points can be stated as follows. Suppose
(M,w) is a closed symplectic manifold and H : S x M — R is a smooth func-
tion. Writing H; := H(t,-) : M — R, H determines a 1-periodic time-dependent
Hamiltonian vector field X; via the relation’

(1.2) w(X,, ) = —dH,.

CONJECTURE 1.2.1 (Arnol'd conjecture). If all 1-periodic orbits of X; are non-
degenerate, then the number of these orbits is at least the sum of the Betti numbers

of M.

Here a 1-periodic orbit v : S — M of X, is called nondegenerate if, denoting
the flow of X, by !, the linearized time 1 flow

de'(1(0)) : Tyo) M — Ty0)M

does not have 1 as an eigenvalue. This can be thought of as a Morse condition for
an action functional on the loop space whose critical points are periodic orbits; like
Morse critical points, nondegenerate periodic orbits occur in isolation. To simplify
our lives, let’s restrict attention to contractible orbits and also assume that (M, w)
is symplectically aspherical, which means

W |mo(ary = 0 ie. w], [u]) = 0 for all continuous maps u : S* — M.
[w]lma(ary = 0, ([wl, [ul) p

Then if C®

© (S, M) denotes the space of all smoothly contractible smooth loops
in M, the symplectic action functional can be defined by

Ay O (SI,M)HR:VH—JW*er Ho(v (1)) dt,
D

contr
Sl

IElsewhere in the literature, you will sometimes see (1.2) without the minus sign on the right
hand side. If you want to know why I strongly believe that the minus sign belongs there, see
[Wena], but to some extent this is just a personal opinion.
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where 4 : D — M is any smooth map on the closed unit disk D < C satisfying
) =),

and the symplectic asphericity condition guarantees that Ag(7y) does not depend
on the choice of 7.

EXERCISE 1.2.2. The first variation of a functional such as Ay : CZ . (S*, M)
at v € C2...(S', M) is by definition the unique linear map dAg(y) : T(v*TM) — R
such that for any smooth 1-parameter family {v, € C% . (S*, M)}se(—e,) With 79 =

contr
and 0s7vs|s—o = 1, one has

= dAu (7).

s=0

d
ds An (78)

In other words, if we think of C2 . (S, M) as an infinite-dimensional manifold” with
tangent spaces T,C2 . (S*, M) = ['(v*T M), then dAy(v) is simply the differential

of Ay at 7. Prove the formula

dAu(n = | i)+ dH) di = | wl - X)) de.
5 5

Using the nondegeneracy of w, this shows that the critical points of Ay are precisely
the contractible 1-periodic orbits of Xj.

A few years after Gromov’s introduction of pseudoholomorphic curves, Floer
proved the most important cases of the Arnol'd conjecture by developing a novel
version of infinite-dimensional Morse theory for the functional Ag. This approach
mimicked the homological approach to Morse theory which has since been popular-
ized in books such as [AD14,Sch93], but was apparently only known to experts at
the time. In Morse homology, one considers a smooth Riemannian manifold (M, g)
with a Morse function f : M — R, and defines a chain complex whose generators
are the critical points of f, graded according to their Morse index. If we denote the
generator corresponding to a given critical point x € Crit(f) by {(z), the boundary
map on this complex is defined by

o) = > # (M(x,y)/R) (),

Morse(y)=Morse(z)—1

where M (z,y) denotes the moduli space of negative gradient flow lines u : R — M,
satisfying dsu = —V f(u(s)), lims,_on u(s) = = and lim,_, o u(s) = y. This space
admits a natural R-action by shifting the variable in the domain, and one can show
that for generic choices of f and the metric g, M(x,y)/R is a finite set whenever
Morse(z) — Morse(y) = 1. The real magic, however, is contained in the following
statement about the case Morse(z) — Morse(y) = 2:

2At this stage, it is best not to worry so much over exactly what kind of infinite-dimensional
manifold CZ . (S', M) is. It is locally modeled on open subsets of the space of smooth sections

D(y*T M), which is a Fréchet space, but the notion of a “Fréchet manifold” is not so straightforward
to define precisely, and one can easily define the term “first variation” without worrying about it.
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FiGURE 1.1. One-parameter families of gradient flow lines on a
Riemannian manifold degenerate to broken flow lines.

PROPOSITION 1.2.3. For generic choices of f and g and any two critical points
x,y € Crit(f) with Morse(z) —Morse(y) = 2, M(z,y)/R is homeomorphic to a finite
collection of circles and open intervals whose end points are canonically identified
with the finite set

OM(z,y) = U M(x,z) x M(z,y).

Morse(z)=Morse(z)—1

We say that M(z,y) has a natural compactification M(x,%), which has the
topology of a compact 1-manifold with boundary, and its boundary is the set of
all broken flow lines from z to y, cf. Figure 1.1. This set of broken flow lines
is precisely what is counted if one computes the (y) coefficient of 9?(z), hence we
deduce

=0
as a consequence of the fact that compact 1-manifolds always have zero boundary
points when counted with appropriate signs.> The homology of the resulting chain
complex can be denoted by HM,(M ; g, f) and is called the Morse homology
of M. The well-known Morse inequalities can then be deduced from a fundamen-
tal theorem stating that HM,(M ; g, f) is, for generic f and g, isomorphic to the
singular homology of M.

With the above notion of Morse homology understood, Floer’s approach to the
Arnol’d conjecture can now be summarized as follows:

Step 1: Under suitable technical assumptions, construct a homology theory
HFE,(M,w; H,{J;}),

depending a priori on the choices of a Hamiltonian H : S' x M — R with
all 1-periodic orbits nondegenerate, and a generic S'-parametrized family
of w-compatible almost complex structures {J;};cs1. The generators of the

3Counting with signs presumes that we have chosen suitable orientations for the moduli spaces
M(z,y), and this can always be done. Alternatively, one can avoid this issue by counting modulo 2,
and thus define a homology theory with Zy coefficients.
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chain complex are the critical points of the symplectic action functional
Ay, i.e. 1-periodic orbits of the Hamiltonian flow, and the boundary map
is defined by counting a suitable notion of gradient flow lines connecting
pairs of orbits (more on this below).

Step 2: Prove that HF,(M,w) := HF.(M,w; H,{J;}) is a symplectic invariant,
i.e. it depends on w, but not on the auxiliary choices H and {J;}.

Step 3: Show that if H and {J;} are chosen to be time-independent and H is
also C%-small, then the chain complex for HF,(M,w; H,{J;}) is isomor-
phic (with a suitable grading shift) to the chain complex for Morse ho-
mology HM,(M ; g, H) with g := w(-, J;-). The isomorphism between
HM,(M; g,H) and singular homology thus implies that the Floer com-
plex must have at least as many generators (i.e. periodic orbits) as there
are generators of H,(M), proving the Arnol’d conjecture.

The implementation of Floer’s idea required a different type of analysis than
what is needed for Morse homology. The moduli space M(z,y) in Morse homol-
ogy is simple to understand as the (generically transverse) intersection between the
unstable manifold of x and the stable manifold of y with respect to the negative
gradient flow. Conveniently, both of those are finite-dimensional manifolds, with
their dimensions determined by the Morse indices of x and y. We will see in Chap-
ter 3 that no such thing is true for the symplectic action functional: to the extent
that Ay can be thought of as a Morse function on an infinite-dimensional manifold,
its Morse index and its Morse “co-index” at every critical point are both infinite,
hence the stable and unstable manifolds are not nearly as nice as finite-dimensional
manifolds, providing no reason to expect that their intersection should be. There
are additional problems since C® . (S, M) does not have a Banach space topology:
in order to view the negative gradient flow of Ay as an ODE and make use of the
usual local existence/uniqueness theorems (as in [Lan99, Chapter IV]), one would
have to extend Ag to a smooth function on a suitable Hilbert manifold with a Rie-
mannian metric. There is a very limited range of situations in which one can do
this and obtain a reasonable formula for VAy, e.g. [HZ94, §6.2] explains the case
M = T?", in which Ay can be defined on the Sobolev space H'/?(S', R?") and then
studied using Fourier series. This approach is very dependent on the fact that the
torus T?" is a quotient of R?". For general symplectic manifolds (M,w), one cannot
even define H/2(S', M), since functions of class H'/? on S' need not be continuous
(H'2 is a “Sobolev borderline case” in dimension one).

One of the novelties in Floer’s approach was to refrain from viewing the gradient
flow as an ODE in a Banach space setting, but instead to write down a formal
version of the gradient flow equation and regard it as an elliptic PDE. To this end,
let us regard C2 . (S, M) formally as a manifold with tangent spaces

contr

T,C%

contr

(S', M) :=T(y*TM),

choose a formal Riemannian metric on this manifold (i.e. a smoothly varying family
of L*inner products on the spaces I'(y*T'M)) and write down the resulting equation
for the negative gradient flow. A suitable Riemannian metric can be defined by
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FiGURE 1.2. A family of smooth Floer trajectories can degenerate
into a broken Floer trajectory.

choosing a smooth S'-parametrized family of compatible almost complex structures
{Jre T(M,w)}iesr s
abbreviated in the following as {J;}, and setting

(Emus = | w(e(o) Tt a
for &, m e T'(y*TM). Exercise 1.2.2 then yields the formula
dAy(V)n = By = Xe(0)), mr2,

so that it seems reasonable to define the so-called unreqularized gradient of Ay by
(1.3) VAL () == Ji(y = Xi(v)) e T(y*'TM).
Let us also think of a path u: R — C® . (S, M) as amap u : R x ST — M, writing

contr

u(s,t) := u(s)(t). The negative gradient flow equation dsu + V.Ax(u(s)) = 0 then
becomes the elliptic PDE

(1.4) Osu + Jy(u) (Opu — Xy(u)) = 0.

This is called the Floer equation, and its solutions are often called Floer tra-
jectories. The relevance of Floer homology to our previous discussion of pseudo-
holomorphic curves should now be obvious. Indeed, the resemblance of the Floer
equation to the nonlinear Cauchy-Riemann equation is not merely superficial—we
will see in Chapter 6 that the former can always be viewed as a special case of the
latter. In any case, one can use the same set of analytical techniques for both: el-
liptic regularity theory implies that Floer trajectories are always smooth, Fredholm
theory and the implicit function theorem imply that (under appropriate assump-
tions) they form smooth finite-dimensional moduli spaces. Most importantly, the
same “bubbling off” analysis that underlies Gromov’s compactness theorem can be
used to prove that spaces of Floer trajectories are compact up to “breaking”; just as
in Morse homology (see Figure 1.2)—this is the main reason for the relation 0% = 0
in Floer homology.

We should mention one complication that does not arise either in the study of
closed holomorphic curves or in finite-dimensional Morse theory. Since the gradient
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flow in Morse homology takes place on a closed manifold, it is obvious that every
gradient flow line asymptotically approaches critical points at both —oo and +o0.
The following example shows that in the infinite-dimensional setting of Floer theory,
this is no longer true.

EXAMPLE 1.2.4. Consider the Floer equation on M := S? = Cu{oo} with H := 0
and J; defined as the standard complex structure ¢ for every t. Then the orbits of
X, are all constant, and a map u : R x S* — S? satisfies the Floer equation if and
only if it is holomorphic. Identifying R x S* with C* := C\{0} via the biholomorphic
map (s,t) = >+ a solution u approaches periodic orbits as s — +oo if and
only if the corresponding holomorphic map C* — S? extends continuously (and
therefore holomorphically) over 0 and co. But this is not true for every holomorphic
map C* — S?, e.g. take any entire function C — C that has an essential singularity
at oo.

EXERCISE 1.2.5. Show that in the above example with an essential singularity
at 0o, the symplectic action Ag(u(s,-)) is unbounded as s — oo.

EXERCISE 1.2.6. Suppose u : R x S — M is a solution to the Floer equation
with limg_,4q u(s, ) = 4 uniformly for a pair of 1-periodic orbits 74 € Crit(Ag).
Show that
(1.5)

Aly=) — A(vs) = J w(Osu, Opu — X¢(u)) dsdt = j w(0su, Ji(u)d5u) ds dt.
Rx St Rx St

The right hand side of (1.5) is manifestly nonnegative since J; is compatible
with w, and it is strictly positive unless v_ = ~,. It is therefore sensible to call
this expression the energy E(u) of a Floer trajectory. The following converse of
Exercise 1.2.6 plays a crucial role in the compactness theory for Floer trajectories, as
it guarantees that all the “levels” in a broken Floer trajectory are asymptotically well
behaved. We will prove a variant of this result in the SF'T context (see Prop. 1.3.12
below) in Chapter 7.

PROPOSITION 1.2.7. Ifu : R x S — M is a Floer trajectory with E(u) < oo
and all 1-periodic orbits of X; are nondegenerate, then there exist orbits v_,v, €
Crit(Ag) such that lim,_ 4o u(s, ) = v+ uniformly.

REMARK 1.2.8. It should be emphasized again that we have assumed [w]|~,n) =
0 throughout this discussion. Floer homology can also be defined under more general
assumptions, but several details become more complicated.

For nice comprehensive treatments of Hamiltonian Floer homology—unfortunately
not always with the same sign conventions as used here—see [Sal99, AD14]. Note
that this is only one of a few “Floer homologies” that were introduced by Floer in the
late 80’s: the others include Lagrangian intersection Floer homology [Flo88a] (which
has since evolved into the Fukaya category, see [Sei08 FOOOO09]), and instanton
homology [Flo88c], an extension of Donaldson’s gauge-theoretic smooth 4-manifold
invariants to dimension three. The development of new Floer-type theories has since
become a major industry; see [AS19] for a survey.
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A

F1GURE 1.3. A star-shaped hypersurface in Euclidean space

1.3. Contact manifolds and the Weinstein conjecture

A Hamiltonian system on a symplectic manifold (W, w) is called autonomous if
the Hamiltonian H : W — R does not depend on time. In this case, the Hamiltonian
vector field Xy defined by

w(XH, ) = —dH

is time-independent and its orbits are confined to level sets of H. The images of
these orbits on a given regular level set H !(c) depend on the geometry of H *(c),
but not on H itself, as they are the integral curves (also known as characteristics)
of the characteristic line field on H~!(c), defined as the unique direction spanned
by a vector X such that w(X,Y) = 0 for all Y tangent to H~!(c). In 1978, Weinstein
[Wei78] and Rabinowitz [Rab78] proved that certain kinds of regular level sets in
symplectic manifolds are guaranteed to admit closed characteristics, hence implying
the existence of periodic Hamiltonian orbits. In particular, this is true whenever
H1(c) is a star-shaped hypersurface in the standard symplectic R*" (see Figure 1.3).

The following symplectic interpretation of the star-shaped condition provides
both an intuitive reason to believe Rabinowitz’s existence result and motivation for
the more general conjecture of Weinstein. In any symplectic manifold (W,w), a
Liouville vector field is a smooth vector field V' that satisfies

Lyw=w.
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By Cartan’s formula for the Lie derivative, the 1-form A defined by A := w(V,-)
satisfies d\ = w if and only if V' is a Liouville vector field; moreover, A then also
satisfies Ly A = A, and it is referred to as a Liouville form. We sometimes say
in this situation that the Liouville form A\ and Liouville vector field V' are w-dual
to each other. A hypersurface M < (W, w) is said to be of contact type if it is
transverse to a Liouville vector field defined on a neighborhood of M.

EXAMPLE 1.3.1. Using coordinates (q1,p1,- - -, Gn, Pn) on R?", the standard sym-
plectic form is written as

wad 1= Y, dp; A dg,

j=1
and the Liouville form \gq := %Z?:1(pj dq; — q; dpj) is dual to the radial Liouville

vector field
1 & 0 0
Vg 1= = L — ).

j=1
Any star-shaped hypersurface is therefore of contact type.

EXERCISE 1.3.2. Suppose (W, w) is a symplectic manifold of dimension 2n, M <
W is a smoothly embedded and oriented hypersurface, V' is a Liouville vector field
defined near M and A := w(V,-) is the dual Liouville form. Define a 1-form on M
by Q= )\|TM
(a) Show that V' is positively transverse to M if and only if « satisfies
(1.6) a A (da)" ' > 0.

(b) If V' is positively transverse to M, choose ¢ > 0 sufficiently small and
consider the embedding

D:(—€,€) x M —>W: (r,x) — ¢} (x),
where ¢!, denotes the time ¢ flow of V. Show that
O*\ = €',
where we are abusing notation on the right hand side by identifying a €

QM) with its pullback under the projection (—¢,€) x M — M. In partic-
ular, we obtain from this the formula ®*w = d(e"«).

The above exercise presents any contact-type hypersurface M < (W,w) as
one member of a smooth 1-parameter family of contact-type hypersurfaces M, :=
o (M) < W, each canonically identified with M such that w|ry, = € da. In
particular, the characteristic line fields on M, are the same for all r, thus the ex-
istence of a closed characteristic on any of these implies that there also exists one
on M. This observation has sometimes been used to prove such existence theorems,
e.g. it is used in [HZ94, Chapter 4] to reduce Rabinowitz’s result to an “almost
existence” theorem based on symplectic capacities. This discussion hopefully makes
the following conjecture seem believable.

CONJECTURE 1.3.3 (Weinstein conjecture, symplectic version). Any closed contact-
type hypersurface in a symplectic manifold admits a closed characteristic.
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Weinstein’s conjecture admits a natural rephrasing in the language of contact
geometry. A 1-form « on an oriented (2n — 1)-dimensional manifold M is called a
(positive) contact form if it satisfies (1.6), and the resulting co-oriented hyperplane
field

E:=keracTM

is then called a (positive and co-oriented) contact structure.” We call the pair
(M, &) a contact manifold, and refer to a diffcomorphism ¢ : M — M’ as a
contactomorphism from (M, §) to (M',£') if ¢, maps £ to £’ and also preserves
the respective co-orientations. Equivalently, if £ and & are defined via contact forms
a and o respectively, this means

p*a’ = fa  for some fe C®(M,(0,0)).

Contact topology studies the category of contact manifolds (M, &) up to con-
tactomorphism. The following basic result provides one good reason to regard &
rather than « as the geometrically meaningful data, as the result holds for contact
structures, but not for contact forms.

THEOREM 1.3.4 (Gray’s stability theorem). If M is a closed (2n—1)-dimensional
manifold and {&;}ie[o.1] is a smooth 1-parameter family of contact structures on M,
then there exists a smooth 1-parameter family of diffeomorphisms {@;}iero1] such that

wo = 1d and (1)&o = &-
PROOF. See [Gei08, §2.2] or [Wenb, Theorem 1.6.12]. O

A corollary is that while the contact form « induced on a contact-type hyper-
surface M < (W, w) via Exercise 1.3.2 is not unique, its induced contact structure is
unique up to isotopy. Indeed, the space of all Liouville vector fields transverse to M
is very large (e.g. one can add to V' any sufficiently small Hamiltonian vector field),
but it is conver, hence any two choices of the induced contact form o on M are
connected by a smooth 1-parameter family of contact forms, implying an isotopy of
contact structures via Gray’s theorem.

EXERCISE 1.3.5. If a is a nowhere zero 1-form on M and £ = ker «, show that «a
is contact if and only if da|e defines a symplectic vector bundle structure on £ — M.
Moreover, the orientation of ¢ determined by this symplectic bundle structure is
compatible with the co-orientation determined by « and the orientation of M for
which a A (da)"! > 0.

The following definition is based on the fact that since dal¢ is nondegenerate
when « is contact, ker daw = T'M is always 1-dimensional and transverse to &.

DEFINITION 1.3.6. Given a contact form « on M, the Reeb vector field is the
unique vector field R, that satisfies

da(Re, ) =0, and «a(R,) =1

4The adjective “positive” refers to the fact that the orientation of M agrees with the one deter-
mined by the volume form a A (da)"~!; we call « a negative contact form if these two orientations
disagree. It is also possible in general to define contact structures without co-orientations, but
contact structures of this type will never appear in this book; for our purposes, the co-orientation
is always considered to be part of the data of a contact structure.
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EXERCISE 1.3.7. Show that the flow of any Reeb vector field R, preserves both
¢ = ker @ and the symplectic vector bundle structure dal.

CONJECTURE 1.3.8 (Weinstein conjecture, contact version). On any closed con-
tact manifold (M, &) with contact form «, the Reeb vector field R, admits a periodic
orbit.

To see that this is equivalent to the symplectic version of the conjecture, ob-
serve that any contact manifold (M, & = ker ) can be viewed as the contact-type
hypersurface {0} x M in the open symplectic manifold

(R x M,d(e"a)),

called the symplectization of (M, ). Here, as in Exercise 1.3.2, we are abusing
notation and identifying o € Q'(M) with its pullback to R x M via the projection
RxM— M.

EXERCISE 1.3.9. Recall that for any smooth manifold M, the cotangent bundle
T*M carries a tautological 1-form \gq € Q(T* M) that locally takes the form \gq =
Z?:ﬂ”j dg; in any choice of local coordinates (g, ..., ¢,) on a neighbood U < M,
with (p1,...,p,) denoting the induced coordinates on the cotangent fibers over U.
(We will discuss cotangent bundles in somewhat more detail in §3.11.) This defines
a Liouville form, with dAsq defining the canonical symplectic structure of T*M.
Now if £ € T'M is a co-oriented hyperplane field on M, consider the submanifold

SeM :={peT*M ‘ kerp = € and p(X) > 0 VX € TM pos. transverse to £} .

Show that ¢ is contact if and only if S¢ M is a symplectic submanifold of (7 M, dAg4),
and the Liouville vector field on T*M dual to Ayq is tangent to S¢ M. Moreover, if
¢ is contact, then any choice of contact form for £ determines a diffeomorphism of
SeM to R x M identifying the Liouville form Agq along S¢M with e”«.

REMARK 1.3.10. Exercise 1.3.9 shows that up to symplectomorphism, our def-
inition of the symplectization of (M, ¢) above actually depends only on £ and not
on «.

In 1993, Hofer [Hof93] introduced a new approach to the Weinstein conjecture
that was based in part on ideas of Gromov and Floer. Fix a contact manifold (M, &)
with contact form «, and let

J(a) c J(R x M)

denote the nonempty and contractible space of all almost complex structures J on
R x M satisfying the following conditions:

(1) The natural translation action on R x M preserves J;

(2) JO, = R, and JR, = —0,, where r denotes the canonical coordinate on the
R-factor in R x M,

(3) J€ =& and da(-, J-)|¢ defines a bundle metric on &.

It is easy to check that any J € J(«) is compatible with the symplectic structure
d(e"a) on R x M. Moreover, if v : R — M is any periodic orbit of R, with period
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T > 0, then for any J € J(«), the so-called trivial cylinder
u:RxS' >R x M:(s,t) — (Ts,v(Tt))

is a J-holomorphic curve. Following Floer, one version of Hofer’s idea would be
to look for J-holomorphic cylinders that satisfy a finite energy condition as in
Prop. 1.2.7, forcing them to approach trivial cylinders asymptotically—the exis-
tence of such a cylinder would then imply the existence of a closed Reeb orbit,
and thus prove the Weinstein conjecture. The first hindrance is that the “obvious”
definition of energy in this context,

j u*d(e"a),
Rx St

is not very useful: this integral is infinite if u is a trivial cylinder. To circumvent
this, notice that every J € J(«) is also compatible with any symplectic structure of
the form

w, 1= d(e?Ma),
where ¢ is a function chosen freely from the set
(1.7) T :={peC?R,(-1,1)) | ¢ > 0}.

Essentially, choosing w, means identifying R x M with a subset of the bounded
region (—1,1) x M, in which trivial cylinders have finite symplectic area. Since
there is no preferred choice for the function ¢, we define the Hofer energy® of a
J-holomorphic curve v : ¥ — R x M by

(1.8) E(u) := supf U w,p.
peT JX

This has the desired property of being finite for trivial cylinders, and it is also
nonnegative, with strict positivity whenever u is not constant.

Another useful observation from [Hof93] was that if the goal is to find periodic
orbits, then we need not restrict our attention to J-holomorphic cylinders in par-
ticular. One can more generally consider curves defined on an arbitrary punctured
Riemann surface )

¥ =X\l
where (X,7) is a closed connected Riemann surface and I' < ¥ is a finite set of
punctures. For any ¢ € I', one can find coordinates identifying some punctured
neighborhood of ¢ biholomorphically with the closed punctured disk

D := D\{0} c C,
and then identify this with either the positive or negative half-cylinder
Z, :=[0,0) x S*, Z_:=(~0,0] x S*
via the biholomorphic maps

Z, — D - (s,) — 6727T(S+it)’ 7 5D (s,) — p2m(stit)

SStrictly speaking, the energy defined in (1.8) is not identical to the notion introduced in
[Hof93] and used in many of Hofer’s papers, but it is equivalent to it in the sense that uniform
bounds on either notion of energy imply uniform bounds on the other.
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x M
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(Co) x M > ——

FIGURE 1.4. An asymptotically cylindrical holomorphic curve in a
symplectization, with genus 1, one positive puncture and two negative
punctures.

We will refer to such a choice as a (positive or negative) holomorphic cylindrical
coordinate system near (, and in this way, we can present (Z, j) as a Riemann
surface with cylindrical ends, i.e. the union of some compact Riemann surface with
boundary with a finite collection of half-cylinders Z; on which j takes the standard
form j0, = ;. Note that the standard cylinder R x S! is a special case of this, as it
can be identified biholomorphically with S*\{0, c0}. Another important special case
is the plane, C = S?\{o0}.

If u: (%,j) > (R x M,J) is a J-holomorphic curve and ¢ € I is one of its
punctures, we will say that u is positively /negatively asymptotic to a T-periodic
Reeb orbit v : R — M at ( if one can choose holomorphic cylindrical coordinates
(s,t) € Z4 near ¢ such that

u(s,t) = expgs (e M(s,t)  for |s| sufficiently large,
where h(s,t) is a vector field along the trivial cylinder satisfying h(s,-) — 0 uniformly
as |s| — oo, and the exponential map is defined with respect to any R-invariant
choice of Riemannian metric on R x M. We say that v : (£,7) — (R x M, J) is
asymptotically cylindrical if it is (positively or negatively) asymptotic to some
closed Reeb orbit at each of its punctures. Note that this partitions the finite set of
punctures I' < ¥ into two subsets,
Fr=rtul,

the positive and negative punctures respectively, see Figure 1.4.

EXERCISE 1.3.11. Suppose u : (2, ) — (R x M, J) is an asymptotically cylindri-
cal J-holomorphic curve, with the asymptotic orbit at each puncture ¢ € I'* denoted
by 7¢, having period Ty > 0. Show that

DT - )] Tczfu*doz>0,
cel+ cer— x

with equality if and only if the image of u is contained in that of a trivial cylinder.
In particular, u must have at least one positive puncture unless it is constant. Show
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also that E(u) is finite and satisfies an upper bound determined only by the periods
of the positive asymptotic orbits.

The following analogue of Prop. 1.2.7 will be proved in Chapter 7. For simplicity,
we shall state a weakened version of what Hofer proved in [Hof93], which did not
require any nondegeneracy assumption. A T-periodic Reeb orbit v : R — M is
called nondegenerate if the Reeb flow ¢!, has the property that its linearization
along the contact bundle (cf. Exercise 1.3.7),

del (7(0)) e, © &) = Ev0)

does not have 1 as an eigenvalue. Note that since R, is not time-dependent, closed
Reeb orbits are never completely isolated—they always exist in S!-parametrized
families—but these families are isolated in the nondegenerate case. A nondegen-
erate contact form is one for which every closed Reeb orbit is nondegenerate.
One can show that this condition is generic, meaning for instance that on any closed
manifold, the nondegenerate contact forms constitute a C'**-dense subset of the space
of all contact forms (see Remark 1.3.13 below). The following result is the contact
analogue of Proposition 1.2.7.

PROPOSITION 1.3.12. Suppose (M,&) is a closed contact manifold with a non-
degenerate contact form o. Ifu : (3,5) — (R x M, J) is a J-holomorphic curve
with E(u) < o0 on a punctured Riemann surface such that none of the punctures
are removable, then u is asymptotically cylindrical.

The main results in [Hof93] state that under certain assumptions on a closed
contact 3-manifold (M, §), namely if either £ is overtwisted (as defined in [Eli89])
or my(M) # 0, one can find for any contact form a on (M, &) and any J € J(«) a
finite-energy J-holomorphic plane. By Proposition 1.3.12, this implies the existence
of a contractible periodic Reeb orbit and thus proves the Weinstein conjecture in
these settings.

REMARK 1.3.13. The standard genericity result mentioned above for nondegen-
erate contact forms can be proved in various ways, e.g. it follows from a slightly
more general result about generic regular level sets in Hamiltonian systems proved
in [Rob70]. A more direct proof via the Sard-Smale theorem that is similar in
spirit to the transversality arguments in Chapter 9 may be found in the appendix

of [ABW10].

1.4. Symplectic cobordisms and their completions

After the developments described in the previous three sections, it seemed nat-
ural that one might define invariants of contact manifolds via a Floer-type theory
generated by closed Reeb orbits and counting asymptotically cylindrical holomor-
phic curves in symplectizations. This theory is what is now called SF'T, and its basic
structure was outlined in a paper by Eliashberg, Givental and Hofer [EGHO00] in
2000, though some of its analytical foundations remain unfinished as of 2026. The
term “field theory” is an allusion to “topological quantum field theories,” which
associate vector spaces to certain geometric objects and morphisms to cobordisms
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between those objects. Thus in order to place SFT in its proper setting, we need to
introduce symplectic cobordisms between contact manifolds.

Recall that if M, and M_ are smooth oriented closed manifolds of the same
dimension, an oriented cobordism from M_ to M, is a compact smooth oriented
manifold W with oriented boundary

oW = —M_[[M,,

where the symbol “~” in this setting means orientation-preserving diffeomorphism,
and —M_ denotes M_ with its orientation reversed. Given positive contact struc-
tures &4 on M., we say that a symplectic manifold (W, w) is a symplectic cobor-
dism from (M_,£_) to (M, &) if W is an oriented cobordism® from M_ to M,
such that both components of 0W are contact-type hypersurfaces with induced con-
tact structures isotopic to £1. Note that our chosen orientation conventions imply
that the Liouville vector field chosen near 0W must point outward at M, and inward
at M _; we say in this case that M, is a symplectically convex boundary compo-
nent, while M _ is symplectically concave. As important special cases, (W,w) is a
symplectic filling of (M, ,¢,) if M = &, and it is a symplectic cap of (M _,£ )
if M, = . In the literature, fillings and caps are sometimes also referred to as
convex fillings or concave fillings respectively.

The contact-type condition implies the existence of a Liouville form A near 0W
with d\ = w, such that by Exercise 1.3.2, neighborhoods of M, and M_ in W can
be identified with the collars (see Figure 1.5)

(—€,0] x My or [0,e) x M_
respectively for sufficiently small € > 0, with \ taking the form
A=e a4,
where ay 1= A|pa, are contact forms for &4, and r as usual denotes the canonical

coordinate on the first factor in R x M. The symplectic completion of (W, w) is

the noncompact symplectic manifold (W,@) defined by attaching cylindrical ends
to these collar neighborhoods (Figure 1.6):

(W,5) = ((—o0,0] x M_,d(e"a_)) urr (W, w)

(1.9)
U, ([0,00) x My, d(e"ay)).

In this context, the symplectization (R x M, d(e"«)) is symplectomorphic to the
completion of the trivial symplectic cobordism ([0, 1] x M, d(e"«)) from (M, § =
ker v) to itself. More generally, the object in the following easy exercise can also
sensibly be called a trivial symplectic cobordism:

EXERCISE 1.4.1. Suppose (M, €) is a closed contact manifold with contact form
a, and fi : M — R is a pair of functions with f < f, everywhere. Show that the
domain

{(rne)eRx M| f_(z) <r < fi(e)} cRxM

6We assume of course that W is assigned the orientation determined by its symplectic form.
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([0,€) x M_,d(e"a_))

FIGURE 1.5. A symplectic cobordism with concave boundary
(M_, &) and convex boundary (M, £, ), with symplectic collar neigh-
borhoods defined by flowing along Liouville vector fields near the
boundary.

([0,00) x M, d(e"ay))

—€,0] x M, ,d(e"a))

(W, w)

([0,€) x M_,d(e"a))

((—o00,0] x M_,d(e"a_))

FIGURE 1.6. The completion of a symplectic cobordism

defines a symplectic cobordism from (M, &) to itself, with a global Liouville form
A\ = e"a inducing contact forms e/~ and e/*a on its concave and convex boundaries
respectively.

We say that (IW,w) is an exact symplectic cobordism or Liouville cobor-
dism if the Liouville form A can be extended from a neighborhood of 0W to define
a global primitive of w on W. Equivalently, this means that w admits a global Li-
ouville vector field that points inward at M_ and outward at M, . An exact filling
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of (M,,&,) is an exact cobordism whose concave boundary is empty. Observe that
if (W,w) is exact, then its completion (W, @) also inherits a global Liouville form.

EXERCISE 1.4.2. Use Stokes’ theorem to show that there is no such thing as an
exact symplectic cap.

The above exercise hints at an important difference between cobordisms in the
symplectic as opposed to the oriented smooth category: symplectic cobordisms are
not generally reversible. If W is an oriented cobordism from M_ to M,, then
reversing the orientation of W produces an oriented cobordism from M, to M .
But one cannot simply reverse orientations in the symplectic category, since the
orientation is determined by the symplectic form. For example, many obstructions
to the existence of symplectic fillings of given contact manifolds are known—some
of them defined in terms of SFT—but there are no obstructions at all to symplectic
caps, in fact it is known that all closed contact manifolds admit them (see [EHO02,
CE20, Laz20)).

The definitions for holomorphic curves in symplectizations in the previous sec-
tion generalize to completions of symplectic cobordisms in a fairly straightforward
way, since these completions look exactly like symplectizations outside of a compact
subset. Define

TW.w,ar,a) c T(W)
as the space of all almost complex structures J on W such that

Jlw e T(W,w), J|[O,oo)><M+ e J(ay) and J|(—oo,o]xM, e J(a ).

Occasionally it is useful to relax the compatibility condition on W to tameness,’

ie. Jlw € J(W,w), producing a space that we shall denote by
jT(VV, W, iy, a—) = j(ﬁ\/)

As in Prop. 1.1.3, both of these spaces are nonempty and contractible. We can then
consider asymptotically cylindrical J-holomorphic curves

w: (E=S\(" o), j) — (W,J),

which are proper maps asymptotic to closed orbits of R,, in My at punctures in I'F,
see Figure 1.7. N

One must again tinker with the symplectic form on W in order to define a notion
of energy that is finite when we need it to be. We generalize (1.7) as

T :={peC®R,(-1,1)) | ¢ > 0 and ¢(r) = r near r = 0},

Tt seems natural to wonder whether one could not also relax the conditions on the cylindrical
ends and require J|¢, to be tamed by day |, instead of compatible with it. I do not currently
know whether this works, but in later chapters we will see some reasons to worry that it might not
(see §6.9.2).
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FIGURE 1.7. An asymptotically cylindrical holomorphic curve in a
completed symplectic cobordism, with genus 2, one positive puncture
and two negative punctures.

and associate to each ¢ € T a symplectic form &, on W defined by

d(e*May)  on [0,0) x M,
WDy 1= A w on W,
d(e#Ma_)  on (—o0,0] x M_.

One can again check that every J € J(W,w, ay,a_) or J.(W,w, oy, ) is tamed by
W, for every ¢ € T. Thus it makes sense to define the energy of u : (%,5) — (17[\/, J)
by
E(u) :=sup J (B
peT Jx
It will be a straightforward matter to generalize Proposition 1.3.12 and show that
finite energy implies asymptotically cylindrical behavior in completed cobordisms.

EXERCISE 1.4.3. Show that if (W,w) is an exact cobordism, then every asymp-
totically cylindrical J-holomorphic curve in W has at least one positive puncture.

1.5. Contact homology and SFT

We can now sketch the algebraic structure of SF'T. We shall ignore or suppress
several pesky details that are best dealt with later, some of them algebraic, others
analytical. Due to analytical problems, some of the “theorems” that we shall (often
imprecisely) state in this section are not yet provable at the current level of tech-
nology, though we expect that they will be in the foreseeable future. We shall use
quotation marks to indicate this caveat wherever appropriate.
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The standard versions of SFT all define homology theories with varying levels of
algebraic structure which are meant to be invariants of a contact manifold (M, ¢).
The chain complexes always depend on certain auxiliary choices, including a nonde-
generate contact form « and a generic J € J(«). The generators consist of formal
variables ¢, one for each® closed Reeb orbit 7. In the most straightforward gen-
eralization of Hamiltonian Floer homology, the chain complex is simply a graded
Q-vector space generated by the variables ¢,, and the boundary map is defined by

docnty = Y, # (M(1,7)/R) gy,

where M(7,v') is the moduli space of J-holomorphic cylinders in R x M with a
positive puncture asymptotic to v and a negative puncture asymptotic to 4/, and the
sum ranges over all orbits 4/ for which this moduli space is 1-dimensional. The count
# (M(~,~")/R) is rational, as it includes rational weighting factors that depend on
combinatorial information and are best not discussed right now.”

“THEOREM” 1.5.1. If a admits no contractible Reeb orbits, then 0acy = 0, and
the resulting homology is independent of the choices of o with this property and
generic J € J(a).

The invariant arising from this result is known as cylindrical contact homol-
ogy, and it is sometimes quite easy to work with when it is well defined, though it
has the disadvantage of not always being defined. Namely, the relation daqy = 0
can fail if @ admits contractible Reeb orbits, because unlike in Floer homology, the
compactification of the space of cylinders M(~,~’) generally includes objects that
are not broken cylinders. In fact, the objects arising in the “SFT compactification”
of moduli spaces of finite-energy curves in completed cobordisms can be quite elab-
orate, see Figure 1.8. The combinatorics of the situation are not so bad however
if the cobordism is exact, as is the case for a symplectization: Exercise 1.4.3 then
prevents curves without positive ends from appearing. The only possible degen-
erations for cylinders then consist of broken configurations whose levels each have
exactly one positive puncture and arbitrary negative punctures; moreover, all but
one of the negative punctures must eventually be capped off by planes, which is why
“Theorem” 1.5.1 holds in the absence of planes.

If planes do exist, then one can account for them by defining the chain complex
as an algebra rather than a vector space, producing the theory known as contact
homology. For this, the chain complex is taken to be a graded unital algebra over
Q, and we define

dengy = . # MO Ym)/R) Gy - s

(Y1,0e¥m)

with M(;71, ..., Ym) denoting the moduli space of punctured J-holomorphic spheres
in R x M with a positive puncture at v and m negative punctures at the orbits

8Actuadly, I should be making a distinction here between “good” and “bad” Reeb orbits, but
let’s discuss that later; see Chapter 12.

9Similar combinatorial factors are hidden behind the symbol “#” in our definitions of dcn
and H, and will be discussed in earnest in Chapter 13.
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FIGURE 1.8. Degeneration of a sequence uy; of finite energy punc-
tured holomorphic curves with genus 2, one positive puncture and two
negative punctures in a symplectic cobordism. The limiting holomor-
phic building (v;, v, vy, vy ,v5 ) in this example has one upper level
living in the symplectization R x M, , a main level living in W, and
three lower levels, each of which is a (possibly disconnected) finite-
energy punctured nodal holomorphic curve in R x M_. The building
has arithmetic genus 2 and the same numbers of positive and negative
punctures as uy.

Y1, - - -, Ym, and the sum ranges over all integers m > 0 and all m-tuples of orbits for
which the moduli space is 1-dimensional. The action of dcy is then extended to the
whole algebra via a graded Leibniz rule

Ocn(4,0v) = (engy) 4y + (=1)1q, (Gengy) -
The general compactness and gluing theory for genus zero curves with one positive
puncture now implies:

“THEOREM” 1.5.2. 02y = 0, and the resulting homology is (as a graded unital
Q-algebra) independent of the choices o and J.

Maybe you’ve noticed the pattern: in order to accommodate more general classes
of holomorphic curves, we need to add more algebraic structure. The full SFT
algebra counts all rigid holomorphic curves in R x M, including all combinations of
positive and negative punctures and all genera. Here is a brief picture of what it
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looks like. Counting all the 1-dimensional moduli spaces of J-holomorphic curves
modulo R-translation in R x M produces a formal power series

H:=Z#(Mg(71+,...,7;+;71_,...,7;17)/]1%) C]a,;---qu;_pﬁ---pﬂ“rhg_l,

where the sum ranges over all integers g, m, m_ > 0 and tuples of orbits, i and p,
(one for each orbit 7) are additional formal variables, and

Mg T T V)

denotes the moduli space of J-holomorphic curves in R x M with genus g, m,
positive punctures at the orbits ~;, ... s Ym,» and m_ negative punctures at the
orbits v, ,...,7 . We can regard H as an operator on a graded algebra 20 of
formal power series in the variables {p,}, {¢,} and h, equipped with a graded bracket
operation that satisfies the quantum mechanical commutation relation

[pw qv] = ryh,

where k., is a combinatorial factor that is best ignored for now. Note that due to the
signs that accompany the grading, odd elements F € 20 need not satisfy [F,F] = 0,
and H itself is an odd element, thus the following statement is nontrivial; in fact,
it is the algebraic manifestation of the general compactness and gluing theory for
punctured holomorphic curves in symplectizations.

“THEOREM” 1.5.3. [H,H]| = 0, hence by the graded Jacobi identity, H deter-
mines an operator

Dgpr : 20 — 90 : F — [H, F]

satisfying D3 = 0. The resulting homology depends on (M, &) but not on the
auziliary choices o and J.

It takes some time to understand how pictures such as Figure 1.8 translate
into algebraic relations like [H, H] = 0, but this is a subject we’ll come back to.
There is also an intermediate theory between contact homology and full SFT, called
rational SFT, which counts only genus zero curves with arbitrary positive and
negative punctures. Algebraically, it is obtained from the full SFT algebra as a
“semiclassical approximation” by discarding higher-order factors of A, so that the
commutation bracket in 20 becomes a graded Poisson bracket. We will discuss all
of this in Chapter 13.

1.6. Two applications

We briefly mention two applications that we will be able to establish rigorously
using the methods developed in this book. Since SFT itself is not yet well defined
in full generality, this sometimes means using SF'T for inspiration, while proving
corollaries via more direct methods.
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1.6.1. Tight contact structures on T3. The 3-torus T3 = S! x S! x St with
coordinates (t, 6, ¢) admits a sequence of contact structures

&k := ker (cos(2mkt) df + sin(2rkt) do) ,

one for each k € N. These cannot be distinguished from each other by any classical
invariants, e.g. they all have the same Euler class, in fact they are all homotopic as
co-oriented 2-plane fields. Nonetheless:

THEOREM 1.6.1. For k # (, (T?,&,) and (T3,&,) are not contactomorphic.

We will be able to prove this in Chapter 11 by rigorously defining and computing
cylindrical contact homology for a suitable choice of contact forms on (T3, &).

1.6.2. Filling and cobordism obstructions. Consider a closed connected
and oriented surface 3 presented as ¥, ur 3_, where ¥ < X are each (not neces-
sarily connected) compact surfaces with a common boundary I'. By an old result of
Lutz [Lut77], the 3-manifold S x ¥ admits a unique isotopy class of Sl-invariant
contact structures & such that the loops St x {z} are positively /negatively transverse

to &r for z € Zo]i and tangent to & for z € I'. Now for each k € N, define
(Vkagk) = (Sl X E,fr)

where ¥ = ¥, urp X_ is chosen such that I' has k& connected components, ¥_ is
connected with genus zero, and ¥, is connected with positive genus (see Figure 1.9).

THEOREM 1.6.2. The contact manifolds (Vi,&) do not admit any symplectic
fillings. Moreover, if k > £, then there exists no evact symplectic cobordism from

(Vie, &) to (Vi, &),

For these examples, one can use explicit constructions from [Wen13, Avd21] to
show that non-exact cobordisms from (Vj, &) to (V4,&,) do exist, and so do exact
cobordisms from (V4,&) to (Vi, &), thus both the directionality of the cobordism
relation and the distinction between exact and non-exact are crucial. The proof
of the theorem, due to the author with Latschev and Hutchings [LW11], uses a
numerical contact invariant based on the full SFT algebra—in particular, the curves
that cause this phenomenon have multiple positive ends and are thus not seen by
contact homology. We will introduce the relevant numerical invariant in Chapter 14
and compute it for these examples in Chapter 17.
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F1GURE 1.9. This exact symplectic cobordism does not exist.
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In this chapter we begin studying the analysis of J-holomorphic curves. The
coverage will necessarily be a bit sparse in some places, but more detailed proofs of
most things in this chapter can be found in [Wenb].

2.1. Linearized Cauchy-Riemann operators

In order to motivate the study of linear Cauchy-Riemann type operators, we
begin with a formal discussion of the nonlinear Cauchy-Riemann equation and its
linearization.

Fix a Riemann surface (X, j) and almost complex manifold (W, J). The nonlinear
Cauchy-Riemann equation for maps u : % — W then takes the form

Tuoj=JoTu,

which in any choice of local holomorphic coordinates (s, t) on suitably small neigh-
borhoods in ¥ is equivalent to

Osu + J(u)ou = 0,

where we've explicitly written the dependence of J : T, )W — T,,yWV on u(z)
at each point z € ¥ in order to emphasize the nonlinearity of the equation. The
linearized equation at a given solution u : > — W is obtained by considering a
smooth 1-parameter family of solutions u, : ¥ — W for p € (—¢,¢€), with uy = w.
Writing 0,u,|,—0 = n € I'(w*TW), choosing a connection V on W and taking the

27
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covariant derivative of the nonlinear equation with respect to the parameter gives
0=V, [0su, + J(up)dw,]| _ = Vpﬁsup‘pzo + J(u)Vpatup‘pzo + (V,,J)osu.

Note that since dsu + J(u)d;u = 0, the expression on the right does not depend on
the choice of connection. In particular, if we choose V to be symmetric, then we
can replace V, 0, and V,0, with V0, and V.0, respectively, so that the linearized
equation takes the more appealing form

Vsn+ J(w)Vin + (V,J)ou = 0,
or in coordinate-free terms,
Vn+ J(uw)Vnoj+ (V,J)oTuoj=0.

This is a globally well-defined linear first-order PDE for sections n € T'(u*T'W).
We will often abbreviate it in the form D,n = 0, defining the so-called linearized
Cauchy-Riemann operator at u by

D, : D(w*TW) — Q"Y(S, u*TW)
n—Vn+JwVnoj+ (V,J)oTuoj.

Here we have used a bit of standard notation from complex geometry: Q%! (3, u*TW)
denotes the space of u*TW-valued (0, 1)-forms on X, where “(0,1)” means 1-forms
that are complex-antilinear." Equivalently, elements of Q% (X, u*T'W) are smooth
sections of Home (TS, w*TW) = T S®cu*TW , where T%'Y denotes the (0, 1)-part
of the complexified cotangent bundle.”

The linearized Cauchy-Riemann operator arises in the following application.
Suppose we wish to understand the structure of some space of the form

(2.2) {u:X—> W | Tuoj=JoTu plus further conditions},

(2.1)

where the “further conditions” (which we will for now leave unspecified) may impose
constraints on e.g. the regularity of u, as well as its boundary and/or asymptotic
behavior. The standard approach in global analysis can be summarized as follows:

Step 1: Construct a smooth Banach manifold B of maps u : ¥ — W such that all
the solutions we’re interested in will be elements of 3. The tangent spaces
T, B are then Banach spaces of sections of u*T'W.

Step 2: Construct a smooth Banach space bundle £ — B such that for each u € B,
the fiber &, is a Banach space of sections of the vector bundle

Homc(TE, w*TW) — X

of complex-antilinear bundle maps (T3, j) — (v*TW, J). Since our purpose
is to study a first-order PDE, we need the sections in &£, to be “one step
less regular” than the maps in B, e.g. if B consists of maps of Sobolev class
WP then the sections in &, should be of class Wk=1P.

IComplex-linear 1-forms are similarly called (1,0)-forms.

2In more straightforward terms, 7913 — ¥ is a complex line bundle whose fiber at any given
point z € ¥ is the space of complex-antilinear maps 7.,% — C. Similarly, fibers of T19% —
3. are spaces of complex-linear maps 7. — C. The direct sum of these two bundles is the
complexification of T*., whose fiber at z € 3 consists of all real-linear maps 7,3 — C.
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Step 3: Show that
0j:B—E&:uwdu+ J(u)oduoj

defines a smooth section of & — B, whose zero set is precisely the space of
solutions (2.2).

Step 4: Show that under suitable assumptions (e.g. on regularity and asymptotic
behavior), one can arrange such that for every u € 0;'(0), the linearization
of 5 J,3

Do;(u) : T,B — &,

is a Fredholm operator and is generically surjective. (In geometric terms,
this would mean that 0 is transverse to the zero section.)

Step 5: Using the implicit function theorem in Banach spaces (see [Lan93]), the
surjectivity and Fredholm property of Doy (u) imply that 0;'(0) is a smooth
finite-dimensional manifold, with its tangent space at each u € 0,'(0)
canonically identified with ker Dd;(u), hence the dimension of 97'(0) near u
equals the Fredholm index of Dd;(u).

In this context, the linearization of the section d; at a point u € 05*(0) will be
given by the natural extension of D, : T'(u*TW) — QUY(Z,u*TW) to a suitable
Banach space setting, e.g. if B consists of maps ¥ — W of Sobolev class W*?_ then
D, will be extended to a map from the W¥*P-sections of u*TW to the W*~1P-sections
of Home (T, u*TW).

DEFINITION 2.1.1. Fix a complex vector bundle E over a Riemann surface (¥, j).
A (real) linear Cauchy-Riemann type operator on F is a real-linear first-order
differential operator

D :I'(E) - Q"(%, E)
such that for every f e C*(3,R) and n e I'(E),

(2:3) D(fn) = (0f)n + fDn,
where 0f denotes the complex-valued (0, 1)-form df + i df o j.

Observe that D is complex linear if and only if the Leibniz rule (2.3) also holds
for all smooth complex-valued functions f, not just real-valued. It is a standard
result in complex geometry that choosing a complex-linear Cauchy-Riemann type
operator D on E is equivalent to endowing it with the structure of a holomorphic
vector bundle, where local sections 1 are defined to be holomorphic if and only
if Dnp = 0. Indeed, every holomorphic bundle comes with a canonical Cauchy-
Riemann operator that is expressed as 0 in holomorphic trivializations, and in the

3The linearization of a section s : B — E of a smooth vector bundle E — B at a point z €
571(0) € B is a linear map Ds(z) : T, B — E, that can be computed by choosing any connection
V on E and setting Ds(x)v := V,s. The result is independent of the choice of connection since
s(z) = 0. Equivalently, one could choose a local chart and trivialization near x, compute the
differential of the section at x in coordinates, and argue in the same way that the resulting map
T.B — E, is independent of choices.
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other direction, the equivalence follows from a local existence result for solutions to
the equation Dn = 0, proved in §2.5 below.’

EXERCISE 2.1.2. If D is a linear Cauchy-Riemann type operator on E, show
that for every smooth linear bundle map A : E — Home (T, E), or equivalently
every A € Q% (X, Endg(F)), D + A also defines a linear Cauchy-Riemann type
operator on F, and every linear Cauchy-Riemann type operator on FE is of this
form. Using this, show that in suitable local trivializations over a subset U < X
identified biholomorphically with an open set in C, every Cauchy-Riemann type
operator D takes the form

D=0+A:C*U,C") - C°U,C™),
where 0 = 0, + id; in complex coordinates z = s + it and A € C* (U, Endg(C™)).

EXERCISE 2.1.3. Show that for any (not necessarily complex) connection V on
a complex vector bundle F over a Riemann surface 3, Dn := Vn + ¢ Vn o j defines
a linear Cauchy-Riemann type operator on F. Deduce from this that the operator
D, of (2.1) is a real-linear Cauchy-Riemann type operator on u*TW.

EXERCISE 2.1.4. Suppose D is a linear Cauchy-Riemann type operator on a
bundle E over a Riemann surface (3, 7), and (X', j') is another Riemann surface
with a holomorphic map ¢ : (¥, j") — (%, 7). Show that the pullback bundle p*FE
over (X', 7') admits a unique linear Cauchy-Riemann type operator ¢*D : I'(¢*F) —
QLY p*F) satisfying the condition

(p*D)(noy) =¢"(Dn)  forall nel'(E).

Prove moreover that if D is given by Dn = Vn +1iVno j + An for some connection
V on E and A € Q% (3, Endg(E)), then ¢*D is given by

(D) = VE+iVEoj+ (¢ A),

where V in this case denotes the pullback connection on p*E — ¥ determined by
our chosen connection on E. Hint: Locally, you can write any section of ¢*FE as a
linear combination of sections of the form n o ¢ for sections n of E.

EXERCISE 2.1.5. Suppose E, F' are two complex vector bundles over (X, j) and
D :T(E®F) - Q" (3, E®F) is a linear Cauchy-Riemann type operator on E@® F,
which can therefore be written in block form as

D”  DFF 0,1 0,1
D= (DFE DF> T(E)®T(F) > Q" (5, E) Q™ (X, F).

Show that D¥ and D are then linear Cauchy-Riemann type operators on E and F'
respectively, while the off-diagonal operators D¥¥ and DF are tensorial, i.e. they
can be expressed as smooth real-linear bundle maps F' — Homc(TX, E) and E —
Homg (T'Y, F) respectively.

4This statement about the existence of holomorphic vector bundle structures is true when
the base is a Riemann surface, but not if it is a higher-dimensional complex manifold. In higher
dimensions there are obstructions, see e.g. [Kob87].
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EXERCISE 2.1.6. Suppose E is a complex vector bundle over (%, ), F < E is a
complex subbundle, and D : T'(E) — Q%! (X, F) is a linear Cauchy-Riemann type
operator on E such that D(T'(F)) < Q%(3, F), so D restricts to a linear Cauchy-
Riemann type operator on F' as well. Show that the induced map

T(E)/T(F) 2 Q"Y(%, E) /Q% (3, F)

can then be interpreted as defining a linear Cauchy-Riemann type operator on the
quotient bundle F/F using the natural identifications

T(E/F) =T(E)/T(F)  and  QYY(,E/F) = Q"\(%, E)/Q% (S, F).

2.2. Some useful Sobolev inequalities

In this section, we review a few general properties of Sobolev spaces that are
essential for applications in nonlinear analysis. The results stated here are explained
in more detail in Appendix A.

We consider functions with values in C unless otherwise specified, and defined on
an open domain I/ in either R™ or a quotient of R™ on which the Lebesgue measure
is well defined. Certain regularity assumptions must generally be placed on the
boundary of U in order for all the results stated below to hold; we will ignore this
detail except to mention that the necessary assumptions are satisfied for the two
classes of domains that we are most interested in, which are

Z/{:HODC(C,
U=(0,L)xS'<eC/iZ, 0<L<oo0.

Here D denotes the closed unit disk, D is its interior, and the identification of (0, L) x
St = (0,L) x (R/Z) with a subset of C/iZ arises from the obvious identification of
R? with C. Certain results will be specified to hold only for bounded domains, which
means in practice that they hold on D and (0,L) x St for any L > 0, but not on
(0,00) x St.

Recall that for p € [1,00) we define the L” norm of a measurable function f :

U — R™ to be
1/p
Wt = ([ 1rP)
u

For the space L* we define the norm to be the essential supremum of f over U.
Denote by

Co'(U) = C*(U)
the space of smooth functions with compact support in &/. We say a function f has

a weak j-th partial derivative g if the integration by parts formula holds for all
so-called test functions ¢ € C°(U):

Lg<p= —Lfajso-

Equivalently, this means that ¢ is a partial derivative of f in the sense of distribu-
tions (see e.g. [LLO1]). Higher order weak partial derivatives are defined similarly:
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recall that for a multiindex o = (i1, ...i,,) we denote
olel ¢
oxtt ... oxin’
where |af := };i;. We then write 0 f = g if for all p € C5°(U),

L gp = (1) L fo%e.

Now we may define W*P(Uf) to be the set of functions on U with weak partial
derivatives up to order k lying in LP, and define the norm of such a function by

|Flwes = D5 0% floe.
|| <k
This definition gives WOP(U) = LP(U), and in general W*P(U) can be identified
with a closed subset of a product of finitely many copies of LP(U), one for each
multiindex of order at most k. This identification shows that is a Banach space;
moreover, it can be shown to be reflexive and separable for 1 < p < oo.

While the Sobolev spaces W¥P(I{) are generally defined on open domains, we of-
ten consider the closure U as the domain for spaces of differentiable functions C*(Uf)
and C°(U). For instance, C*(U) is the Banach space of k-times differentiable func-
tions on U whose derivatives up to order k are bounded and uniformly continuous
on U; note that uniform continuity implies the existence of continuous extensions to
the closure /. Given suitable regularity assumptions for the boundary of I/, one can
show (with some effort—cf. [AF03, proof of Theorem 5.19]) that C*(lf) is precisely
the set of functions which admit k-times differentiable extensions to some open set
containing U.

EXERCISE 2.2.1. Show that if f is a continuous function on the closed disk D < C
that is continuously differentiable on I = D\{0} and its first derivative is Lebesgue
integrable on ]D), then f also has a weak first derivative on D, which is equal to its
classical derivative almost everywhere.

The following result is an amalgamation of frequently used special cases of the
Sobolev embedding theorem and the Rellich-Kondrachov compactness theorem. See
Theorems A.1.6 and A.1.10 in Appendix A for the more general versions, proofs of
which may be found e.g. in [AF03].

PROPOSITION 2.2.2 (embedding/compactness). Assume 1 < p < oo and k € N.
(1) If kp > n, then for every integer d = 0, there exists a continuous inclusion

W Q) < CUE),

which is compact if U is bounded.
(2) If 1 < g < oo and m = 0 is another integer such that k = m, p < q and
k — % >m— %, then there exists a continuous inclusion

WEPU) — W™U),
which s compact if U is bounded and the inequality k —

% >m— % 18 strict.
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The most important case of the second inclusion is W**1P(Uf) — W P(U), whose
continuity is obvious, and the compactness in the case of bounded U can be regarded
as a natural analogue of the fact (arising from the Arzela-Ascoli theorem) that the
inclusions C**1(U) — C*(U) are compact when U is compact. A useful way to
remember the hypotheses in Proposition 2.2.2 is by thinking of W*?(l{) as a space

of functions that have “k — % continuous derivatives”.

EXERCISE 2.2.3. Show that the compactness of the inclusions in Proposition 2.2.2
fails in general for unbounded domains, e.g. for R.

The next three results for the case kp > n are proved in §A.2 as corollaries of
the Sobolev embedding theorem. The first is a Sobolev analogue of the fact that
the product of a C™-function with a C*-function for & > m is also of class C™.

PROPOSITION 2.2.4 (Banach algebra property). Suppose 1 < p,q < o0, kp > n,

n

k= m and k;—% =m—. Then the product pairing (f,g) — fg defines a continuous
bilinear map

WHEPU) x W™U(U) — W™U).
In particular this applies when m = k and q¢ = p, hence W*P(U) is a Banach
algebra. O

The continuity statements above translate into inequalities between the norms in
the respective spaces. For example, continuous inclusions W *+%? < C?¢ or WP s
W™ respectively imply that

| floe < el flwrrar or [flwme < e flwrs

for some constants ¢ > 0 which may depend on d, k, p, m, ¢ or U, but not f.
Similarly, the Banach algebra property means there is an inequality

[fglwer < clflwnnlglwes

whenever kp > n, where again the constant c is independent of g and f.

We state the next result only for the case of bounded domains; it does have
an extension to unbounded domains, but the statement becomes more complicated
(cf. Theorem A.2.6). Given an open set 2 < R™, we denote

Whe (U, Q) = {u e WhP(U, RY) ‘ W) © Q} .
Note that this is an open subset if kp > n, due to the Sobolev embedding theorem.

PROPOSITION 2.2.5 (Ck-continuity property). Assume 1 < p < o, kp > n, U
1s bounded and 2 < R™ is an open set. Then there is a well-defined and continuous
map

Wh U, Q) > 2 (CHQRY), WU, RY))
T(u)f = fou,
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where the space DS,”(C’“(Q, RN), WhP(U, RN)) of bounded linear maps from C* (2, RY)
to WhP(U,RYN) is equipped with the operator norm. It follows in particular that the
map

CHQRY) x WH(U, Q) — WU RY) : (f.u) = fou

i1s well defined and continuous. 0

REMARK 2.2.6. In the settings of Propositions 2.2.4 and 2.2.5, it is also often
important to know that the classical formulas for computing derivatives of fg or
f owu via the product or chain rules remain valid for computing weak derivatives
of functions that are not necessarily classically differentiable. This is not true in
general, but does hold in these specific settings due to the fact that Sobolev spaces
contain dense subspaces of smooth functions. For details, see Proposition A.2.4 and
Theorem A.2.6 in Appendix A.

REMARK 2.2.7. In later chapters, it will become important to be aware that
Propositions 2.2.2, 2.2.4 and 2.2.5 are the essential conditions needed for defining
smooth Banach manifold structures on spaces of W*P-smooth maps from one man-
ifold to another, cf. Proposition 2.7.4 and [Eli67, Pal68]. This only works under
the condition kp > n, as the smooth category is not well equipped to deal with
discontinuous maps!

The following rescaling result will be needed for nonlinear regularity arguments;
see Theorem A.2.9 in Appendix A for a proof.

PROPOSITION 2.2.8. Assume p € [1,00) and k € N satisfy kp > n, let D" denote
the open unit ball in R", xo € D" a fived point, and for each f € WEP(D") and € > 0
sufficiently small define f. € W*P(D") by

fe(x) := f(xg + €x).

Then for any « € (0, 1) satisfying o < k — n/p, there exists a constant C > 0 such
that for every f € W*P(D") and all € > 0 smaller than the distance from xq to OD",

[fe = O lwrasny < CeIf = f(@0) lwhgsmy-
U

EXERCISE 2.2.9. Working on a 2-dimensional domain with kp > 2, prove directly
that for any multiindex « of positive order k,

10% fell oy < € 72710° F ooy

for f € W*P(D). Find examples (e.g. in W2(ID)) to show that no estimate of the
form

10%fel Loy < Cell f = (@) lwras)

with lim._,g+ C. = 0 is possible when kp < 2.
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2.3. The fundamental elliptic estimate

We will make considerable use of the fact that the linear first-order differential
operator
0:= 0, +i0, : C*(C,C) — C*(C,C)
is elliptic. We will briefly touch upon the general notion of ellipticity in a bit, but
in practice, the main consequence we need to be aware of is the following pair of
analytical results.

THEOREM 2.3.1. If 1 < p < o0, then 0 : WhP(D) — LP(D) admits a bounded
right inverse T : LP(D) — W'P(D).

THEOREM 2.32. If1 < p < o and k € N, then there exisis a constant ¢ > 0
such, that for all f € WEP(D),

| flwes < c[Of fwr-1s-

Here WEP(D) denotes the WHP-closure of the space C°(D) of smooth functions
with compact support in D.

The complete proofs of the two theorems above are rather lengthy, and we shall
refer to [Wenb, §2.6 and §2.A] for the details, but we can at least explain why
they hold in the case p = 2. First, it is straightforward to show that the function

K € Li..(C) defined by
1
K(z) = —
0= 5
is a fundamental solution for the equation du = f, meaning it satisfies
0K =6

in the sense of distributions, where J denotes the Dirac d-function. Hence for any
f e CP(C), one finds a smooth solution u : C — C to the equation du = f as the
convolution

u(z) = (K« () i= | K= Q5O duc),
C
where dpu(¢) denotes the Lebesgue measure with respect to the variable ¢ € C. Tt
will be useful to observe that whenever f has compact support on C, K = f also has
decaying behavior at infinity:
LEMMA 2.3.3. For any f € C(C), K = f satisfies |(K = f)(2)] < |% for some
constant C' > 0.

ProOOF. Choose R > 0 large enough so that f is supported in the disk of ra-
dius R, and suppose |z| = 2R. Then for all ( € C such that f({) # 0, we have

lz=(|=|2|- R /|Z‘ thus
Q) L[ 1)
B Cz_gdﬂ@Fﬂc O o

||

o
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If u e CP(C) and du = f, it follows from Lemma 2.3.3 that u — K * f is a
holomorphic function on C that decays at infinity, hence u = K = f. Since C3°(D) is

dense in LP(D) for all p < oo, Theorem 2.3.1 now follows from the claim that for all
[ € CP (D), there exist estimates of the form

(2.4) 1K« oy < clfllowy 105K = Doy < lf ey
with 0; = J5 or 0, for j = 1,2 respectively, and the constant ¢ > 0 independent of f.

EXERCISE 2.3.4. Use Theorem 2.3.1 and the remarks above to prove Theo-
rem 2.3.2 for the case k = 1 with f € C®(D), then extend it to f € Wy*(D)

by a density argument. Then extend it to the general case by differentiating both
f and Of.

The first estimate in (2.4) is not too hard if you remember your introductory
measure theory class: it follows from a general “potential inequality” for convolu-
tion operators (see [Wenb, Lemma 2.6.10]), similar to Young’s inequality, the key
points being that K is locally of class L' and D has finite measure. For the second
inequality, observe that 0(K # f) = f, and the rest of the first derivative of K # f is
determined by O(K = f), where

0= 05 —10;.

Differentiating K in the sense of distributions provides a formula for 0(K = f) as a
principal value integral, namely

1 /)
A+ £)(2) =~ Tim | au(0)
T =0 Jiespze (2= ()
This is a so-called singular integral operator: it is similar to our previous con-
volution operator, but more difficult to handle because the kernel Z% is not of class
LL on C. The proof of the estimate

loc

(2.5) |0(K + f)|» < c|f|re for all feCP(D)

follows from a rather difficult general estimate on singular integral operators, known
as the Calderdn-Zygmund inequality, cf. [Wenb, §2.A] and the references therein.
The good news however is that the first step in that proof is not hard: that is the
case p = 2.

As is the case for all elliptic operators with constant coefficients, the L?-estimate
on the fundamental solution of 0 admits an easy proof using Fourier transforms. In
general, a sufficiently nice function u : R" — C is related to its Fourier transform
Fu=1u:R"— C by

u(e) = [ ) dufp),

where x - p denotes the standard Euclidean inner product on R™. It thus satisfies
the identity

(2.6) F (0ju)(p) = 2mip;iu(p).
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It follows more generally that for any differential operator D of order £ € N with
constant coefficients acting on complex-valued functions on R™, there is a unique
polynomial PP : R® — C of degree k such that

Z (Du)(p) = P"(p)i(p)

for reasonable functions u : R® — C. We call D an elliptic operator if PP (p) =
PP(p) + O(Jp|*~1) and the homogeneous kth-order part PP satisfies’

PP(p)#0 forall p#0.

Since PP is homogeneous with degree k, this condition implies that PP satisfies an
estimate of the form

|PP(p)| = c|p|® for all p e R™ outside of some compact subset.

Now if «v is any multiindex of order |a| < k, (2.6) implies .Z (0%u)(p) = (2mip)“a(p)
with |(2mip)*| < c|p|® < /| PP(p)] for all |p| » 0 and some constant ¢’ > 0. Since
(27ip)®/PP(p) is now a bounded function outside of some compact subset K < R",
one therefore obtains via Plancherel’s theorem a bound of the form

[0%ul|2@ny = |7 (0" | 2mny = [ (2mip)* @ r2(mn)
= ||@mip)*a| 2y + [ 2mip)* @] 2o
< el 2y + | PP (p)il| 2@my < el 2y + | Dul 2y

In the case of D := ¢ and 0“ := 0 on R? = C, this story becomes especially
simple since

(2.7) F (0u)(¢) = 2mia(C),  F(ou)(¢) = 2miCu((),
i.e. both 0 and 0 are first-order elliptic operators.
PROPOSITION 2.3.5. For all f € C$(C), we have ||0(K = f)|r2 = || f]|z2-

PROOF. We write u = K # f, so 0u = f, and combining (2.7) with Plancherel’s
theorem gives

|0+ £z = |02 = | F (qu)]| 2 = |2miCi] 2

= [2mica] . = flle2 = [ f]ze-

= H gQﬂ'iCﬂ p

O

COROLLARY 2.3.6. The estimate (2.5) holds in the case p = 2. O

5In the more general setting of a differential operator sending sections of one vector bundle to
sections of another, the polynomial PP in this discussion would take values in a space of linear
maps from one finite-dimensional vector space to another. One then calls D elliptic if and only if
the linear transformation PP (p) is invertible for all p # 0. More details on the general notion of
ellipticity can be found e.g. in [Wenb, §2.B].
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2.4. Regularity

We will now use the estimate |[w]yr» < ¢|0u]yx-1, from the previous section to
prove three types of results about solutions to Cauchy-Riemann type equations:

(1) All solutions of reasonable Sobolev-type regularity are smooth.

(2) Every sequence of solutions satisfying uniform bounds in certain Sobolev
norms has a C}.-convergent subsequence.

(3) All reasonable Sobolev-type topologies on spaces of solutions are (locally)

equivalent to the C*-topology.

In the following,
D, cC
denotes the closed disk of radius » > 0, and ]]O)r denotes its interior. Note that func-
tions of class C*(DD,.) are assumed to be smooth up to the boundary (or equivalently,
on some open neighborhood of D, in C), not just on ]]O)T.

2.4.1. The linear case. Recall from Exercise 2.1.2 that every linear Cauchy-
Riemann type operator on a vector bundle of complex rank n locally takes the form
0+ A, where 0 = 0, + id;, and A is a smooth function with values in Endg(C").
Using the Sobolev embedding theorem, the following result implies by induction
that weak solutions of class Li, for 1 < p < o to linear Cauchy-Riemann type

equations are always smooth. The associated local estimate will also play a major
role in our proof of the Fredholm property in Chapter 4.

THEOREM 2.4.1 (Linear regularity). Assume 1 < p < o0, m and k are integers
withm =k >0, A: D — Endg(C") is a C™-smooth function, f € W™P(D,C") and
ue WHhP(D,C") is a weak solution to the equation

(0+ A)u = f.
Then:

(1) u is of class W™LP on every compact subset of D.

(2) For every r € (0, 1), there exists a constant ¢ > 0 dependent on the Sobolev
parameters k,m, p, the radius v and the zeroth-order term A, but not on u
or f, such that

lelwmers,) < clulwrasy + lflwmew)-

REMARK 2.4.2. A portion of the results in this section can be generalized to
allow weaker regularity hypotheses on the zeroth-order term A : D — Endg(C"). In
the proof of Theorem 2.4.1 below, for instance, the importance of the assumption
m = k lies in the fact that there is a continuous product pairing C™ x WkP — Jy/k»,
which in the case k& > 1 remains true (by Proposition 2.2.4) if C"™ is replaced
by W™4 for any ¢ € [p,o0) satisfying mq > 2, and for k = 0 it is also true if
C™ is replaced by L®. The theorem therefore also holds for zeroth-order terms
A of suitable Sobolev-type regularity, including some cases where A is not even
continuous. This level of generality is occasionally useful for technical reasons,
e.g. it plays a role in our proof of the similarity principle (Theorem 2.5.3) in the
next section.
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PROOF OF THEOREM 2.4.1 (EXCLUDING (1) FOR k = 0). We first prove state-
ment (2), assuming that statement (1) is already known. It will suffice to prove
the estimate for the case m = k, because if m > k, one can then repeat the
same argument m — k + 1 times, shrinking to a slightly smaller compact subset
of D each time. With this understood, let us fix an integer £ > 0 and consider a
weak solution u € W*?(D) to the equation (0 + A)u = f with f € W*?(D) and
A € CH(D,Endg(C")). For any r € (0,1), statement (1) in the theorem implies
u e WEL2(D,), and our objective is to bound lullyrsiomyy in terms of [y
and || flly ()

In order to apply the fundamental elliptic estimate, we need to work with func-
tions with compact support in the interior of D, thus we choose a smooth bump
function )

peCy D, [0,1])
that satisfies 8|p, = 1. Using this choice, we now give two slightly different proofs of
the required estimate. The first is based on the observation that since u is locally of
class Wk+LP on D, Bu e Wéﬁl’p(]ﬁ)), so Theorem 2.3.2 can be applied to Su, giving

[ullyrsrom,y < 1Btlyirns) < cloBu)lwrs < cl(0B)ulwrs + c|B(f — Au) [y
< ulwsr + N fllwes,

where the use of the Leibniz rule to compute 0(Su) is unproblematic since f3 is
smooth, and we have absorbed the C*-norms of 3, 0 and A into the constant ¢ > 0.
Note that the latter makes use of the continuous product pairing C* x Wk» — Wk»
(cf. Remark 2.4.2).

The following alternative proof of this estimate is valid only if £ > 1 and is
slightly less direct, but contains useful ideas that we will need to recycle in the proof
of statement 1. By assumption, we already have a bound on |ullyu,g, . so the

required W**LP_bound will follow if we can also find W*P-bounds over D, for the
weak partial derivatives d;u, j = 1,2. These functions are (according to statement 1)

of class W and since k > 1 and 8 d;u € WP(D), we can now apply Theorem 2.3.2
to B 0;u, giving
[ostlyings, < 18 85ulpnngsy < 12 (800 yecsny

< cl(08)(95u) lw-10 + ]| B O(Os11) |swri-1.0-

The first term on the right hand side is bounded by ¢||ul|y».» for some constant ¢’ > 0
that depends on the C*1-norm of 08. To control the second term, we differentiate
the equation du = —Au + f, giving

(2.8)

a(aju) = —(@A)u —A @»u + 0jf,
where the Leibniz rule has been used to compute d;(Au) in light of Remark A.2.5 and
the continuous product pairing C* x W*? — WP The W*~1P-norm of 3 5(6ju) is
now bounded by a constant times |ul|yr-1 + ||0jullyr-10 + | 0; fllwr-1o < 2| | pprs +
| f|we», where the constant in question depends only on |3|cx—1 and |A|cx.
We now prove statement (1) in the case k > 1; the case k = 0 requires a different
argument and will be dealt with as an addendum at the end of this subsection. For
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k > 1, we can use an adaptation of the second proof of statement 2 above, where
instead of proving bounds on partial derivatives 0;u, we consider the corresponding
difference quotients
+ he;) —
DMu(z) := u(z + he;) u(z)’ j=1,2.
h

Here e, := 0,, €3 := 0, and the domain of D;Lu can be taken to be D, for any
r € (0,1) if h € R\{0} is sufficiently close to 0. It suffices again to consider only
the case m = k, so let us suppose u, f € WkP(D) and A € C¥(D). The difference

quotients D;?u are then also of class I/V{Zf on their domains, so for the smooth cutoff

function 8 € CP(D) with S|p, = 1, we can assume for all |h| > 0 sufficiently small
that SD"u is in W{P(D). The analogue of (2.8) in this context is then

Db ullgrrs,y < 18Uy < €7 (B D%) iy 10

< c|(08) (D) |wr-1p + |8 O(DM) [yyri-1.

The first term is bounded independently of h since J;u € W’“*Lp(]ﬁ)), implying a
uniform W*~1P-bound on D;‘u as h — 0; cf. Appendix A.3. To control the second
term, we can apply the operator D? to the equation du = —Au + f, giving

o(Dlu) = DI (0u) = —(DlA)u — AD}u + D! f.

Since A € C*(D), DA is uniformly C*'-bounded as h — 0, and d;u,d;f €
kal’p(]ﬁ)) similarly implies uniform W*~1P-bounds on D;Lu and D;? f, thus the
whole expression is uniformly W# !'P-bounded on some open disk containing the
support of £, implying

| Dy, < c

for some constant ¢ > 0 that does not change as h — 0. This implies u € W**1» (]D)r)
via a standard application of the Banach-Alaoglu theorem. Indeed, the latter implies
that if there is a uniform bound on |D”u|.» as h — 0, then any decaying sequence

h, — 0 has a subsequence for which D;?”u is weakly LP-convergent. The limit of this

o

subsequence belongs to LP(ID,.), and it is straightforward to show using the definition
of weak derivatives that this limit is d;u. One finds a similar result in the presence
of uniform W*P-bounds for any k£ € N by applying this argument to higher-order
derivatives of 0ju; for details, see Theorem A.3.1 in Appendix A.3. U

EXERCISE 2.4.3. Deduce from Theorem 2.4.1 the following corollaries for a se-
quence of weak solutions u, € W*?(D) to (0 + A, )u, = f,, assuming f, € W™P(D)
and A, € C™(D) for all v e N, withm >k >0and 1 < p < o0.

(@) If lwsllyewsys 1folwmsmy and [Ay]en ) are uniformly bounded, then u, is

also uniformly W**'P-bounded on compact subsets of D.
(b) If u, is W¥P-convergent, f, is W™P-convergent and A, is C™-convergent
on D, then u, is also W™ -convergent on D.
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REMARK 2.4.4. Combining the Sobolev embedding theorem with the Arzela-
Ascoli theorem, the result of Exercise 2.4.3(a) proves that if the f, and A, are C*-
bounded on D, then a W*P-bounded sequence of solutions u, has a C{°-convergent
subsequence. Part (b) implies moreover that for every k£ > 0 and p € (1,00), the
WkP_topology on spaces of solutions to linear Cauchy-Riemann type equations is

locally equivalent to the C*-topology.

EXERCISE 2.4.5. Use Theorem 2.4.1 to generalize Theorem 2.3.1 to the existence
of a bounded right inverse for

0 : WhP(D) —» WhLr(D).
forevery ke Nand 1 <p < co. Hint: For any R > 1, there exists a bounded linear
extension operator E : W*P(D) — W*?(Dg) with the property (Ef)|s = f for all
f e Wkr(D); see Theorem A.1.4 and Corollary A.1.5.

It remains to prove the case k = 0 of Theorem 2.4.1(1). As preparation for this,
we start with a classical result about “weakly holomorphic” functions:

LEMMA 2.4.6. If u e L'(D) satisfies Ou = 0 in the sense of distributions, then u
18 smooth and holomorphic on the open disk D.

Proor. Taking real and imaginary parts, it suffices to prove that the same
statement holds for the Laplace equation. By mollification, any weakly harmonic
function can be approximated in L' with smooth harmonic functions. The lat-
ter satisfy the mean value property, which behaves well under L!-convergence, so
the result follows from the mean value characterization of harmonic functions; see
[Wenb, Lemma 2.6.26] for more details. O

LEMMA 2.4.7. Suppose 1 < p < o0 and u € Ll(]ﬁ)) is a weak solution to ou = f
for some f e LP(D). Then u is of class WP on every compact subset of D.

PROOF. Let T : LP(D) — W'?(D) denote the bounded right inverse of 0 :
WhP(D) — LP(D) provided by Theorem 2.3.1. Then u —Tf € L'(D) is a weak
solution to d(u—T'f) = 0 and is thus smooth by Lemma 2.4.6. In particular, u —T f

o

restricts to D, for every r < 1 as a function of class WP, implying that u also has
a restriction in W1?(D,). O

PROOF OF THEOREM 2.4.1(1) FOR k = 0. Suppose (0 + A)u = f, where A is
continuous on D and u, f € LP(D). Then ou = —Au + f € LP(D), so Lemma 2.4.7
implies w € W,2”(D). If m > 1, one can now shrink the disk slightly and plug in the

o

case k = 1 of the theorem to conclude u € W;""(D). O

loc

COROLLARY 2.4.8. If A: D — Endg(C") is of class C™ for 0 < m < oo, then
every weak solution u : D — C" to (0+ A)u = 0 of class LE._ for a given p € (1,00) is

also in WD) for every k < m+1 and q € (1,00). In particular, u is of class C™.

loc

PROOF. Assume for simplicity m < o0, as the case m = oo will then immediately
follow. Theorem 2.4.1(1) implies u € W™P(D,) for any r < 1. If p > 2, this
implies via the Sobolev embedding theorem that v € C™(D,). In particular, u is
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o

then continuous and bounded on the closed disk D,, so it is in L4(DD,) for every

q € (1,00), and feeding it into Theorem 2.4.1(1) again gives the desired result on D),..
Since r < 1 was arbitrary, the result is therefore true on any compact subset of D.
To finish, it will now suffice to show that if u € LP(ID) for some p < 2, then u is
also in LL_(ID) for some ¢ > 2. Here Theorem 2.4.1(1) again implies u € W12(ID,.) for
any r < 1, and according to the Sobolev embedding theorem, there is a continuous

inclusion W1? — L[4 whenever p < ¢ < p*, where p* € (p, ] is determined by

z% = % — %; see Theorem A.1.6. Since p > 1, this implies # < % and thus p* > 2,
so we can choose any ¢ € (2,p*) and conclude u € L(DD,). O

2.4.2. The nonlinear case: bootstrapping. The regularity argument in the
previous subsection was inductive in nature: if the data A and f in the equation
(0 + A)u = f are smooth, then assuming v € WP leads via elliptic estimates to
the conclusion that u is actually of class W**1P_ so by induction, v is smooth. This
technique is known in the PDE literature as elliptic bootstrapping. We will now
prove a similar bootstrapping result for the nonlinear Cauchy-Riemann equation.

Locally, every J-holomorphic curve can be regarded as a map u : D — C»
satisfying dsu(z) + J(u(2))du(z) = 0 in coordinates z = s + it € D < C, where J is
an almost complex structure on C", or equivalently, a function®

J:C"— J(C"):= {K € Endg(C") | K* = —1}.

A nonlinear analogue of the equation considered in Theorem 2.4.1 is then the inho-
mogeneous nonlinear Cauchy-Riemann equation

(2.9) Osu + J(u)owu = f
for functions u : D — C", where J : C* — J(C") and f : D — C" are given.

REMARK 2.4.9. It is worth mentioning that while other nonlinear analogues of
the equation (0 + A)u = 0 are possible, the equations of interest can all be reduced
to (2.9) in practice. For example, in Floer homology and Gromov-Witten theory,
one often considers equations that locally take the form

Osu(2) + J(z,u(z))0u(z) = f(z,u(z2)),

where J : D x C" — J(C") is now allowed to depend explicitly on points in the
domain of u : D — C", and f: D x C" — C" is likewise a function of both z and the
value u(z). As was observed by Gromov already in [Gro85, 1.4.C], the solutions
u: D — C" to this equation are equivalent to honest J-holomorphic curves in D x C"

SHere the reader should beware of a minor ambiguity in notation: while we used J (M) in
Chapter 1 to mean the space of smooth almost complex structures on a manifold M, one can
just as sensibly define J (V') for each real 2n—dimensional vector space V' to be the space of linear
complex structures on V', topologized as a subset of the finite-dimensional vector space Endg (V') =
R27%27 Tt is not hard to show that J (V) is then a smooth submanifold of Endg(V); in fact, the
ability to choose J-complex bases for each J € J(V') gives J(V) a natural identification with the
homogeneous space Autg(V')/ Autc(V,J) = GL(2n,R)/GL(n,C). In the present discussion, the
notation J(C") views C™ as a real 2n-dimensional vector space rather than as a manifold.
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of the form w(z) := (z,u(2)) if one defines an almost complex structure .J in block

form on D x C" by
= i 0
Ten)=(seai rom):

For this reason, all theorems about regularity of “honest” J-holomorphic curves im-
ply similar results about the nonlinear inhomogeneous equations in Floer homology
and Gromov-Witten theory.

The following is not the most general theorem provable about regularity for J-
holomorphic curves, though it is the one that is most closely analogous to the linear
result in the previous subsection, and is also the one that we will need most often.
A partial improvement with weaker hypotheses will be discussed in §2.4.3 below.

THEOREM 2.4.10 (Nonlinear regularity, kp > 2 version). Assume 1 < p < o0,
and m and k are integers with m > k and kp > 2.
(1) If J : C* — J(C") is of class C™ and u € W*P(D,C") is a weak solution
to the equation
Osu + J(u)ou = f
for some f € Wm’p(]]o),(:"), then w is of class W™ LP on every compact
subset of D.
(2) Consider a C.-convergent sequence J, — J of C™-smooth almost complex
structures C* — J(C"), together with sequences f, € W™?(ID,C") and
u, € WEP(D,C") such that for each v € N, u, is a weak solution to the
equation
Osuy, + J,(u,) 0y, = f,.
(a) If the norms || f,|wms and |u,|lwrs on D are uniformly bounded as
v — o0, then wu, is also uniformly W™P_bounded on every compact
subset of D.
(b) If £, is W™P-convergent and u, is W*P-convergent on ]]3), then u, is
also WP _convergent on every compact subset of D.

Combining this result with the Sobolev embedding theorem and the Arzela-
Ascoli theorem yields:

COROLLARY 2.4.11. If J is a smooth almost complex structure on C", then every
J-holomorphic map u : D — C" that is of class W*? for some k € N and p € (1,0)
with kp > 2 is smooth. Moreover, if J, — J is a C\5.-convergent sequence of
almost complex structures on C" and u, : D — C" is a sequence of J,-holomorphic
maps, then for any k € N and p € (1,0) with kp > 2, uniform W*P-bounds for u,
imply CL.-convergence of a subsequence of u,, and similarly, W*?-convergence of

u, implies C5.-convergence. O

REMARK 2.4.12. We will take pains to avoid dealing with non-smooth almost
complex structures in this book, but in some applications they are unavoidable for
technical reasons. In such cases, one gets the most mileage out of Theorem 2.4.10 by
choosing p > 2, as the Sobolev embedding theorem then implies that J-holomorphic
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curves of class WP have at least as many continuous derivatives as J does. If one
instead starts with a curve u of class I/VllZf for some p < 2 but kp > 2, then since
k = 2, one can use the Sobolev embedding theorem to argue (cf. Corollary 2.4.8)
that wu is therefore also of class I/Vlicq for some ¢ > 2, which leads to the same result.
To summarize: if J is of class C"™, then any J-holomorphic curve of class VVIIZCP for
some k,p with kp > 2 is also of class I/Vgifl’q for every ¢ € (1,00), and in particular

it is of class C™.

Our proof of Theorem 2.4.10 will follow a similar outline to the proof of Theo-
rem 2.4.1, which can be interpreted as the special case where J, =i for all v. The
reason it works more generally is that if we zoom in on a sufficiently small neigh-
borhood of one point in C", then J can be viewed as a C"-small perturbation of i.
To make this precise, we shall use the following rescaling trick.

Associate to any C™-smooth map J : C" — J(C") the function

Q=i — J e C™(C", Endg(C")).
In terms of @, the equation dsu + J(u)dyu = f then becomes
(2.10) ou — Q(u)du = f.

For any given point zy € ]]3), we can assume without loss of generality after an affine
change of coordinates on C" that u(zy) = 0 and J(0) = 4, so in particular Q(0) = 0.
For any € € (0, dist(zg, D)) and a fixed constant « € (0, 1) to be specified further
below, we now associate to J, u and f the functions

J:C" = J(CM), J(z) := J(e*z),

Q : C" — Endg(C"), Q(z) == Q(c“z) =i — J(),
(2.11) : 1
u:D—C" w(z) = E—au(zo + €2),

f:D-cC", f(2) := €7 (20 + €2).
Then u satisfies (2.10) if and only if @ satisfies
(2.12) ot — Q(a)o,a = f.

The rescaled almost complex structure has the convenient feature that since J(0) is
the standard complex structure ¢, choosing € > 0 small makes J arbitrarily C™-close
to ¢ on the compact set” D** = C", which means |Q[cmp2n) can be made arbitrarily
small. By Proposition 2.2.8, [y will likewise stay under control for e — 0 if we
choose a € (0, 1) such that o < k—2/p, and in fact, choosing « to be slightly smaller
then ensures that we can make ||@[yx, an arbitrarily small multiple of |u|yx» by
choosing € > 0 small. Since kp > 2, this will also make |u]co arbitrarily small,
and we can therefore assume that @ has image in D?". By the assumption m > k
and the continuity of the map C* x W*P — WP in Proposition 2.2.5, the function

"Here D2" denotes the closed unit ball in C"* = R2",
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D — Endg(C") : z — Q(a(z)) can then likewise be assumed to be arbitrarily W?-
small by choosing € > 0 small. The effect is that (2.12) can now be viewed as a
WkP_close approximation of the linear equation 0t = f )

The price we pay for this rescaling is that if we are able to prove e.g. a uniform
bound on the norms |d, |y s,y for some sequence u, € WEP(D) and r € (0,1),

then the resulting W**P-bound for u,, will be valid only on the e-disk around the
point zy. But this point was chosen arbitrarily in ]lo]), so the result is a uniform bound
over some neighborhood of any interior point of D, and since a compact subset of
D can be covered by finitely many such neighborhoods, that is enough to achieve
uniform bounds over compact subsets.

REMARK 2.4.13. The rescaling trick described above is one of several reasons
why the condition kp > 2 will be needed in the proof of Theorem 2.4.10, while it
was irrelevant in the linear case. Another reason is of course the Sobolev embedding
theorem, which guarantees that the solutions we consider are always continuous.
We will see when we study compactness in Chapter 7 that the statement in Theo-
rem 2.4.10 about uniform bounds is generally false when kp < 2, and even when we
extend the statement about smoothness to allow kp < 2 in §2.4.3, continuity will
have to be imposed as an explicit extra hypothesis.

PROOF OF THEOREM 2.4.10. We will prove statement (2a) assuming that state-
ment (1) is already known, and leave the rest as exercises.

Since m > k, it suffices to prove the statement for the case k = m, as otherwise
the argument can always be repeated on slightly smaller disks at each step to increase
k until it reaches m. We therefore assume that a Cf -convergent sequence J, — J
of functions C" — J(C") and sequences u,, f, € W*P(ID,C") satisfying uniform
bounds

luvlwer < M, | follwes < M

are given such that dsu, + J,(u,)0u, = f,, and we need to establish that w, is
also uniformly W**P-bounded over compact subsets. (Note that we can assume
due to statement 1 in the theorem that each u, is of class I/V{Zjl’p .) It suffices in
fact to prove that every subsequence of u, has a further subsequence for which such
uniform bounds hold; indeed, if the bound for the whole sequence did not exist,
then we would be able to find a subsequence with norms blowing up to infinity over
some compact subset, and no further subsequence of this subsequence could satisfy
a uniform bound. With this understood, we can appeal to the compactness of the
inclusion W#?(D) < CO(D) for kp > 2 (see Proposition 2.2.2), and replace u,, with
a subsequence (still denoted by wu,) that is CY-convergent on D to some continuous
map u: D — C".

For any given point z, € ch), we can now apply a converging sequence of affine
transformations to C" in order to assume without loss of generality

uy(z0) =0 forall v, and J(0)=1.

We then choose

2
(2.13) ae(0,1) with a<k—-—,
p
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and apply the rescaling trick outlined above to replace w,, f, and J, with the
corresponding rescahngs Uy, f,, and J as defined in (2. 11) defining also the related
functions Q,, =17— J We then have the equation 04, — Q,, (1) 0, = f,,, with C*-
convergence Q,, — Q over D?*, where Q may be assumed arbitrarily C*-small on this
set by choosing € > 0 small. Smce 0,(0) = u,(29) = 0 for all v, we can choose some
f > « that also satisfies the conditions in (2.13) and then apply Propostion 2.2.8 to
obtain a bound

(2.14) I [y < CP=uy [y < CP~0M

for some constant C' > 0 that is independent of v and e. We can therefore impose an
arbitrarily small uniform W*?-bound (and therefore a similarly small C°-bound) on
U, by choosing € > 0 small enough. For f,, it will suffice to know that the uniform
bound | f,|[yx» < M implies a similar uniform bound

1ol < M.

for some constant M, > 0 which may depend on €, but not on v. Our goal is now
to prove that for some fixed choice of the rescaling parameter € > 0, ||6jﬁy||wk,p(®r)
is uniformly bounded for j = 1,2 and some r € (0, 1).

The argument begins exactly the same as in the linear case: choose a smooth
bump function

B e G (D, 0,1])
that satisfies 8|p, = 1. We then have (0,1, € WEP(D), so by Theorem 2.3.2,
C15)  [0silnsy < 18 iulinngs) < 13 (B0 lyncrsy -

If this were still the proof of Theorem 2.4.1, we would now apply the Leibniz rule
to write 0(f 0;4,) as a sum of two terms, but the nonlinear case requires some-
thing slightly cleverer at this step. Let us instead derive a PDE satisfied by ;1.

Differentiating the equation 01, = Qy(ﬂy)atﬁy + fy gives
0(05t,) = 0;(00,) = Q, (11,)0,0;t1, + DQ, (1) (85ths, Oyi,) + 05 fo,

where D@V denotes the differential of @V. In this calculation we have assumed that
the product and chain rules are universally valid, but this requires some care since
we are dealing with weak rather than classical derivatives: in fact, the chain rule can
be used for differentiating Q. (1,) according to Theorem A.2.6 since 4, is of class
WkP with kp > 2 and QV is of class C*, and Proposition A.2.4 then justifies the
product rule for Q,,(u,,)@tu,, since Q,,(u,,) e Wk? 0,0, € WF=LP and the product
pairing WP x Wk=Lr — Wk=1P is continuous. Returning to the formula itself, we
now have

(5 051,) = BQ,(11,) 000511, + BDQ, (1) (85i,, d,0,) + 80,1, + (08)d;0,
= Qu(,)0,(8 ;) + DQ,(11,) (B Oyity, yit,)
+ B ajfu + (éﬁ)ajau - @u(ﬂu)(atﬁ)ajaw
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so that f 0;u, satisfies
08 05t,) — Qu(@,),(8 950,) = DQu (i) (8 &y, 0ri)
+ (98- Qu(@,)ai8) oy, + By,
Combining this with (2.15) gives

(2.16) |8 0;i]ypun < cH@,,(ﬁ,,)at(B 5jﬁy)\\wk_1,p + CHD@u(fLu)(B 05y, at'&l/)HWk—l,P
+c H (56 — @y(ﬂV)at6> Oty + 3 aﬂf"

It is important to note that the constant ¢ > 0 in this expression comes from the
elliptic estimate |g|lyx» < c|0g|yr-15, 50 it is the same constant regardless of our
choice of the scaling parameter €. Let’s look at each of the three terms on the right
hand side separately.

Step 1: The third term.
We claim that the term on the second line of (2.16) satisfies a uniform bound. For

the terms in this expression that only involve products of d;1, or 0; fy with smooth

Wh—1p

functions, this follows immediately from the uniform Wf’p—bounds on u, and fy. For
the term involving Q, (1, ) we observe that since @, — Q in C* on D?" and 4, can be
assumed to lie in a WkP_small neighborhood of 0 for every v, Proposition 2.2.5 places
Q, (1,) into a W*P-small neighborhood of 0 for v sufficiently large, meaning this term
is uniformly W*P-bounded. Its product with 0;,, is then uniformly W*~1P-bounded
due to the continuous product pairing W*»? x Wk=1P — Wk=LP from Prop. 2.2.4.
Step 2: The first term.

The tricky aspect of the first term in (2.16) is that it involves kth derivatives of
B 0;u,,, which are actually what we were trying to bound in the first place. What
saves the situation is the smallness of CAQV (@1,): indeed, we have seen above that this
term can be assumed arbitrarily W*?-small as v — o0 if € > 0 is chosen sufficiently
small. The continuous product pairing W*? x WF=1P — Wk=LP gives a bound

¢ @, ()0, (8 051 | yr < €)@ @)y - 1008 05t [t
< ) Qu (@) | i - 18 05t e,

where ¢ > 0 is yet another constant that does not depend on e. With this in mind,
let us now choose € > 0 small enough to ensure

120 @)y < 55

Step 3: The second term.
We observe first that D@V — D@ in C*~1 and depending on whether p > 2 or
p < 2, slightly different tricks can now be used to bound D@,,(’[L,,). If p > 2, then
WHP has a continuous inclusion into C*~! and we can therefore assume the 1, all lie
in a fixed C*~'-small neighborhood of 0, implying that DQ, (4, ) is uniformly C*~1-
bounded. If on the other hand p < 2, then the condition kp > 2 requires k£ > 2,
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and we can instead make use of a Sobolev embedding of the form WH? s JW/k-1a,
Indeed, choose any ¢ € [p, o) such that the condition
O<k—1—g<k:—g
q p
is satisfied; this is clearly possible since £—1 —% < k—% and k—1 —% =k—1> k—%
and p < 2. Proposition 2.2.2 now provides a continuous inclusion W*P «s Wk=1a,
and since (k — 1)q > 2, there is also a continuous pairing C* ! x Wk=La — Jyk-La
from Proposition 2.2.5, implying that D@V(ﬂy) is uniformly W* %4-bounded. In
either case, the bounds can be assumed independent of the scaling parameter e,
and since both C*~! and W* 1% admit continuous product pairings with W+ 1P,
combining this with the product pairing W*? x W*=1P — JWk=1P then leads to a
bound of the form

| DR (11, (8 2yt 1) | y-r < 1B Dyt i - s cr

for a constant ¢ > 0 that is independent of v and e. By (2.14), we can now choose
€ > 0 small enough so that

1

Hatﬁ‘l/HWk_LP < ||ﬁlyHWk:,p < @
for all v.
Conclusion.
Combining the three estimates above for the terms on the right hand side of (2.16)

now gives an inequality of the form
X 2 N
18 Oyt fwvn < €+ 215 Oy awre,

where ¢” > 0 is the bound obtained in step 1. We conclude |5 0;u, |+ < 3¢”, and
have thus found a uniform bound for |, |y ki1, - O

EXERCISE 2.4.14. Use an analogous argument via difference quotients to prove
statement (1) in Theorem 2.4.10. Hint: If you’re anything like me, you might get
stuck trying to estimate the difference quotient analogues of the terms in (2.16)
that involve derivatives of QV. The difficulty is that this expression was derived
using the chain rule for derivatives, and there is no similarly simple chain rule for
difference quotients. The trick is to remember that difference quotients only differ
from the corresponding derivatives by a remainder term. The remainder will produce

extra terms in the difference quotient version of (2.16), but the extra terms can be
bounded.

2.4.3. The nonlinear case: from W n C° to W4, The proof of Gro-
mov’s removable singularity theorem in Chapter 7 will require a stronger variant of
Theorem 2.4.10(1) for honest J-holomorphic curves (with no inhomogeneous term),
in which the hypothesis kp > 2 is relaxed. In the absence of this condition, it is
no longer automatic from the Sobolev embedding theorem that our weak solution
uw:D — C"is continuous, but continuity will be needed in the proof, so we impose
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it as an explicit hypothesis. For this statement, we can also get away with allow-
ing J to be continuous but not differentiable, though the conclusion in that case is
correspondingly modest.

THEOREM 2.4.15 (Nonlinear regularity, kp < 2 version). Assume 1 < p < o0,
m =0 is an integer, and J : C* — J(C") is of class C™. Then every weak solution
u: D — C" to the nonlinear Cauchy-Riemann equation d,u + J(u)0u = 0 that is
continuous and of class WP on D is also of class W'giﬂ’q on D for every q € (1,00).
In particular, u is of class C™.

In light of the bootstrapping result in the previous subsection, Theorem 2.4.15
will follow immediately if we can prove it in the case m = 0, where the statement
is really that a solution of class W n C? is also of class I/Vlicq for any ¢ > p, in
particular for some ¢ > 2. The following lemma to that effect is adapted from an
argument due to Sikorav, cf. [Sik94, Prop. 2.3.6(i)].

LEMMA 2.4.16. Assume 1 < p,q < o and J is a continuous almost complex
structure on C*. If u € C°(D) n WHP(D) is a weak solution to the equation dsu +
J(u)0wu = 0, then u is also of class W on all compact subsets of D.

PRrROOF. There is nothing to prove if ¢ < p, so we assume throughout that ¢ > p,
and that u : D — C" is in W' A C? and is J-holomorphic. Given z, € ]13), we can
assume after changing coodinates on C" that u(zp) = 0 and J(0) = i. As in the
proof of Theorem 2.4.10, we then write @ :=i — J : C" — Endg(C") and consider
rescaled functions of the form

J:C* = J(CY,  J(x):=J(=/R),
(2.17) Q:C" - Endp(C"), Q(z):=Q(z/R) =i— J(z),
:D—>C",  a(2) := Ru(z + €2),

U
where € € (0,1] and R > 1 are constants, so that u is J-holomorphic if and only if
U satisfies

(2.18) ot — Q(i)dya = 0.

Choosing R > 1 sufficiently large makes CAQ arbitrarily C°-small on the unit disk
D?* < C", and after fixing R in this way, we can (since u is continuous) choose
€ € (0,1] sufficiently small to ensure 4(D) < D?*. In this way, we are allowed to
assume R

10(@) vy < 8
for some small constant § > 0, which can always be made smaller if necessary by
adjusting R and e. Consider the bounded linear operator

Do = 0 — Q(d)d, : WH(D,C") — LP(D, C™),

which has @ € ker Dg by (2.18), and observe that Dy is close to @ : W?(D) — LP(ID)
in the operator norm if § is sufficiently small. Fix r € (0,1) and a smooth compactly

supported function 8 € CP(D) with B|p, = 1. The Leibniz rule gives
Do(Bi) = (98— Q(@),8) i€ C°(D),
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hence Dg(pu) € L1 (D). The rough outline of our argument will now be as follows.
Recall from §2.3 that 0 : W'?(D) — LP(D) has a bounded right inverse T : LP(D) —

Wlp(]ﬁ), given by the convolution T'f := K = f with a fundamental solution K €

LL (C) to the d-equation. We saw also via Lemma 2.3.3 that whenever f is smooth

with compact support on C, one has f = T(df), so by density, the same is true for
every f € Wlp (D). Since LI(D) = LP(D) for ¢ > p, the same convolution operator
restricts to L4(D) as a bounded right inverse of @ : Wh(D) — L4(ID), and also
satisfies TO(84) = Bi since B € WaP(D). The fact that Dg : WP — [P is close
to 0 implies that it also has a bounded right inverse

Ty : LP(D) — WP (D),
which we expect should similarly restrict to L as a right inverse of Dg : W7 — L[4
and satisfy fu = ToDg(Bu). If we can justify that expectation, then it implies
Bt e WH(D) and thus & € W(D,), as we've already seen that Do(3a) is in
L(D). The consequence for the original map u € W'?(D) will be that its restriction
to a sufficiently small disk around the arbitrarily chosen point zg € D is of class Wa.

To put this discussion on solid ground, let us write down T, : LP (D) — W»(D)
more explicitly. The relation 0o T = 1 gives

DooT =1—Q(@)d, 0T : LP(D) — LP(D),

and this operator is clearly invertible if § is sufficiently small; note that the necessary
threshold for & depends only on the norm of T : LP(D) — W?(ID), and not in any
way on u, € or R. In fact, we can also assume (possibly after shrinking ¢ further)
that 1 — Q(a)d, o T is an invertible operator on L(ID). A natural definition for Ty
is then

To =T (1~ Q(a)a,o T)1  LP(D) — W (D),

which has the desired property of restricting to L9 (]D)) as a bounded right inverse
of Do : Wh(D) — L4(ID). Now using the relations T9(84) = Sa and 0T = 1, we
compute,

This validates the argument outlined above: since Dg(f1) is in both LP and L9, fu =
ToDg(B14) is in both WP and W4, proving the first statement in the lemma. [

EXERCISE 2.4.17. Adapt the argument in the proof above to establish the follow-

ing variant of Theorem 2.4.10(2b): for a CJ" -convergent sequence of almost complex
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structures J, — J with m > 0, any C{ -convergent sequence u, of .J,-holomorphic
curves that are also in VVllof for some p > 1 actually converges in I/VITCH’Q for every

. 0 . . m
q € (1,00). In particular, C} -convergence of u, implies C| -convergence.

REMARK 2.4.18. Why is there no variant of Theorem 2.4.10(2a) for kp < 27
Well, the first step in the proof of Theorem 2.4.10(2a) was to use the compactness of
the Sobolev embedding W*? < (C° to replace u, with a C°-convergent subsequence,
without which the local rescaling trick in that proof would not have worked. If every
WP-bounded sequence similarly had a C°-convergent subsequence when p < 2,
then we could plug it into Exercise 2.4.17 and conclude that there are uniform W 4-
bounds for some ¢ > 2, so that Theorem 2.4.10(2a) would then apply. But indeed,
the phenomenon of “bubbling” will demonstrate clearly in Chapter 7 that uniform
W2 bounds do not guarantee a C’-convergent subsequence.

2.5. Linear local existence and the similarity principle

The following lemma can be applied in the case A € C*(D, End¢(C™)) to prove
the aforementioned standard fact that complex-linear Cauchy-Riemann type oper-
ators induce holomorphic structures on vector bundles. The version with weakened
regularity will be applied below to prove a useful “unique continuation” result about
solutions to (0 4+ A)f = 0 in the real-linear case.

LEMMA 2.5.1. Assume 2 < p < o0 and A € LP(D, Endg(C™)). Then for suffi-
ciently small e > 0, the problem

ou+ Au =0
u(0) = wug

has a solution u € W(D,, C™).

REMARK 2.5.2. Note that u : D. — C" in the above statement is only a weak
solution to du + Au = 0, as it is not necessarily differentiable, but by the Sobolev
embedding theorem, it is at least continuous.

PrROOF OF LEMMA 2.5.1. The main idea is that if we take ¢ > 0 sufficiently
small, then the restriction of ¢ + A to ]]O])e can be regarded as a small perturbation
of 0 in the space of bounded linear operators W'? — LP. Since the latter has a
bounded right inverse by Theorem 2.3.1, the same will be true for the perturbation.

Since p > 2, the Sobolev embedding theorem implies that functions u € W1»
are also continuous and bounded by |lully1.», thus we can define a bounded linear
operator

& : WHP(D) — LP(D) x C" : u — (du, u(0)).
Theorem 2.3.1 implies that this operator is also surjective and has a bounded right
inverse, namely

LP(D) x C" — W (D) : (f,up) = T'f — Tf(0) + ug,

where T : LP(D) — W'?(D) is a right inverse of ¢. Thus any operator sufficiently
close to @ in the norm topology also has a right inverse. Now define x. : D — R to
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be the function that equals 1 on D, and 0 outside of it, and let
®, : WP(D) - LP(D) x C" : u > (0 + xeA)u, u(0)).

To see that this is a bounded operator, it suffices to check that WP — LP : u — Au
is bounded if A € LP; indeed,

[Aulr < [Alellullco < c|Alle ulwre,

again using the Sobolev embedding theorem. Now by this same trick, we find

[Peu = Pul| = [[xeAu Loy < Al ooy lulw o),

thus | @, — ®| is small if € is small, and it follows that in this case ®, is surjective.
Our desired solution is therefore the restriction of any u € ®-1(0,ug) to D,. O

Here is a corollary, which says that every solution to a real-linear Cauchy-
Riemann type equation looks locally like a holomorphic function in some continuous
local trivialization.

THEOREM 2.5.3 (Similarity principle). Suppose A : D — Endg(C") is of class
L? for some p > 2 and u € Wl’p(]ﬁ),(C") is a weak solution to the equation Ou +
Au = 0 with w(0) = 0. Then for sufficiently small € > 0, there exist maps ® €
CO(D,, Endc(C)) and f € C*(D,,C") such that

u(z) = ®(2)f(2), of =0, and ¢(0) = 1.

PROOF. The solution u : D — C" is necessarily continuous and bounded, by
the Sobolev embedding theorem. Choose a function C' : D — End¢(C") satisfying
C(z)u(z) = A(z)u(z) and |C(2)] < |A(z)| for almost every z € D. Then C €
LP(D, End¢(C?)) and w is a weak solution to (0 + C)u = 0. Note that even if A
were assumed to be smooth, we do not yet know anything about the zero set of u
and thus could not assume C' is continuous, though we have no trouble achieving

o

C e LP(D) for some p > 2.

Since 0 4+ C' is now complex linear, we can use Lemma 2.5.1 to find n weak
solutions of class W to (0+C)v = 0 on D, that define the standard complex basis of
C™ at 0, and these solutions are continuous by the Sobolev embedding theorem. This
gives rise to a map ® € W1?(D,, Endc(C™)) that satisfies (0 + C)® = 0 in the sense
of distributions and ®(0) = 1. Since ® is continuous, we can assume without loss of
generality that ®(z) is invertible everywhere on D.. Setting f := ® 1y : D, — C",
the Leibniz rule then implies

0=(@+Clu=(0+C)Df)=[(0+C)®] f+ D(0f) = ®(Of).

Note that the use of the Leibniz rule in this situation is justified by Proposition A.2.4
in light of the continuous product pairing W'? x Wh? — W'»_ Tt follows that
of =0, and f is smooth by Lemma 2.4.6. O

COROLLARY 2.5.4 (Unique continuation). Suppose D is a linear Cauchy-Riemann
type operator on a vector bundle E over a connected Riemann surface, andn € T'(E)
satisfies Dn = 0. Then either n is identically zero or ils zeroes are isolated. 0J
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The similarity principle also has many nice applications for the nonlinear Cauchy-
Riemann equation. Here is another “unique continuation” type result for the non-
linear case.

PROPOSITION 2.5.5. Suppose J is a smooth almost complex structure on C" and
u,v : D — C™ are smooth J-holomorphic curves such that u(0) = v(0) = 0 and u and

v have matching partial derivatives of all orders at 0. Then u = v on a neighborhood
of 0.

PROOF. Let h = v —u: D — C". We have
(2.19) Osu + J(u(z))ou = 0
and
0sv + J(u(z)) 0w = 0sv + J(v(2)) 0w + [J(u(2)) — J(v(2))] Grv
= = [J(u(z) + h(2)) = J(u(2))]

(2:20) = — ( f 1 %J(u(z) +7h(z)) dr) v

0

0

- _ (jl dJ(u(z) + Th(z)) - h(2) d7'> o =: —A(2)h(2),

where the last step defines a smooth family of linear maps A(z) € Endg(C™). Sub-
tracting (2.19) from (2.20) gives the linear equation

Osh(2) + J(2)0:h(2) + A(2)h(z) = 0,

where J(z) := J(u(z)). This is a linear Cauchy-Riemann type equation on a trivial
complex vector bundle over ID with complex structure J (2) on the fiber at z. The
similarity principle thus implies h(z) = ®(z) f(z) near 0 for some holomorphic func-
tion f(z) € C™ and some continuous map ®(z) € GL(2n, R) representing a change of
trivialization. Now if h has vanishing derivatives of all orders at 0, Taylor’s formula
implies

()

z—0 |Z|k =0

for all £k e N, so f must also have a zero of infinite order and thus f = 0. O

REMARK 2.5.6. For most applications of the similarity principle, the zeroth-
order term A : D — Endg(C") can be assumed smooth, but it is occasionally useful
to know that weaker regularity hypotheses are also sufficient. One situation that
arises very naturally in SFT, for instance, is when the equation (0 + A)u = 0 on
(D, i) is derived from a similar equation on the half-cylinder ([0,00) x S' i) via
the biholomorphic transformation [0, 00) x ST — D\{0} : (s,t) +> €727+ in which
case the zeroth-order term is defined almost everywhere on D but may be unbounded
near 0. In this context, the condition A € LP with p > 2 in Theorem 2.5.3 becomes
crucial, and the statement turns out to be false without it; see Exercise 4.8.6 for a
hint on how to derive explicit counterexamples.



54 CHRIS WENDL

2.6. Simple curves and multiple covers

We now prove a global result about the structure of closed J-holomorphic curves.
In Chapter 6 we will be able to generalize it in a straightforward way for punctured
holomorphic curves with asymptotically cylindrical behavior.

THEOREM 2.6.1. Assume (X, 7) is a closed connected Riemann surface, (W, J)
is a smooth almost complex manifold and u : (X,j) — (W, J) is a nonconstant
pseudoholomorphic curve. Then there exists a factorization u = v o @, where

o v : (X,7) = (X,j") is a holomorphic map of positive degree to another
closed and connected Riemann surface (3, j');

o v: (X5 — (W,J) is a pseudoholomorphic curve which is embedded except
at a finite set of self-intersections and non-immersed points.®

Note that holomorphic maps (X, j) — (X', ') of degree 1 are always diffeomor-
phisms, so the factorization u = v o in this case is just a reparametrization, and u
is then called a simple curve. In all other cases, k := deg(¢) = 2 and ¢ is in general
a branched cover; we then call u a k-fold branched cover of the simple curve v.

The main idea in the proof is to construct ¥’ (minus some punctures) explicitly
as the image of u after removing finitely many singular points, so that we can take
v to be the inclusion ¥’ < W. The map ¢ : ¥ — ¥ is then uniquely determined.
In order to carry out this program, we need some information on what the image
of u can look like near each of its singularities. These come in two types, each type
corresponding to one of the lemmas below, both of which should seem immediately
plausible if your intuition comes from complex analysis.

LEMMA 2.6.2 (Intersections). Suppose u : (X,7) — (W,J) and v : (¥',5) —
(W, J) are two nonconstant pseudoholomorphic curves with an intersection u(z) =
v(z"). Then there ezist neighborhoods z € U < X2 and 2’ e U' = 3 such that

either  uw(lU) = v(U') or w(U\{z}) novU") = uld) no(U\{Z'}) = &.
U

PROOF IN THE SPECIAL CASE du(z) # 0. While the proof of this lemma in full
generality is somewhat involved, it becomes a simple application of the similarity
principle (Theorem 2.5.3) if we additionally asume that either du(z) or dv(2') is
nonzero. We can choose holomorphic local coordinates near z € ¥ and 2’ € ¥/
and smooth coordinates near u(z) = v(z’) € W so that without loss of generality,
(2,7) = (X,7) = (D,i) with z = 2/ =0, W = C" and u(0) = v(0) = 0. If

du(0) # 0, then we can also arrange these coordinates so that

u(z) = (2,00 and J(z,0) = i;

81t follows from the Cauchy-Riemann equation that if u : (2,5) — (W, J) is J-holomorphic,
then at each point z € X, its first derivative du(z) : T, — T,,(.yW is either injective or trivial. We
are referring to points with du(z) = 0 as non-immersed points of u. The term “critical points”
is also commonly used for this condition, but is slightly at odds with the usual definition of that
term when dim W > 4 since, strictly speaking, every point is critical in the sense that du(z) can
never be surjective.
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indeed, this is a simple matter of restricting u to a smaller disk on which it is
an embedding, rescaling to replace the smaller disk with D, then extending the
resulting embedding to an embedding D x D?**~2 < C" with its derivatives in the
normal direction along I x {0} specified to be complex linear. In these coordinates,
for each (z,w) € C x C* ! we have

J(z,w)—i=f

1

1 1
iJ(z,Tw) dr =f Dy J(z, Tw)w dr = J Dy J(z, Tw)dr | w
o dr 0 0
=: B(z,w)w,

defining a smooth map B : C" — Homg(C" !, Endg(C")).
Now writing v(z) = (p(2), f(z)) € C x C* !, the nonlinear Cauchy-Riemann
equation for v gives

0= 05w+ J(v)ow = dsv +i 0w+ [B(p, f)flow,
and applying the projection 7 : C x C* 1 — C"! to this equation produces
0=0f + Af,
where A : D — Endg(C"™!) is a smooth map defined by
A(z)w = 7[B(e(2), f(2))w]ow(2).

The similarity principle therefore implies that either f vanishes identically near 0 or
its zero at the origin is isolated. 0

LEMMA 2.6.3 (Branching). Suppose u : (X,75) — (W, J) is a nonconstant pseu-
doholomorphic curve and zy € 3 is a non-immersed point of u. Then a neighborhood
U c X of zy can be biholomorphically identified with the unit disk D < C such that

u(z) =v(zF)  for 2eD=U,

where k € N, and v : D — W is an injective J-holomorphic map with no non-
immersed points except possibly at the origin. O]

These two local results follow from a well-known formula of Micallef and White
[M'W95] describing the local behavior of J-holomorphic curves near non-immersed
points and their intersections. The proof of that theorem is analytically quite in-
volved, but one can also use an easier “approximate” version, which is proved in
[Wen20, Appendix B.2] (see Remark 2.8.5 at the end of this chapter for further
discussion of this). Since both are closely related to the phenomenon of unique
continuation, you will not be surprised to learn that even beyond the “easy” case
of Lemma 2.6.2 treated above, the similarity principle plays a role in the proof: the
main idea is again to exploit the fact that locally J is always a small perturbation
of i, hence the local behavior of J-holomorphic curves is also similar to the integrable
case.

PROOF OF THEOREM 2.6.1. Let Crit(u) = {z € ¥ | du(z) = 0} denote the set
of non-immersed points, and define A c X to be the set of all points z € ¥ such that
there exists 2’ € ¥ and neighborhoods z e Y < ¥ and 2 e U’ = ¥ with u(z) = u(z’)

but u(U\{z}) nu(U'\{Z'}) = &.
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The lemmas quoted above imply that both of these sets are discrete. Both
are therefore finite, and the set ¥ = u(X\(Crit(u) U A)) W is then a smooth
submanifold of W with J-invariant tangent spaces, so it inherits a natural complex
structure j' for which the inclusion (¥, 5') < (W,.J) is pseudoholomorphic. We
shall now construct a new Riemann surface (X', j') from which (3, ) is obtained
by removing a finite set of points. Let A = (Crit(u) U A)/ ~, where two points
in Crit(u) U A are defined to be equivalent whenever they have neighborhoods in
¥ with identical images under u. Then for each [z] € A, the branching lemma

provides an injective J-holomorphic map uf.) from the unit disk ID onto the image
of a neighborhood of z under u. We define (X', j') by

S =Yus | [[D].
[z]eA

where the gluing map @ is the disjoint union of the maps wup; : D\{0} — > for
each [z] € A; since this map is holomorphic, the complex structure j’ extends from
> to Y. Combining the maps up] : D — W with the inclusion > < W now
defines a pseudoholomorphic map v : (X', j') — (W,.J) which restricts to &' as an
embedding and otherwise has at most finitely many non-immersed points and double
points. Moreover, the restriction of u to X\ (Crit(u) U A) defines a holomorphic map
to (Z’ ,7") which extends by removal of singularities to a proper holomorphic map
v (2,7) = (X, j) such that u = v o . Its holomorphicity implies that it has
positive degree. O

2.7. Nonlinear local existence

Another consequence of the local regularity estimates for 0 is a nonlinear version
of the local existence result in §2.5. One of its important consequences is the basic
fact (originally a theorem of Gauss about conformal structures on surfaces) that all
almost complex structures on a Riemann surface are integrable. In that context, we
will sometimes also make use of the stability property written into Theorem 2.7.1
below: it implies that local holomorphic charts on sufficiently small regions can be
perturbed smoothly under small perturbations of the complex structure.

For functions f(s,¢) on domains in C with complex coordinate z = s + it, it is
often convenient to regard f formally as a function of the variables z = s + it and
Z = s —1it, so that its partial derivatives are written as complex-linear combinations

of

0 1 , 0 1 ,
a—£:=§(5s—zat)f, and 5—225(55—1—2515)]‘?
Holomorphic functions are thus distinguished by the fact that since % = 0, their

derivatives of all orders are fully determined by '3:7},: for £ > 0. It is not hard to
show that the latter also holds for J-holomorphic curves u : (D, i) — (C", J) at any
point z € D such that J(u(z)) = ¢; this follows by computing higher derivatives of
the nonlinear Cauchy-Riemann equation at such a point.
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THEOREM 2.7.1. Assume J is a smooth almost complex structure on C" with
J(0) =1, and ay, ..., a, € C" are constants for some m = 0. Then:

(1) For any € > 0 sufficiently small, there exists a J-holomorphic map u :
(D, 1) — (C™, J) satisfying u(0) = 0 and %(O) = ay, foreachk =1,...,m.

(2) Given a J-holomorphic map u : (D,,i) — (C",J) on a disk of some radius
r > 0 satisfying u(0) =0, if z, € C" is a sequence converging to 0, J, — J
is a Cp.-convergent sequence of almost complex structures on C" and € > 0
1s sufficiently small, then there also exists for v sufficiently large a sequence
of J,-holomorphic maps u, : (D, i) — (C",J,) that satisfy u,(0) = x, and
are C*-convergent to u|p, .

REMARK 2.7.2. By an easy modification of the proof below, one could if desired
also impose a converging sequence of constraints on finitely many derivatives of the
sequence of maps u, in the second part of the statement.

REMARK 2.7.3. There is no uniqueness in Theorem 2.7.1, nor should one expect
it: in the case J = 1, specifying %(O) for all £ = 0 up to some finite order still leaves
an infinite-dimensional space of solutions to du = 0. On the other hand, specifying
these derivatives for all k > 0 produces uniqueness but kills existence: there is a
unique holomorphic Taylor series that has the correct derivatives, but it might have
zero radius of convergence.

There are two main ingredients behind the proof of Theorem 2.7.1. One is the
existence of a bounded right inverse to the operator ¢ : W*P(ID) — Wk L2(D) for
every k € N and p € (1,0), as provided by the fundamental elliptic estimates of
§2.3 and Exercise 2.4.5. The other is the extension of standard differential calculus
to functions defined on open subsets of Banach spaces, as presented e.g. in [Lan93,
Lan99]. In particular, the surjectivity of ¢ will be needed as a hypothesis for
applying the implicit function theorem to a differentiable map between open subsets
of infinite-dimensional Banach spaces, thereby proving that the zero-set of that map
is a differentiable Banach submanifold. We will make considerably more use of that
machinery in later chapters, typically in the context of smooth Banach manifolds
and Banach space bundles (cf. §8.2). Since it is not entirely trivial in such settings
to determine whether certain maps are differentiable, it will be useful to keep the
following extension of the C*-continuity property from Proposition 2.2.5 in mind:

PROPOSITION 2.7.4. Under the same assumptions as in Proposition 2.2.5, if the
open set Q@ = R" is convex,” then the map

O CF(Q,RY) x WrEP(U, Q) — WEPU,RYN) : (f,u) — fou
s of class C" for each r € N, and its first partial derivatives are given by
Di®(f,u)g=gou,  Do®(f,u)v = (Dfou)v,

where the second expression makes sense due to Propositions 2.2.4 and 2.2.5 and
should be understood as the pointwise product of the two W*P-functions Df o u :
U — Hom(R",RY) and v : U — R™.

9The convexity assumption on @ c R” is inessential, and can be relaxed at the cost of more
cumbersome notation, cf. the setup for Theorem A.2.6.
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PROOF. The main step is to prove that for any fixed f € C**1(Q, RY), the map
Uy WU, Q) —» WRPURY) tue fou
is differentiable, and its derivative is given by
(2.21) DV ¢(u) = Ups(u).

The latter is a continuous function WP (U, Q) — W*» (U, Hom(R", RY)) by Propo-
sition 2.2.5 since D f is of class C*. If (2.21) is established, then by induction, ¥,
is of class C" whenever f is of class C*¥*" for some r € N. The partial derivatives of
®(f,u) with respect to f are easier to handle since it is a linear function of f, so for
instance the stated formula for Dy ®(f, ) is obviously correct and Proposition 2.2.5
implies that it is continuous. In this way, one can proceed inductively to show that
all partial derivatives of ® up to order r exist and are continuous; we will leave the
details of this inductive argument as an exercise (cf. [Wenb, Lemma 2.12.7]). By a
standard theorem in differential calculus (see [Lan93, Chapter XIII, Theorem 7.1]),
it will follow that ® is of class C".

The proof of (2.21) proceeds as follows. For n € W*?(U,R") sufficiently small,
we can exploit the convexity of {2 to write

‘Ilf(u—i-’f])Z\I’f(u)+[fo(u+77)_fou]:\I,f(u)_l_j d

— tn) dt
Gl

(2.22) — Uy (u) + (Ll Dfo(u+tn)dt>77

=: Wy(u) + (Df ow)n + [0 0 (u+n,u)]n,
where for the last step we define a function 6 : Q x Q — Hom(R", RY) by

euw»=fuw«m¢w+mr4w@nw

0

This function is of class C* since f is in C¥*!, and Proposition 2.2.5 thus implies
that the map

Ty WHPU,Q x Q) — WEPU, Hom(R™, RY)) : (u,v) = 6o (u,v)

is continuous, implying in particular that 6 o (u + n,u) = We(u + n,u) is Wkr-
convergent to Wo(u,u) = 0o (u,u) = 0 as n — 0 in W*P. This allows us to rewrite
(2.22) as

Ue(u+mn) =Ve(u) + Upr(u)n + Yo(u +n,u)n
and interpret it as the definition of the derivative of Wy at u, with Wy(u + n,u)n as
the remainder term. O

PROOF OF THEOREM 2.7.1. Assume without loss of generality m > 1. We can
apply a rescaling trick as in §2.4.2 to zoom in on a neighborhood of the origin in C",
which has the effect of identifying any smooth almost complex structure J on C"
satisfying J(0) = ¢ with one that is arbitrarily C*-close to the constant complex
structure ¢ on any given compact subset. For existence, it therefore suffices to
prove the following claim: given any aq,...,a, € C", one can find a radius R > 0
and a C'®-small neighborhood U of ¢ in the space of all smooth almost complex
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structures on the disk D%* = C™ of radius R, such that for every J € U there exists
a J-holomorphic map

w: (D,i) — (D, .J)

satisfying u(0) = 0 and %(0) =a forall k = 1,...,m. To start with, choose R > 0
large enough so that the unique holomorphic polynomial of degree m satisfying these
conditions at the origin maps D into ]ﬁ%"; this polynomial is then a solution to the
above problem for the case J =i. Now pick any k € N and p € (1,00) with kp > 2
and consider the sets

M = {(J, u) € CH (D2 Endg (C") x WE™(D,D2) | dgu + J (u)du = o}
M(J) = {ue W2 (D,D%) | (Juye M} for J € O (DF, Enda (C")).
We can present M as the zero set of the map

Ck-&-m-i—l(D?%n’ EndR(C")) % Wk-‘rm,p(]ﬁ)’ ]ﬁ)%n) E) Wk-‘rm—l,p(]]o)’ Cn)’
(J,u) — Osu + (J o u)du,

which we claim is of class C'. Indeed, the map CF+m+l x Whtmp _ Jyk+tmp .
(J,u) — Jowis in C' by Proposition 2.7.4, u — dsu and u — J;u are bounded
linear maps Wk+m» — JWk+m=1p and thus smooth, and (J o u, dyu) — (J o u)dyu is
the continuous bilinear product pairing Wk+m» x JWk+m=1lpr _ J/k+m=1p thys also
smooth. Whenever J =i and F(i,u) = 0, the partial derivative of F' with respect
to u is

DyF(iyu) = 0 : WE™P(D,C") — Wkm=1»(D, C"),

which is surjective with a bounded right inverse by Exercise 2.4.5. It follows that
DF(i,u) is likewise surjective with a bounded right inverse, so that by the implicit
function theorem, a neighborhood of {i} x M(i) in M is a C'-smooth Banach
submanifold of C¥*™*+1(D2 Endg(C")) x WHm2(ID, D2"). Since functions of class
Wktmp in D with kp > 2 have well-defined derivatives up to order m at every point,
it follows that the map

M 5 CHmLD2 Endg (C)) x €MD,
ou o™

is of class C!, and we claim that it is a submersion near {i} x M(i). Indeed,
the tangent space T{; )M is ker DF(i,u), which contains {0} @ ker Dy F'(i,u) =
{0}®ker 0, i.e. the set of all pairs (0, f) such that f € W*+m»(D, C") is a holomorphic
function. The map

M — CFHD2 Endg(CY)) : (J,u) — J

is a submersion near {i} x M(i) if and only if for every (i,u) € M and Y €
Ckrm+1 (D% Endg(C")), ker DF(i,u) contains an element of the form (Y, f) for
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some f € Whtmp(D), C™). This is true, since DF(i,u)(Y, f) = DiF(i,u)Y +
DyF(i,u) f and DoF (i,u) = 0 is surjective. Now it suffices to observe that

M) = CHmeD) (u(O), %(0), . %(0))

is likewise a submersion, because one can find holomorphic functions on C having
arbitrary values for their first m derivatives with respect to z at 0.

Since R > 0 was chosen to ensure that 771(7,0, ay, . .., a,,) is nonempty, the sub-
mersion property now enables us to find a neighborhood U < C*™*+1(D2" Endg(C"))
of 7 and a C'-smooth map

CHTDR, Endg(C") U = M J = (Juy)

such that w(J,uy) = (J,0,a1,...,ay) for all J € U. For any J € U that is also
a smooth almost complex structure, the resulting map w; will then be smooth by
elliptic regularity, and the proof of existence is thus complete.

For the result about convergent sequences, the same rescaling trick means that
it suffices to prove the result is true with r = ¢ = 1 under the assumption that
u(D) < ]D)%%" and J is arbitrarily C*-close to i on D%'. Since rescaling can also
be used to make u arbitrarily close to 0 € Wk» (]D)”,]ﬁ)%”), let us assume in par-
ticular that (J,u) € M lies in the neighborhood of {i} x M(i) on which 7 is a
submersion. The submersion property then implies the existence of a neighborhood
V < CHmHL(D2r Endg(C")) x D2 of (J,0) and a Cl-smooth map

Ck+m+1(]D)?%n7 EndR((Cn)) X ]D)%” >Y > M: (J',;L’) — (J,, U(J’,x))

such that w0y = u and u(y4)(0) = « for each (J',x) € V. Given the sequences
J, — J and x, — 0, we can then set w, := u(;,,,); a priori this converges to u in
the W*P-topology on D, so by elliptic regularity, it is also C®-convergent on D, for
every r < 1. 0

EXERCISE 2.7.5. The standard complex structure i on the cylinder R x S* is
defined by id; = ¢; and i0; = —0d, in the obvious coordinates (s,t). The first-order
differential operator 0 = 0, + id, is thus defined for complex-valued functions on
R x S or any subset thereof. Consider a compact subset of the form

Z :=[a,b] x S' =R x S*

for real numbers a < b.

(a) Show that for each k¥ € N and p € (1,0), the operator 0 : W*?(Z) —
Wk=Lp(Z) is surjective with a bounded right inverse. Hint: (Z,1) is biholo-
morphically equivalent to a subset of the unit disk.

(b) Prove the following cylindrical analogue of the stability statement in The-

orem 2.7.1: for any C}¥ -convergent sequence j, — ¢ of complex struc-

tures on R x S!, there exists for large v a sequence of holomorphic embed-
dings (Z,i) — (R x S1,j,) that is C*-convergent to the obvious inclusion

Z <> R x St
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2.8. The nonlinear equation on push-offs

In §2.1 we derived the linearized Cauchy-Riemann operator D, : T'(u*TW) —
QO u*TW) for a J-holomorphic curve u : (X,7) — (W, J) by linearizing the
nonlinear operator 0 u := du + J(u) o du o j at u, where 0, is imagined as a section
of a vector bundle & — B over an infinite-dimensional manifold B consisting of maps
Y — W. In the big picture, D, is not just a first-order approzimation of 0;; we
will show in this section that for nearby maps of the form v’ = exp,(n) : ¥ - W
with n € T'(u*TW) sufficiently small, the nonlinear equation d;u’ = 0 implies a
corresponding linear equation D/ = 0 for some Cauchy-Riemann type operator D!,
that is a small perturbation of D,. This is useful for the following reason: we will
devote considerable effort in the next few chapters to studying the properties of linear
Cauchy-Riemann type equations and their solutions. The ability to rewrite d;u’ = 0
as D! = 0 means that many of the linear results we prove imply corresponding
results for the nonlinear equation.

There is a basic idea from first-year analysis in the background: if f: U — R™
is a smooth map on some open domain & < R™ and f(x) = 0 for some = € U, then
writing D, := df(x) : R® — R™ for its derivative and taking h € R" sufficiently
small, one has

1

d 1 1 .
f(o +h) _J @f(:chth)dt—L df (x + thh dt — (L df(:c+th)dt)h—. D'J,

0

where the integral in parentheses defines a linear operator D/, : R” — R™ that
can be assumed arbitrarily close to D, = df(z) = S(l] df (x)dt if h is sufficiently
small. A slightly subtle point here is that the definition of the map D/, : R® — R™
also depends on h, but in most applications this is immaterial, because we are
interested in drawing conclusions about nearby solutions z + h to the nonlinear
equation f(x + h) = 0 from general theorems about solutions to linear equations
of the form D/ h = 0, and h is such a solution. But before we can carry out this
type of computation for the nonlinear section 0; : B — £ and its linearization D,
at u € 3}1(0), we have two problems: first, f in the computation above was a
function valued in a single vector space, not a section of a vector bundle, and if it
had been the latter, we would at least have needed to choose a connection to identify
all the fibers in order for the computation to make sense. There is a more serious
problem, however, that is unique to our infinite-dimensional setting: one could use
a similarly general argument (with the aid of a connection) to rewrite d;(exp, )
as D!n for some linear operator D!, but from this perspective, it would not be
obvious whether D! is also a Cauchy-Riemann type operator. That is something
we will need to know, because the linear results proved in the next few chapters
are valid specifically for Cauchy-Riemann type operators, and not necessarily for
arbitrary small perturbations of them in the space of all bounded linear operators.
The secret is to apply the integration trick used above to the finite-dimensional
geometric data in the Cauchy-Riemann equation, rather than applying it directly
to the infinite-dimensional section 0.
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To set up the first result, suppose u : (3, 5) — (W, J) is a J-holomorphic curve
and write

E :=u*TW,

so E is a complex vector bundle over ¥ with complex structure J(u(z)) at z € 3.
It will be convenient in the following to write elements of the total space of vector
bundles such as F as pairs (z, X) where z € X and X belongs to the fiber E, =
Ty W, thus the zero-section in E consists of all points of the form (z,0) € £, and
at any such point there is a canonical isomorphism

(2.23) T(Z7O)E =T.YXPFE,,

the first factor being the tangent space to the zero-section, and the second the
vertical subspace of 1{; gy Z. Suppose O < u*T'W is a fiberwise-convex neighborhood
of the zero-section, and

v:0-W

is a smooth map whose restriction to the zero-section is v and whose derivative
there restricts to the second factor in (2.23) as the identity map E, — T,,.yW. One
obvious way to define ¥ is as W(z, X) = exp,,) X for a choice of connection on W,
but the actual definition will be irrelevant in what follows. We will denote the set
of sections of F with image in O by

I'(0):={nel(E) | (z,n(z) €O foral zeX}.

THEOREM 2.8.1. Given a compact Riemann surface (X,7), a J-holomorphic
curve u : (3,7) = (W,J) and a map ¥ : O — W as described above, after pos-
sibly shrinking the neighborhood O < u*T'W of the zero-section, one can associate
to each J-holomorphic curve u' : (X, 7) — (W, J) of the form

u'(2) = ¥(z,n(z)), nel(O) cT(uw*TW)

a linear Cauchy-Riemann type operator D on u*T'W such that Dn = 0. Moreover,
if m. — 0 is a C®-convergent sequence of sections in T'(O) such that the maps
u)(2) == W(z,nk(2)) are J-holomorphic curves u}, : (X,7) — (W, J) for all k, then
the associated linear Cauchy-Riemann type operators Dy satisfying Dyne = 0 are
also C*-convergent, with D, — D,,.

It is perhaps worth emphasizing what Theorem 2.8.1 does not say: there is no
single linear operator D that makes the equations 0,4’ = 0 and Dy = 0 equivalent
for all maps of the form u'(z) = (z,1(z)) with n € I'(O). Instead, the operator
D in this statement is determined by the specific solution u’, and other nearby J-
holomorphic curves of the form u}(z) = (z,71(z)) will not need to satisfy Drn; = 0.
The point of this result is rather that we can deduce properties of the specific solution
u’ from the properties of solutions to the linear equation D7y = 0.

Before launching into the proof, we state a slightly more elaborate variant that
will also come in useful. The idea is to consider a more general class of curves with
images near that of u, written in the form

u' (X)) = (W), d(z) = P(e(2),n(2)),
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where (¥, j') is another Riemann surface, ¢ : ¥ — ¥ is a smooth map that accounts
for deviations of u' from u in directions tangential to u, and 7 is a vector field along
u o @ that points in directions normal to u. To make this more precise, we assume
w*TW is endowed with a splitting

u*TW =T,® N,
of complex vector bundles, where T,, € u*T'W is a line bundle such that
im du(z) c (Ty,). for all z € X.

If v is an immersion, then the bundle T,, ¢ u*TW obviously exists and is uniquely
determined by this condition; we will show in Chapter 15 that this is in fact true
for every locally nonconstant J-holomorphic curve, even if du(z) vanishes at iso-
lated points. For now, we shall just assume the splitting exists, and refer to the
complementary complex subbundle N, ¢ u*T'W as the normal bundle of u. By
Exercise 2.1.5, writing the linearized Cauchy-Riemann operator D, in block form
D, DY 0,1 0,1
D, = (Di@‘T D“iv> (T, & T(N,) — QS T,) @07 (X, Ny)

with respect to this splitting gives rise to linear Cauchy-Riemann type operators D
and DY on T, and N, respectively.

DEFINITION 2.8.2. The operator DY : T'(N,) — Q%(3, N,) described above is
called the normal Cauchy-Riemann operator of u.

Given the neighborhood O < u*TW of the zero-section in the statement of
Theorem 2.8.1, let us denote the resulting neighborhood in the total space of the
normal bundle by

ON:.=0nN,c N,
and also define pullbacks with respect to a smooth map ¢ : ¥’ — ¥ by
©*0:={(2,X) | ze ¥ and (p(z),X) € O} < p*u*TW,
e*ON :={(2,X) | ze X and (p(2), X) € OV} < ¢*N,.

These give rise to corresponding sets of sections I'(¢*O) < T'(¢*u*TW), T'(p*OV) <
['(¢*N,). We recall from Exercise 2.1.4 the notion of the pullback ¢*D of a linear
Cauchy-Riemann type operator D via a holomorphic map ¢ of Riemann surfaces.

THEOREM 2.8.3. Given compact Riemann surfaces (X,j) and (¥',j"), a non-
constant J-holomorphic curve u : (X,7) — (W, J), and a map ¥ : O — W and
splitting u*T'W =T, ® N, as described above, after possibly shrinking the neighbor-
hood O c u*TW of the zero-section, one can associate to any J-holomorphic curve
u' (X, 7)) = (W, J) of the form

u'(2) = Ulp(2),n(2),  weC?(E,%), nel(p*OY) cT(¢*N,)
a linear Cauchy-Riemann type operator DY on ©*N, such that DNn = 0. Moreover,

this association has the following continuity property: suppose we are given C®-
convergent sequences of

o complex structures j, — j' on 3,
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e smooth maps v, — ¢ from ¥ to X, and

e sections n — 0 of ¢p E,
such that ¢ : (X', j') — (X, ) is holomorphic and uj(z) := V(pr(2), nk(2)) defines a
sequence of J-holomorphic curves u : (X', ;) — (W, J). Then the associated linear
Cauchy-Riemann type operators DY on ¢f N, over (X', 41) satisfying D¥ny = 0 are
also C®-convergent, with DY — p*DV.

REMARK 2.8.4. Theorems 2.8.1 and 2.8.3 can also be applied in some situations
where ¥ and ¥ are not compact; notably, we will later use them in cases where
these are half-cylinders of the form ([R, o) x S',4). A crucial detail in that setting
is that the ambient almost complex structure is translation-invariant, and therefore
satisfies global C'°-bounds along the image of u, so that any quantitative convergence
estimate on a domain of the form [N —r, N +7] x ST < [R, 20) x S! becomes equally
valid for any N, and is therefore valid on the entire half-cylinder.

There is a common setup for the proofs of Theorems 2.8.1 and 2.8.3. We continue
to abbreviate E := u*TW where u : (X, ) — (W, J) is a J-holomorphic curve, and
we assume O < FE is a fiberwise-convex neighborhood of the zero-section ¥ < FE,
U : O — W is a smooth map satisfying ¥|y, = u as described in the paragraph
preceding Theorem 2.8.1, (3, j') is a Riemann surface, ¢ : ¥/ — 3 is a smooth map,
n is a section of p*E such that (¢(z),n(z)) € O for every z € ¥/, and v/ : ¥ - W
is the map u'(z) = ¥(¢(z),n(z)). Choose a linear connection V on E; this extends
(2.23) to a splitting

(2.24) T(Z,U)E =T YPE, =T.20 TU(Z)W
at every point (z,v) € E, where the factor T,% corresponds to the horizontal sub-
space and FE, to the vertical subspace. We shall always use this splitting when
talking about tangent vectors to the total space of E, so for instance, the derivative
of a path v(t) = (x(t),v(t)) € E is now given by
1) = (2(t), V() € ToyX @ Eaqry = Ton E-
We can now write the derivative of ¥ : O — W at a point (z, X) in block form as
d¥(z, X) = (a(z,X) ﬁ(z,X)) T.E®E. — Ty, x)W,
and observe that the stated assumptions on ¥ imply
a(z,0) =du(z) : T,YX. — E,, and f(z,0)=1:E, > E,.

We shall assume for the rest of the argument that the neighborhood O < FE is small
enough so that 8(z, X) is invertible for every (z, X) € O. In this case, we can define
another smooth function ¥ on O by

F(z,X):=B(z,X) 'oa(z, X) e Homg(T.%, E.),

and it satisfies F'(z,0) = du(z). This function—strictly speaking, it is a section
of some vector bundle—is one of several we shall encounter with the property that
for each fixed z € 3, the function on O, := O n E, defined by v — F(z,v) takes
values in a fixed vector space, in this particular case Homg (7.3, E.). Whenever
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this happens, the convexity of O, allows us to apply the fundamental theorem of

calculus and write
1
F(z,X)=F(z0) —I—J
0
=: F(2,0) + F’(z,X)X,

d 1
d—F(z,TX) dr = F(2,0) + J DyF(z,7X)X dr
T 0

where we have defined a new smooth function F’ on O by
1
F'(z,X) := J DyF(z,7X)dr € Homg (EZ, Homg(7,%, EZ)),
0
so in particular, F'(z,0) = DyF'(z,0) is the derivative of F' in vertical directions at
a point in the zero-section. In this particular example, the result is the formula
F(z,X) =du(z) + F'(z, X)X.

Here is another important example in which this trick can be applied: we can
smoothly associate to each (z, X) € O a complex structure on E, defined by

J(z,X) = B(z,X) " o J(U(z, X)) o B(z, X) € Endg(E.),
and since J(z,0) = J(u(z)), we then have
J(z, X) = J(u(2)) + J'(z, X)X,
where .J' (2,0) is the vertical derivative of J at a point in the zero-section. We will
use analogous notation in some other examples below.

Applying the nonlinear Cauchy-Riemann operator to the map u'(z) = (¢(2),n(2))
now gives

(2.25)
oyu' = du' + J(u')odu oj'

= d¥(p,n) od(p,n) + J(u') 0 d¥(p,n) o d(p,n)oj

= (ale:n) Ble,m) (%‘f}) +J (W) (ale,m) Ble,m) (%ﬁi?)

= afp,n)ode + B(e,n) oV + J(u') oale,n)odpo
+ J(u') o B(p,n) 0o Vnoy'

= B(p,m) o 7Vn+f(w7) oVnoj'

+F(<p,n)od90+f(w,n)oF(w,n)odwj'],

= B(e,n)o |Vn+ J(uog)oVnoj

+ F(p,n) o dp + J(p,m) 0 F(p,n) odpoj' + (f’(%n)n) oVnoj’]-

Since ((¢,n) is everywhere invertible, this implies that ' is J-holomorphic if and
only if the expression in square brackets vanishes. That expression is a section of the
fixed vector bundle Homg (7Y, p*E) for every choice of section n. If we now pick
(37, 4") = (2, j) and ¢ = Id and choose a section n € T'(E), then since 3(z,0) = 1 for
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all z € ¥, plugging in the maps u,(2) := (2, pn(z)) for p € (—¢, €) and differentiating
with respect to p at p = 0 gives a formula for D,n, namely

(2.26)
Doy = 0, V(pn) + J(w) 0 Vpn) 0 j + F(-,pn) + T pn) o (-, ) 0

+ (f'(-,pn)pn) o V(pn) Oj”

= i+ J(u) o Vo + F'(, 0+ J(w) o (F'(,0)m) o j + (J(,0m) o duo

p=

We would now like to interpret the expression in square brackets at the end of
(2.25) as a linear Cauchy-Riemann type operator acting on n € I'(¢*E). We can
abbreviate the whole expression as

DOTI + 6’(7 77)

by defining the Cauchy-Riemann type operator Dgn := Vn + J(uo ) o Vnoj and
the function on ¢*O < p*E given by

Oz, X) i= F(p(2), X) 0 dp(2) + J(¢(2), X) 0 F(ip(2), X) 0 dip(2) o §'(2)

2.27 ~
(2:27) + (J'(@(z),X)X) o Vn(z) o j'(z) € Homg(T.Y, (¢*F).).

While the values of C (z,X) according to this definition are real-linear maps in
general, the particular values C'(z,7(z)) are guaranteed to be complex antilinear
if 0;u’ = 0, because in this case Doy + C(-,7) = 0, where Doy is a section of

~

Home (T, o*E). It follows that if we now replace C' with its complex-antilinear
part

Oz, X) = % [é’(z, X) + J(u(p(2))) o C(z, X) o j’(z)] e Home(TL.Y, (0*E).),

then it is still true that 0;u’ = 0 if and only if Don + C(+,n) = 0. If we could now
prove C(z,0) = 0 for all z € ¥’ then the usual integration trick would allow us
to write C'(z, X) = C’'(z, X)X and thus define A(2)X := C’'(z,7(2))X as a linear
zeroth-order term making Dy + A into a linear Cauchy-Riemann type operator that
annihilates 7. This will not always work, but it works in two special cases that are
relevant for Theorems 2.8.1 and 2.8.3.

Focusing for the moment on Theorem 2.8.1, let us assume (X', ') = (3, j) and

© is the identity map, so ' is now a function on O, and its definition simplifies to
Oz, X) = F(2, X) + J(2, X) 0 F(, X) 0 (=) + (7 (2, X)X) 0 V() 0 j (2).

Since F(z,0) = du(z) is complex linear and J(z,0) = J(u(z)), we have
C(2,0) = du(z) + J(u(2)) o du(z) o j(z) = 0,

implying that C(z,0) vanishes as well, thus we can write

1
C(z,X)=0C"zX)X for C'(z,X) := f DyC(z,7X)dr
0
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and define A(z) := C'(z,n(z)), so that whenever d;u’ = 0, the section n € T'(O)
must satisfy the linear Cauchy-Riemann type equation
Vn+ J(u)oVnoj+ An=0.

Suppose now that 7, € I'(O) is a sequence of sections converging in C* to 0 such
that duj, = 0 for u},(z) := (z,nx(2)). Carrying out the construction above then gives
a sequence of operators of the form Dy, := Do + Ay, where Ay(z) = Ci(z,m(2)),

Ci(z,X) = S DyCi(z,7X) dr, Cy) is the complex-antilinear part of C’k, and C), is
given by

Cilz, X) = F(2,X) + J(2,X) 0 F(2,X) 0 j(2) + (2, X)X ) 0 Vip(2) 0 j(2).
As . — 0, the latter converges to
Coo(z, X) 1= F(z, X) + J(2,X) 0 F(2,X) 0 j(2),

so C} converges to the complex-antilinear part Cy, or éoo and Ay converges to
C!.(-,0), which is just the complex-antilinear part of C? (-,0). For the latter, we
have

Cla(2,0)X = F/(2,0)X + J(2,0) 0 (F'(2,0)X) 0 j(=) + (J'(2,0)X) 0 F(,0) 0 ()
= F(2,0)X + J(u(z)) o (F'(2,0)X) 0 j() + (J(2,0)X) o.du(2) o j(2),

which is precisely the zeroth-order term that appears in our formula (2.26) for D,,.

This proves that C’, (2, 0)X is already complex antilinear, and thus matches C’ (2, 0) X,
and it follows that our sequence of Cauchy-Riemann type operators Dy converges
to D,. The proof of Theorem 2.8.1 is thus complete.

For the situation in Theorem 2.8.3, we are given a splitting u*TW = T,,® N, and
can choose the connection V to respect it, in which case the operator Dyn = Vn +
J(uop)oVnoj' splits into a direct sum of two linear Cauchy-Riemann type operators
D! and DY on ¢*T, and ¢*N, respectively. Taking n € ['(¢*OY) < I'(p*N,) and
writing my : u*TW — N, for the fiberwise-linear projection along 7T;,, the vanishing
of the expression in square brackets at the end of (2.25) then implies that

DY + 7nC(-,n) = 0.
Using the relation dp o j' = j(¢) o (dp — d;¢), (2.27) becomes
Oz, X) = Flp(2), X) 0 di(2) + T (p(2), X) o F(p(2), X) 0 j(p(2)) 0 dip()
(2.28) — J(p(2), X) o Fp(2), X) 0 j(i0(2)) 0 0j0(2)
+(70(2). X)) 0 V() 0 (2),

which satisfies

C(2,0) = du(p(2)) 0 dp(2) + J (u(p(2))) o du(p(2)) 0 j(#(2)) o dp(2)
° )
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The expression is complex antilinear, so C(z,0) is exactly the same, and as luck
would have it, its image is contained in the subbundle ¢*T,, thus composing it
with the projection my kills it. We conclude that mxC(-,n) can be written in the
form wxC’(-,n)n =: AN, defining a linear Cauchy-Riemann type operator DV :=
DY + AN on p*N, with AY(z) := 7xC’(z,7(2)) such that D¥y = 0.

Now suppose we have C'“-convergent sequences j, — j', ¢r — ¢ and n, — 0,
where @y @ ¥ — ¥ are smooth maps, ¢ : (¥',5') — (%,7) is holomorphic, n; €
L(piON) < T(piN,) and u}(2) := ¥(pr(2),n(2)) defines a J-holomorphic curve
(X', 7%) = (W, J) for every k. The fact that ¢ is holomorphic implies

Oy gpx := depy + j(pr) o dipy 0 jj = 0
in C'°. For each k, the construction above now gives a linear Cauchy-Riemann type
operator DY on gokN that annihilates n;, given by the formula
Diin = Vi + J(u(pr)) o Vi o ji + Ap'n,

where AN(z) = myCi(z,m) and Cj is the complex-antilinear part of Cy, which
according to (2.28) satisfies

Ci(2. X) = Flpp(2), X) 0 dpi(2) + J(01(2), X) 0 Flpi(2), X) 0 j(r(2)) 0 dy(2)
— J(pi(2), X) o Fpy(2), X 0

0 j(r(2)) 0 00 (2)
+ (T (or(2), X)X) 0 Vi(2) 0 ji(2).

The parts involving @;wjgok and V), disappear as k — o0, leaving

Coo(2, X) 1= F(p(2), X) 0 dp(2) + J(p(2), X) 0 F(ip(2), X) 0 j(p(2)) 0 dip(2),
and thus

Clalz, 00X = [F/((2), 00X + J(ul(2))) o (F/(9(2), 0)X) o j(1(2)
+ (T(0(2),00X) 0 du((2)) 0 j((2)) | 0 dp(2).

If you apply the pullback operator ¢* to the zeroth-order term in our formula (2.26)
for D,, the expression you end up with is precisely this one, which implies that D%
converges to ¢*DY as k — oo, thus completing the proof of Theorem 2.8.3.

s O~

REMARK 2.8.5. Various more technical versions of Theorems 2.8.1 and 2.8.3 are
possible under weaker regularity hypotheses. For example, if the map ¢ : ¥’ — ¥ in
Theorem 2.8.3 is assumed to be of class C™ for some finite m > 1, then ¢*N, — ¥
is no longer a smooth vector bundle, but is instead a bundle of class C"™. On these,
one can define the notion of a connection or linear Cauchy-Riemann type operator
of class C™~1: the latter looks locally like ¢ + A for a zeroth-order term that is a
function of class C™ 1. (For the reason why are saying C™ ! here instead of C™, see
Exercise 4.1.3.) Inspecting the proof of Theorem 2.8.3, one finds that it still works
if ¢ is only of class C™, and the resulting linear Cauchy-Riemann type operator DV
on ¢*N, is of class C™!; moreover, DY can be assumed arbitrarily C™ !-close to
osDY if i is sufficiently C™-small and @ is sufficiently C"™-close to a holomorphic

map o : (', 5") — (%, ).
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One application of this generalization is to prove the “approximate” version
of the theorem of Micallef-White [MW95] mentioned in §2.6, which lies in the
background of the dichotomy between simple and multiply covered holomorphic
curves. To show for instance that two connected J-holomorphic curves u and v
with non-identical images have only isolated intersections, the hardest step is to
understand the following local picture: for some almost complex structure J on

C™ that matches ¢ at the origin, suppose u and v are both J-holomorphic maps
D — C x C*! of the form

u(z) = (f(2),u(2),  v(z) = (9(2),0(2))
with «(0) = v(0) = 0 such that f,g : D — C vanish to the same order k € N at 0,
while # and v each vanish to some strictly higher order. The assumption about f
and g means that after suitable reparametrizations of u and v near the origin, they
can be rewritten in the form

(2.29) u(z) = (2, 0(2),  v(z) = (8T (2) +n(2)),
for functions u' and 7 that also vanish to order greater than &k at 0. The intersections
of u and v in this neighborhood of the origin are thus in bijective correspondence
with the zeroes of 7 and its reparametrizations n;(z) := n(e*/*z) for j € Z. A
variant of Theorem 2.8.3 then shows that each of the functions 7; is annihilated
by some Cauchy-Riemann type operator, and is therefore subject to the similarity
principle, so its zero set is discrete unless 7; = 0. This requires weakened regularity
in Theorem 2.8.3, however, because the reparametrizations leading to (2.29) can be
shown to be of class C!, but need not be smooth. The Cauchy-Riemann type oper-
ators that annihilate the 7; will therefore be only of class C” in general; fortunately,
the hypotheses of the similarity principle (Theorem 2.5.3) only require them to be
of class I? for some p > 2.

For a detailed version of the argument just outlined, see [Wen20, Appendix B.2].
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We now begin with the analysis of the particular class of J-holomorphic curves
that are important in SF'T. The next three chapters will focus on the linearized
problem, the goal being to prove that this linearization is Fredholm and to compute
its index. Using this, along with the implicit function theorem and the Sard-Smale
theorem (on genericity of smooth nonlinear Fredholm maps), we will later be able
to show that moduli spaces of asymptotically cylindrical J-holomorphic curves are

smooth finite-dimensional manifolds under suitable genericity assumptions.

The focus of the present chapter is on the geometric data that controls the
asymptotic behavior of a punctured holomorphic curve near infinity; that is to say,

the focus is on closed Reeb orbits.

71
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3.1. Stable Hamiltonian structures and Reeb orbits

The basic notions of contact forms and Reeb vector fields were introduced in
§1.3, and the most important aspects of SF'T make sense primarily in that setting.
However, much of the analysis underlying SF'T can be formulated under more gen-
eral assumptions, and this wider perspective is sometimes useful. The geometric
motivation for the following definition will be elucidated in §6.1; for now, we will
view it simply as a generalization of the notion of the Reeb vector field on a contact
manifold.

DEFINITION 3.1.1. A stable Hamiltonian structure on an oriented manifold
M of dimension 2n — 1 is a pair H = (w, A) consisting of a closed 2-form w with
maximal rank and a 1-form A such that

AAw™ >0 and ker w < ker d\,

where the kernel of a 2-form n € Q*(M) is by definition the kernel of the bundle
map TM — T*M : X — n(X,-). Every stable Hamiltonian structure H = (w, \)
determines a co-oriented hyperplane field

€ :=ker A\

and a so-called Reeb vector field R € X(M), which is uniquely specified via the
conditions

w(R,:)=0 and AR) = 1.

The maximal rank condition on w in Definition 3.1.1 is equivalent to kerw < T'M
being a smooth 1-dimensional distribution, and the condition A A w™ ! > 0 then
implies that A is nonzero on that distribution. Requiring w(R, -) = 0 thus determines
the direction of the Reeb vector field, while A(R) = 1 normalizes it; note that R
and £ are necessarily transverse to each other. Given that X\ is nowhere zero, the
condition A A w™™ > 0 is also equivalent to w|¢ being nondegenerate, thus giving
& — M the structure of a symplectic vector bundle. Since w is closed, Cartan’s
magic formula gives

Lrw = digw + tpdw = 0,

so that w is invariant under the flow of R. The extra condition ker w < ker d\ is
likewise equivalent to dA(R,-) = 0 and thus implies

;CRA = dLR)\ + LRd)\ = O,

so that the flow of R also preserves A, and consequently the hyperplane distribu-
tion . It follows in particular that the linearized Reeb flow determines a smooth
family of symplectic isomorphisms between the fibers of £ along any orbit of R.

The most popular example of a stable Hamiltonian structure is (da, o) whenever
« is a contact form, and the Reeb vector field in this case is exactly what was defined
in §1.3. We shall generally refer to this as the contact case, or say that we are
working in the contact setting when we want to consider stable Hamiltonian
structures of this specific form. We will discuss some other nontrivial examples of
stable Hamiltonian structures in §6.1.
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Let us now clarify precisely what is meant when we refer to a “closed” Reeb
orbit in this book.

DEFINITION 3.1.2. Assume M is a manifold with a stable Hamiltonian structure
H = (w, A\) and induced Reeb vector field R. Identifying S with the quotient R/Z,
we shall denote by

P(H) c C*(S', M)

the topological space consisting of all smooth maps ~ : S' — M for which the
derivative 4 is a constant positive multiple of the vector field R. The constant
T > 0 in the equation

Y(t) =T - R(y(1))
is in this case called the period of v € P(H) (see Remark 3.1.5 below for an

explanation of this terminology). There is a natural S-action on P(H) defined by
¢-v:=7(-+ ¢) for ¢ € S, and we will denote the quotient space by

P(H) := P(H)/S".

An equivalence class [y] € P(H) will be called a closed Reeb orbit, and some-
times also an unparametrized closed orbit if we want to distinguish it from its
parametrizations, by which we mean its representatives in P(#). In the contact
case H = (da, a), we will also sometimes abbreviate

~

75(05) = P(da, a), P(a) := P(da, ).

Note that the period T' > 0 of an orbit [y] € P(H) can easily be recovered from
any of its parametrizations v : S' — M since A(R) = 1 implies

Ll A Ll AT - R(y(1))) dt =T

In our exposition, we will often blur the distinction between a parametrization =y :
Sl — M of a closed orbit and the equivalence class that it represents. When we
define properties of an orbit in terms of a chosen parametrization, it will be obvious
in most cases that the definition is independent of this choice. Here is a typical
example of such a definition:

DEFINITION 3.1.3. Assume v : S' — M is a parametrization of a closed Reeb
orbit with period 7" > 0 for some stable Hamiltonian structure H = (w, A\) on M
with Reeb vector field R and flow ¢f. The orbit is called nondegenerate if the
spectrum of the symplectic linear transformation
d@}X_v()O))

£+(0) £+(0)

does not contain 1.

EXERCISE 3.1.4. Show that nondegenerate Reeb orbits are isolated elements
of P(H).
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REMARK 3.1.5. We should now point out a few important differences between
SF'T and Hamiltonian Floer homology as sketched in §1.2. The generators of the
latter correspond to 1-periodic orbits of a time-dependent vector field X;, thus one
can regard them literally as solutions 7 : St — M to ¥(t) = X;(v(t)), with no need
to introduce any scaling factors or equivalence relations. By contrast, SF'T considers
orbits of all periods, and since the Reeb vector field R is time-independent, solu-
tions always come in S!-families of parametrizations that are related to each other
by constant shifts. An alternative formulation of Definition 3.1.2 one sometimes en-
counters in the literature is to let the definition of S! vary depending on the period
of the orbit, so a parametrization of a T-periodic orbit would then be given by a
map

x:R/TZ — M satisfying z(t) = R(z(t)).

One recovers a parametrization of this type from « : S' — M in Definition 3.1.2 via
the relation

v(t) = x=(T't).
Notice that a closed orbit is not completely determined by its image in M, e.g. every

orbit with parametrization v : S* — M also has multiple covers 7* for k € N, which
are closed Reeb orbits with parametrization

V() =y (ke),

and + is not equivalent to 4* according to Definition 3.1.2 unless k = 1.

3.2. The linearization in Morse homology

Since Morse homology is the prototype for all Floer-type theories, we can gain
useful intuition by recalling how the analysis works for the linearization of the gradi-
ent flow problem in Morse theory. The basic features of the problem were discussed
already in §1.2.

Assume (M, g) is a closed n-dimensional Riemannian manifold, f : M — R is a
smooth function, and for two critical points x,,x_ € Crit(f), consider the moduli
space of parametrized gradient flow lines

M(x_,xy) = {u e CP(R,M) |4+ V[f(u) =0, SEIPwu(s) = x+} .
The map M(x_,xy) - M : u — u(0) gives a natural identification of M(z_,z,)
with the intersection between the unstable manifold of z_ and the stable manifold
of x, for the negative gradient flow. We say the pair (g, f) is Morse-Smale if f
is Morse and all such intersections between stable and unstable manifolds of two
critical points are transverse. In this case M(x_,z,) is a smooth manifold with

(3.1) dim M(x_,z,) = Morse(x_) — Morse(z, ),

because the unstable manifold of z_ has dimension Morse(z_) and the stable man-
ifold of x, has codimension Morse(x,). All of this can be proved using finite-
dimensional differential topology, but we will see that the dimension computation
as just described cannot generalize to the study of Floer trajectories or holomorphic
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curves in symplectizations, because the right hand side of (3.1) in those cases be-
comes o0 — o0. Let us therefore discuss how (3.1) can be proved using a nonlinear
functional-analytic approach that does generalize. For more details on the following
discussion, see [Sch93].

Following the strategy laid out in §2.1, M(z_,x,) can be identified with the
zero set of a smooth section

oc:B->E&:u—u+Vf(u),

where B is a Banach manifold of maps v : R — M satisfying lim, 1o u(s) = x4,
and & — B is a smooth Banach space bundle whose fibers &, contain I'(u*TM).
The linearization Do (u) : T,B — &, of this section at a zero u € o~ '(0) defines a
first-order linear differential operator

D, :T(w*TM) - T'(u*TM)

which takes the form
D,n=Vam+V,Vf

for any choice of symmetric connection V on M. Taking suitable Sobolev comple-
tions of I'(u*T'M), we are therefore led to consider bounded linear operators' of the
form

(3.2) D, =V, +VVf: WF(u*TM) — W L2 (u*T M)

for k € N and 1 < p < oo, and the first task is to prove that whenever x, and
x_ satisfy the Morse condition, this is a Fredholm operator of index ind D, =
Morse(z ) — Morse(x ).

Choose coordinates near x, in which g looks like the standard Euclidean inner
product at z,. This induces a trivialization of u*TM over [T, 00) for T > 0 suf-
ficiently large, and we are free to assume that the connection V is the standard
one determined by these coordinates on [T, ). Using the trivialization to identify
sections n € I'(u*T'M) over [T, 00) with functions n : [T, 0) — R", D, now acts on
7 as

(3.3) (Dun)(s) = sn(s) + A(s)n(s),

where A(s) € R™*" is the matrix of the linear transformation dX (s) : R* — R", with
X(s) € R" being the coordinate representation of V f(u(s)) € TyM. As s — oo,
the zeroth-order term in this expression converges to a symmetric matrix

A, = lim A(s),
S$—00

which is the coordinate representation of the Hessian V2 f(x, ). Any choice of coor-
dinates near x_ produces a similar formula for D, over (—oo, —T'], A(s) converging
as s — —oo to another symmetric matrix A_ representing V2 f(x_). Both the Morse
condition and the dimension Morse(z_) — Morse(z, ) can now be expressed entirely

IWe are ignoring an analytical subtlety: since u*T'M — R has no canonical trivialization and R
is noncompact, it is not completely obvious what the definition of the Sobolev space W P (u*T M)
should be. We will return to this issue in a more general context in the next chapter.
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in terms of these two matrices: x4 is Morse if and only if AL is invertible, and the
Fredholm index of D, will then be

Morse(z_) — Morse(z;) = dim E~ (A_) —dim £ (A;),

where for any symmetric matrix A we denote by E~(A) the direct sum of all its
eigenspaces with negative eigenvalue. The main linear functional-analytic result
underlying Morse homology can now be stated as follows (cf. [Sch93]):

PRrOPOSITION 3.2.1. Assume k € N and 1 < p < oo. Suppose E — R is a
smooth vector bundle with trivializations fixed in neighborhoods of —oo and +o0, and
D : WkP(E) — WF=LP(E) is a first-order differential operator which asymptotically
takes the form (3.3) near +oo with respect to the chosen trivializations, where A(s)
is a smooth family of n-by-n matrices with well-defined asymptotic limits Ay =
limg 400 A(S) which are symmetric. If A, and A_ are also invertible, then D is
Fredholm and

(3.4) ind(D) = dim E~(A_) — dim B~ (A,).
O

REMARK 3.2.2. The hypothesis that AL is invertible in Prop. 3.2.1 cannot be
lifted: indeed, suppose D is Fredholm but e.g. A, has 0 in its spectrum. Then one
can easily perturb A(s) and hence A, in two distinct ways producing two distinct
values of dim E~ (A, ), pushing the zero eigenvalue either up or down. This produces
two perturbed Fredholm operators that have different indices according to (3.4), but
they also belong to a continuous family of Fredholm operators, and must therefore
have the same index, giving a contradiction.

The formula (3.4) makes sense of course because £~ (A4 ) are both finite-dimen-
sional vector spaces, but in Floer-type theories, we typically encounter critical points
with infinite Morse index. With this in mind, it is useful to note that (3.4) can
be rewritten without explicitly referencing E~(A,) or E~(A_). Indeed, choose
a continuous path of symmetric matrices {Bj}[—1,1] connecting B(—1) := A_ to
B(1) := A,. The following fact is non-obvious, but it can be proved via simplifica-
tions of the arguments in this chapter (cf. Theorem 3.5.1). The spectrum of B; varies
continuously with ¢ in the following sense: one can choose a family of continuous
functions

(A =L 1] = Rijer
for the index set [ = {1,...,n} such that for every ¢t € [—1, 1], the set of eigenvalues
of B; counted with multiplicity is {\;(¢)};e;. The spectral flow from A_ to A, is
then defined as a signed count of the number of paths of eigenvalues that cross from
one side of zero to the other, namely

pP(A A =#{j el | N(=1) <0< N()}—#{jel | N(-1)>0>)(1)}.
The index formula (3.4) now becomes
ind(D) = 5™*(A_, A,).

This description of the index has the advantage that it could potentially make
sense and give a well-defined integer even if A, were symmetric operators on an
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infinite-dimensional Hilbert space: they might both have infinitely many positive
and negative eigenvalues, but only finitely many that change sign along a path from
A_ to A;. We will make this discussion precise in the following sections.

3.3. The Hessian of the contact action functional

We will view SF'T as an infinite-dimensional analogue of Morse homology in
which closed nondegenerate Reeb orbits take the place of Morse critical points. The
role of the Hessian is then played by a certain self-adjoint differential operator on
the contact bundle along each closed orbit.

Before explaining this, let’s quickly revisit the Floer homology for a time-dependent
Hamiltonian {H; : M — R};cs1 on a symplectic manifold (M,w). In Chapter 1, we
introduced the symplectic action functional Ay : C® . (S', M) — R and wrote
down the formula

VA (y) = 1(7) (4 = Xi(7)) e PO TM) =: T,05,. (S, M)

1

contr(S ) M)

Here X; denotes the Hamiltonian vector field, and J; is a time-dependent family of
compatible almost complex structures, which determines the L?-product

<7h> 772>L2 = J W(nl (t), Jt772(t)) dt.

Sl

for the “unregularized” gradient of Ay at a contractible loop v € CZ

The critical points of Ag are the loops 7 such that VAg(y) = 0. Formally, the
Hessian of Ay at v € Crit(Apg) is the “linearization of V.Ay at ~,” which gives a
linear operator

A, :=V2Au(y) : T(y*TM) — T (y*TM).
To write it down, one can choose any connection V on M, and choose for n €

L(y*TM) a smooth family {7, : S' — M} e(_c.) With 79 = and 0,7,|,-0 = 1, and
then compute

A=V, [VAz ()] -

The result is independent of the choice of connection since V.Ag(7y) = 0.

EXERCISE 3.3.1. Show that if the connection V on M is chosen to be symmetric,
then A,n = J,(Vin -V, X,).

To adapt this discussion for SFT, fix a (2n — 1)-dimensional manifold M with
stable Hamiltonian structure H = (w, A), induced hyperplane field £ = ker A ¢ T M
and Reeb vector field R, and a complex structure J : & — & compatible with the
symplectic structure w|§. Let

7T£ITM—>£

denote the projection along R. Let us also impose the simplifying assumption that
the closed 2-form w is exact, and write

w = dp, for some 5 € Q'(M).
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(For hints on what to do if w is not exact, see Remark 3.3.7.) A choice of primitive
[ enables us to write down an action functional

(3.5) A : C°(SY, M) > R: v 517*6.

In the contact case H = (da, «), the contact form « gives a canonical choice of
primitive for w = da, and A, = Az is then called the contact action functional.

One computes the first variation of Agz at v € C®(S', M) in the direction of
n € I'(v*T'M) by choosing a smooth family {vy, € C®(S', M)} e(_e) with 7 = v

and 0,7,[,_ = n: we find

L vl I I NEATCHON R

p=0

- | 4320, i0) e+ |2 [B@nu0)],)] @
:Lym@ﬁ:_Lw@%mw

The functional has a built-in degeneracy since it is parametrization-invariant; in
particular, dAg(v)n = 0 whenever 7 points in the direction of the Reeb vector field,
a symptom of the fact that closed parametrized Reeb orbits always come in families
related to each other by shifts in the parametrization. A loop 7 : S' — M is critical
for Ap if and only if 7 is everywhere tangent to R, allowing for an infinite-dimensional
family of distinct perturbations—however, there exist preferred parametrizations,
namely those for which ¥ is a constant positive multiple of R, meaning

(3.6) 5= T.R(v), 7w=f7m>a
Sl

Such a loop determines a closed Reeb orbit in the sense of Definition 3.1.2, and it
corresponds to a T-periodic solution z : R — M to & = R(x), where ~(t) = z(Tt).

The discussion above indicates that we cannot derive a “Hessian” of Az in the
same straightforward way as in Floer homology, as the resulting operator will always
have nontrivial kernel due to the degeneracy in the R direction. To avoid this, we
shall consider only preferred parametrizations v : S — M of the form (3.6), and
perturbations in directions tangent to &, which is transverse to every Reeb orbit.
For n e T'(v*¢), we then have

Ay = || wl=dmei Tt = (T e
where we define an L2-product for sections of v*¢ by

(3.7) 'y = j

w(n, Jn')dt.
Sl

It therefore seems sensible to write

VAs(7) = —Jmey e D(776),
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and we shall define the Hessian at a critical point v € ﬁ('H) as the linearization of
V Ap in ¢ directions, that is,

VEAs(7) : T(v*€) — T(7*€).
Given n € I'(y*¢), choose a smooth family {v, : ST — M}ecq with v = 7
and 0,7,|,—0 = 7, and fix a symmetric connection V on M. Let us first use this
connection to differentiate the family of sections m¢, € I'(75§) with respect to the
parameter:

Vo () ‘p:o =V, [07, — A(07,) R(7,)] ‘pzo
= Vi = AV, R = 0, G| - BO):

The latter expression is a priori an element of I'(y*T'M), but since ¢, belongs
to the subspace I'(;¢) < I'(y;TM) for every p and mgy vanishes, this derivative
is independent of the choice of connection, and also takes its value in the subspace
['(y*¢). Moreover, it can be simplified in light of the condition dA(R,-) = 0, which
implies

0 =T-d\(n, R(7)) = dX(0p7p: 0rvp)| g = 0 M) |,_g — 2 [AD] = 0, [A ()T,

so that the previous computation becomes
V, (7e%,) ‘p=0 = Vi —TV,Rel(y*),

and thus
V, (—Jﬁg%)|p:0 = —J(Vin —TV,R) e I'(y*¢).
This motivates the following definition.

DEFINITION 3.3.2. Given a stable Hamiltonian structure H = (w, \) on M with
¢ = ker \, a parametrized orbit v € P(H) of the Reeb vector field R with period
T > 0, and an w-compatible complex structure .J on the bundle v*¢ — S, the

asymptotic operator associated to ~ is the first-order differential operator on
~v*¢ defined by

AT = T(v*E) > =J(Vin = TV, R),
where V is any choice of symmetric connection on M.

REMARK 3.3.3. If 79,71 : S' — M are two parametrizations of the same orbit,
related by 71(t) = 7o(t + ¢) for a constant shift ¢ € S!, then one easily checks
that their asymptotic operators A, and A, are conjugate via the isomorphism
L(y5€) = T'(y5€) : = n(- + ¢). For this reason, it makes sense in most situations
to regard an asymptotic operator as something associated to an unparametrized
closed Reeb orbit, even if concrete realizations of the operator require a choice of
parametrization. The most important properties of the operator are all independent
of this choice.

EXERCISE 3.3.4. For a closed Reeb orbit v : S — M and the pullback of the
bundle v*¢ — S! via the cover R — S! = R/Z, show that solutions to the linear
equation Vi — TV, R = 0 on the pullback (with V a symmetric connection on M)
are given by operating on &,y with the linearized Reeb flow. Conclude that v is
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nondegenerate if and only if ker A, is trivial. Hint: Try differentiating families of
solutions to the equation & = TR(z).

REMARK 3.3.5. Another way of phrasing the result of Exercise 3.3.4 is that
A, can be written as —J%t, where %t is the unique symplectic connection on the
symplectic vector bundle v*¢ — S! for which parallel transport is given by the
linearized Reeb flow.

REMARK 3.3.6 (sign conventions). You might be slightly concerned about the
sign difference between the formulas for asymptotic operators in Exercise 3.3.1 and
Definition 3.3.2. The former comes from Floer homology and the latter from SF'T,
two subfields of symplectic topology in which slightly different conventions are con-
sidered standard.” The discrepancy seems to originate from the fact that while our
account of Floer homology has referred always to the negative gradient flow of Ag,
SF'T is actually defined via the positive gradient flow of the contact action func-
tional A,. The words “gradient flow” in SF'T must in any case be interpreted very
loosely. If

u:[0,00) x St >R x M
is the cylindrical end of a finite-energy J-holomorphic curve for some J € J(«) as
we described in Chapter 1, then u(s,t) does not satisfy anything so straightforward
as 0s — VA, (u(s, ) = 0, but it does satisfy

Wgasu + Jﬂ'gatu = O,

which can be interpreted as the projection of a positive gradient flow equation to
the contact bundle. This observation is a local symptom of a more important global
fact that follows from Stokes’ theorem: in the contact setting, any asymptotically
cylindrical J-holomorphic curve u : 3 — Rx M with positive and negative punctures
I'* asymptotic to orbits {~.}.er+ satisfies

Z A (y) — Z Ay (y) = J uw*da = 0.
zel'+ zel'— b2

This generalizes the basic fact in Floer homology that flow lines decrease action and,

conversely, have their energy controlled by the action.

REMARK 3.3.7. The action functional 4z cannot be defined in the way described
above if w is not exact, but since a closed 2-form is necessarily exact in the neigh-
borhood of any embedded circle, one can define local versions of Az that make
sense in some neighborhood of any given element of C®(S*, M): the computation
above shows that the gradient V.4 is in any case globally defined and independent
of any choices of local primitives for w. For this reason, the asymptotic operator
A, of an orbit v always makes sense and can be interpreted as the Hessian of an
action functional defined for loops close to . Various global (though typically non-
canonical) definitions of an action functional in the non-exact case are also possible:

2The literature on embedded contact homology (ECH) is a special case: while ECH is defined
within the same analytical framework as SF'T, papers such as [Hut14, HT07] omit the initial minus
sign in their definitions of asymptotic operators. Some of the results in §3.7 relating eigenvalues of
asymptotic operators to winding numbers therefore work out differently in the ECH context.



LECTURES ON SYMPLECTIC FIELD THEORY 81

e.g. if [w]|x,(m) = 0 and one chooses to focus on contractible orbits specifically, then
one can follow the example of the symplectic action functional from §1.2 and de-
fine A(y) := SDQ ~*w for any choice of smooth map 4 : D — M matching v at the
boundary.

3.4. Asymptotic operators on Hermitian bundles

We would now like to develop some of the general properties of asymptotic
operators. Recall that on any symplectic vector bundle (E, w), a compatible complex
structure J determines a Hermitian inner product

v, wy = w(v, Jw) + iw(v, w),

and conversely, any Hermitian inner product on a complex vector bundle determines
a symplectic structure via the same relation. For this reason, we shall refer to any
vector bundle F with a compatible pair (J,w) of complex and symplectic structures
as a Hermitian vector bundle. A unitary trivialization of such a bundle is
a trivialization that identifies fibers with R?*" = C" such that J and w become
the standard complex structure Jy := i and symplectic structure wy := go(Jo, -)
respectively; here gy denotes the standard Euclidean inner product.

DEFINITION 3.4.1. Fix a Hermitian vector bundle (F, J,w) over S'. A smooth
asymptotic operator on (F,J,w) is any real-linear differential operator of the
form —JV, : I'(E) — I'(E), where V is a symplectic connection on FE.

Remark 3.3.5 shows that the asymptotic operator A, for a closed Reeb orbit
v is also a smooth asymptotic operator on v*¢ in the sense of Definition 3.4.1,
where the bundle y*¢ — S! carries a Hermitian structure determined by the stable
Hamiltonian structure H = (w, A) and a choice of w-compatible complex structure
J on &. Since A, was derived as the Hessian of an action functional, it should not
be surprising that it turns out to be symmetric:

EXERCISE 3.4.2. Show that any smooth asymptotic operator on a Hermitian
vector bundle (E,J,w) over S! is symmetric with respect to the real L? bundle
metric

(s mepre = J w(ni(t), Jne(t)) dt.

Sl

EXERCISE 3.4.3. Show that Hermitian vector bundles (E,J,w) over S! are al-
ways globally trivializable, and a choice of global unitary trivialization identifies
each smooth asymptotic operator on (E, J, w) with an operator of the form

A C* (S R™) - CP(SY, R*™) : n— —Jyom — S(t)n
for some smooth loop S : S' — End™™(R?*"), where we denote
End™™(R*") := {B € End(R*") = R*"**" | BT = B}.

Hint: Use the fact that the difference between two connections is a bundle map, and
deduce the symmetry of S(t) from Exercise 3.4.2.
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REMARK 3.4.4. Most of the Hermitian vector bundles (F, J,w) that will arise in
our applications can be regarded naturally as symplectic vector bundles (E,w) on
which an auxiliary compactible complex structure J has been chosen. This auxiliary
data is convenient to have in the picture for at least two reasons: one is that it is
naturally present in the context of pseudoholomorphic curves, and the other is the
observation in Exercise 3.4.2 that J turns a symplectic connection into a symmetric
operator, for which there is a well-developed spectral theory. However, we will
see that the definition of the Conley-Zehnder index for Reeb orbits depends only
on symplectic data, and not on the auxiliary choice of a complex structure. We
will frequently use the fact that on every symplectic vector bundle (E,w), there
is a contractible space of choices of J such that (F,J,w) is a Hermitian vector
bundle, and moreover, the homotopy classes of symplectic trivializations of (E,w)
are in bijective correspondence with the homotopy classes of unitary trivializations
of (E, J,w). This follows essentially from the fact that the natural inclusion U(n) —
Sp(2n) is a homotopy equivalence (see e.g. [MIS17, Prop. 2.2.4]).

For functional-analytic purposes, we shall regard asymptotic operators on Her-
mitian bundles (F, J,w) as bounded real-linear operators

A HY(E) - L*(E),

where H' is an abbreviation for the Sobolev class W12, (For details on Sobolev
norms for spaces of sections of vector bundles over a closed manifold, see §A.4.)
Note that since the difference between any two smooth asymptotic operators is
tensorial, that difference extends to a bounded linear operator on L?(FE); as an
operator H'(E) — L?(FE), it is therefore the composition of a bounded operator
with the compact inclusion H'(E) < L?(FE), implying that it is compact. This
property will play an essential role when we study the spectrum of asymptotic
operators in §3.5.

For technical reasons, we will sometimes need to consider a larger class of asym-
totic operators whose zeroth-order terms are not necessarily smooth, nor even con-
tinuous. One way to weaken our regularity assumptions without invalidating the
discussion in the previous paragraph is the following:

DEFINITION 3.4.5. An asymptotic operator (of class L*) on a Hermitian
vector bundle (FE, J,w) over S! is a bounded linear operator A : H'(E) — L*(F)
that is identified under any choice of global unitary trivialization with an operator
of the form

HY(SY, R*™) — L*(S',R*") : ) > —Jy0ym — S(t)n
for some function S € L* (S, End™™(R?*")). The space
A(E) = Z(H'(E), L*(E))

of all asymptotic operators on E is thus an affine space over the space L*(Endy " (E))
of symmetric real-linear bundle maps F — FE of class L™, and we assign to it the
corresponding L*-topology. We also denote

A*(E) := {A e A(E) | ker A = {0}},

and call the operators in this subset nondegenerate.
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We will assume henceforward that all asymptotic operators we consider are of
class L® unless otherwise noted, though most examples that arise in geometric
settings (e.g. the operator corresponding to a closed Reeb orbit) will be smooth.

EXERCISE 3.4.6. Generalize Exercise 3.4.2 to prove that asymptotic operators
of class L® are also L2-symmetric.

LEMMA 3.4.7. All asymptotic operators A € A(E) are Fredholm with index 0.

Proor. Choosing a global unitary trivialization, it suffices to consider an op-
erator of the form —Jyo, — S : H'(S', R*) — L[?(S',R*") for some S : S' —
End*™(R?") of class L™, and since the operator H!(S!, R*") — L?*(S* R?") : n
Sn is compact, we can regard the zeroth-order term as a compact perturbation and
thus restrict attention to the operator —Jy 9, : H'(S*,R*") — L?(S*,R?*"). Since
Jo defines an isomorphism, it suffices actually to show that the ordinary differential
operator

0 HY(S', R*™) — L*(S',R*™™)

is Fredholm with index 0. The kernel of this operator is the space of constant func-
tions S' — R?" which has dimension 2n. To compute the dimension of the coker-
nel, we observe that if f = 0,F for some F' € H'(S',R?"), then Proposition A.1.11
implies that F' is absolutely continuous and has classical derivative equal to f al-
most everywhere, so that by periodicity and the fundamental theorem of calculus,
§s1 f(t)dt = 0. Conversely, if (o, f(t)dt = 0 with f € L?(S',R*"), then the function
F(s) := {; f(t) dt is periodic in s and (by Corollary A.1.12) defines an element of
H'(S', R?") satisfying ¢, F = f. Hence the image of 0; is exactly the set

(@) = {re ) | [ war-ol,
Sl
which has codimension 2n. O

COROLLARY 3.4.8. An asymptotic operator A € A(FE) is nondegenerate if and
only if it defines an isomorphism H'(E) — L*(E). O

Observe that for the L*-topology on A(FE) specified in Definition 3.4.5, the
inclusion of A(E) into the space of bounded linear operators H'(E) — L*(E) is
continuous, so the fact that invertibility is an open condition implies:

COROLLARY 3.4.9. The subset A*(E) < A(FE) is open. O

Since smooth asymptotic operators on a bundle (EF,w,J) are defined in terms
of symplectic connections, they also determine (and are determined by) symplectic
parallel transport maps. This notion can be extended to asymptotic operators of
class L, but since the differential equation (—Jy0; — S(¢))¥(¢) = 0 may in this case
have discontinuous coefficients, it requires a slight generalization of the standard
existence/uniqueness theorem for ODEs.

EXERCISE 3.4.10. In this exercise we consider linear ordinary differential equa-

tions with coefficients of class L] _.



84 CHRIS WENDL

(a) Suppose I < R is a compact interval, P < L'(I,End(R")) is a subset
such that M := sup {|A|.: | A€ P} <1, and for R > 0, Xp denotes the
complete metric space

Xpi= {p e COP x L,R") | |gllco < R}

|zo]

17, the formula

Show that for any zo € R", any to € [ and any R >

t

(Tp)(A,t) :=x¢ + f A(s)p(A, s)ds

to
defines a contraction map 17" : Xz — Xpg, which therefore has a unique fixed
point.
(b) Deduce from the contraction in part (a) that for any open interval Y < R
and constants ty € U, xg € R", there exists a continuous map

Li (U, End(R™) x U — R™: (A, t) > z4(t)

such that for each A € Ll (U, End(R")), x4 : U — R™ satisfies the initial
value problem

(3.8) z(t) = A(t)z(t) for almost all ¢, x(tog) = o,

and is the unique solution to this problem that is absolutely continuous on
compact subsets.
(c) Show that if A : U — End(R") is assumed to be of class L{,, with 1 < p < o,
then the solution z : U — R™ to (3.8) is of class W,>". Hint: For a useful

loc *
characterization of W,'?(R), see Corollary A.1.12.

loc

PROPOSITION 3.4.11. On any Hermitian vector bundle (E,w, J) over S* = R/Z,
there is a natural bijective correspondence between the following objects:
o Asymptotic operators A of class L*™;
o Continuous families {U(t)}ier of Sobolev class W, consisting of symplectic
linear maps V(t) : Eq) — Epg such that ¥(0) = 1 and W(t+1) = ¥(t)¥(1)
for every t e R
The correspondence between A and V is determined by the property that for every
vo € Ey, the function v(t) := VY (t)vy € Fy satisfies the differential equation Av = 0
almost everywhere.

PRrROOF. After choosing a global unitary trivialization, an asymptotic operator
A = —Jyd; — S(t) determines according to Exercise 3.4.10 a unique function W :
R — End(R?") that is absolutely continuous on compact subsets and satisfies the
initial value problem

o U(t) = JoSHU(t),  W(0) =1,

where the differential equation is equivalent to AV = 0 and is assumed to hold
almost everywhere. Since the function R — End(R?") : t — JyS(t) is of class L*®
and 1-periodic, W is of class W,"®, and periodicity implies the relation U(t+1) =

loc »

3Saying that the family {¥(¢)}ser is of class VV&)C/\ means in this context that any choice of
smooth trivialization identifies {¥(#)}sr with a function R — End(R?") that is of class VVIECDC



LECTURES ON SYMPLECTIC FIELD THEORY 85

U(t)¥(1) due to uniqueness of solutions. It remains to show that for all ¢, ()
belongs to the linear symplectic group

Sp(2n) := {B € GL(2n,R) | wo(Bv, Bw) = wy(v,w) for all v,w € R**} .

Writing wg in terms of the standard Euclidean inner product gg as wp(v,w) =
go(Jov,w), one finds that a matrix B € GL(2n,R) belongs to Sp(2n) if and only
if the relation BTJyB = Jy holds. To prove ¥(t) € Sp(2n), one can thus use the
differential equation to show that

(3.9) %\IITJO\I/ =UT(sT - 9w
holds almost everywhere; since the right hand side vanishes and ¥T.Jy¥ is an abso-
lutely continuous function of ¢ equal to Jy at t = 0, it follows that ()T JoW(t) = J,
for all t.

Conversely, suppose ¥ e W,o*(R, End(R>")) satisfies U(0) = 1, U(t + 1) =
U(t)¥(1) and ¥(t) € Sp(2n) for all t. Then by Corollary A.1.12, ¥ is absolutely
continuous on compact subsets and thus differentiable almost everywhere, so there

is a unique S : R — End(R?") of class L, determined almost everywhere by

setting S(t) := —JoU(t)¥(¢t)~!. The relation V(¢ + 1) = U(¢)¥(1) now implies

U(t+1)=(t)¥(1) and thus
St+1) = —JoU(t + 1)Ut +1)"" = —JU ()W Q)T (1) W)~ = S(1),

so S is periodic, and the equation 0,¥ = JySV is satisfied almost everywhere by con-
struction. The condition ¥(t) € Sp(2n) then implies ST — S = 0 almost everywhere
due to (3.9), hence A = —Jy0; — S is an asymptotic operator. O

We shall refer to the family of symplectic linear maps {¥(t)},r induced by an
asymptotic operator A € A(F) as the parallel transport map of A.

REMARK 3.4.12. The choice to allow discontinuous asymptotic operators in this
discussion has the following advantage: every family {W(¢)}epo,17 of class Wh* con-
sisting of symplectic linear maps ¥(t) : £y — F; has a unique extension to a family
{U(t)}er of class W5 that satisfies the condition W(t + 1) = ¥(t)W(1), thus every
such family arises as the parallel transport of some asymptotic operator. This is
true in particular for every smooth family {W(¢)}e[o,17, with no need to worry about
whether the extension over R is differentiable at the integers.

3.5. Spectral flow

The goal of this section is to define a notion of spectral flow for asymptotic
operators on Hermitian vector bundles over St. After fixing a global unitary trivial-
ization, we can restrict our attention to operators A that act on the space of loops
n: St — R by
(3.10) (An)(t) := —Jo Oin(t) — S(t)n(t),
where S : S? — End™™(R?") is a function of class L. We will sometimes refer to

operators in this form as trivialized asymptotic operators. Regarding A as an
unbounded linear operator on L?(S', R?*") with dense domain H!(S!, R*"), we will
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see that its spectrum consists of isolated real eigenvalues with finite multiplicity. We
shall prove:

THEOREM 3.5.1. Assume [—1,1] — L®(S*, End™™(R?")) : s — S, is a smooth
path, and consider the corresponding 1-parameter family of unbounded linear opera-
tors

A, = —Jyo, — S(t) : L*(S',R*™) > H'(S',R*™) — L*(S*, R*").
Then there exists a set of continuous functions

{)\j =1L - R}jez

such that for every s € [—1, 1], the spectrum of A consists of the numbers {\;(s)}jez,
each of which is an eigenvalue with finite multiplicity equal to the number of times
it 1s repeated as j varies in Z.

Moreover, if additionally A_ := A_; and A, := Ay both have trivial kernel,
then there are at most finitely many values of j € Z for which A\;(—1) and X;(1)
have different signs, and the integer

(A AL) i =#{GeZ | N(—1) <0< ()} =#{j€Z | \j(—1) > 0> \;(1)}
depends only on A_ and A .

REMARK 3.5.2. Differentiability of the path [—1,1] — L*®(S!, End™™(R*")) :
s — S5 means what you think it means: for every s € [—1, 1], the functions %
are L*-convergent as h — (0. In practice, we will only need to consider two general
classes of smooth paths in Theorem 3.5.1: first, if S_, Sy € L®(S', End¥™(R?*")) are

given, then the linear interpolation
1 1
Sy 1= 5(1 —$)S_ + 5(1 +8)Sy

has a constant derivative $(Sy — S_) € L*(S*, End™™(R?")) with respect to s and
is thus smooth. This example shows that every pair of asymptotic operators can
be connected by a path that is smooth in the sense of Theorem 3.5.1. The sec-
ond class of examples will be especially useful for defining generic perturbations of
paths of asymptotic operators: it arises from smooth functions S : [—1,1] x [0, 1] —
End*™(R?"), where for each s € [-1,1], S, := S(s,-) need not be periodic but is
equal almost everywhere to a uniquely determined element of L (S, End™™ (R?")).
To see that s — Sy is a smooth map [—1,1] — L*(S', End*™(R?")), we observe
first that it is continuous since S(s,t) is uniformly continuous on the compact do-
main [—1,1] x [0,1], implying that Ss;, — Ss uniformly as h — 0. To prove
differentiability at a given point s € [—1, 1], one can use the fundamental theorem
of calculus to write M = Sé 0sS(s 4+ Th,t) dr and appeal again to uniform
continuity to show that this converges uniformly in ¢ to 0,5(s,t) as h — 0. Since
0,S : [-1,1] x [0,1] — End®™(R*") is also a uniformly continuous function, it
follows that s+ S; is of class C'!, and smoothness then follows by induction.

REMARK 3.5.3. There is a natural continuous linear inclusion of L®(S!, End(R?"))
as a closed subspace of the space of bounded linear operators on L?(S*, R*"), identi-
fying each function S € L*®(S!, End(R?*")) with the multiplication operator n — Sn.
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The smoothness of s — S in Theorem 3.5.1 thus makes A, a smooth path in the
Banach space of bounded linear operators from H'(S', R?") to L?(S!, R*").

We will start by giving a more abstract definition of spectral flow as an inter-
section number between a path of symmetric index 0 Fredholm operators and the
subvariety of noninvertible operators. This relies on the general fact that spaces
of operators with kernel and cokernel of fixed finite dimensions form smooth finite-
codimensional submanifolds in the Banach space of all bounded linear operators.
We explain this fact in §3.5.1, and then specialize to the case of symmetric index 0
operators to define the abstract version of spectral flow in §3.5.2. In §3.5.3, we show
that the spectra of such operators vary continuously under small perturbations, and
in §3.5.4 we specialize further to operators of the form (3.10), and explain how to
interpret the abstract definition of spectral flow in terms of eigenvalues crossing the
origin in R, leading to a proof of Theorem 3.5.1.

Spectral flow can be defined more generally for certain classes of self-adjoint
elliptic partial differential operators (see e.g. [APS76,RS95]), and standard proofs
of its existence typically rely on perturbation results as in [Kat95] for the spectra
of self-adjoint operators. In the following presentation, we have chosen to avoid
making explicit use of self-adjointness, and instead focus on the Fredholm property;
in this way, the discussion is mostly self-contained, and does not require any results
from [Kat95].

3.5.1. Geometry in the space of Fredholm operators. Fix a field

F:=RorC.

Given Banach spaces X and Y over F, denote by % (X,Y) the Banach space of
bounded F-linear maps from X to Y, with Z5(X) := % (X, X), and let

Fredr(X,Y) ¢ % (X,Y)

denote the open subset consisting of Fredholm operators. Recall that an operator
T € %(X,Y) is Fredholm if its image is closed,’ and its kernel and cokernel
(i.e. the quotient coker T := Y /imT) are both finite dimensional. Its index is
defined as

indp(T) := dimg ker T — dimg coker T € Z.

The index defines a continuous and thus locally constant function Fredp(X,Y) — Z,
and for each i € Z, we shall denote

Fredj(X,Y) := {T € Freds(X,Y) | ind(T) = i}.
We will often have occasion to use the following general construction. Given
Ty € Fredp(X,Y), one can choose splittings into closed linear subspaces
X=VOK, Y=Wal
such that K = ker Ty, W = im Ty, the quotient projection 7o : Y — coker T

restricts to C' < Y as an isomorphism, and Tg|y defines an isomorphism from V'

It is not strictly necessary to require that imT < Y be closed, as this follows from the
finite-dimensionality of the kernel and cokernel, cf. [AA02, Cor. 2.17].
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to W. Using these splittings, any other T € Fredp(X,Y’) can be written in block

form as
A B
- (¢ n)

OO 8 for some Banach space isomorphism
Ay:V - W. Let O c Fredp(X,Y) denote the open neighborhood of T for which
the block A is invertible, and define a map

3.11 ® : © - Homp(ker Ty, coker Ty) : T — D — CA™'B.
(3.11) :

with T itself written in this way as

LEMMA 3.5.4. The map ® in (3.11) is smooth, and holomorphic in the case F =
C, and its derivative at Ty defines a surjective bounded linear operator £x(X,Y) —
Homp (ker T, coker Tg) of the form

d®(To)H = 7cH|ker T, € Homp(ker T, coker T),

where o denotes the quotient projection Y — coker Ty. Moreover, there exists a
smooth (and holomorphic if F = C) function U : O — £(X) such that for every
TeO, ¥(T): X - X maps ker &(T) < ker Ty isomorphically to ker T.

PROOF. Smoothness, holomorphicity” and the formula for the derivative are
easily verified from the given formula for ®; in particular, since the blocks B and C
both vanish for T = T\, we have

dq)(To) : Z[F(X, Y) - HOIH[F(K, C)
A" B
(C' D’) — D’
The map ¥ : O — Zr(X) is defined in terms of the splitting X = V @ K by

U(T) = (g _AﬂlB) .

This is an isomorphism for each T, with inverse given by
1 _ 1 A'B
U(T) = (0 1 .
>, and since A is invertible, ker TU(T) = {0}Dker ¢(T).
O

A 0

Then TU(T) = (C &(T)

PROPOSITION 3.5.5. For each i € 7Z and each nonnegative integer k = 1, the
subset

Fredy"(X,Y) := {T € Fred;(X,Y) | dimgker T =k and dimg coker T =k — i}
SHolomorphicity in this infinite-dimensional setting means the same thing as usual: Z(X,Y)

and Homg (ker T, coker T) both have natural complex structures if Tg € Frede(X,Y), and we
require d®(T) to commute with them for all T € O.
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admits the structure of a smooth (and complex-analytic if F = C) finite-codimensional

Banach submanifold of £x(X,Y), with
codimg Fredy" (X, Y) = k(k — i).
Moreover, the set
Xk = {(T, z) € Fred?(X,Y) x X ‘ e kerT}

is a smooth (and holomorphic if F = C) subbundle of the trivial vector bundle
Fredi*(X,Y) x X — FredZ"(X,Y).

PRrROOF. Applying the implicit function theorem to the map ® from Lemma 3.5.4
endows a neighborhood of Ty in @ !(0) < Fredy(X,Y) with the structure of a
smooth Banach submanifold with

codimy ®*(0) = dimy Homp(ker Ty, coker T) = k(k — 7).

If F = C, then ® is also holomorphic and ®~(0) is thus a complex-analytic sub-
manifold near T. Now observe that for every T € O,

dimg ker T = dimg ker ®(T) < dimg ker Ty = k,

with equality if and only if ®(T) = 0, hence, since the index is locally constant, we
get ®1(0) = Fred2"(X,Y) in a neighborhood of Ty.

The vector bundle structure of X** can be understood using the smooth (and
holomorphic if F = C) function ¥ : O — Z(X) from Lemma 3.5.4. This can
be interpreted as a smooth (or holomorphic) bundle isomorphism on the trivial X-
bundle over O, whose restriction to O n Fred"*(X,Y) sends the trivial subbundle
with fiber ker Ty © X isomorphically to X** i.e. this restriction is the inverse of a
local trivialization of X®F. O

For real-linear operators of index 0, one can use Prop. 3.5.5 to define the following
“relative” invariant. Suppose {T(s) € Fred}(X,Y)}se[—1,1] is a continuous path in
the space of Fredholm operators such that T4 := T(£1) : X — Y are both Banach
space isomorphisms. We can then define

tz, ({T(s)}) € Z

as the parity of the number of times that a generic smooth perturbation of the path
s — T(s) passes through operators with nontrivial kernel. This depends only on the
homotopy class (with fixed end points) of the path—indeed, observe first that generic
paths {T(s) € Fredp(X,Y)}se_1.1] are transverse to Fredy"(X,Y) for every k € N,
which implies via the codimension formula in Prop. 3.5.5 that they never intersect
Fred2*(X,Y) for k > 2, and their intersections with Fred'(X,Y) are transverse
and thus isolated. Second, transversality also holds for generic homotopies

[0,1] x [-1,1] = Fred}(X,Y) : (1,5) — T.(s)
with fixed end points between any pair of generic paths Ty(s) and T4 (s), so that the
set of intersections with Fred2"(X,Y") is again empty for k > 2 and forms a smooth

1-dimensional submanifold in [0, 1] x [—1, 1] for £ = 1. This submanifold, moreover,
is disjoint from [0, 1] x {—1,1} since T,(£+1) = T, and it is also compact since
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the set of T € Fred}(X,Y) with nontrivial kernel is a closed subset. We therefore
obtain a compact 1-dimensional cobordism between the intersection sets of Ty and
T respectively with Fredﬂoé1 (X,Y), implying that the count of intersections modulo 2
does not depend on the choice of generic path within a given homotopy class.

EXERCISE 3.5.6. Convince yourself that the standard results (as in e.g. [Hir94,
§3.2] about generic transversality of intersections between smooth maps f : M — N
and submanifolds A < N continue to hold—with minimal modifications to the
proofs—when N is an infinite-dimensional Banach manifold and A < N has finite
codimension.

EXERCISE 3.5.7. In the finite-dimensional case, all operators are Fredholm and
there is only one homotopy class of paths of Fredholm operators {A(s)}se[—1,1] be-
tween two given isomorphisms Ay € GL(n,R), so we can abbreviate the invariant
defined above as i) “(A_, A,) := p*°({A(s)}) € Zy. Show that p “(A_,A,) =0
if and only if det A, and det A_ have the same sign.

3.5.2. Symmetric operators of index zero. We now add the following as-
sumptions to the setup from the previous subsection:

e Y is a Hilbert space H over F, with inner product denoted by {, )3;
e X is a dense F-linear subspace D < H, carrying a Banach space structure
for which the inclusion D <= H is a compact linear operator.

The notation D = X is motivated by the fact that if T € Z&(D,H), then we can
also regard T as an unbounded operator on ‘H with domain D and thus consider
the spectrum of T, see §3.5.3 below.

Since H is a Hilbert space, the space Zr(H) of bounded linear operators from
‘H to itself contains a distinguished closed linear subspace

L (H) = Z(H),

consisting of self-adjoint operators. For operators that are bounded from D to H
but not necessarily defined or bounded on H, there is also the space of symmetric
operators

LMD, M) = {T € 4(D,H) | (&, Tyyp = {Tx,y)y for all z,y € D}.

Important examples of symmetric operators are those which are self-adjoint (see
Remark 3.5.11 below), though for our purposes, it will suffice to restrict attention to
symmetric operators that are also Fredholm with index 0. It turns out that the space
of symmetric operators in Fred%l(D, H) is a canonically co-oriented hypersurface in
2" (D, M), so that the invariant z " ({T(s)}) defined above has a natural integer-
valued lift when T are symmetric. We will need a slightly more specialized version
of this statement in order to give a general definition of spectral flow.
In the following, we let

Fredy™ (D, H) := Fred}(D, H) n Z™ (D, H)
denote the space of symmetric Fredholm operators with index 0, and for k € N,

Fred™* (D, #) := Fred®™ (D, H) n FredX" (D, H).
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Given T\ € Fredy™ (D, H), consider the space
Fredi?™ (D, H, Tet) = {Teet + K: D > H | K€ L (H)}.

Note that the restriction of each K € %(H) to D is a compact operator D —
H, thus every operator in Fredi™ (D, H, Tyef) is a compact perturbation of Ty,
giving rise to a natural inclusion Fredi™ (D, H, Tyef) < Fredy™ (D, H). The space
Fredy™ (D, H, Tyer) is also affine over . (H), and can thus be regarded naturally
as a smooth Banach manifold locally modeled on .£3"" (H); in particular, its tangent
spaces are

Tr (Fredi™ (D, H, Tyet)) = L5 (H).
A remark about the case F = C is in order: £ (D, H) is a real-linear and not a

complex subspace of Z¢(D, H), thus Fred@™ (D, H, Tiet) is a real Banach manifold
but does not carry a natural complex structure.

LEMMA 3.5.8. For any T € £ (D,H) that is Fredholm with index 0, ker T
is the orthogonal complement of im'T in H, hence there exist splittings into closed
linear subspaces

D=V®K, H=WaC
where K =C =kerT, W =imT and V =W nD.

PrOOF. If x € K := ker T, then symmetry implies (z, Ty)y, = (Tz,y)y = 0
for all y € D, hence K — W+, where W := imT. But since ind T = 0, the
dimension of ker T equals the codimension of im T, implying that K already has the
largest possible dimension for a subspace that intersects W trivially, and therefore
W@ K = H. Since K is also a subspace of D and the latter is a subspace of H, any
x € D can be written uniquely as x = v+ k where ke K andve W nD =: V. The
continuous inclusion of D into H and the fact that W is closed in H imply that V'
is a closed subspace of D. O

We now have the following modification of Prop. 3.5.5.
PROPOSITION 3.5.9. For each integer k = 0, the subset
Fredyy™" (D, M, Tyet) := {T € Fredi™ (D, H, Tyer) | dimpker T = k}
is a smooth finite-codimensional Banach submanifold of Fredy™ (D, H, Tyet), with

k(k+1)/2 ifF=R,

codimp Fred;ym’k(D,’H, Tief) = {kQ FF = C
? =%

and
Dok = (T, 2) € Fred?™ (D, 1, Toat) % D

T € kerT}

15 a smooth subbundle of the trivial vector bundle Fred%ym’k(D,'H,Tref) x D —
Fred]SFym’k(D,H,Tref). Moreover, the smooth submanifold Fred]SFym’l(D,H,Tref) c
Fredy™ (D, H, Tyer) with codimension one carries a canonical co-orientation.
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PRrROOF. Given T € Fred%ym’k(D,H,Tref), fix the splittings D = V @ K and
H =W ® K as in Lemma 3.5.8. Using these in the construction of the map ®
from (3.11) produces a neighborhood @ < Fredp(D,H, Tyet) of Ty such that, by
Lemma 3.5.4, {T € O | dimpker T = k} = ®71(0), where

A B

®: O — Endp(K) : (C D

) — D — CA 'B.
A B

C D) € O is symmetric if

Since the splittings are orthogonal, an element T = (

and only if
(x,Ay)y = (Ax,y)y forall xz,yeV,
(x,Dyyy = (Dx,yyy forall x,ye K,
(x,Byyy ={(Cx,y)y forallzeV, yeK,
(x,Cyyy =(Bx,y)y forallze K, yeV,

and it follows then that ®(T) € Endy™ (K), where Endi™ (K) < Endp(K) is the real
vector space of symmetric (or Hermitian when F = C) linear maps on (K,{, )3).
We thus have O ~ Fred®™*(D, H, Tyet) = ®1(0) with ® regarded as a smooth map
O n Fredi™ (D, H, Tyer) — Endp™ (K). The derivative at Ty again takes the form

d®(Ty) : L™ (H) — End2™(K) : (fé }3,) - D,

where now the block matrix represents an element of .Zz"™ (H) with respect to the
splitting H = W @ K. This operator is evidently surjective, hence by the implicit
function theorem, ®~1(0) is a smooth Banach submanifold with codimension equal
to dimg Endy™ (K). The vector bundle structure of D™k can be defined using the
map W from Lemma 3.5.4 just as in the non-symmetric case.

Finally, we observe that in the case k = 1, the above identifies Fredy™" (D, H, Tyet)
locally with the zero set of a submersion to Endy™ (K'), which is a real 1-dimensional
vector space since K is a 1-dimensional vector space over F. The canonical isomor-
phism

R — Endi™(K) : a+— al
thus determines a co-orientation on Fred]SFym’l(D7 H, Tref)- O

The canonical co-orientation of Fredf’Fym’l(D, H, T\er) makes it natural to define
signed intersection numbers between Fred%ym’l(D, H, T\er) and smooth paths in the
ambient space FredY™ (D, H, Tye). The codimensions of Fred¥™*(D,H, T,) for
each k£ > 2 are still at least 3, hence large enough to ensure that generic paths or
homotopies of paths will never intersect them. The following notion is therefore
independent of choices.

DEFINITION 3.5.10. Suppose T,,T_ € Fredi™ (D, H, T\) are both Banach
space isomorphisms D — H. The spectral flow

pP(T_, T,) eZ
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from T_ to T, is then defined as the signed count of intersections of T : [-1,1] —
Fredy™ (D, H, Tyer) with Fred%ym’l(D, H, T.ef), where the latter is assumed to carry
the co-orientation given by Prop. 3.5.9, and T : [—1, 1] — Fredy™ (D, H, Tye) is any
smooth path that is transverse to Fred®™" (D, H, Ty) for every k > 1 and satisfies
T(+1) = T,.

Note that since Fred?™ (D, H, T\er) is an affine space over 2™ (H), all paths in
Fredi™ (D, H, Tyer) from T to T, are homotopic, so one can argue as we did for
po” at the end of §3.5.1 that p*P*°(T_, T) is independent of the choice of path.

3.5.3. Perturbation of eigenvalues. Continuing in the setting of the previous
subsection, we shall now regard each T € Fredy™ (D, H, Tif) as an unbounded
operator on H with domain D, see e.g. [RS80, Chapter VIII|. Notice that for each
scalar A € F, the operator T — \ also belongs to Fredy™ (D, H, Tyef). The spectrum

o(T)cF

of T is defined as the set of all A € F for which T — X : D — H does not ad-
mit a bounded inverse. In particular, A\ € o(T) is an eigenvalue of T whenever
T — X : D — H has nontrivial kernel, and the dimension of this kernel is called the
multiplicity of the eigenvalue. We call A a simple eigenvalue if it has multiplic-
ity 1. By a standard argument familiar to both mathematicians and physicists, the
eigenvalues of a symmetric complex-linear operator are always real.

REMARK 3.5.11. The adjoint of T is defined as an unbounded operator T* with
domain D* satisfying

(x,Tyyy = (T*x,yyyy forallxe D* ye D,

where D* is the set of all x € H such that there exists z € H satisfying (x, Ty)y =
(z,y)y for all y € D. One says that T is self-adjoint if T = T*, which means both
that T is symmetric and D = D*. In many applications (e.g. in Exercise 3.5.23),
the latter amounts to a condition on “regularity of weak solutions”. This condition
implies that the inclusion ker T < (im T)*—valid for all symmetric operators—is
also surjective, so if T : D — H is Fredholm, it is then automatic that ind(T) = 0.

PROPOSITION 3.5.12. Assume Tg € Fredy™ (D, H, Tyet). Then:

(1) Every X € o(Ty) is an eigenvalue with finite multiplicity.

(2) The spectrum o(Ty) is a discrete subset of R.

(8) Suppose \g € o(Ty) is an eigenvalue with multiplicity m € N and € > 0 is
chosen such that no other eigenvalues lie in [Ag — €, \g + €]. Then Ty has
a neighorhood O < Fredy™ (D, H, Tiet) such that for all T € O,

> m(A) = m,
Aea(T)n[XAo—€, o+e€]

where m(\) € N denotes the multiplicity of A € o(T).

ProoF. For every A € F, Ty — X is a Fredholm operator with index 0, so it is
a Banach space isomorphism D — H and thus has a bounded inverse if and only
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if its kernel is trivial. The Fredholm property also implies that the kernel is finite
dimensional whenever it is nontrivial, so this proves (1).

For (2) and (3), let us assume F = C, as the case F = R will follow by taking
complexifications of real vector spaces. We claim therefore that o(Ty) is a discrete
subset of C. To see this, suppose A\g € R is an eigenvalue of Ty with multiplicity m,
SO

Tog— X € Fredz:ym,m(D’ H)

By Lemma 3.5.8, there are splittings D = V@ K and H = W @ K with K =
ker(To — Ag), W = im(Ty — A\og) and V. = W n D. Any scalar A € C appears in

block-diagonal form (g\ ())\> with respect to these splittings, and the block form for

_ A0+>\0 0
me (M)

for some Banach space isomorphism A, : V — W. Writing nearby operators T e
A B
Frede(D,H) as cC D

neighborhoods O(Ty) < Fredc(D,H) of Ty and D.(N\g) = C of Ay, admitting a
holomorphic map

d: O(Ty) x De(Xg) = Ende(K) : (T,\)— (D—-X)—C(A-)\)""'B

such that ker(T — \) = ker ®(T, \). The set of eigenvalues of T near )q is then the
zero set of the holomorphic function

(3.12) D.(Ag) = C: X — det &(Ty, A).

Ty is thus

, we can imitate the construction in (3.11) to produce

This function cannot be identically zero since there are no eigenvalues outside of R,
thus the zero at )¢ is isolated, proving (2).

To prove (3), note finally that if the neighborhood O(Ty) < Fredc(D, H) of Ty
is sufficiently small, then for every T € O(Ty), the holomorphic function

fT . ]De()\(]) — C: A det (I)(T, )\)

has the same algebraic count of zeroes in D, (\g), all of which lie in [Ag — €, A\g + €]
if T is symmetric. Observe moreover that since

8)\<I>(T0, )\0) =—1¢€ End(c(K),

we are free to assume after possibly shrinking € and O(Ty) that 0,®(T, \) is always
a nonsingular transformation in End¢(K). Since (T, ) is in End?™(K') and thus
diagonalizable whenever T is symmetric and A € R, it follows via Exercise 3.5.13
below that the order of any zero fr(\) = 0 is precisely the multiplicity of A as an
eigenvalue of T. 0

EXERCISE 3.5.13. Suppose U < C is an open subset, A : Y — C"*™ is a holomor-
phic map and zy € U is a point at which A(z) is noninvertible but diagonalizable,
and A’(z9) € GL(n,C). Show that dimc ker A(z) is the order of the zero of the

holomorphic function det A : i — C at z.
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The next result implies that for a generic path of symmetric index 0 operators
as appears in our definition of p*P*(T_, T, ), the spectral flow is indeed a signed
count of eigenvalues crossing 0.

PROPOSITION 3.5.14. Suppose {Ts € Fred?™ (D, H, T]fef)}se(_1 ) s a smooth path
and \g € R is a simple eigenvalue of Ty. Then:

(1) For sufficiently small € > 0, there exists a unique smooth function X :
(—e,€) = R such that \(0) = N\g and A(s) is a simple eigenvalue of Ty for
each s € (—¢,€).

(2) The deriative N'(0) is nonzero if and only if the intersection of the path
{Ts — Ao € Fredy™ (D, H, Trer)} yo(_1.1) with Fred™ (D, H, Trer) at 5 = 0
is transverse, and the sign of X'(0) is then the sign of the intersection.

PRrOOF. Using the same construction as in the proof of Proposition 3.5.12; we
can find small numbers € > 0 and § > 0 such that

{(s,\) € (—€,€) x (Ag =&, X0+ 8) | Ae o(T,)} = 27(0),

where
D (—e,€) x (Mo — 0, Ao +0) = EndY™(K) : (5,\) = (D, — \) — C, (A, — \) ' By,
and we write T, = és gs with respect to splittings D = VK and H = WHK

with K = ker(To — X\g), W =im(Ty — \g) and V = W n D. In saying this, we've
implicitly used the assumption that )\g is a simple eigenvalue, as it follows that
dimp ker(T — A) cannot be larger than 1 for any T near Ty and A near A, so that
®~1(0) catches all nearby eigenvalues. Simplicity also means that Endy™(K) is real
1-dimensional, and we have

6Sq>(0, )\0) = ast|s:07 aAq)(O7 )\0) = -1

The implicit function theorem thus gives ®~1(0) near (0,)y) the structure of a
smooth 1-manifold with tangent space at (0, \g) spanned by the vector

as + (ast|s:O) 6>\,

where we are identifying 0;D;|s—0 € Endy™ (K) with a real number via the natural
isomorphism Endy™(K) = R. Therefore ® '(0) can be written as the graph of
a uniquely determined smooth function A, whose derivative at zero is a multiple
of d;Dg|s—o. This proves both statements in the proposition, since by the proof
of Proposition 3.5.9, the intersection of {T,}(_1,1) with Fred%ym’l(D,’H,Tref) is
transverse if and only if 0;D;|s—¢ # 0, and its sign is then the sign of 0,Dg|s=o. O

The purpose of the next lemma is to prevent eigenvalues from escaping to +oo
under smooth families of operators in Fredy™ (D, H, T\er).

LEMMA 3.5.15. Suppose {K; € fﬁym(’}{)}se(a p is a smooth path of symmetric

bounded linear operators, and X : (a,b) — R is a smooth function such that for every
s € (a,b), A(s) is a simple eigenvalue of T := Tyet + K € Fredgd™ (D, H, Tyet). Then

IA5)| < 0Kz for all s € (a,b).
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PROOF. The operators {Ts — A(s)}se(ap) form a smooth path in the manifold
Fred®¥™" (D, H, Tyef), so Proposition 3.5.9 implies that the family of 1-dimensional
eigenspaces ker(Ty — A(s)) = D forms a smooth vector bundle over (a,b). We can
therefore pick a smooth family of eigenvectors z(s) € ker(Ts — A(s)) for s € (a,b)
and normalize them so that |z(s)|» = 1 for all s. Then 0 = 0.(x(s), z(s))n =
(i(s), 2(s) + (x(s), 2(s) )y and A(s) = (x(s), Tox(s))y, so writing K, := 0, K, =
0, T, we have

A(s) = 0ua(s), Tow(s)yn = (w(s), Koa(s)m + (i (s), Tox(s)m + (x(s), Toir(s)u
= (a(s), Ko (s))n

as the last two terms in the first line become \(s) [{Z(s), z(s))x + (x(s), 2(s))n] =0
since Ty is symmetric and Tz (s) = A(s)z(s). We obtain

A < ()l (Kl 2o |2(5) |4 = [Ksl.20)-
O

3.5.4. Homotopies of eigenvalues. Specializing further, we now set ‘H and
D equal to the specific real Hilbert spaces

H = L*(S', R*™), D .= H'(S', R*™)

and consider paths of asymptotic operators A, : H'(S!, R*") — L?(S',R?*"). Con-
cretely, this means setting T, := —Jy 0, and restricting to compact perturbations
K e £ (H) of the form Kn := —Sn for S : S' — End™™(R*") of class L®. The
resulting operators A = —.J 0, —S(t) belong to Fredy™ (D, H, Tef) by Lemma 3.4.7,
and by Remark 3.5.3, any smooth path s — S, in L®(S?, End®™™(R?")) gives rise to
a smooth path of operators Ay = —Jyd; — S5 in Fredy™ (D, H, Tret).

REMARK 3.5.16. We defined the topology of Fredg (D, H, Tyef) in §3.5.2 by
regarding it as an affine space over Zp"™ (#), which means in practice that a family
of trivialized asymptotic operators s — A, is considered continuous if and only if
A, = —Jy0;— S, for zeroth-order terms S, that define a continuous family of bounded
linear operators on L?*(S*,R**). Since the natural inclusion L*(S!, End(R?*")) —
L(L*(S',R*)) has closed image (cf. Remark 3.5.3), this is equivalent to the con-
tinuity of the map s — S, into L®, which means continuity in the topology of the
space of asymptotic operators as specified in Definition 3.4.5.

The proof of Theorem 3.5.1 requires only one more technical ingredient, whose
proof is given in Appendix C and should probably be skipped on first reading unless
you have already read Chapter 9 or seen similar applications of the Sard-Smale
theorem elsewhere. You might however find the result plausible in accordance with
the notion that maps from 2-dimensional domains, such as a map of the form

(—1,1) x R — Fredy™ (D, H, Tyer) : (5,\) > Ts — A

should generically not intersect submanifolds that have codimension 3 or more, such
as Fred?Y™"(D, H, Tyf) when k > 2.
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LEMMA 3.5.17 (see Appendix C). Fiz a smooth path [—1,1] — L*(S!, End™™(R?*")) :
s — Sg and consider the 1-parameter family of symmetric index 0 Fredholm opera-
tors
A, =—Jy0, — S, H(S', R*™) — L*(S', R*™)

for s € [—1,1], assuming A4y are isomorphisms. Then after replacing Ss by a
family of the form S,(t) := S,(t) + B(s,t) for some smooth function B : [—1,1] —
End™™(R?*") that vanishes for s = +1 and may be assumed arbitrarily C*-small,
one can arrange that the following conditions hold:

(1) For each s € (—1,1), all eigenvalues of A are simple.
(2) All intersections of the smooth path

(—1,1) = Fredy™ (D, H, Tier) : s — Ag

with Fred?™" (D, ", Tye) are transverse.

O

PROOF OF THEOREM 3.5.1. Given a family {A}se 1,17 as specified in the the-
orem, use Lemma 3.5.17 to obtain a C'®-small zeroth-order perturbation making all
eigenvalues simple for s € (—1,1) and all intersections with Fred®™"' (D, #) trans-
verse. Proposition 3.5.14 then implies that the eigenvalues depend smoothly on s,
and Lemma 3.5.15 imposes a uniform bound on their derivatives with respect to s
so that each one varies only in a bounded subset of R for s € (—1,1). The smooth
families of eigenvalues for s € (—1,1) therefore extend to continuous families for
s € [—1, 1] since the space of noninvertible Fredholm operators with index 0 is closed.
Proposition 3.5.12 ensures moreover that these continuous families hit every eigen-
value with the correct multiplicity at s = +1, and by Proposition 3.5.14, the formula
for p*P°(A_, A ) stated in the theorem is correct for the perturbed family with sim-
ple eigenvalues and transverse crossings. To obtain the same result for the original
family, suppose we have a sequence of perturbations {A} = A, + B"(s,)}se[-11]
such that B” : [-1,1] x S — End*™(R?*") is C®-convergent to 0 as v — o0.
Lemma 3.5.15 then provides a uniform C'-bound for each sequence of smooth fam-
ilies of eigenvalues, so they have C-convergent subsequences as v — o0, giving rise
to the continuous families in the statement of the theorem. O

REMARK 3.5.18. It is important to understand that the definition of spectral
flow depends on the particular co-orientation of Fred;ym’l(l?, H, T\er) that arose in
the proof of Prop. 3.5.9. We saw in Prop. 3.5.14 that this is indeed the right co-
orientation to use if we want to interpret signed intersections with Fred]SFym’1 (D, H, Trer)
as signed crossing numbers of eigenvalues. In the non-symmetric setting of §3.5.1,
one can show that Fred?Rgl(X ,Y') is also co-orientable—this is obvious in the finite-
dimensional case since Fred]%’l(]R", R™) is then a regular level set of the determinant
function. Moreover, Fredg'(R”, R™) is connected (see Exercise 3.5.19 below), so the
co-orientation is unique up to a sign. One can therefore lift the Z,-valued spectral
flow of §3.5.1 to Z, but as in Exercise 3.5.7, the result will be a different and much
less interesting invariant than p*P*°(A_, A, ), as its value will always be either 0 (if
det A_ and det A; have the same sign) or +1 (if they don’t). The reason for the
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discrepancy is that the canonical co-orientation of Fredﬁgm’l(l?, H, Tyer) must gen-
erally differ on some connected components from any possible co-orientation of the
larger hypersurface Fred}' (D, H) c Fred% (D, H).

EXERCISE 3.5.19. Show that the space FredY' (R?, R?) of rank 1 matrices in R?*?
is connected, but the space I*“redf[’{ym’1 (R%,R?) of symmetric rank 1 matrices is not, and
that the canonical co-orientation of Fred®™" (R2, R?) coming from Prop. 3.5.9 differs
on some components from any possible co-orientation of Fred)'(R? R?) ¢ R2*2,
Hint: A non-symmetric 2-by-2 matrix may have rank 1 even if both of its eigenvalues
are 0. For symmetric matrices, this cannot happen.

EXERCISE 3.5.20. Find a smooth path A : [—1, 1] — R?*? of symmetric matrices
such that Ay := A(%1) are both invertible and p***°(A_, A,) =2, but A, and A_
can also be connected by a smooth path of (not necessarily symmetric) invertible
matrices in R?*2,

DEFINITION 3.5.21. The spectral flow between two asymptotic operators A4
with trivial kernel on a Hermitian vector bundle (E,J,w) over S! is defined by
choosing a unitary trivialization to identify both with operators of the form A% =
—Jod — S+(t), and then setting pP*(A_, A}) = pP*(A%, A%), with the latter
defined via Theorem 3.5.1.

You should take a moment to convince yourself that the definition of p*P*“(A_, A )
does not depend on the choice of unitary trivialization.

We can now clarify what is meant when we say that critical points of the action
functional in SF'T or Floer homology have “infinite Morse index” and “infinite Morse
co-index”:

PROPOSITION 3.5.22. Fvery asymptotic operator has infinitely many eigenvalues
of both signs.

PROOF. For Ay := —Jy0; : HY(S', R*) — L*(S',R*"), the eigenvalues can be
computed explicitly (see the proof of Theorem 3.7.1 below), so one verifies easily
that there are infinitely many of both signs. It is therefore also true for Ay + €
for any ¢ € R, and this operator has trivial kernel whenever € ¢ 2n7Z. For any
other trivialized asymptotic operator A with 0 ¢ o(A), the result then follows from
Theorem 3.5.1 since pP*(Ag + €, A) is finite, and this is precisely the signed count
of eigenvalues which change sign. The condition 0 ¢ o(A) can then be lifted by
replacing A with A + e. OJ

EXERCISE 3.5.23. Prove:

(a) Asymptotic operators are self-adjoint (as unbounded operators on L? with
domain H') in the sense of Remark 3.5.11.

(b) For any asymptotic operator A on a bundle F, L?(E) admits an orthonor-
mal basis of eigenfunctions of A. Hint: Choose A € R\c(A) and notice that
the resolvent (A — A)~! defines a compact operator from L*(E) to itself.

The following result about the distribution of eigenvalues in the spectrum o(A) <
R will be needed when we discuss exponential decay estimates for solutions to linear
Cauchy-Riemann type equations in §4.6.
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PROPOSITION 3.5.24. For any asymptotic operator A and each L > 0, there
exists an upper bound on the number of eigenvalues of A that can lie in any closed
interval of length L in R.

Proor. We claim that if the statement holds for some asymptotic operator,
then it holds for every one. Indeed, consider a family A, = —Jy0; — S defined via a
smooth path [—1,1] — L®(S*, End®™(R?")), and perturb S, for s € (—1,1) so that
the transversality results of Lemma 3.5.17 hold. The functions A; : [-1,1] — R in
the statement of Theorem 3.5.1 are then smooth on (—1,1), and by Lemma 3.5.15,
they all satisfy a bound of the form |A;(s)] < C for some constant C' > 0 that is
independent of j and s. It follows that for any ¢ € R, the number (counting multi-
plicity) of eigenvalues of A; in [¢— L/2, ¢+ L/2] cannot exceed the number (counting
multiplicity) of eigenvalues of A_; in the larger interval [c— L/2—2C,c+ L/2+2C].
The result now follows from the fact that it holds for the trivial asymptotic operator

Ay := —Jy0;; as mentioned in the proof of Proposition 3.5.22 above, the eigenval-
ues of this operator are precisely the integer multiples of 27, so they are evenly
distributed in R. O

3.6. The Conley-Zehnder index of a nondegenerate orbit

We are now in a position to define a suitable replacement for the Morse index
in the context of SFT. In the abstract bundle setting, it takes the form of a locally
constant function

iy A(E) > Z

associated to each Hermitian vector bundle (E,w, J) over S* with symplectic trivi-
alization 7, and it will have the important property that its values fully classify the
connected components of the space of nondegenerate asymptotic operators. Recall
from §3.4 that the space A(FE) of asymptotic operators is an affine space over the
Banach space of symmetric bundle endomorphisms of class L, and the nondegen-
erate operators form an open subset A*(E) c A(F) characterized by the condition
ker A = {0}. Since the spectrum o(A) < R consists entirely of eigenvalues, nonde-
generacy of A € A(FE) is equivalent to the condition

0¢o(A).
The following general class of nondegenerate asymptotic operators will be used for

normalization purposes.

EXAMPLE 3.6.1. Suppose S € End*™(RR?) is a constant 2-by-2 symmetric matrix
with negative determinant. Then the trivialized asymptotic operator A = —Jy0; —

S HY(S',R?*) — L*(S',R?) is nondegenerate. To see this, observe that since R?
is spanned by an orthogonal pair of eigenvectors, one can assume after a suitable

change of basis that J, = (? _01> and S = (8 _Ob> for some a,b > 0. The

matrix appearing in the equation n = JySn is then Jyp.S = (2 8), which has the

real nonzero eigenvalues ++v/ab. It follows that the two eigenvalues of e/0“ lie in
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(0,1) and (1, 0), so there can be no 1-periodic solutions of the equation 7 = JySn,
and thus no nontrivial solutions n € H'(S*, R?) to An = 0.

In higher dimensions, the same result holds for A = —Jyd, — S : H'(S', R*") —
L?(S', R?") whenever the constant matrix S € End®™ (R*") is unitarily equivalent to
a diagonal matrix with n positive and n negative eigenvalues (counting multiplicity).
Indeed, this condition is equivalent to saying that R?" = C" can be decomposed into
orthogonal complex 1-dimensional subspaces such that S restricts to an orientation-
reversing isomorphism on each. The solutions to the equation 1 = JySn are then
linear combinations of solutions for the n = 1 case described in the previous para-
graph.

Choosing the identification R?" = C" so that J, = (gl) _Oﬂ), the canonical

example of a matrix with the properties described above is S = (g _0]1)

EXERCISE 3.6.2. Show that the space of matrices in End®™ (R?") unitarily equiv-
alent to a diagonal matrix with n positive and n negative eigenvalues (counting
multiplicity) is connected.

DEFINITION 3.6.3. The Conley-Zehnder index associates to every trivialized
nondegenerate asymptotic operator A = —Jyo; — S(¢) : H'(S?, R*") — L*(S R*")
an integer

pez(A) € Z
determined uniquely by the following properties:
(1) pcz(A) := 0 for any operator of the form A = —Jyd; — S where S €

End®™ (R?*") is a constant matrix unitarily equivalent to one that is diagonal
with n positive and n negative eigenvalues (counting multiplicity).
(2) For any two nondegenerate operators A 4,

pez(A-) — pez(Ay) == P (A AL).

Example 3.6.1 and Exercise 3.6.2 show that this definition does not depend on
the choice of a constant matrix S € End™™(R?*") with n positive and n negative
eigenvalues, as any two asymptotic operators constructed in this way are homotopic
through a family of nondegenerate asymptotic operators, and therefore have zero
spectral flow between them.

DEFINITION 3.6.4. Given a nondegenerate asymptotic operator A € A*(E) on
a Hermitian bundle (E, J,w) over S! and a choice of symplectic trivialization 7 for
(E,J), the Conley-Zehnder index of A with respect to 7 is the integer

pez(A) € Z
defined by choosing any unitary trivialization homotopic to 7 (cf. Remark 3.4.4) in

order to write A as an operator H!(S' R?") — L?(S',R?"), and then plugging in
Definition 3.6.3.

Suppose next that M is an odd-dimensional manifold with a stable Hamiltonian
structure H = (w, \), with its associated hyperplane field £ = ker A\ and Reeb vector
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field R. For a parametrized closed Reeb orbit v : S — M and any choice of w-
compatible complex structure J on the bundle v*¢ — S!, Exercise 3.3.4 shows that
7 is nondegenerate if and only if the associated asymptotic operator A, has trivial
kernel.

DEFINITION 3.6.5. Given a nondegenerate closed Reeb orbit v e 73(7{) and a
symplectic trivialization 7 of y*¢ — S!, the Conley-Zehnder index of v relative
to 7 is defined as

1z (V) 1= piz(Ay),
where A, is determined as in Definition 3.3.2 via an auxiliary choice of w-compatible
complex structure .J on the bundle v*¢ — S1.

It is clear from Definition 3.6.3 that any two trivialized asymptotic operators that
are homotopic through a family of nondegenerate operators have the same Conley-
Zehnder index, as the existence of such a homotopy implies that the spectral flow
between them is zero. For this reason, uf,(7y) in Definition 3.6.5 depends on the
trivialization 7 only up to homotopy: any homotopy of trivializations gives rise to
a homotopy of trivialized asymptotic operators that are all nondegenerate. For the
same reason, ¢y (7y) does not depend on the choice of complex structure J that is
used in defining A, as the set of all such choices is contractible.

It is customary elsewhere in the literature (see e.g. [CZ84,SZ92]) to adopt a
somewhat different perspective on the Conley-Zehnder index, in which it defines an
integer-valued invariant of connected components of the space of nondegenerate
symplectic arcs

{¥eC’(0,1],Sp(2n)) | ¥(0) =1 and 1 ¢ o(¥(1))},

where Sp(2n) < GL(2n,R) denotes the group of linear transformations that preserve
the standard symplectic form on R?". The connection between this notion and our
definitions above arises from the parallel transport map of an asymptotic operator
(see Proposition 3.4.11), and is elucidated in Definition 3.6.9 below.

EXERCISE 3.6.6. For an asymptotic operator A € A(FE) with parallel transport
map {V()}er, show that A is nondegenerate if and only if 1 ¢ o(W(1)).

EXERCISE 3.6.7. Show that if [0,1] - A(E) : s — A, is a continuous family of
asymptotic operators with parallel transport maps {U,(t)}er, then U (¢) depends
continuously on (s, t) € [0, 1] xR. Hint: Exercise 3.4.10 contains a useful result about
the continuous dependence of solutions to ODEs on parameters in the equation.

EXERCISE 3.6.8. Show that any smooth family {W,(t)}ef0,1)2 of symplectic
linear maps W,(t) : Ey — E; on a Hermitian bundle (£, w, J) over S! uniquely deter-
mines a continuous family of asymptotic operators {A, € A(E)}se[0,1] Whose parallel
transport maps over the interval [0,1] are {W,(t)},e[0,1]- Hint: See Remarks 3.4.12
and 3.5.2 for a few useful observations.

DEFINITION 3.6.9. The Conley-Zehnder index iz (V) € Z of a nondegenerate
symplectic arc W : [0, 1] — Sp(2n) is defined as pcz(A) for any choice of trivialized
asymptotic operator A whose parallel transport restricted to the interval [0, 1] is
homotopic to ¥ through a family of nondegenerate symplectic arcs.
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If you are wondering why Definition 3.6.9 does not simply choose A to be an
asymptotic operator whose parallel transport is W, the answer is that such an op-
erator might not exist since we only assumed ¥ to be of class C° and not W1®,
But by Proposition 3.4.11 and Remark 3.4.12, such an operator will always exist
after perturbing W : [0, 1] — Sp(2n) on (0, 1) to make it smooth. That the resulting
index is independent of this choice of perturbation then follows from Exercises 3.6.6
and 3.6.8, supplemented by the fact that a continuous homotopy between two smooth
paths always admits a C°-small perturbation to a smooth homotopy.

REMARK 3.6.10. For the asymptotic operator A, of a Reeb orbit v, the cor-
responding symplectic parallel transport map is given by the linearized Reeb flow
along v, restricted to £ (cf. Exercise 3.3.4 and Remark 3.3.5). Thus if one prefers as
in [SZ92] to speak in terms of nondegenerate symplectic arcs instead of asymptotic
operators, ufy(7y) is equivalently the Conley-Zehnder index of the linearized Reeb
flow along ~, expressed via a choice of symplectic trivialization as a nondegenerate
arc in Sp(2n — 2).

EXERCISE 3.6.11. Show that if A; and A, are nondegenerate asymptotic oper-
ators on Hermitian bundles F; and FEs, respectively, then A; @ A, defines a nonde-
generate asymptotic operator on £ @ E», and given trivializations 7; for j = 1, 2,

HES (AL @A) = pudy(Ar) + pudy(As).

REMARK 3.6.12. Contact geometry in dimension one is not very interesting, but
we will nonetheless occasionally need to allow n = 1 in the above discussion. On S*
with its standard orientation, any 1-form that is everywhere positive is contact, and
conversely, every stable Hamiltonian structure is of the form (0, o) with & > 0. The
induced contact structure is then a rank 0 bundle, which has a unique trivialization,
and closed Reeb orbits  are just covers of S'. The asymptotic operators A, for
these orbits are thus trivial operators on a 0-dimensional vector space, and in light
of the direct sum formula in Exercise 3.6.11, the only reasonable convention is to
set

pez () = pez(Ay) = 0.

This will lead to the correct Fredholm index formula for punctured holomorphic
curves in 2-dimensional symplectic cobordisms, which is just a fancy way of talking
about holomorphic branched covers between punctured Riemann surfaces (cf. Propo-
sition 15.3.1).

Here is the main result about Conley-Zehnder indices.

THEOREM 3.6.13. On any Hermitian bundle (E,J,w) — S' with symplectic
trivialization T, two nondegenerate asymptotic operators Ay € A*(FE) lie in the
same connected component of A*(E) if and only if np,(Ay) = pupy(A-).

Similarly, two nondegenerate symplectic arcs ¥4 : [0, 1] — Sp(2n) are homotopic
through a family of nondegenerate symplectic arcs if and only if pez(Vy) = pez(V_).

PROOF. In one direction, both statements are immediate from the definitions.
For the other direction of the first statement, we trivialize the bundle and aim to
show that if Ay = —Jy0; — S+ (t) satisfy pP°(A_, A, ) = 0, then they are connected
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FIGURE 3.1. Modifying a path of asymptotic operators {A}ser-11]
with zero spectral flow to produce a path of nondegenerate operators.

by a path of trivialized asymptotic operators for which no eigenvalues cross 0. To
see this, we can first choose any path {As}se[,m] of asymptotic operators with
Ay = A, such that (after perturbing it via Lemma 3.5.17) all eigenvalues of A,
for —1 < s < 1 are simple and their crossings with 0 are transverse with respect
to the parameter s. Any consecutive pair of crossings with opposite signs can then
be eliminated (see Figure 3.1) by changing {A}se[—1,1] to {As + ¢(s)}se[-1,1] for a
suitable choice of smooth function ¢ : [—1,1] — R. Since the spectral flow is zero,
one can repeat this modification until one obtains a path with no crossings.

The statement about symplectic arcs follows from the statement about asymp-
totic operators via Exercise 3.6.7. ]

3.7. Winding numbers of eigenfunctions

To compute Conley-Zehnder indices, Exercise 3.6.11 shows that it suffices if we
know how to compute them for operators on Hermitian line bundles. The next two
theorems provide a useful tool for this.

THEOREM 3.7.1. Let A = —Jyd; — S(t) : H(S',R?) — L*(S*,R?), where S €
L*®(SY, End™™(R?*")). For each \ € o(A), denote the corresponding eigenspace by
By c H'(S',R?).

(1) Every nontrivial eigenfunction ey € Fy is a continuous nowhere-zero loop
in R? and thus has a well-defined winding number wind(ey) € Z.

(2) Any two nontrivial eigenfunctions in the same eigenspace Ey have the same
winding number.

(3) If A\, € o(A) satisfy A < p, then any two nontrivial eigenfunctions ey € Ey
and e, € E, satisfy wind(ey) < wind(e,).

(4) For every k € Z, A has ezactly two eigenvalues (counting multiplicity) for
which the corresponding eigenfunctions have winding number equal to k.

ProOOF. We follow the proof given in [HWZ95].

Statement (1) follows from the generalized existence/uniqueness result of Exer-
cise 3.4.10 for solutions to the (possibly discontinuous) linear ODE 0;n = Jo(S+ ).
In particular, any solution that equals zero at a point must be identically zero, since
the trivial function is also a solution.
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To prove (2), let g and 7; be nontrivial eigenfunctions for the same eigenvalue A.
If their winding numbers are different, then there exists to € S at which 7, () is a
nonzero real multiple of 19(g), so after rescaling, we can assume 7o(tg) = 171(tp). But
no and 7, are both solutions to the same linear ODE, so this implies 7o(t) = n;(¢)
for all ¢ and thus contradicts the assumption on the winding numbers.

We prove the rest first for the case S = 0 and the operator Ay = —Jy0;. Let us
identify R? with C so that J, becomes i, and the equation Ayn = \n becomes

—i0m = My, hence n(t) = n(0)e™.

This is a well-defined function S' — C if and only if X € 27Z, thus o(Ag) = 27Z,
and the winding number of an eigenfunction with eigenvalue 27k is k. Statements
(2) and (3) for the operator A, are now obvious, and (4) follows from the observation
that for each A = 27k, the eigenspace E) has complex dimension one and thus real
dimension two, so in this case each eigenvalue is to be counted with multiplicity two.

For the case of an arbitrary trivialized asymptotic operator A, observe first that
each eigenspace F, < H'(S!,R?) is at most 2-dimensional, as the uniqueness of
solutions in Exercise 3.4.10 gives a linear injection

Ey\ — R?: n— 7(0).

Now choose a smooth path of asymptotic operators {As}se[O,l] from Ay = —Jyo;
to A; = A, and perturb it as in Lemma 3.5.17 so that all eigenvalues of A, for
s € (0,1) are simple. The same argument as in the proof of Theorem 3.5.1 (combining
Propositions 3.5.12 and 3.5.14 and Lemma 3.5.15) produces a discrete set of contin-
uous functions {}; : [0, 1] — R};ez whose values at each s € [0, 1] are the eigenvalues
of A (counted with multiplicity), and since eigenvalues for s € (0, 1) are simple, on
the open interval these functions are all smooth and no two of them ever coincide
(see Figure 3.2). It follows that the \; can be ordered to ensure \;(s) < A(s) for
j <k and all s € [0, 1], with strict inequality A;(s) < Ax(s) when s € (0,1). Propo-
sition 3.5.9 now implies that the 1-dimensional eigenspaces corresponding to the
eigenvalues \;(s) for s € (0,1) also vary smoothly in H'(S*, R?) with s, so in light of
the continuous inclusion H'(S') < C°(S') from the Sobolev embedding theorem,
one can span these eigenspaces with continuous families of nontrivial eigenfunctions
n;(s) € H*(S',R?). If we normalize them so that |n;(s)|z2 =1 for all j and s, then
they also extend continuously to s = 0 and s = 1 as nontrivial eigenfunctions of
Ay and A, respectively, and continuity implies that wind(n;(s)) € Z is independent
of s. Finally, we observe that pairs of the functions J; : [0, 1] — R may coincide at
s = 1 since eigenvalues of A; need not be simple (this occurs once in Figure 3.2),
but the bound dim F\ < 2 implies that no more than two of these functions can ever
have the same value. At s = 0, our computation of the spectrum of A, shows that
exactly two of them attain each value in 27Z. Tt follows that for every s € [0,1],
including s = 1, the function Z — Z : j — wind(n;(s)) is monotone increasing and
attains every value exactly twice. 0

The theorem implies the existence of a well-defined and nondecreasing function

o(A) > Z: X — wind()),
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)\2 = \3
—4 A1l Ao M AL As
FIGURE 3.2. Generic deformation of eigenvalues from Ag = —Jy0;

to an arbitrary asymptotic operator A in the proof of Theorem 3.7.1.

where wind(\) is defined as wind(ey) for any nontrivial ey € F), and this function
attains every value exactly twice (counting multiplicity of eigenvalues). Since eigen-
values of A are isolated, we can therefore associate to any asymptotic operator A
on the trivial Hermitian line bundle the integers

_ : : 7
a,(A) )\EU(Am)lﬁn(O’oo) wind(\) € Z,
(3.13) a_(A) = max  wind(\) € Z,

A€o (A)n(—00,0)
P(A) = a;(A) —a_(A) > 0.

We refer to a4 (A) as the (positive and negative) extremal winding numbers
of A. If A is nondegenerate, then Theorem 3.7.1 implies that p(A) is either 0
or 1, and it is in this case called the parity of A; the following result justifies this
terminology.

THEOREM 3.7.2. If A is a nondegenerate asymptotic operator on the trivial
Hermitian line bundle S* x R? — S!, then

fez(A) =20 (A) + p(A) =20, (A) — p(A).
1 0

0 —1

nition, and it has two constant eigenfunctions with eigenvalues of opposite signs,

hence

PROOF. The operator Ay = —Jy0; — satisfies poz(Ag) = 0 by defi-

O[_(AQ) = O[+(A0) = 0,

consistent with the stated formula. The general case then follows by choosing a
generic (in the sense of Lemma 3.5.17) path from Ay to A and observing that all
three expressions in the stated formula change in the same way whenever a simple
eigenvalue crosses zero. O

For any Hermitian line bundle (FE,J,w) over S! with an asymptotic operator
A, we can similarly choose a symplectic trivialization 7 to define a7 (A) € Z and
p(A) = a’(A) —a” (A) = 0; note that the dependence on 7 cancels out in the last
formula, so that p(A) is independent of choices. We then can associate to any closed
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Reeb orbit v € P(H) with a trivialization 7 of v*¢ the integers o (y) and p(7), such
that if - is nondegenerate, then p(v) € {0, 1} and

pez(v) = 2aZ(7) + p(7) = 2a5.(7) — p(7)-
EXERCISE 3.7.3. Given a Hermitian vector bundle (E,J,w) — S' with two
unitary trivializations 7; : £ — S x R*" for j = 1,2, denote by
deg(riom, ') e Z
the winding number of detg : S* — U(1) < C\{0}, where g : S' — U(n) is the
transition map appearing in the formula 7 o 7, '(¢,v) = (¢,g(t)v). Show that for
any nondegenerate asymptotic operator A on (E, J,w),

Hey(A) = uiz(A) + 2deg(rpom ).
Exercise 3.7.3 provides the useful formula

1z (7) = ncz(7) + 2deg(m o7 )
for any two symplectic trivializations 7, 75 of £ along a nondegenerate Reeb orbit ~,
where deg(7, o 77!) can be defined in this case after homotopies of 71 and 7, to
unitary trivializations. In particular, this shows that the parity

uey (1) = [tz ()] € Zo
of the orbit does not depend on a choice of trivialization. We sometimes refer to
even orbits and odd orbits accordingly.

To any closed Reeb orbit of period T > 0 parametrized by a loop 7 : S' — M
with 4 = T - R(v), one can associate a Reeb orbit of period kT for each k € N,
parametrized by

AR St M ot s (k).
We say 7* is the k-fold cover of v, and define the covering multiplicity
cov(y) e N

of an orbit v to be the largest number k such that ~ is the k-fold cover of another
orbit. We say ~ is simple or simply covered if cov(y) = 1, and otherwise call
it multiply covered. Notice that sections n € I'(y*¢) also have k-fold covers
1" € D((v%)*€), defined by 1*(t) = n(kt).

If A, has parallel transport map {¥.(¢)},er, then the parallel transport map of
A_« for each k € N is given by

U (t) = U (kt).

v
If A, is given in some choice of unitary trivialization of v*¢ by —Jy0, — S(t), then
using the pullback of the same trivialization on (v*)*¢, one now deduces via Propo-
sition 3.4.11 that Ak is given by

A = —Jo0 — kS(kt).
This implies:

PROPOSITION 3.7.4. Given a Reeb orbit v and k € N, the k-fold cover of each
eigenfunction ey of A, with A ey = MXey is an eigenfunction of A.x satisfying
A ek = kXek. O]
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EXERCISE 3.7.5. Assume dim M = 3.

(a) If v is a closed Reeb orbit in M and 7 is the pullback under S* — S* : ¢ — kt
of a trivialization of y*¢ — S, deduce from Theorem 3.7.1 that a nontrivial
eigenfunction ey of A.x is a k-fold cover if and only if wind"(ey) is divisible
by k.

(b) Under the same assumptions, show that for any nontrivial eigenfunction e,

of A,yk,
cov(ey) := max{m € N | e, is an m-fold cover} = ged(k, wind’ (e, )).

(c) Show that if v is a nondegenerate Reeb orbit with even Conley-Zehnder
index, then so are all of its multiple covers.

3.8. Elliptic and hyperbolic orbits

In this section we develop a few more techniques for the computation of Conley-
Zehnder indices, focusing mainly (but not exclusively) on the low-dimensional case.
We will need to use the following notation for the “floor” and “ceiling” of a real
number 6 € R,

Z3|0|<0<|[0|leZ for 0 e R,
0] =

where by definition | |0] + 1 whenever 6 ¢ Z, and [0] = |0] for 0 € Z.

DEFINITION 3.8.1. Assume M is a 3-manifold with a stable Hamiltonian struc-
ture H = (w, \) and the associated data & = ker A and R, y : S' — M parametrizes a
nondegenerate Reeb orbit of period T' = A(}) > 0, and I : §4(0) — &(0) denotes the
restriction of the linearized time-T" Reeb flow to £, ). Let A1, A € C denote the two
eigenvalues of I which satisfy A\ = 1 since ¢l is symplectic, and A\; # 1 # Ay
since 7 is nondegenerate. Then ~ is called

(1) positive hyperbolic if A\, Ay > 0;

(2) negative hyperbolic if A\j, Ay < 0;

(3) elliptic if i, A2 ¢ R.
Similarly, a nondegenerate symplectic arc ¥ : [0,1] — Sp(2) or a nondegenerate
asymptotic operator A on a Hermitian line bundle (E,w,J) — S with parallel
transport map {¥(¢)},r can be called positive/negative hyperbolic or elliptic’
according to the properties of the eigenvalues Ay, Ay € o(¥(1)).

Observe that every nondegenerate orbit must satisfy exactly one of the three con-
ditions in Definition 3.8.1, each of which encodes qualitative aspects of the dynamics
in the neighborhood of that orbit. This is a large subject, which we will not get
into here except to make some observations about the invariance of these properties
under deformations. In the elliptic case, the two eigenvalues \;, Ay necessarily form
a conjugate pair on the unit circle U(1) < C, and in both other cases, they must
both lie on the same side of 0 in R\{0}. Since U(1)u(—00,0) and (0,0)\{1} are each
open and closed subsets of (R\{0,1}) U U(1)  C (see Figure 3.3), it follows that

6Caution: the use of the word “elliptic” in this context is unrelated to its meaning in the theory
of partial differential operators (which will be relevant from Chapter 4 onwards). Every asymptotic
operator is elliptic in the latter sense, but not in the dynamical sense under consideration here.
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FiGure 3.3. Every symplectic linear map in dimension two has
spectrum contained in (R\{0}) u U(1) = C, but eigenvalues cannot
move between (0,00) and (—o0,0) U U(1) without crossing 1.

under any smooth deformation of stable Hamiltonian structures {#}sep,1] with an
accompanying smooth family {7, € P(Hs)}se[0,1] of nondegenerate Reeb orbits, the
orbits cannot deform from positive hyperbolic to either of the other two categories,
i.e. yo is positive hyperbolic if and only if 7, is. Indeed, since eigenvalues of the
linearized flow deform continuously as functions of s, they could not pass from the
positive real line to the circle or negative real line without crossing 1, which would
mean degeneracy. We will see in Theorem 3.9.1 below that this invariance property
is related to the odd/even parity of the Conley-Zehnder index. It’s worth looking
first at a couple of concrete examples.

EXAMPLE 3.8.2. On the trivial Hermitian line bundle over S!, consider an as-
ymptotic operator of the form

A=—Jyo, —¢

for ¢ € R. The spectrum and eigenfunctions of this operator were computed for
€ = 0 in the proof of Theorem 3.7.1; for general ¢ € R, the eigenfunctions are the
same, but the spectrum is shifted to 27Z — ¢, implying that A is degenerate if and
only if € € 27Z. If € ¢ 2nwZ, then inspecting the winding of the eigenfunctions and
applying Theorem 3.7.2 gives

pcz(A) = 2|e/2m| + 1.
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The parallel transport map ¥ : R — Sp(2) for this operator is given by

@wzé%:Cm@)—m@v7

sin(et)  cos(et)

so o(¥(1)) = {e’, e}, and A is therefore elliptic whenever € ¢ 7Z, and negative
hyperbolic for € € 7Z\27Z.

EXERCISE 3.8.3. Show that the asymptotic operators of Example 3.8.2 arise in
the following concrete example of a closed Reeb orbit: ~ : S1 — S x R? : ¢ s
(t,0) with positive contact form o = f(p) df + g(p) d¢ written in positively-oriented
coordinates (0, (p,¢)) € S' x R? where (p, ¢) are the standard polar coordinates
on R? and f,g : [0,00) — R are suitably chosen functions. Assuming f(0) > 0
and ¢(0) = 0, find an explicit formula for the offset € € R in terms of the ratio

1"(0)/4"(0).

EXAMPLE 3.8.4. The asymptotic operator

A=—%@—G i)

cosh(et) sinh(et)
sinh(et) cosh(et)
{e', e™"}, so it is positive hyperbolic. It also satisfies ucz(A) = 0 by the definition
of the Conley-Zehnder index.

Observe that by changing global trivializations as in Exercise 3.7.3, one can
produce from this example a positive hyperbolic asymptotic operator with arbitrary

even Conley-Zehnder index; indeed, changing trivializations alters the path U :
[0,1] — Sp(2), but does not change ¥(1).

for e > 0 has parallel transport map V(t) = ( ) and thus o(¥(1)) =

3.9. Some computational tools

We can now establish a useful topological criterion for computing the Conley-
Zehnder index of a nondegenerate symplectic arc ¥ : [0,1] — Sp(2). Given v €
R?\{0}, use the canonical identification R?> = C to write ¥(t)v = r,(t)e!”® for
some continuous functions 7,(¢) > 0 and 6,(t) € R. The winding interval of U is

defined as the set
A@y:{@gggﬂg vmwwm}ck

Notice that 6,(1)—6,(0) depends only on the normalized vector v/[v| = S* = R? and
this dependence is continuous, thus A(¥) < R is indeed a connected and compact
set, i.e. a closed bounded interval.

THEOREM 3.9.1. Given a nondegenerate symplectic arc ¥ : [0,1] — Sp(2), ez-
actly one of the following holds:

o U is elliptic or negative hyperbolic and there exists an integer k € Z with

poz(V) =2k + 1 and A(W) < (k k+1).
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o U is positive hyperbolic and there exists an integer k € Z, with
pez(V) =2k and A(V) N Z = {k}.

PRrOOF. Observe first that by explicit calculation, the stated formula relating
pez(¥) and the winding interval A(W) is correct for each of the models in Exam-
ples 3.8.2 and 3.8.4, which cover all possible values of the Conley-Zehnder index.

Next, if ¥ : [0,1] — Sp(2) is an arbitrary continuous map with ¥(0) = 1, then
the condition A(¥) N Z # (F is equivalent to the existence of a vector v € R?\{0}
for which ¥(1)v is a positive multiple of v, meaning W(1) has a positive eigenvalue.
This is true if and only if W is either degenerate or positive hyperbolic.

Now suppose ¥ is an arbitrary nondegenerate symplectic arc. If pucz(¥) is odd,
then Theorem 3.6.13 provides a homotopy {V, : [0, 1] — Sp(2)}se[o,1] through non-
degenerate symplectic arcs with ¥y = ¥ so that ¥ is the parallel transport of one
of the elliptic models in Example 3.8.2. Since o(¥y(1)) < U(1)\{1} and o(¥s(1))
cannot contain 1 for any s € [0, 1], it follows that o(¥(1)) is also contained in either
the unit circle or the negative real line, so W is elliptic or negative hyperbolic. If in-
stead pucz (W) is even, then a similar argument using the positive hyperbolic models
of Example 3.8.4 implies that W is positive hyperbolic.

Returning to the case ucz (V) ¢ 27, we now know that the nondegenerate sym-
plectic arcs ¥y in the homotopy of the previous paragraph are never positive hyper-
bolic, thus A(¥,) nZ = J for every s. Since the winding intervals A(¥y) depend
continuously on s, it follows that A(¥) is contained within the same open unit in-
terval (k,k + 1) as A(¥y), so the stated formula for pucz(¥) now follows from the
fact that it holds for the models in Example 3.8.2.

Finally, if pcz(V) € 27Z, then all Wy in the homotopy are positive hyperbolic,
implying that W4(1) for each s has two simple eigenvalues A € (0,1) and A\ € (1, o),
whose corresponding eigenvectors v span R2. Since the eigenvalues are simple, all
of this data varies continuously with s, and one therefore obtains two homotopies
of paths {vF(t) := U, (t)vf € Rz\{o}}se[o,uv such that v} (¢) and v (¢) are linearly
independent for all s and ¢, and the normalized paths t — vZ(t)/|vE(t)| are loops.
This implies that their total winding is the same for all s € [0, 1] and for both signs,
thus A(¥) contains only one integer, and it is the same integer that A(¥q) contains.
Once again, the stated formula for pcz(¥) now follows from the fact that it holds
for the model in Example 3.8.4. O

Using the direct sum property in Exercise 3.6.11, one derives from Theorem 3.9.1
the following alternative characterization of the Conley-Zehnder index in higher
dimensions (cf. [FH93, Proposition 5] or [Sch95, Theorem 3.3.7]):

COROLLARY 3.9.2. Using the canonical identification R? = C, consider the paths
in Endg (C™) defined by
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and the loop

627rit 0O --- 0
a(t) = : o, :

Defining the standard symplectic form on C™ by wo = Re(i-, ) and identifying R*"
with C™ makes all of these into paths in Sp(2n). Then every nondegenerate sym-
plectic arc W : [0, 1] — Sp(2n) is homotopic through nondegenerate symplectic arcs
to ezactly one of the arcs ®p(t) := o(t)ka(t) or Ui(t) := o(t)*B(t) for some k € Z,
which satisfy

,ucz(q)k) =2k + n, ,UCZ(\I[k) =2k+n-—1.

3.10. Multiple covers and the monodromy angle

In many applications, it is important to understand how the Conley-Zehnder
index scales when an orbit +y is replaced by its multiple covers +* for k € N. A first
guess would be pcz(7*) = kpcz(y), which turns out to be true in the hyperbolic
cases, but the behavior of elliptic orbits is more complicated. Let us frame the
discussion in terms of asymptotic operators, and associate to each k£ € N and each
operator A € A(E) on a Hermitian vector bundle (E,w, J) — S! its k-fold cover

A¥ e A(riE), where o ST — St kt,

defined via the condition that if A has parallel transport map {W(¢)}r, then the
parallel transport map of A* is {Uy(t)}er with Wy (¢) := W(kt). In particular, if
A = A, for a Reeb orbit ~, then A* = A . If we choose a unitary trivialization of
E to write A = —Jyd; — S(t) : H'(S',R?) — L*(S',R?), then using the pullback of
this trivialization on 7} £ identifies A* with

A¥ = —Jy0, — kS(kt) : H' (S, R?) — L*(S', R?).

LEMMA 3.10.1. For every k € N and every trivialized asymptotic operator A :
HY(SY, R?) — L2(SY,R?), a (AF) = ka (A) and a,(AF) < ka, (A).

PROOF. By definition, a (A) is the winding number of some eigenfunction ey
of A with eigenvalue A < 0. By Proposition 3.7.4, the k-fold cover €} is likewise an
eigenfunction of A* with eigenvalue kXA < 0, so its winding wind(ef) = k wind(ey) =
ka_(A) provides a lower bound for a_(A*). A similar argument shows that ko, (A)
is an upper bound for a, (A¥). O

LEMMA 3.10.2. Suppose (E,w,J) is a Hermitian line bundle over S* and A €
A(FE) is nondegenerate.
(1) If A is positive hyperbolic, then AF is also positive hyperbolic for every
ke N.
(2) If A is negative hyperbolic, then its covers A* for k € N odd are also
negative hyperbolic, but its double cover A? is either positive hyperbolic or
degenerate.
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(3) If A is elliptic, then either A¥ is also elliptic for every k € N or it is elliptic
for all k outside of a subgroup mZ < 7. for some integer m = 2, and one of
the following s true:

(i) m is odd and A*™ is degenerate for all k € N;
(ii) A*™ is negative hyperbolic for all k odd and degenerate for all k even.

ProOOF. All three statements follow easily from properties of the spectrum of
the parallel transport map (1) : Ey — FE, and the fact that U(k) = U(1)* for
every k € N. In the elliptic case in particular, if o(¥(1)) = {e* ¢ 27} then
o(U(k)) = {e¥i0 e~ 2mik0} contains no real numbers for any k € N if 6 is irrational,
and otherwise there is degeneracy or negative hyperbolicity only for k € mZ where
m € N is the smallest natural number such that mf e %Z. If m@ € Z, then m is
necessarily odd and we have degeneracy for all £ € mZ. The remaining possibility
is that m# is a half-integer but not an integer, in which case o(¥(km)) is {—1} for
all odd k and {1} for all even k. O

THEOREM 3.10.3. Let E denote the trivial Hermitian line bundle S x R? — S*.
There exists a unique function

6:AFE) - R,
called the monodromy angle, such that
a_(A) <O(A) <ar(A) and O(A%) = kO(A)
for all A € A(E) and k € N. Moreover, 0 has the following properties:

1) 0 is continuous with respect to the L™ -topology on see Definition 3.4.5);
0 h he L* l A(E Defi
(2) A € A(E) is elliptic if and only if 0(A) ¢ 17Z;
€ 18 negative hyperbolic if and only i €3 ;
3) Ae A(E h bolic if and only if (A ;Z /
€ 15 either degenerate or positive hyperbolic if and only ¢ € /.
4) Ae A(E her d h bolic if and only if 0(A) € Z

PrROOF. We proceed in seven steps.

Step 1: Existence and uniqueness.
We claim that for each trivialized asymptotic operator A, there is a unique 0 € R
such that

a (AF) < kO < a (A

for every k € N. Indeed, this condition means 6 € (), y[o—(AF)/k, o (AF)/E].
Choose any strictly increasing sequence k; € N such that k;4 is divisible by &; for
all j; then writing k;,1/k; =: m € N for a given j, Lemma 3.10.1 implies
(3.14)

a-(A%) _ ma(AB) _ a (A%) _ay(ABY) _may(AR) o (AB)

~

- ~ ~

kj kj+1 kj+1 kj+1 kj+1 a kj ’
SO I:a_(]jx J+1)’ oz+(kf§ 1“)] c [a—(]j‘ J), °‘+(kA J)] for all 7, meaning that the intervals
J+1 J+1 J J
o (A*) oy (AR

)| form a nested sequence. Since every asymptotic operator A has

k0 Ky
either trivial kernel or a unique winding number associated to nontrivial eigenfunc-
tions with eigenvalue 0, vy (A) — a_(A) can never be greater than 2, implying that
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the lengths of the intervals in our nested sequence tend to 0 as j — co. It follows
that there is a unique real number

)

Now if there exists a k € N such that 0 ¢ [a (A*)/k,a (A*)/k], then the intervals
[a_(A*)/k, o, (A®)/k] and [a_(AF)/k;, s (A%)/k;] must also be disjoint for all j
o (AN) ai(AN)
N TN
be contained in both of these intervals whenever N € N is divisible by both £k and k;,
so this proves the claim. Defining §(A) := 6, the resulting function 0 : A(E) — R
now manifestly has both of the properties a (A) < 0 < o, (A) and 0(A*) = k9(A),
and it is the only function that does so.
Step 2: Continuity.
To see that 6 is continuous, fix Ag € A(FE) and, for a given € > 0, choose k € N

. at (AR —a_(AF)
sufficiently large so that ———0~——=0-

are specific eigenfunctions of A with eigenvalues A{ > 0 and Ay < 0. Then for
any A € A(F) sufficiently close to Ay, we can also assume A* is close to A%, so
Proposition 3.5.12 implies that A* also has eigenvalues A* > 0 and A\~ < 0 close
to A and )\; respectively, whose corresponding eigenfunctions ey+ are close to €

sufficiently large. But the latter is impossible since by (3.14), [ ] must

< e. Write a4 (Af) = Wind(e/\oi), where €+

in the H'-topology and therefore also in C°, implying they have the same winding
numbers. This proves

a_(Ab) < a_(A¥) < o, (A) < o, (AD),

so the condition §(A) € [a (AF)/k, o, (A¥)/k] implies that §(A) and §(A,) both
belong to [a_(A%)/k, o, (Af)/k], and thus |0(A) — O(Ao)| < e.

Step 3: Positive hyperbolic implies 6 € 7.
By Theorems 3.7.2 and 3.9.1, A is positive hyperbolic if and only if it is nondegen-
erate with p(A) := a,(A) —a_(A) = 0, so 0(A) € [a_(A),a(A)] must be an
integer.

Step 4: Degenerate implies 0 € 7.
We claim that if A € A(FE) is degenerate, then it lies in the closure of the set of
positive hyperbolic operators in A(F), in which case steps 2 and 3 imply that 0(A)
is an integer. Thinking in terms of parallel transport maps, the claim follows easily
from the fact that any 2-by-2 symplectic matrix with spectrum {1} is equivalent after
a change of basis to one of the form ((1) Cf) for some a € R, which can be perturbed

eE
0
Proposition 3.4.11 as the end point of the parallel transport of a nearby positive
hyperbolic asymptotic operator.
Step 5: Odd index implies 6 ¢ 7.

Suppose A € A(F) is nondegenerate with ucz(A) odd, so Theorem 3.7.2 implies
that [a_(A), ay(A)] is a unit interval, and we claim that 6(A) lies in the interior
of this interval. Suppose to the contrary that #(A) = a_(A). One can use a change

within Sp(2) to ec_LE for € > 0 small, and the latter can then be realized using
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of trivialization to shift the winding numbers of a4 (A) by any desired integer, in
which case §(A) gets adjusted by the same shift, and pucz(A) is shifted by twice the
same integer (cf. Exercise 3.7.3), so we can use this trick to assume without loss of
generality that [a_(A),ar(A)] =[0,1], ucz(A) =1 and (A) = 0. Then for every
k e N, Lemma 3.10.1 implies

0=Fk0(A) =ka (A) <a_ (AF) <0(AF) =kO(A) =0,

thus a_(A*) = 0 as well. Now let ¥ : R — Sp(2) denote the parallel trans-
port map of A, which by Theorem 3.9.1 satisfies either o(¥(1)) < (—00,0) or
o(¥(1)) < U)\{1,—1}. Since ¥(k) = ¥(1)* for every k € N, in either case
there exist arbitrarily large values of k& for which o(W¥(k)) is also contained in ei-
ther (—o0,0) or U(1)\{1, —1}, which means there are arbitrarily large nondegen-
erate covers AF for which pcyz(A*) is also odd, implying in this situation that
pcz(A*) = 2a (A*) +1 = 1. But if ¥; denotes the parallel transport of A* Theo-
rem 3.9.1 then implies that the winding interval A(¥;) is a compact subinterval of
(0,1) for arbitrarily large values of k € N, which is impossible since A(¥) = [a, b]
for 0 < a <b < 1implies A(V},) < [ka, kb] for all k, and the latter can no longer be
contained in (0,1) when k > 1/a.

If we instead assume §(A) = a, (A), then after a different change of trivialization
we can assume without loss of generality that [a_(A), a;(A)] = [—1,0] and (A) =
0, so in this case pcz(A¥) = —1 for arbitrarily large values of k, and one obtains a
similar contradiction by looking at the winding intervals A(¥,) < (—1,0).

Step 6: Negative hyperbolic is equivalent to 0 € %Z\Z.

If A € A(E) is negative hyperbolic, then A? is either degenerate or positive hyper-
bolic by Lemma 3.10.2. By the results of steps 3 and 4, it follows that §(A) € 1Z.
But since pcz(A) is odd by Theorem 3.9.1, step 5 implies 0(A) ¢ Z.

Step 7: Elliptic implies 6 ¢ 17Z.

If A € A(E) is elliptic, then Lemma 3.10.2 implies that A? is either elliptic or
negative hyperbolic, so step 5 and Theorem 3.9.1 imply §(A?) = 20(A) ¢ Z and
thus 0(A) ¢ 3Z. O

Since [a—(A), a; (A] is always either a single point or a unit interval when A is
nondegenerate, Theorem 3.10.3 gives rise to the formulas

(3.15) a_(A)=|0(A),  a.(A)=[0(A)], if kerA ={0}.

Recall that a contact form « is called nondegenerate if all of its closed Reeb or-
bits are nondegenerate, and this condition holds for generic contact forms (see Re-
mark 1.3.13). In this situation, Lemma 3.10.2 implies that all covers of an elliptic
orbit are also elliptic, so one deduces from Theorem 3.10.3 that the corresponding
monodromy angle must be irrational. Combining these observations with the rela-
tion between pcz(A) and a4 (A) in Theorem 3.7.1, one now obtains the following
result for multiply covered Reeb orbits:

COROLLARY 3.10.4. Suppose v is a nondegenerate Reeb orbit in a 3-manifold M
with stable Hamiltonian structure H = (w, \) such that the multiple covers v* are
also nondegenerate for every k € N. Choose a symplectic trivialization 7 of &€ = ker A
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along v, and use the same notation to denote the trivializations along v* defined by
pulling back T along the covering map S* — St : t +— kt.

o [f~ is (positive or negative) hyperbolic, then

NTCZ(Vk) = kpgz(7)
for every k € N.
o If~ is elliptic, then there exists an irrational number 0 € R\Q such that

1) = 20k0) + 1 = 2[k0] — 1
for every k € N.
O

REMARK 3.10.5 (sign conventions). Our definition of the Conley-Zehnder index
for nondegenerate symplectic arcs agrees with definitions given in most other sources
(such as [FH93,Sch95,Sal99]), but one should be aware of occasional discrepancies.
The index p, in [SZ92] differs from our pcy by a sign: the reason (as helpfully
pointed out by [Sch95, p. 84]) is that Salamon and Zehnder define the standard

—1 0

symplectic structure and, in particular, changing the orientation of R2, so that
all winding numbers reverse sign. From the perspective of Floer homology, for
which u, was developed, the result is sensible: as mentioned in Remark 3.3.6, the
asymptotic operator in Floer homology has a different sign than in SFT, so reversing
the sign of the Conley-Zehnder index is the right thing to do if you want to regard
it as a relative Morse index for the action functional. It is inconvenient however
in other respects, e.g. when trying to compute pcz in terms of winding numbers,
thus later papers on Floer homology have often used definitions of ucz(¥) that are
equivalent to ours, but introduced modified indices for orbits in order to absorb the
sign difference, e.g. [Sal99] defines pg () := n — pcz(¥) for the linearized flow ¥
along an orbit 7. For the reasons why the latter is a natural convention in that
context, see Theorem 11.3.1 and Remark 11.3.2.

complex structure on R?*" as ( 0 g) instead of (]? _]1>, thus reversing its

3.11. CZ = Morse for geodesics

For any Riemannian manifold M, the unit cotangent bundle ST*M carries a
canonical contact form whose Reeb orbits are lifts of geodesics on M. A basic
result used often in applications is that for a natural choice of trivialization along
the lift of any closed co-orientable geodesic on M, the Conley-Zehnder index of the
lift equals the Morse index of the geodesic. In this section, we will prove a slight
generalization of this statement that is valid for arbitrary geodesics without any
orientability hypothesis. The proof is based roughly on [Web02], which proves a
similar result in the context of perturbed Hamiltonian systems.

3.11.1. The unit cotangent bundle. In the following, we assume (M, { , ))
is a Riemannian manifold with

dim M =n e N.
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For each g € M, the Riemannian metric induces musical isomorphisms
i TM —TiM : X — X, :=(X,-), g:=p7! (TPM — T,M : —

and we will also use ( , ) to denote the induced bundle metric on T*M, for which
» and £ are isometries. When viewing the cotangent bundle T*M as a manifold, we
shall denote its elements as pairs

(¢,p) € T*M,
where ¢ € M and p € T/ M. The unit cotangent bundle is then defined by

ST*M := {(q,p) e T*M | |p| = 1},

where |p| :== 4/{p, p). In order to describe the tangent space to T*M at a point (g, p),
we use the Levi-Civita connection V on M to split T{,,) (7™ M) into horizontal and
vertical subspaces, which are naturally identified with 7, M and T, M respectively,
producing a natural isomorphism

Tiop)(T*M) = T,M ® T M.

With this understood, we will always write elements of T, (T*M) as pairs (X,n)
where X € T;M is the horizontal part and n € TM the vertical part, so e.g. the
derivative of a smooth path ~y(t) = (¢(¢),p(t)) € T*M is now expressed in terms of
the covariant derivative induced on T*M by the Levi-Civita connection, namely as

Y(t) = (4(t), Vip(t)) € Tyry M ® Ty M = Tig(t) piay) (T M).
For (q,p) € ST*M, we have
T (ST*M) = {(X,n) e M @T; M | {p,n) = 0} < T(g(T*M).
The tautological Liouville form A\gq on T*M is given by
()\std)(%p) (X7 77) = p(X)7

and is thus often abbreviated in the literature as “pdq”; indeed, if one makes
any choice of local coordinates ¢!,...,¢" on a region Y < M and denotes by
(¢', ..., q" p1,...,pn) the induced chart on T*U < T*M for which a point q € U
with coordinates (¢', ..., q") gives rise to elements (q, >, p; dq') € T*U with coordi-
nates (¢*,...,¢" p1,...,Pn), then A¢q in these coordinates takes the form >, p; dg".
Note that while we have made use of the splitting Ty, (T*M) = T,M @ Ty M de-
termined by the Levi-Civita connection in order to write down the formula for Agq
above, its definition does not actually depend on the connection or the metric. It
will be convenient however to make further use of this splitting in order to write
down the symplectic form dAgq. We start by defining a Riemannian metric ( , ) on
T*M for which the horizontal and vertical parts of Ti,,(T*M) are orthogonal to
each other and each carry the inner products that we previously chose on T, M and
T; M respectively. We also use the splitting to define an almost complex structure
Jsta on T* M in block matrix form by

O F3 ES
Jstd 1= (—b (ﬂ)> 3T(q,p)(T M) — T(q,p)(T M),
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and observe that Jgq preserves the metric defined above, and maps the horizontal
and vertical subbundles of T'(T*M) isometrically to each other. Both of these defi-
nitions depend on the Riemannian metric of M, but the pairing {Jyq-, -y turns out
to be independent of this data:

EXERCISE 3.11.1. Prove
d)\std = <Jstd'7 > on T*M.

In particular, d\gq is a symplectic form, Jsq is a dAgq-compatible almost com-
plex structure, and for each (¢,p) € T*M, the horizontal and vertical subspaces
of Tigp(T*M) are Lagrangian. Hint: Given &, € T(y,)(T*M), make an intelli-
gent choice of smooth map ~(s,t) = (q(s,t),p(s,t)) € T*M for (s,t) € (—e¢,¢)?
such that v(0,0) = (q,p), 0s7(0,0) = & and 0yy(0,0) = n, and use the formula
dAsta(€,m) = 05 [Asta(0rY)] — Ok [Asta(0sY)] ‘s:t:O' It suffices to consider separately
the cases where each of &, 7 is horizontal or vertical.

EXERCISE 3.11.2. Show that the Liouville vector field V on T*M charaterized
by the relation dAgq(V, ) = Asa is given by V(q,p) = (0, p).

Exercise 3.11.2 shows that the unit cotangent bundle ST*M is a contact-type
hypersurface in (T*M, d)\gq), thus the restriction

Ostd -= )\std|T(ST*M) € QI(ST*M)

is a contact form. The induced contact structure &gq = ker agq < T(ST*M) is
given by

(316> (gstd)(qm) = {(X7 77) € TqMG‘)Tq*M ‘ p(X) = <p7 77> = 0} < T(CLP)(ST*M)

It is easy to check that this subbundle is preserved by Jsq, hence Jiq also defines
a compatible complex structure on the symplectic vector bundle (&4, dagstq). More-
over, the intersections of £q with the horizontal and vertical subbundles of T'(T* M)
define a natural splitting

(3.17) Esta = Elta @ Enas

where (€%4)(4,p) is the horizontal lift of ker p < T, M and (£44)(q,) is the orthogonal
complement of p in the vertical subspace of T{,,)(7*M) under its canonical identi-
fication with 7M. Both summands in this splitting are Lagrangian subbundles of
(&sta, daiseq), and we have

Jsta(Eha) = Ea-

EXERCISE 3.11.3. Show that as complex vector bundles with complex structure
Jsta, both T(T*M) — T*M and &g — ST*M are complex-isomorphic to their
respective dual bundles. This implies in particular that both have vanishing first
Chern class. Hint: Use the horizontal /vertical splitting.

Using the formula for d\sq in Exercise 3.11.1, one computes that the Reeb vector

field Ryq := R, . of agq is

Astd

Rstd(Q7p) = (pﬁ7 0)
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A smooth path y(t) = (q(t),p(t)) € ST*M therefore satisfies ¥ = Rgq(7) if and only
if ¢(t) = p(t)* and Vp(t) = 0, which implies V,;¢(t) = 0, hence the path t — ¢(t) is
a geodesic in (M, , )). We've proved:

PROPOSITION 3.11.4. Every geodesic q : (a,b) — M on (M, {, )) with unit speed
|¢| = 1 has a natural lift v : (a,b) — ST*M to a Reeb orbit in (ST*M, asa), given
by v(t) := (q(t),q(t),). Conversely, every Reeb orbit in (ST*M,«) is in this sense
the lift of a unique geodesic on (M,{ , ) with unit speed. O

Since we are interested mainly in closed Reeb orbits, we now consider closed
geodesics on (M,{ , ). The first thing that must be pointed out is that since
geodesics ¢ : R — M satisfy a second-order equation, the condition ¢(T") = ¢(0)
for some T" > 0 does not suffice to ensure that ¢ is T-periodic, though enhancing
it with ¢(7") = ¢(0) would suffice. The more convenient approach for our purposes
is to parametrize geodesics on S! = R/Z, though this will necessitate dropping the
preference for unit speed, as a closed geodesic may in principle have any length.
This corresponds to the fact that in order to consider Reeb orbits of all possible
periods, we must allow parametrizations v : S — M in which 7 is proportional
but not necessarily equal to Rgq(7y) (cf. Definition 3.1.2). We thus associate to any
nonconstant periodic solution of the geodesic equation

q:S'"— M, Vig=0
with constant speed T := |¢(t)| > 0 the closed Reeb orbit with parametrization
v: 8t = ST*M,  A(t) == (q(t), 4(t),/T),

which satisfies ¥ = T - Rgq(7y). Conversely, projecting any closed Reeb orbit v :
S — ST*M to M gives rise to a periodic geodesic ¢ : S' — M whose constant
speed is the period of 7.

REMARK 3.11.5. Like closed Reeb orbits, nonconstant periodic geodesics always
come in S*-families of parametrizations related to each other by constant shifts. But
for geodesics, an additional reparametrization is possible that makes no sense for
Reeb orbits: one can replace ¢ : S* — M with the geodesic ¢~ : S* — M defined
by ¢~ (t) := q(—t). Obviously ¢ and ¢~ have the same image in M, but their lifts as
Reeb orbits in ST*M are typically disjoint from each other, e.g. even at time t = 0
where ¢(0) = ¢ (0), the vertical components of their lifts occupy antipodal points
in the fiber of ST*M over ¢(0).

3.11.2. The energy functional and its Hessian. One of the great historical
successes of Morse theory (see [Mil63]) was to prove existence results for geodesics
by exploiting the fact that geodesics, unlike Reeb orbits (cf. Prop. 3.5.22), can be
regarded as critical points of a suitable functional with finite Morse index. The
functional in question is called energy, and in the setting of periodic orbits, one
defines it by

£:C°(S, M) > R: g % ()2 dt.
Sl
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Its first variation at ¢ € C*(S', M) is a linear operator d€(q) : T'(¢*TM) — R
taking the form

WX == || (Tudlt) X(0)dt = (TE(@). Xz

where we define the L?-gradient of £ at ¢ by
VE(q) := —VigeT(¢*"TM)

and observe that this gradient vanishes if and only if ¢ is a periodic geodesic. To
write down the Hessian of £ at a critical point ¢, we consider a smooth family of
loops {g, : ST = M} pe(—c.) With go = ¢ and X := 0,q,|,=0 € ['(¢*T' M), and compute

vag(qp)|p:0 = - vatc.”p:o = - Vtvpc.”p:o - R(X, Q)q = —V?X - R(Xa Q)CL

where R denotes the Riemann curvature tensor of (M,{ , )), and we’ve used the
symmetry of the connection to replace V,q,|,—0 with V;0,q,/,—0 = V;X. This
determines the second-order differential operator

V2E(q) : T(¢*TM) - T(¢*TM) : X — =ViX - R(X, ),
which we will call the Hessian of £ at the critical point ¢ € C*(S!, M).

EXERCISE 3.11.6. Check that V2£(q) is symmetric with respect to the L2-pairing
(X, Y )2 := {1 (X(t),Y(t))dt on T'(¢*TM).

We are not interested in constant geodesics for this discussion, so let us restrict
attention to critical points g of £ such that ¢ is nowhere zero. In this case, V2£(q)
always has the nontrivial section ¢ € I'(¢*T'M) in its kernel; this results from the fact
that the energy functional is invariant under the S'-action defined on C*(S*, M) by
shifting parametrizations. As we will see below, however, it can and frequently does
happen that this one section spans the entire kernel. Let us henceforward denote by

N, cq¢*'TM

the normal bundle of any nonconstant periodic geodesic ¢ : S — M, defined literally
as the orthogonal complement of the line bundle R{(¢) < ¢*T'M spanned by g.

LEMMA 3.11.7. Given a nonconstant periodic geodesic q : S* — M, the Hessian
V2E(q) respects the splitting ¢*TM = R{(¢) ® N,, and its kernel on the first factor
is the 1-dimensional space spanned by q € T'(¢*TM).

PROOF. An arbitrary section of the 1-dimensional subbundle R{¢) c ¢*T'M can
be written as f¢ for some smooth function f : S* — R, and since V;§ = 0 and the
Riemann tensor is antisymmetric, we then have

VZE(q) fi=~ViVi(fQ) — R(f4,4)d = —=Vi(fd) — fR(4,9)q = —fd € R().
This proves that V2E(q) preserves the subspace I'(R(¢)) = T'(¢*T' M), and moreover,
fq belongs to ker V2£(q) if and only if f : S' — R has vanishing second derivative,
which is ruled out by periodicity unless f is constant. Now, observe that a section
X € I'(¢*TM) takes values in the normal subbundle N, if and only if it is L*-
orthogonal to f¢ for every smooth function f : S' — R. The fact that V2E(q) is
L*-symmetric then implies that it also preserves I'(N,) < I'(¢*T'M). U
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The lemma implies that the interesting information in V2&(q) is carried by its
well-defined restriction

ViE(q) : T(Ng) = T(N,),

another symmetric operator which we will call the normal Hessian of q.

EXERCISE 3.11.8. Show that the extension of V4 £&(q) to a bounded linear oper-
ator H?(N,) — L?*(N,) is Fredholm with index 0. Hint: If N, is orientable, then it
is trivial and one can thus reduce the problem as in Lemma 3.4.7 to calculating the
kernel and cokernel of 07 : H*(S',R"!) — L*(S',R"!), which is doable via either
integration or Fourier series. If N, is not orientable, then it suffices to supplement
this result with the following claim: the operator

o {fe HX(S\R) | f(t+1/2) = =f(O)} — {f € L*(S",R) | f(t +1/2) = —f(t)}
is invertible.

The results of §3.5.3 now imply that as an unbounded operator on L?*(N,) with
dense and compactly embedded domain H*(N,) = L*(N,), the spectrum of V4E(q)
consists of isolated real eigenvalues, each with finite multiplicity. These conclusions
could also alternatively be deduced from the observation that V3,E(q) with domain

H?*(N,) « L*(N,) is a self-adjoint operator on L?(N,) with compact resolvent. But
there is now a crucial difference in comparison with asymptotic operators:

LEMMA 3.11.9. The spectrum o(V4E(q)) = R is bounded from below, so in
particular, V4E(q) has at most finitely many negative eigenvalues, counting multi-
plicitiy.

PROOF. It suffices to show that V4 (q) + A is a positive operator for every A > 0
sufficiently large. Indeed, for X € I'(N,), integration by parts gives

(X, (VRE(@) + NX ), = ~(X, ViX)r2 — (X, R(X, Q) dyre + A X7
= |V X7 + AIX |72 — (X, R(X, 4) )1
> |V X7 + (A = )| X7
for some constant ¢ > 0, since X — R(X,¢)q is an L?-bounded operator. O]
DEFINITION 3.11.10. The Morse index
Morse(q) = 0

of a nonconstant periodic geodesic ¢ : S* — M on (M, {, )) is defined as the number
of negative eigenvalues (counting multiplicity) of the normal Hessian V3.E(q). We
call ¢ a nondegenerate geodesic if V% E(q) does not have 0 as an eigenvalue.

ExamMpLE 3.11.11. If (M,{ , )) has negative sectional curvature everywhere,
then all of its nonconstant periodic geodesics are nondegenerate and have Morse
index 0. Indeed, for any geodesic ¢ : S' — M and X € T'(N,), the same calculation
as above via integration by parts gives

(X, VAE(@)X)Le = |VeX |72 — (X, R(X, @)g)e.
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Since X and ¢ are everywhere orthogonal, the second term is nonnegative due to
the sectional curvature assumption, and vanishes if and only if X = 0. It follows
that V%£&(g) has no nonpositive eigenvalues.

3.11.3. Conley-Zehnder indices of lifted geodesics. We are now ready
to state the main result of this section. Given a nonconstant periodic geodesic
q: S* — M, denote its lift to the unit cotangent bundle by v = (¢,p) : St — ST*M,
where we recall that p(t) € T, M is a unit vector obtained by acting on ¢(¢) with
the musical isomorphism » : Ty M — T, M and then normalizing it. By (3.17),
the Hermitian bundle (v*&sq, Jsta, dsta) splits into a direct sum of two Lagrangian
subbundles v*¢" ; and y*€% = Jua(7*ER ), the first of which is simply the horizontal
lift of N,. Given a symplectic trivialization 7 of (y*&sa, dosta), we denote by

MT(V*fstda ff&d)

the Maslov index of the resulting loop of Lagrangian subspaces in R**~2 (see
e.g. [MS17, §2.3]).

THEOREM 3.11.12. Assume (M,{ , )) is a Riemannian manifold, and q : S* —
M is a mnonconstant periodic geodesic with lift v = (q,p) : S* — ST*M. Then q is
a nondegenerate geodesic if and only if v is a nondegenerate Reeb orbit, and in this
case,

peAy) = Morse(q) + u7 (V" €, 7 Eka)
for any choice of symplectic trivialization T of v*Egq.-

EXERCISE 3.11.13. Convince yourself that both sides of the formula in Theo-
rem 3.11.12 transform the same way if the choice of symplectic trivialization 7 is
changed.

The most interesting special case of Theorem 3.11.12 is when the geodesic ¢ :
S' — M is co-orientable, meaning that its normal bundle N, — S! is orientable.
This is guaranteed to hold if M itself is orientable, and it also holds for the double
cover of any (not necessarily co-orientable) periodic geodesic. In this case N, is a
trivial bundle, so there is a preferred class of unitary trivializations of v*&q defined
by horizontally lifting any global real frame of N, to a frame on v*¢”; and then
regarding it as a complex frame on v*£,q4. For any trivialization 7 of this form, the
loop of Lagrangian subspaces defining p” (7*&sa, 7*€% ) is constant, so the Maslov
index in the above formula vanishes, giving:

COROLLARY 3.11.14. In the setting of Theorem 3.11.12, assume additionally
that the geodesic q : S' — M is co-orientable and T is obtained in the natural way
from a trivialization of the normal bundle N, — S*. Then

1gz(y) = Morse(q).
O
The proof of Theorem 3.11.12 requires deriving a new formula for the asymptotic

operator of v so that an explicit relationship can be seen between its kernel and
that of V4.&(q). The formula in Definition 3.3.2 is non-ideal for this purpose, as
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it requires a choice of symmetric connection on S7*M that is not canonical in the
present setting, and it also ignores certain useful information that is specific to
the unit cotangent bundle. In our present context, the contact action functional
Aga = Aa,,, : C*(SY, ST*M) — R at an arbitrary loop v = (¢,p) : St — ST*M
takes the form

Asea(v) = J

S

v = | awG)d = [ po)
1 Sl Sl
and its gradient VAsa(7) = —JstaTe,, Y € I'(7*&sta) can be written as
V~/45td (7) = T dJstd [7 — Ogtd (W)Rstd (7)]
_ (0 -4 q S (P (0 8\ (d— ()
- (b 0) [(Vm) —pld) (0 “\b oo Vip
()
¢ —p(Q)p)"
Next, assume 7 is a critical point of Agqg parametrized so that T := p(q) > 0 is
constant, so g : S* — M is a geodesic of constant speed T and p = %q'b. To compute

the Hessian A, 1= V?Aga(7) : T(v*6wa) = T(7v*&sa), we consider a smooth 1-
parameter family of loops v, = (¢,,p,) : S' — ST*M with vy = v and 0,7,|

(000l =0 » Vool ,—o) =t (X,m) € T(7*Esa), and compute
) Vo) i
T\ n P\ (Go)» — Pp(do)pp p—0 (Vodp)s = Vo [Pp(dp)pp)

The top entry can be rewritten using the Riemann tensor of (M, , )) as

_vpvtpfy‘pzo = —Vﬂ?ﬁ - R(X7 Q)pti

p=0 —

p=0

For the bottom entry, we observe that p(X) = {(p,n) = #n(¢) = 0 due to the
assumption that (X, 7) takes values in the contact subbundle, and since Vip = 0,
we also have 0 = 0, [p(X)] = p(V,X). Using the symmetry of the connection, we
then find

(Voio)s = Vo [0 (G009l | -y = VeXs = [0(d) — p(VeX)]p = Ty = VX, = T,

~~
=0

The fact that V,q and V;p vanish also implies incidentally that the covariant deriva-
tive operators on ¢*T'M and ¢*1™*M induced by the Levi-Civita connection preserve
the subbundles N, < ¢*T'M and (N,), < ¢*T*M, which are the orthogonal com-
plements of R{(¢) and R{p) respectively. They also are canonically identified with
the summands 7*¢" ; and 7*¢%, in the horizontal /vertical splitting of y*£s4q, so the
latter now acquires via this splitting a natural metric connection. Putting all of this

together gives
A (X _ (—Ver = R(X,g)pf
"\ n ViX, —Tn ’
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which can also be written in terms of the connection on v*&q described above as

“1R(-.d)é 0
(3.18) A, =— sthtJr( T é’q)q _T>-

EXERCISE 3.11.15. Use the classical symmetries of the Riemann tensor to show
that X — R(X, ¢)q¢ defines a symmetric bundle map N, — N,,.

We can now fit the formulas above for V4,E(¢) and A, into the following more
abstract context. Suppose (E,J,w) is a Hermitian vector bundle over S, { < FE is
a Lagrangian subbundle and we define a complementary Lagrangian subbundle by
¢+ = J(¢), hence

E=(®.

In terms of the bundle metric ( , ) := w(+,J-) on E, the subbundles ¢ and ¢+
are orthogonal, and J defines bundle isometries between them in both directions.
For any choice of metric connection V on ¢, we can therefore use J to define a
corresponding metric connection on ¢+, and then define a connection on E via
the splitting ¢ @ ¢*. For this connection on F, the data J, w and ( , ) are all
parallel, and the subbundles ¢ and ¢+ are preserved. We can then associate to V
and any symmetric linear bundle map S € T'(End®™(¢)) an L*-symmetric second-
order differential operator

(3.19) H:=-Vi+S:T{) —T(),
and additionally for any constant 7' > 0, an L?-symmetric first-order differential
operator

(3.20) A:=—-JV,+ @OS _OT> :T(E) - I'(E).

Observe that since V respects the symplectic stucture on F, —JV,; is an asymptotic
operator on (E, J,w), and therefore so is any perturbation of —JV, by a symmetric
zeroth-oder term, in particular A. The concrete example to keep in mind is of course
when ¢ : S — M is a geodesic with speed T" and v : ST — ST*M is its lift, so one
can set E 1= v*&q, €= y*EL,, J = Jyq and S := —R(-,)q, with V defined on

h . by horizontally lifting the restriction of the Levi-Civita connection to N,. By
the same arguments that we've already used in this special case, H extends to a
Fredholm operator H?(¢) — L?(¢) with index 0 and, as an unbounded operator on
L*(¢) with dense domain H?(¢), its spectrum also consists of isolated real eigenvalues
with finite multiplicity.

LEMMA 3.11.16. For any metric connection V on € and any S € T'(End®™(¢))
and T > 0, assume the operators H and A are defined as in (3.19) and (3.20)
respectively. Then there is a natural isomorphism

ker A = ker H : (i) = Q.

PROOF. Let us denote the isomorphisms ¢ ot and ¢+ 5o by #: ¢ — ¢+ and
—b : #+ — [ respectively, so that b = (#) ! and J appears in block form with respect
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to the splitting £ = (@ (* as (—Ob g) Then A (22) = (0 means

1
—Va)f + 759 =0 and Vg, — Tt =0,

hence ¢ also satisfies —VZp + Sp = Hp = 0. Conversely, if ¢ € T'(¢) is any solution
to this equation, then setting ¢ := %Vtgob e T(¢4) gives (p, 1)) € ker A. O

LEMMA 3.11.17. For any compact subset K < T'(End®™(¢)), there exists a con-
stant ¢ = 0 such that for every S € K and every metric connection V on {, the
operator H defined in (3.19) has no eigenvalues in (—oo, —c).

PROOF. By the same calculation as in the proof of Lemma 3.11.9, it suffices to
pick ¢ := maxgex | S| L= O

It follows from Lemma 3.11.17 and the discreteness of the spectrum o(H) that
H always has at most finitely many negative eigenvalues, counted with multiplicity.
Let us define H to be nondegenerate if and only if 0 ¢ ¢(H), and call the count
(with multiplicity) of negative eigenvalues in o(H) the Morse index

Morse(H) = 0

of the operator H. Lemma 3.11.16 implies that for any constant 7" > 0, H is
nondegenerate if and only if the associated asymptotic operator A defined in (3.20)
is nondegenerate. The next statement therefore implies Theorem 3.11.12:

ProPOSITION 3.11.18. For any metric connection V on £ and any section S €
['(End™™(¢)) such that H := —V? + S is nondegenerate, and any constant T > 0,
the asymptotic operator A defined in (3.20) satisfies

17 A) = Morse(H) + 17 (B, ()

for every choice of symplectic trivialization T of (F,w), where u™(E,{) denotes the
Maslov index of the loop of Lagrangian subspaces defined by writing £ < E in the
trivialization T.

There are two main steps in the proof: the first is to show that the formula is
correct whenever S is replaced by S + c for a sufficiently large constant ¢ » 0, and
we will then use spectral flow to derive the general case from this. For H + ¢ with
¢ » 0, Lemma 3.11.17 implies that the Morse index vanishes, so we are only left
with the Maslov index and thus need to prove:

LEMMA 3.11.19. For any metric connection ¥V on £ and any S € I'(End®™(¢)),
there exists a constant co € R such that for every ¢ = co and T > 0, the asymptotic
operator on (E, J,w) defined by

' L(S+c) 0
A, :=—-JV, + (T 0 _T>
satisfies
teg(Ac) = 1’ (B, ()

for an arbitrary choice of symplectic trivialization 7.
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PROOF. Let us replace 7 with a homotopic unitary trivialization and use this to
identify £ with the trivial bundle S x R?" with standard complex structure J = Jy
and standard Euclidean inner product. By the classification of homotopy classes of
loops of Lagrangian subspaces (see [MS17, §2.3]), we can also assume the subbundle
¢ c FE is given by

(3.21) b =e"™RPR" ! c C" = R™,

where m := p"(E, () € Z. Let V° denote the unique metric connection on ¢ that
respects the splitting in (3.21) and is the trivial connection on the second summand.
Given an arbitrary metric connection V on ¢, V* := sV + (1 — s)V? then defines
a smooth I-parameter family of metric connections interpolating between V° and
V! =V. Given S € I'(End*™(¢)) and constants ¢,T > 0, we can then consider the
family of asymptotic operators

1
Af = — V5 + (T(SSO+ 2 _OT> . selo,1].

Lemmas 3.11.16 and 3.11.17 imply that these are nondegenerate for every s € [0, 1]
if ¢ is chosen to be sufficiently large, thus for the purposes of computing .y (A.),
we are free to replace A, = Al with
= 0
A = -]V + (5 _T> ,
whose kernel is isomorphic to that of —(V?)? 4 ¢. By the usual integration by parts
calculation, the latter is a positive-definite operator for every ¢ > 0, so we are now

free to rescale both ¢ > 0 and T > 0 at will in order to replace A% with the simpler
operator

1 0
(3.22) —JOV$+<0 —]1)'

This operator respects the canonical splitting of £ = S' x R?*" into a direct sum of
n trivial complex line bundles, and in light of the way our connection VY and the
splitting E = ¢ @ ¢+ were defined, its restriction to each summand other than the
first one matches the “standard” asymptotic operator that is used in normalizing
the Conley-Zehnder index (cf. Definition 3.6.3), and thus has index 0. The Conley-
Zehnder index of A, therefore matches that of

~ N 1 0
A ag (1),

which is defined on the trivial complex line bundle S' x C, but with the block
decomposition defined with respect to the splitting S x C = { @ il with l?t =
e™mR < C, and v denoting the unique connection such that ¢ + ™™ and t
ie™™* locally define parallel sections. Local solutions to the equation An = ( can
easily be found in the form n = fe™™ 4 gie™™* for real-valued functions f and g;
the resulting parallel transport map ¥ : R — Sp(2) can then be written as

W(t) = (COS(Wmt) —Sin(ﬁmt)> ( cosh(t) —sinh(t)) .

sin(rmt)  cos(mmt) —sinh(t)  cosh(t)
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One now uses Theorem 3.9.1 to compute pucz(¥) = m. O

Proposition 3.11.18 (and therefore also Theorem 3.11.12) will now follow if we can
show that for any choice of the data V, S and T, the operators H from (3.19) and A
from (3.20) are related to the adjusted asymptotic operator A, from Lemma 3.11.19
by

10z (A) — poz(Ac) = Morse(H)
whenever ¢ > 0 is sufficiently large. In other words, we need to show that the
spectral flow from A to A. satisfies

(3.23) (A, A.) = Morse(H).

Since the parameter T" > 0 can always be changed without causing degeneracy, let
us set T' := 1 without loss of generality and thus consider the family of asymptotic
operators

A, = —JVH—(SS_S _01>, s€[0,c]

as a deformation from A to A.. The intuitive reason for (3.23) should be clear:
as H is deformed to H + ¢ via the family {H + s}, exactly ind(H) eigenvalues
(counting multiplicity) pass from the negative to the positive real axis, so one expects
the same for {A,} o, in light of the isomorphisms ker(H+s) = ker A, arising from
Lemma 3.11.16. Making this intuition precise involves a couple of tricky issues: one
is that the family {As}se[O,c] cannot really be assumed to be generic, so it may
involve non-simple crossings of eigenvalues, and another complication is that there
is no obvious correspondence in general between eigenfunctions of H+s and A when
the eigenvalues are nonzero. What we do know so far is that the spectrum of H is
discrete, thus eigenvalues of the family {A,}.[o change signs only finitely many
times. We also know from Proposition 3.5.12 that for any parameter sy € [0, ] at
which such a crossing occurs, the total number of eigenvalues (counting multiplicity)
of any sufficiently small perturbation of Ay, in a sufficiently small interval around
0 will be exactly dimker A;,. The relation (3.23) will thus hold if and only if
dim ker A, is always the actual contribution of the crossing at s = sy to the spectral
flow of the family {As}se[qc], which is equivalent to the condition that for every s
close to sg, all eigenvalues of A in a small interval around 0 are negative for s < s
and positive for s > sy. Theorem 3.11.12 thus follows from:

LEMMA 3.11.20. Suppose so > 0 and I < R is a compact interval containing 0
in its interior such that o(Ag) N1 = {0}. Then for any € > 0 sufficiently small, all
eigenvalues of Ag in I are negative for so—e < s < sg and positive for sy < s < Sg+€.

To prove this, we begin by transforming it into a statement about compact self-
adjoint operators. Assume sy and I < R are as stated in the lemma, then pick any
s1 € R\o(Ay,) and any e > 0 sufficiently small so that o(Aj;) also does not contain
s1 for any s € (sg—¢, so+€). Then s; — A, is an invertible operator H!(E) — L*(E)
for every s in this interval, and composing its inverse with the compact inclusion
H'(E) — L*(E) gives rise to a family of compact self-adjoint operators

K, : L*(E) » L*(E) : npw (51 — Ay ™', S€ (sop—¢€,80+¢€).
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A section n € T'(E) is then an eigenfunction of A, with eigenvalue A € R if and
only if it is an eigenfunction of K, with eigenvalue p := ﬁ, and we note that pu
is a strictly increasing and smooth function of A\. Moreover, the family of bounded
linear operators A, € Z(H'(E), L>(E)) depends linearly on the parameter s, and

the dependence of K, € Z(L*(E)) on s is therefore also smooth, with its derivative
d

at s = sy given by
10
o % S=S80 - KSO (O O) KSO’

where the matrix in the middle can be interpreted simply as the orthogonal projec-
tion on L?(E) defined by projecting sections of E = £ @ ¢+ to the first summand.

K K,

Wrting J = (_Ob g) as in the proof of Lemma 3.11.16, any nontrivial section

(i) € ker A, is a nontrivial solution to the system of ODEs

Vit + (S +s0)p=0  Vip,—9 =0,

thus ¢ € T'(¢) is necessarily a nontrivial section, and moreover, (;‘Z) is also an

eigenfunction of K, with eigenvalue 1/s;, implying

(@)% (2, (0)- 0 0) e (2)),
=206 0) (), = g0

The following functional-analytic result therefore implies Lemma 3.11.20:

PROPOSITION 3.11.21. Assume H is a Hilbert space, J < R is an open interval,
{Ks € L(H)}ses is a smooth family of compact self-adjoint operators, \g € 0(Ks,) is
a nonzero eigenvalue for some sg € J and I < R is a compact interval containing g
in its interior such that o(K)) n I = {\o}. Suppose additionally that the derivative

K, := 0.K|,_, € ZL(H) satisfies
(2, Kgz) >0  forall xeker(K, — X)\{0}.

Then for any € > 0 sufficiently small and every s € (sqg — €, So + €), the eigenvalues
of Kg in I are all greater than Ay for s > sq and less than Ay for s < sq.

S=3S

Proor. We claim first that if ¢ > 0 is sufficiently small, then there exists a
smooth family of orthogonal projections {m; € £ (H)}se(so—e,s0+e) Such that for every
S€ (so—¢€,80 +€),

imm, = P ker(A - K,).
Aeo(Ks)nI
This follows from the holomorphic functional calculus for bounded linear operators
(see e.g. [BS18, §5.2.4]). An explicit formula for 7y is given by the operator-valued

Cauchy integral
1
s = — -K,) 'd
"7 omi C(Z )z
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where C' © C can be chosen to be any oriented loop around g that does not touch
or encircle any other eigenvalue of K, , and € > 0 is assumed small enough so that
0(K;) remains disjoint from C' when |s — so| < €.

Since 7y is self-adjoint and has finite-dimensional image, the complementary
projection 1 — 7, is Fredholm, implying that the codimension of its image (which
is the dimension of imm) is an upper semi-continuous function of s. It follows
that if € > 0 is sufficiently small, we can assume dimimny < dimimmg, for all
s € (so—¢€, So+€). On the other hand, 7y, is clearly injective on the finite-dimensional
space im 7, and therefore so is 74 for all s close enough to sy, thus we can always
assume in fact that 7, defines an isomorphism

ker(\g — Kg,) —> ker(A — Ky).
Aeo(Ks)nI
With this understood, the proposition now follows by observing that for every z €
ker(Ao —K,) with ||| = 1, the smooth path @, := =l € Pireo i,y ket (A —K;) =
H satisfies (x4, Ky Zsy) = Ao, {OsZs, Ty = %68<x5,x5> =0, and

d .
%<$57 sts> = <l‘, Kso$> + 2<asxs|s=sm Ksox>

EEET)
= (2, Ky, + 200{ 05| s—sy, ) = (2, K4y z) > 0.
]

With Lemma 3.11.19 and (3.23) now established, the proof of Theorem 3.11.12
is complete.

3.12. Morse-Bott families

3.12.1. Clean intersection conditions. Nondegeneracy is a generic condition
for contact forms, but the explicit examples one can construct are typically not
generic, as they tend to have natural symmetries. In this context, it is useful to
allow a relaxation of the nondegeneracy condition.

The correct notion is inspired in part by the idea of “clean” intersections. Recall
that for a smooth map f: M — ) and a submanifold N < @, f is said to intersect
N transversely at p e M (written “fAhN") if f(p) € N and imdf(p) + TN =
TyQ. This condition implies via a standard application of the implicit function
theorem that a neighborhood ¥ of p in f~'(N) is a smooth submanifold of M with
T,% = df(p) ! (Tf(p)N ) More generally, one says that f has a clean intersection
with N at p if f(p) € N and there exists a smooth submanifold ¥ ¢ M containing
p such that

(3.24) f(X)c N and T,% = df (p) " (Tym»)N).

Notice that for any submanifold ¥ < M through p satisfying f(X) = N, T, is
obviously contained in df (p) ™ (TN ), so the nontrivial detail in (3.24) is that the
subspace df (p)_l(Tf(p)N ) is not any larger than it absolutely must be, given that

the submanifold ¥ < f~}(NN) < Q exists. One often sees this condition stated in
the context where M is another submanifold of @) and f : M — @ is the inclusion
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M — @: the two submanifolds M, N < (@ are then said to intersect cleanly at
p € M ~n N if there is a submanifold ¥ < ) containing p such that

(3.25) ScMAN  and  T,S=T,MnT,N.

Once again, the existence of the submanifold ¥ ¢ M n N implies dim(7, M "T,N) >
dim ¥, and the clean intersection condition then asks for dim(7,M nT,N) to be as
small as possible, given the circumstances.

It turns out that sets of clean intersections are always smooth submanifolds,
though in contrast to the transverse case, their dimensions cannot be easily pre-

dicted:

ProrosiTION 3.12.1. If f : M — @ intersects N < @ cleanly at p € M, then
the set f~Y(N) < M is a smooth submanifold of M in some neighborhood of p, with

T,(f71(N)) = df ()™ (Ty)N).

PROOF. Choose a smooth function g : i — R¥ on a neighborhood U <= Q of f(p)
that has 0 as a regular value with ¢g71(0) = N ni, and let f;; denote the restriction
of f: M — @ to the domain f~1(U) = M, which is an open neighborhood of p.
Then f~*(N nU) is the zero set of the function h := go fi; : f~H(U) — R*, and
ker dh(p) = df (p) ' (TypN). If we could assume fhN, then dh(p) : T,M — R*
would now be surjective, but instead of assuming that, let us simply choose a linear
projection 7 : R¥ — [ := imdh(p) = R* and consider the smooth map 7o h :
f~Y(U) — I. By construction, d(m o h)(p) = m o dh(p) is a surjective map T,M — I
that has the same kernel as dh(p), so the implicit function theorem implies that
some neighborhood 3 of p in (7 o h)™1(0) © M is a smooth submanifold of M
with Tpi = ker dh(p) = df (p) ' (T} N). But the condition (3.24) provides another
submanifold > < M that has this same tangent space at p and is manifestly also
contained in 3, since X < f~1(N) implies hls, = 0 and therefore also (7 o h)|s, = 0.
It follows that neighborhoods of p in 3 and S are identical, and since 5 contains
J7YN) n f71U), every point of f~'(N) sufficiently close to p therefore belongs
to 2. U

In the case of cleanly intersecting submanifolds M, N c @, Proposition 3.12.1
implies that M n N is also a submanifold and satisfies

T,(MnN)=T,MnT,N forallpe M n N.

Note however that nothing in this discussion gives any precise prediction for the
dimension of M n N: it may in fact have different dimensions on different connected
components, and these dimensions may be larger than in the case M A N. Indeed, in
the absence of the condition T,M + T,N = T,(Q, the intersection of T,M and T,,N
is allowed to have larger dimension than it would in the transverse case.

EXERCISE 3.12.2. Show that the clean intersection condition for a map f : M —
Q and submanifold N < @ is open, i.e. if it is satisfied at p € f~}(IV), then it is also
satisfied at all points of f~!(N) in some neighborhood of p.

In Morse theory, nondegeneracy of a critical point p € M of a function f : M — R
is a transversality condition: it means that the section df € T'(T*M) is transverse
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to the zero-section of T*M at p, and Morse functions are thus characterized by the
property that the intersection of df with the zero-section is transverse everywhere. If
one relaxes this to require only a clean intersection, the function f : M — R is called
Morse-Bott instead of Morse: the critical set Crit(f) := {p € M | df(p) = 0} will
then be a smooth submanifold of M, possibly with different dimensions on different
connected components, whose tangent space at every point p € Crit(f) satisfies

T, Crit(f) = ker V(df)(p),

where V(df)(p) : T,M — Ty M denotes the linearization of the section df € I'(T*M)
at p € (df)~1(0). If one choose a Riemannian metric, one can identify V(df)(p) with
the usual Hessian V2f(p) : T,M — T,M and thus write the Morse-Bott condition
as
T, Crit(f) = ker V2 f(p).

In order to state the analogue of this condition for a closed Reeb orbit v : St — M
with respect to a stable Hamiltonian structure H = (w, A), we suppose that v belongs
to a smoothly parametrized family of orbits

{9 € P(H)} pen

with vy = 7, where D¥ < R* is the unit disk of some dimension & > 0. We have two
immediate observations about such families:

PROPOSITION 3.12.3. In any connected smooth family of closed orbits for a stable
Hamiltonian structure H = (w, ), all orbits have the same period.

ProoF. This follows from the condition dA(R,-) = 0 on the stable Hamiltonian
structure, which implies for any p € D* that

f ’V;)\—f TA =0,
St St

since by Stokes’ theorem, the latter is the integral of d\ over an annulus tangent
to R. OJ

REMARK 3.12.4. The analogue of Proposition 3.12.3 in Morse theory is the fact
that for any smooth function f : M — R containing a connected smooth submanifold
Y. © M on which df vanishes, f is constant. (Indeed, Proposition 3.12.3 could also
have been proven by comparing the locally-defined action functional Az from §3.3,
whose critical points are closed Reeb orbits, with the functional ®(v) := Ssl YN,
whose values at critical points of Az are the periods of those orbits—the crucial
observation is then that since dA(R,-) = 0, ® is automatically critical at any critical
point of Ag.) Note however that this result depends crucially on the smoothness
of the family of critical points. It is not true for smooth functions f : M — R in
general that for every critical point p € Crit(f), f must have the same value at all
other critical points near p. We will see in §11.3.2 that for any exact symplectic
manifold ¥ with a smooth function f : ¥ — R, there is a natural way to define
a contact form on S' x ¥ that admits a bijective correspondence between critical
points p € X of f and closed Reeb orbits of the form S! x {p} = S x ¥; one can
use this correspondence to construct examples of degenerate Reeb orbits that have
other closed orbits of different periods in arbitrarily small neighborhoods.
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Our second observation about the family of orbits {v,},ep+ is that for every
v € R¥, the section n, € T'(y*T'M) defined by

(326) Ty (t) = as’st(t)L:o

is determined by the linearized Reeb flow, i.e. if v has period T' > 0 and ¢} denotes
the flow of R, then n,(t) = dpk!(v(0))n,(0). After shifting the parametrization of
each orbit v, by a constant that depends smoothly on p, we can arrange for 7,(0)
to lie in (o) for every v € R* in which case 7, will be a section of 7*¢ since the
linearized Reeb flow preserves £. Exercise 3.3.4 implies in this situation that 7, is
annihilated by the asymptotic operator A.,, hence (3.26) defines a linear map

R* — ker A, : v > 1,

This scenario is only interesting if the nearby orbits v, : S* — M for p # 0 are
all different from =, so a natural extra assumption to impose is that the linear
map R¥ — ker A, should be injective, implying dimker A, > k. The Morse-Bott
condition can then be summarized as the requirement that dim ker A, should be as
small as possible, given that a k-dimensional family of orbits near ~ exists:

DEFINITION 3.12.5. Suppose M is equipped with a stable Hamiltonian structure
H = (w, ), and write £ = ker A and R for the associated hyperplane field and Reeb
vector field. A closed Reeb orbit with parametrization v : S* — M is called Morse-
Bott if for some integer k£ > 0, there exists a smooth family of parametrized Reeb
orbits {7, : S* — M} pr with 7 = 7 such that (3.26) defines a vector space
isomorphism

RF Sker A, :v e,
The stable Hamiltonian structure H is likewise called Morse-Bott (or in the contact

case H = (do, ), one calls &« a Morse-Bott contact form) if all of its closed Reeb
orbits are Morse-Bott.

The reader should take a moment to verify that the condition in this definition
depends only on the underlying unparametrized Reeb orbit in P(#), and not on the
choice of parametrization.

REMARK 3.12.6. The case k = 0 is allowed in Definition 3.12.5: the condition
then means merely that ker A, is trivial. Nondegenerate orbits are therefore also
considered Morse-Bott.

Definition 3.12.5 can be found in various alternative forms in the literature,
typically involving Morse-Bott submanifolds of M. We’ll come to this in Proposi-
tion 3.12.9 below, but first, let’s establish that the set of all closed Morse-Bott Reeb
orbits really is smooth:

LEMMA 3.12.7. For a Morse-Bott orbit v belonging to a family {~, € ﬁ(H)}pem
with ~o = 7 as described in Definition 3.12.5, the image of the map D* — P(H) :
p — [7,] contains a neighborhood of [] in the space P(H) of unparametrized closed
orbits.
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PROOF. Write g := 7(0), let ¢% denote the time-t flow of R, and for a small
neighborhood U < M of g and a small interval (Ty — €, Ty + €) around the period
Ty > 0 of 7, consider the smooth map

O (Ty—e6,To+e) xU — M x M: (T,z) — (z,0k5(x)).

Writing A < M x M for the diagonal, a point (T, x) € (Ty — €, Ty + €) x U satisfies
®(T,x) € A if and only if z is the starting point of a parametrized T-periodic orbit
of R. In particular, the (k + 1)-dimensional submanifold ¥ < (Ty —€,Ty +¢€) x U
consisting of points (Ty,7,(t)) for p € D¥ and ¢ € ST near 0 satisfies ®(X) < A,
and we claim that all intersections of ® with A near (7o, zo) belong to ¥. This will
follow from Proposition 3.12.1 after showing that (7, x¢) is a clean intersection of
® with A. To show the latter, we compute

dD(Ty, x0) : RO Tyg M — Tiag ) (M x M) : (5, X) > (X, dpp(20) X + sR(wo)),

so d®(Ty, zo)(s, X) is tangent to A if and only if dpk(z¢)X + sR(xg) = X. Using
the splitting T,,M = RR(x) @ &, to decompose X = tR(xg) + X¢ for ¢t € R and
X¢ € &, this relation becomes the two equations

tR(xo) + sR(xg) = tR(zo),
dof(z0) Xe = Xe,

implying that s = 0 while ¢ € R is arbitrary, and X; is fixed by dpk(zg). Vectors
X¢ with the latter property are precisely the initial values of solutions n € I'(y*¢) to
A.n =0, so by assumption, they form a k-dimensional subspace, and we conclude
that d® (T, z0) ™" (T(so,e0)A) has dimension k + 1. This matches the dimension of
our submanifold ¥ and thus proves the clean intersection condition. O

LEMMA 3.12.8. Suppose v is a closed Reeb orbit that is a d-fold cover of an
embedded Reeb orbit, and also that vy belongs to a family {v, : S' — M} pepr with
Yo = 7 satisfying the conditions in Definition 3.12.5. Then for some neighborhood
DF < D* of 0, there exists a free smooth Zg-action on D* x S' such that the map
Dk x St — M : (p,t) — 7,(t) descends to a smooth embedding

(D* x S")/Zq — M.

PROOF. Denote F(p,t) := 7,(t). By assumption, y(t + j/d) = y(t) for each j €
Z4, and we claim that there exists a unique germ of a diffeomorphism f; : D* — DF
defined near 0 satisfying f;(0) = 0 such that v, and 7y, (- +j/d) are the same orbit
up to a constant shift, which can be assumed arbitrarily small for p close to 0. The
existence of a continuous function f; with this property follows from Lemma 3.12.7,
since 7,(- — j/d) converges to y(- — j/d) = v as p — 0, and it follows in particular
that we can write

V) (E+ 3/d + 75(p)) = 7(1)
for a uniquely determined germ of a continuous function 7; : D¥ — R defined near
0 € D¥ such that 7;(0) = 0. One can use the implicit function theorem to show

that f; and 7; are in fact both smooth, and they now give rise to a germ of a
diffeomorphism v; : D¥ x ST — D* x ST defined near {0} x S* by

Vi(p,t) := (fi(p),t +j/d + 75(p)),
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which is the unique such map satisfying
Foy; =F and ¥;(0,t) = (0,¢ + j/d) for all t € S*.

The uniqueness of f; and v; implies that they satisty f;1, = fjofoand ;40 = ;01
for all j,¢ € Zg4, so they define smooth Zg-actions, and after replacing D* with a
sufficiently small Zg4-invariant neighborhood D¥ = D of 0, we can now take D* x S1
as both domain and target for each ;. Since the nontrivial sections of ker A, are
nowhere zero, the map F' is an immersion, and the fact that v is a d-fold cover of
an embedded orbit implies that ' becomes an embedding after letting it descend to
the quotient (D* x S1)/Z,. O

Lemma 3.12.8 implies that the images of the orbits in a Morse-Bott family pa-
rametrized by D* form a (k + 1)-dimensional submanifold S « M. We call this
a Morse-Bott submanifold of closed Reeb orbits: its tangent space at a point
v(t) € S is spanned by the Reeb vector field plus the set of all values at ¢ of
nontrivial sections 7 € ker A, < I'(v*¢). Since the latter are determined from their
initial values via the linearized Reeb flow, they are precisely the set of vectors in
& that are fixed by dpk(y(t)), and we therefore obtain the following equivalent
formulation of the Morse-Bott condition from Definition 3.12.5:

PROPOSITION 3.12.9. A submanifold S < M invariant under the time-T flow
ok of the Reeb vector field is a Morse-Bott submanifold of T-periodic orbits if and
only if for all points x € S,

ker(dph(z) — 1) = T,S.

Moreover, a T-periodic orbit is Morse-Bott if and only if its image belongs to a
oh-invariant submanifold satisfying this condition. O

Here is a summary of the picture assembled from the results above:

THEOREM 3.12.10. For any stable Hamiltonian structure H = (w, A) on a man-
ifold M, the Morse-Bott condition defines open subsets

PMB(H) c P(H),  PMP(H) = PMP(H)/S' € P(H)/S' = P(H)

in the spaces of parametrized/unparametrized closed Reeb orbits respectively. Each

connected component PYB(H) « PMB(H) consists of orbits that all have the same
period, and it has a natural smooth manifold structure such that the map

Po'"(H) — M : v+ (0)
18 a smooth local diffeomorphism onto a smooth submanifold of M, i.e. a Morse-Bott

submanifold. O

DEFINITION 3.12.11. We refer to the connected components of the open subsets
PMB(H) <« P(H) or PMB(H) < P(H) as (connected) Morse-Bott families of
closed parametrized or unparametrized orbits respectively.

Note that by the Arzela-Ascoli theorem, if M is compact, then every subset of
P(H) consisting of orbits with uniformly bounded periods is likewise compact, so
Theorem 3.12.10 implies:



134 CHRIS WENDL

COROLLARY 3.12.12. If M is compact and H is Morse-Bott, then the set of
all periods of orbits in P(H) forms a discrete subset T (H) of [0,00), and for each
T € T(H), the fized point set of the time-T flow & : M — M is a disjoint union of
compact smooth submanifolds, each foliated by the images of closed Reeb orbits.

PRrROOF. The only detail not covered by the previous results above is that the set
T (H) cannot contain any sequence converging to 0. This is a standard fact about
nowhere-zero vector fields on compact manifolds: one deduces it from the obser-
vation that every point x € M has a “flow-box” neighborhood U4 = M consisting
of a union of segments of embedded orbits of some positive length €, > 0, so that
every closed orbit passing through ¢/ must have period at least ¢,. Taking a finite
subcover of the resulting open cover of M then gives a positive lower bound for the
periods of all closed orbits. O

EXAMPLE 3.12.13 (pre-quantization bundles). Suppose (X,w) is a symplectic
manifold such that w/27 represents an integral cohomology class [w/27] € H*(X; Z);
equivalently, this means that the integrals Sz f*w for arbitrary closed oriented sur-
faces 3 and smooth maps f : ¥ — X are always multiples of 27. For each k € Z, one
can then construct a Hermitian line bundle Ey — X with ¢;(Ey) = —k[w/27], and
its orthonormal frame bundle is a principal U(1)-bundle 7 : M, — X. Any choice
of principal connection 1-form A € Q!(Mj,u(1)) then gives rise to a curvature 2-
form Fy = dA € Q?(My,u(1)) that is (since U(1) is abelian) the pullback 7*Q4 of
a globally-defined curvature 2-form Q4 € Q*(X,u(1)), and according to Chern-Weil
theory, ¢1(Ey) = [—ﬁ@ A]. This means 4 will always be cohomologous to ikw, in
which case it is possible to choose a specific connection 1-form A such that 24 and
ikw are equal; writing A = i\ to define a real-valued 1-form \ € Q!(M}), we then

have
(3.27) d\ = kr*w.

The pair H := (7*w, A) is now a stable Hamiltonian structure on M}, whose induced
hyperplane field & = ker A is the horizontal subbundle defined by the connection,
and the Reeb vector field is the fundamental vector field for the canonical generator
of u(1) = iR, so every fiber of 7 : M), — X is a closed Reeb orbit of period 27. Since
the flow is periodic, the Morse-Bott condition is trivial to verify, and the entirety of
M, is a Morse-Bott submanifold.

When k£ > 1 in this example, (3.27) implies that A is a contact form, and the
case k = 1 specifically is known as the Boothby-Wang construction (cf. [Gei08,
§7.2]). The contact manifold (M, = ker \) is also sometimes called the pre-
quantization of the symplectic manifold (X, w).

Thinking in terms of Morse-Bott submanifolds can sometimes obscure one or two
subtleties that lurk behind the Morse-Bott condition. One is that in a connected
Morse-Bott family Py (H) = PMB(H), not all orbits need have the same covering
multiplicity; equivalently, while all the orbits in P}®(#) have the same period,
they need not have the same minimal period, meaning the period of the underlying
simple orbit that they cover (cf. Exercise 3.12.14 below). As a consequence, the

set PMB(H) = PMB (H)/S! of unparametrized Morse-Bott orbits is not always a
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smooth manifold, but can instead be an orbifold, because the order of the stabilizer
subgroups of the natural S'-action on PMB(#H) can vary from point to point.

EXERCISE 3.12.14. Let (r, ¢) denote polar coordinates on R?, with ¢ normalized
to take values in R/Z instead of R/27Z, and let 6 denote a similar coordinate on
St = R/Z. Consider a contact form on S* x R? of the form

a= f(r)dd +g(r)do

for smooth functions f,g : [0,00) — R, whose behavior near r = 0 is chosen to
ensure that a has a smooth extension over the coordinate singularity at St x {0}.”
The latter requires ¢(0) = 0 among other things, thus f(0) must be nonzero.

(a) Show that « is a contact form on S* x (R?\{0}) if and only if the function
fg'— f'g is nowhere zero, and write down a formula for its Reeb vector field
under this assumption.

(b) Assuming the contact condition in part (a), show that for every ro > 0
such that f'(r9)/g'(ro) € Q U {0}, the 2-torus {r = ro} is foliated by
closed Reeb orbits, and this torus is a Morse-Bott submanifold if and only

e d f1(r)
if %g’(r) r—ro T 0.

(c) Show that the contact condition is satisfied at S* x {0} if and only if ¢”(0) #
0, and in this case, S* x {0} is always a closed orbit.
(d) Assuming the condition in part (c), show that the d-fold cover of the em-

bedded Reeb orbit at S* x {0} is nondegenerate if and only if dg :Eg; ¢ Z.
(e) The result of part (d) implies that if o takes the form

a=(1+ar?)dd + br*de

for constants a,b € R that do not both vanish, then all covers of the orbit
at S' x {0} are nondegenerate if and only if a/b is an irrational number.
Assuming a/b is not irrational, show that for some d € N depending on the
values of a and b, the covers of this orbit up to multiplicity d — 1 are all
nondegenerate, but the d-fold cover belongs to a 2-dimensional Morse-Bott
family in which all other members of the family are embedded orbits.

People sometimes casually assume that all closed 2-dimensional Morse-Bott sub-
manifolds are tori as in Exercise 3.12.14, since the existence of a nowhere-vanishing
vector field dictates that they must have Euler characteristic zero. However, there
is one other closed surface with vanishing Euler characteristic:

EXERCISE 3.12.15. Construct an explicit example of a contact 3-manifold con-
taining a Morse-Bott Klein bottle.® Hint: Start with a contact form on T? defined by
similar formulas as in Exercise 3.12.14, then divide it by a cleverly chosen Zs-action.

"The precise condition required for this is that both of the functions (r,¢) = f(r) and (r,¢) —
g(r)/r? have smooth extensions over the coordinate singularity in R?.
81t is sometimes tempting to believe that oriented manifolds cannot contain closed non-

orientable hypersurfaces—that is in fact true in R”, but it is not true in general. Consider for
example RP? ¢ RP?.
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3.12.2. The perturbed Conley-Zehnder indices. Degenerate Reeb orbits
do not have well-defined Conley-Zehnder indices, but various generalizations of the
usual definition can be used to extract meaningful information in the Morse-Bott
case. The simplest and most useful for our purposes is as follows: for any (possibly
degenerate) asymptotic operator A and trivialization 7, we can define two perturbed
Conley-Zehnder indices

(3.28) ey (A) = nig(A+6), gy (A) = pgg(A — o),
where the scalar perturbation € > 0 is assumed arbitrarily small, and similarly for
an arbitrary closed Reeb orbit 7,

T,+ . 7t
1icz, (V) 1= pcz (As).
The discreteness of the spectrum ensures that ug, (v) and pg, () are both inde-
pendent of the choice of small € > 0, and if v is nondegenerate, then both are equal

to ugy (). More generally, the relationship between the Conley-Zehnder index and
spectral flow implies that the two perturbed indices differ from each other by

pez (1) = iéz (7) = dimker A
if v belongs to a Morse-Bott family PYB(H) < P(H), this difference is precisely the
dimension of PMB(H). If one allows y to move continuously through a Morse-Bott
family of orbits, then the fact that dim ker A, stays constant implies that no nonzero
eigenvalues of A, can change sign, and there is thus no spectral flow for either of the

perturbed operators A, +e€. This implies that the perturbed Conley-Zehnder indices
of a Morse-Bott orbit depend only on the Morse-Bott family to which it belongs:

PROPOSITION 3.12.16. For any continuous path {7} pef01] in a family of Morse-

Bott orbits and any accompanying continuous family of trivializations {7,}pej01] of
TOyi

VEE, 1Ry () = pey (). O

We can quickly deduce from this two useful facts about the topology of the
bundle £ — M along any Morse-Bott family:

COROLLARY 3.12.17. For any connected Morse-Bott family PY"®(H) < P(H)
of closed orbits, any choice of trivialization o for €& along one of the orbits vy €
PYB(H) uniquely determines (up to homotopy) a trivialization T along every other
orbit v € PYB(H); the trivialization T is characterized by the condition that it can
be connected to 19 via a continuous family of trivializations along any continuous
family of orbits in PYB(H) connecting o to 7.

PRrOOF. It should be clear that given the trivialization 7y along 7, any contin-
uous path in PYB(H) from vy to v uniquely determines a homotopy class of trivi-
alizations T along . What needs to be proved is that 7 (up to homotopy) does not
depend on the fhoice of this path. To see this, observe that by Proposition 3.12.16,

70,

1y () = (), so the perturbed Conley-Zehnder indices are independent of
any choice of path, and by Exercise 3.7.3, these determine 7 up to homotopy. [

COROLLARY 3.12.18. For any smoothly parametrized loop of parametrized Morse-
Bott Reeb orbits {y, € P(H)},es1, the pullback of the vector bundle & — M via the
map T? — M : (p,t) — 7,(t) is a trivial bundle. O



LECTURES ON SYMPLECTIC FIELD THEORY 137

3.12.3. The Robbin-Salamon index. There is another variant of the Conley-
Zehnder index that is sometimes used for degenerate orbits, and while we will not
need it in this book, its definition is useful to be aware of. Recall from §3.6 that the
Conley-Zehnder index of a trivialized asymptotic operator A = —Jy0, —S(¢) can also
be defined as something that assigns an integer to every continuous nondegenerate
symplectic arc

W :[0,1] = Sp(2n),  W(0) =1, 1¢a(¥(1)),

where the word “nondegenerate” in this case refers to the condition 1 ¢ o(¥(1)). The
relationship between ¥ and A comes from solving the differential equation (—Jyo; —
S(t))¥(t) = 0; equivalently, if A is the asymptotic operator of a nondegenerate orbit
v expressed in a trivialization 7, then U represents the linearized Reeb flow along ~,
and ply,(7) = pez(¥). Robbin and Salamon introduced in [RS93] a generalization
of oy that assigns a half-integer to arbitrary continuous symplectic arcs ¥ : [a, b] —

Sp(2n), )
MRS (\I/) S §Z

This index is invariant under homotopies of ¥ with fixed end points, matches picz (V)
when U(a) = 1 and 1 ¢ o(¥(b)), and additionally has the appealing property that
it respects concatenation of arcs, meaning that for any c € (a, b),

pirs(W) = figs (‘I’|[a,c]) + HRS (‘I’|[c,b])-

Since this is defined in particular for arbitrary symplectic arcs ¥ : [0, 1] — Sp(2n)
with ¥(0) = 1, one can then define the Robbin-Salamon index of an arbitrary
closed orbit v with respect to a trivialization 7 as

1
prs(7) 1= prs(¥) € 5Z

by taking ¥ to be the linearized Reeb flow along 7 expressed in the trivialization.
Using the perturbed Conley-Zehnder indices we defined in the previous subsec-
tion, a quick and dirty definition for the Robbin-Salamon index of an orbit + can be
stated as
T,+ T,—
(3.29) 1ns(y) = 1cz (V) ;‘/icz (’7)
Since this looks very different from the original definition given in [RS93], we will
now discuss the main ideas behind the original definition, and then show in Propo-
sition 3.12.23 how they eventually lead to (3.29). The discussion will be framed at
first in terms of spectral flow; at the end we will also sketch how the presentation of
[RS93] via symplectic arcs can be derived from this (see Proposition 3.12.24).
Suppose we would like to generalize the integer-valued spectral flow pP*(A_ A ,)
from Theorem 3.5.1 so that A_ and A are allowed to have nontrivial kernel. Our
presentation in §3.5.2 defined p*P*°(A_, A, ) initially as a homotopy-invariant inter-
section number between a path from A to A, in the space of symmetric Fredholm
operators and the co-oriented codimension 1 submanifold consisting of operators
with 1-dimensional kernel. This worked well because A_ and A, themselves did
not belong to that submanifold—however, defining intersection numbers is generally
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a much more delicate business if intersections are allowed to occur at the bound-
ary. In certain situations, one can still define a homotopy-invariant count in which
transverse boundary intersections contribute +1/2 instead of +1, and the total in-
tersection number therefore belongs to %Z instead of Z. The prerequisiste for being
able to do this is that behavior at the boundary is well enough understood to predict
how boundary intersections can change under small perturbations.

In our situation, we can think in the following terms. For a smooth path
{A,}se—1,1] of asymptotic operators from A_ := A_; to A, := A4, any sensible
definition of spectral flow should obviously satisfy

(3.30)  @PC(A_,AL) = g(A_,A) + i P(AL AL forse (—1,1).

Suppose first that the A and A, are nondegenerate. A point s € (—1,1) where
ker A # {0} will be called a crossing; for an arbitrary path, there may in general
be infinitely many crossings, and the dimension of ker A at a crossing cannot be
predicted. Proposition 3.5.14 and Lemma 3.5.17 show however that generic smooth
paths are much nicer: for these, there are only finitely many crossings, and they
are all so-called simple crossings, meaning that the kernel for each is only 1-
dimensional and each has a smooth family of simple eigenvalues A(s) € o(A;) € R
that passes transversely through 0 at the parameter value where the crossing occurs.
Equivalently, a simple crossing is a transverse intersection of the path s — A, with
the manifold of symmetric Fredholm operators with 1-dimensional kernel. The sign
of the number _ _
A(Ag Ag) = A(s) e R\{0}

determines whether a crossing contributes +1 or —1 to the spectral flow; the notation
is meant to emphasize that it is determined by A, and its derivative A, := 0,A,. If
we also formally define

sign A(A,,A,) :=0 whenever ker A, = {0},
we obtain the formula
,uspec (A—7 A+) = Z Sign A(Asa AS))

—1l<s<1
in which the sum is finite because there are only finitely-many values of s for which
A, is degenerate. Now, if s € (—1,1) is one of the parameter values at which
a crossing occurs, then one reasonable way to to ensure the relation (3.30) is by
letting this crossing contribute 1 sign A(A,, A,) = +1 to each of pP*°(A_, A;) and
1P (A, A1), Pursuing this idea leads to a more general definition of p*P*°(A | A )
as

1 . .
(A AL) = gsign AL AL+ Y signA(ALA)
(3'31) —1<s<1

1 : 1
+ 5 SignA(Al, Al) € éZ,

which is still a finite sum and matches the previous formula if A_ and A, are both
nondegenerate, but also makes sense if either of the end points has 1-dimensional
kernel, so long as the path A is chosen generically so as to make all crossings simple.



LECTURES ON SYMPLECTIC FIELD THEORY 139

Before we can accept (3.31) as a reasonable definition, we need to check that it
does not depend on the choice of (generic) path from A_ to A,. What makes this

possible is the following easily verified property of sign A(Aq, AS):

LEMMA 3.12.19. Suppose {A }se(—ss) and {Al}se(ss) are two smooth paths of
asymptotic operators that each have a simple crossing at Ay = Ay =: A. Then there
exists an € > 0 such that As and Al are all nondegenerate for every s € [—e, €]\{0},
and for any s in this set,

1P(A,, AL) = %s%gnA(A, Ag) — %s%gn A(A, A?) z:fs > 0,
ssign A(A, Ag) — 5sign A(A,Af)  if s <O.

PROOF. For both paths there is a smooth family of simple eigenvalues A\(s) or
N(s) that passes transversely through 0 at s = 0, and we can assume for € > 0
sufficiently small that all other eigenvalues stay outside some fixed neighborhood
of 0. The spectral flow is therefore determined by the signs of A(s) and X (s) for
s # 0 close to 0, which are in turn determined by the signs of the derivatives )\(O)

and X(0). O

LEMMA 3.12.20. For asymptotic operators A_ and A with kernels of dimension
at most 1, the definition of **(A_, A,) in (3.31) is independent of the choice of
smooth path from A_ to A, with only simple crossings.

PRrROOF. The result is already known in the case where A and A, are nonde-
generate. For a general path ~ of asymptotic operators with only simple crossings,
let us denote the quantity on the right hand side of (3.31) by pP*(y) € 1Z. Given
two paths «, 8 from A_ and A, parametrized on the interval [—1, 1] with simple
crossings, pick a small number ¢ > 0 and break up each into three segments by
defining

o = a|[71771+6], op = a|[71+67176], oy = a|[176,1] ,

5— = B|[71,71+e]> 50 = B|[71+e7176]7 6+ = /8|[17671]'
Choose additionally two generic smooth paths
v- from a(—1+¢€) to S(—1 + ¢), 4 from a1l —¢€) to 5(1 —€).

For € > 0 sufficiently small, we are free to assume the end points of v_ and ~, are
all nondegenerate operators, and Lemma 3.12.19 gives

pr(y ) = 5 sian AGA B(-1)) — 5 sian AA a(~1))

pP(2) = 5 sign A(ALL &(1)) — 3 sign A(A B(1).
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Using this together with (3.30) and the fact that the result is already known in the
nondegenerate case, we find

P () = () + P o) + P oy

— 2 sign AAL a(-1) + #7(a0) + 3A(A-6(1))

= % sign A(A_, a(=1)) + P (7-) + p*(Bo) — ™ (74) + %A(A+, a(1))

%signA(A, B(=1)) + pP*(Bo) + B sign A(A+, 5(1))
— L) + P (B) + (B
= 1 (5).

O

It remains to extend the definition of p*P*°(A_, A ) for cases where A, or A _
has kernel of dimension greater than 1. This presents a slight conundrum, because
according to Lemma 3.5.17, generic paths of asymptotic operators should in this
case not pass through A, at all—this means that it will no longer be possible frame
the discussion in terms of generic paths. The trick will instead be to consider a
condition that is open and dense within the space of paths that are constrained to
pass through a specific operator, whose kernel may have arbitrary dimension.

The analysis needed for this was set up in §3.5.1-§3.5.3. Suppose E — St is
a Hermitian vector bundle, and recall that A(E) denotes the space of asymptotic
operators of class L* on F, which is an affine space over L*(End3™(E)). If A €
A(FE) has nontrivial kernel K := ker Ag ¢ H'(E), then arguing as in the proof of
Proposition 3.5.12, we find an open neighborhood O(Ay) < A(FE) of Ay, an interval
(—4,0) € R and a smooth map

®: O(Ay) x (—96,0) - Endy™(K)
such that
ker ®(A, \) = ker(A — ) for all (A, X) e O(Ag) x (—9,9).
Concretely, if we write A € O(Ay) in block form as

A= (2 0) @ nHE) 0K~ K oK,

then ® is given by
(3.32) ®(A,\) = (d—)\) —cla—\)"'be End™™(K).
The partial differential of ® at A in the direction of A € Tx, A(E) = L®(End2™(E))
thus defines a symmetric linear operator on ker Ay,
['(Ag, A) := D;®(Ag)A € End™™ (ker Ay),

given by
P(Ag,A):=Tlo Al , |
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where II : L?(F) — ker Ay denotes the orthogonal projection. This object is called
the crossing form: it associates to each asymptotic operator A and each tangent
vector A € TAA(E) = L*®(Endy™(E)) to the space of asymptotic operators a

symmetric linear map ['(A, A) on ker A, or equivalently, the real-valued quadratic
form {-,I'(A, A)-)r2 on ker A. The signature

sign['(A,A) € Z

of this quadratic form is by definition the number of positive eigenvalues of I'(A, A)
minus the number of negative eigenvalues (counted with multiplicity). For a smooth
path {A}se—1,1] with a crossing at s = g, writing A, := 0SAS‘S:SO, the crossing is

called regular if the crossing form I'(A,,, A,,) : ker A,, — ker A,, is invertible.
We can now generalize Lemma 3.12.19 as follows:

LEMMA 3.12.21. Suppose {Ag}se(—s5) and {Al}e(ss are two smooth paths of
asymptotic operators that each have a reqular crossing at Ag = A =: A. Then there
exists an € > 0 such that Ag and A’ are all nondegenerate for every s € [—e, €]\{0},
and for any s in this set,

luspec(A AI) _ %SlgnP(Av AIO) - %SlgnF(Aa AO) Zf s > 07
o IsignT(A, Ag) — 2sign (A, A))  if s <O.

2 2

PRrROOF. Write K := ker A and V := K+ n HY(E), where K+ < L*(E) is the
L2-orthogonal complement, and suppose the crossing form I'(A, AO) has k. positive
and k_ negative eigenvalues (counting multiplicity), with & := dim K = k, + k_.
There is a function ® : O(A) x (=0, ) — End™™(K) defined for some neighborhood
O(A) ¢ A(E) of A and some 0 > 0 such that ®(A;,\) : K — K has kernel
isomorphic to that of A; — X for each s and A close to 0. Following (3.32), we can
write

(A, \) =d, —cy(a, — ) by — A =1 (s, \) — A,

where ay, by, cs and d, are smooth families of operators representing the components
of A, in its block decomposition as an operator V@K — K*@® K. We see from this
formula that the functions ® and ¥ both depend smoothly on s and real-analytically
on A; they also admit complex-analytic extensions that are defined for complex A
near 0 and take values in the complexification of End®™(K’). We can therefore also
view

£o(A) := det D(A,, \) € C

as a smoothly s-dependent family of holomorphic functions defined for A € C in
some neighborhood of 0, and by Exercise 3.5.13, the zeroes of f, are precisely the
eigenvalues of A, with multiplicity matching the order of the zero. Now, since
U(0,\) =0 for every A, the fundamental theorem of calculus gives

1 d 1 .
U(s, \) = L E\I’(TS, A)dr = SL 05U (T3, A)dr =: sU(s, \),
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thus defining a new function \’I\I(s, A) that is likewise smooth in s and holomorphic
in A, such that

T(0,0) = 0,9(0,0) = d,d,| _, = D1®(A,0)Ay = [(A, Ap).
Writing
fs(sA) = det (s@(s, SA\) — s)\> = s det (\if(s, SA\) — A) =: s%g,(\)

defines a new smoothly s-dependent family of holomorphic functions g such that
go(A) = det (F(A,AO) —)\>, so our assumptions on (A, Ag) imply via Exer-
cise 3.5.13 that go has exactly k. positive and k_ negative zeroes, counting multiplic-
ity. It follows that for any L > 0 larger than the magnitudes of all the eigenvalues
of T(A, Ay), the interval [—L, L] also contains exactly k, positive and k_ negative
zeroes (counting multiplicity) of g, for each s # 0 close enough to 0. Turning this
into a statement about the zeroes of f; and applying Exercise 3.5.13 once more, we
deduce that for some € > 0 small, the interval [—¢, €] contains k, positive and k_
negative eigenvalues of A for each s > 0 sufficiently small, or the same statement
with the signs reversed if s < 0.

Applying the same arguments to A, we can now fix € > 0 small and choose for
any s # 0 close enough to 0 a path from A to A’ that stays in a small enough
neighborhood of A to guarantee that no eigenvalues cross +e. The spectral flow is
thus determined entirely by the comparative distribution of positive and negative

eigenvalues of A, and A’ close to 0, which is determined by the crossing form as
described above. 0J

With Lemma 3.12.21 in hand, the same calculation as in the proof of Lemma 3.12.20
(with A replaced by I') makes the following definition independent of choices:

DEFINITION 3.12.22. Given arbitrary asymptotic operators A, € A(E) on a Her-
mitian vector bundle £ — S, the (half-integer-valued) spectral flow pP*(A | A, ) €
:Z from A_ to A, is defined by

1 . .
(AL AL) = gsign (AL AL+ ) sianT(AL A
—1<s<1

1 i
+ 5 Sign F(Al, A1)7
where {A, € A(E)}e[-1,1] is any choice of smooth path from A_ = A_;to A, = A,
with only regular crossings, and A, := 0;A; € Ta A(F) = L*(Endy ™ (E)).

This generalized notion of spectral flow leads to an obvious half-integer-valued
generalization of the Conley-Zehnder index for arbitrary asymptotic operators A €
A(FE) with respect to a trivialization 7 of E: the Robbin-Salamon index ujq(A)
is uniquely determined by the conditions
(3.33) prs(A-) — ppg(Ay) = (A AL forall Ay € A(E)
and
(3.34) phs(A) = uiy(A) for all A nondegenerate.
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If F is the trivial bundle S' x R?", one can of course omit the trivialization from
the notation and simply write urs(A). For a closed Reeb orbit 7y, even a degenerate
one, one can now define

prs(7) == prs(AS).

PROPOSITION 3.12.23. The definition of uhe(y) € 37 in terms of spectral flow
is equivalent to (3.29).

PROOF. An equivalent statement purely in terms of asymptotic operators would
be that for any A € A(FE) and trivialization 7 of E,

. oz (A —€) + pui (A +€
MRS(A)z CZ( )2 CZ( )

for e > 0 sufficiently small. Using (3.33) and (3.34) to characterize ugg, this formula
follows by computing

1
WP (A —€, A) = 3 dimker A = p*P*°(A, A + ¢),

for which one can use the path s — A + s, as it has a single regular crossing at
s = 0 whose crossing form is positive definite. ([l

As mentioned at the beginning of this subsection, the original definition of the
Robbin-Salamon index in [RS93] frames it in terms of symplectic arcs ¥ : [a, b] —
Sp(2n) rather than spectral flow. A general definition of prs(¥) can be expressed
as follows.” For each k € N, the Lie group Sp(2n) has a smooth submanifold

Spi(2n) := {A € Sp(2n) | dimker(A —1) =k},

i.e. the set of all symplectic linear transformations for which 1 is an eigenvalue of
geometric multiplicity k. The union of these submanifolds for all k& > 0 is an
algebraic variety called the Maslov cycle. The stratum Sp,(2n) < Sp(2n) has
codimension 1, while the others all have strictly larger codimension, so generic arcs
in Sp(2n) can be made to miss Sp,(2n) for £ > 2 and intersect Sp, (2n) transversely,
and these intersections can be counted with signs (including factors of 1/2 for inter-
sections at an end point). For arcs with end points lying in Sp,(2n) for k£ > 2, one
needs a more constrained notion of generic intersections, which are also called reqular
crossings and can be characterized via the nonsingularity of a quadratic form, the
crossing form T'(¥,¥). Analogously to Lemma 3.12.21, one can use the signature
of this crossing form to characterize, for any two symplectic arcs ¥, ¥’ in Sp(2n)
with regular crossings at the same point W(0) = ¥'(0) € Sp,(2n), the signed count

9The definition by Robbin and Salamon derives their generalized Conley-Zehnder index from a
Maslov index for paths in the space of pairs of Lagrangian subspaces of R?". The relation between
this and the Conley-Zehnder index for symplectic arcs is elucidated in [RS93, §5].

OCaution: For symplectic matrices, the geometric and algebraic multiplicity of an eigenvalue
need not match. The strata Spy(2n) are defined specifically in terms of geometric multiplicity, not
algebraic.
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of intersections with Sp,(2n) for a generic symplectic arc from ¥(+e) to U'(+e) for
e > 0 small (cf. the bottom of page 832 in [RS93]). As a consequence, the index

I : ) :
prs(¥) = 5 sign T(W(a), W(a) + 3 sianT(¥(r), (1)
(3.35) . a<t<1b
+ 5 sign [(¥(0), (b)) e SZ

for a smooth symplectic arc ¥ : [a, b] — Sp(2n) with only regular crossings depends
only on its homotopy class with fixed end points. Observe that for the Conley-
Zehnder index, we always consider symplectic arcs ¥ starting at 1, which lies in the
smallest stratum Sp,,,(2n) of the Maslov cycle, thus the standard theory of transverse
intersections is not sufficient for understanding the Conley-Zehnder index from this
perspective—it is essential to also understand regular crossings and the crossing
form.

PROPOSITION 3.12.24. Under the natural correspondence between trivialized as-
ymptotic operators A and symplectic arcs ¥ : [0,1] — Sp(2n) with ¥(0) = 1, the
definition of prs(V) in (3.35) matches our definition of pgrs(A) in terms of spectral
flow.

PROOF SKETCH. We claim first that the result holds for n = 1 and the symplec-
tic arc Wy : [0, 1] — Sp(2) given by

Wo(t) = (eot eﬂ) .

Indeed, the corresponding asymptotic operator Ag is nondegenerate, so prs(Ag) =
tez(Ag), and Theorem 3.9.1 gives pcz(Ag) = 0. In order to compute (3.35), we
observe that U, has no crossings other than the required one at ¢ = 0, so the claim
will follow if we can show that the crossing form there has signature 0. Without
needing to compute the crossing form, we can deduce this from homotopy invariance:
the obvious extension ¥, of ¥, to an arc [—1,1] — Sp(2) also has only the one
crossing at t = 0, and we claim that it is homotopic with fixed end points to an arc
Ui : [—1,1] — Sp(2) that has no crossings at all, implying

sign I'(1, \ilo(O)) = ,LLRS(@O) = ,LLRS(@G) =0.

To see the homotopy in question, let R(f) : R? — R? denote the rotation by angle
and observe that for each 7 € [—1, 1], we have

R(n/2) " Wo(T)R(7/2) = —JoWo(7)Jo = Uo(—7).

For each 7 € (0, 1), we can therefore construct a symplectic arc from W(—1) to W(1)
that follows initially a segment of Ufromt=—1tot = —7, then conjugates \’I}(—T)
with rotations for angles ranging from 0 to 7/2, and finally follows the opposite
segment of U from ¢t = 7 to t = 1. The matrices along this arc never have 1 as an
eigenvalue, so there are no crossings, and letting 7 — 0 shows that the arc is also
homotopic to U with fixed end points, as claimed.
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The direct sum property gives an easy extension of the first claim removing the
condition n = 1; it implies namely that for any n € N, the arc

et 0 -~ 0 0
0 et 0 O
Uy : [0,1] = Sp(2n) : t — : :
0 0 e 0
0 0 0 et
and corresponding asymptotic operator Ag satisfy prs(¥o) = 0 = pcz(Ag) =

prs(Ao).

Now fix Ag and ¥g as above, and suppose A is an arbitrary trivialized asymptotic
operator, with W : [0, 1] — Sp(2n) as the corresponding symplectic arc starting at
U(0) = 1. Choose a smooth path of asymptotic operators {A}sep,1] from Ag to
A, := A, and perturb it if necessary so that all crossings are regular. This path
gives rise to a homotopy of symplectic arcs

{W, : [0,1] = Sp(2n)}sefo1]
from ¥y to Wy := ¥, all satisfying W,(0) = 1, and fixing ¢ = 1 then gives rise to
another symplectic arc

a:[0,1] = Sp(2n) : s — Wy(1).
The homotopy invariance of (3.35) with fixed end points now gives

prs(V) = prs(Wo) + prs(@) = prs (),
so urs(W) is a signed count of crossings for the symplectic arc «(s), with the final
crossing (if any) at s = 1 weighted by 1/2. But the 1-eigenspace of «(s) is naturally
isomorphic to the kernel of A, so crossings of a are equivalent to crossings of the
path of asymptotic operators s — Aj, and after comparing the definitions of the
crossing forms for asymptotic operators and symplectic arcs, one finds

prs(a) = =P (Ao, A1) = —prs(Ao) + prs(A) = prs(A).
[

REMARK 3.12.25. The relationship between spectral flow and other definitions of
the Conlex-Zehnder index is treated at length in [RS95], but unlike what we have
done in this section, that paper declines to give any definition for pP*(A_  A})
outside the case where both A, and A are nondegenerate. Remark 5.31 in [RS95]
states a reason for this that will be relevant in the next chapter: the most important
application of spectral flow for asymptotic operators is to compute the Fredholm
indices of certain linear Cauchy-Riemann type operators on bundles over punctured
domains, but those operators fail to be Fredholm when the asymptotic operators
are degenerate. In my personal opinion, this fact also makes the Robbin-Salamon
index itself somewhat less useful, and it is the main reason why we will instead use
the perturbed indices ug; () from §3.12.2 in the rest of this book.
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In this chapter we will study the class of linear Cauchy-Riemann type operators
that arise by linearizing the nonlinear equation for moduli spaces in SF'T. We saw
in the previous chapter that linearizing certain PDEs over noncompact domains
naturally leads one to consider a class of symmetric asymptotic operators (e.g. the
Hessian of a Morse function at its critical points), which have trivial kernel if and only
if a nondegeneracy (i.e. Morse) condition is satisfied. Our main goal in this chapter
is to show that the linear Cauchy-Riemann type operators in SF'T are Fredholm if
their asymptotic operators are nondegenerate.

4.1. Cauchy-Riemann operators with punctures

The setup throughout this chapter will be as follows.
Assume (X, j) is a closed connected Riemann surface of genus ¢ > 0, T’ < X is a
finite set partitioned into two subsets
r=rturl-,

and 2 := Y\T denotes the resulting punctured Riemann surface. We shall fix a choice
of holomorphic cylindrical coordinate near each puncture z € I't, meaning the
following. Given R > 0, let (Z%,i) denote the half-cylinders

7%= [R,0) x S', 71 = (=0, —=R] x S*, Zy =29,

with complex structure id, = 0, id; = —0, in coordinates (s,t) € R x S'. The
standard half-cylinders Z; are each biholomorphically equivalent to the punctured

147
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FIGURE 4.1. A Riemann surface with genus 1 and five punctures,
depicted at the right as three positive and two negative cylindrical
ends.

disk D := D\{0} via the maps
Vi 1 Ly — ]D : (S,t) — 6¢27r(8+it)_

For z € I't, we choose a closed neighborhood U, = X of z with a biholomorphic map

Pzt (Z/{Z7J) - (Zivi)u

where U, := U\{z}, such that ¢, o @, : U, — D extends holomorphically to U, —
D with 2z — 0. One can always find such coordinates by choosing holomorphic
coordinates near z. We can thus view the punctured neighborhoods U, < > as
cylindrical ends Z.; see Figure 4.1. .

Suppose (E,J) is a complex vector bundle of rank n over (¥,j). An asymp-
totically Hermitian structure on (F,J) is a choice of Hermitian vector bundles
(E., J.,w.) of rank n over S' associated to each puncture z € I'*, together with
choices of complex bundle isomorphisms

Bl —pr; E.

covering ¢, : U, — Z., where pry, : Z; — S' denotes the natural projection to the
St factor. This isomorphism induces from any unitary trivialization 7 of (E., J,, w.)
a trivialization

(4.1) T By — Zs X R?"

identifying J with Jy = (0 _]l) over the cylindrical end. We will call this trivial-

1 0

ization of F over U, an asymptotic trivialization near z. The bundle (£, J,, w,)
will be referred to as the asymptotic bundle associated to (E, J) near z.
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Fixing asymptotic trivializations near every puncture, we can now define Sobolev
spaces of sections of F by

Wk (E) = {n e WEP(E) | n, e WHP(Z, R*™) for every z € Fi} ,

where 7, : Z; — R?" denotes the expression of Nl in terms of the asymptotic
trivialization, and we use the standard area form ds A dt on Z; in defining the
norm on Wk» (Zoi, R?"). Since S! is compact, the definition of this space does not
depend on the choice of asymptotic trivialization, and moreover, one can pick a finite
collection of charts and local trivializations covering ¥ away from the punctures,
supplemented by an asymptotic trivialization near each puncture, to define a norm
on WHP(E) that is (up to equivalence) independent of choices and makes W*?(FE)
a Banach space. (For details on the construction of Sobolev norms for spaces of
sections of vector bundles, see Appendices A.4 and A.5.) One must still be a bit
careful with the noncompact ends, however:

EXERCISE 4.1.1. Convince yourself that different choices of asymptotically Her-

mitian structure on £ — ¥ can give rise to inequivalent definitions of the space
WkP(E).

Any linear Cauchy-Riemann type operator on E has as its target the complex
vector bundle _
F := Hom¢(TX, E),
so sections of F' are the same thing as E-valued (0, 1)-forms. An asymptotic trivi-
alization 7 as in (4.1) then also induces a trivialization

Fly — Zy x R?™ : X — 7(\(8,)),

where 0, is the coordinate vector field on U, arising from its identification with Z.
This trivialization yields a corresponding definition for the Sobolev spaces W*»(F),
which depend on the asymptotically Hermitian structure of £ but not on the choices
of asymptotic trivializations. Having made these choices, a Cauchy-Riemann type
operator D : T'(E) — I'(F) always appears over U, as a linear map on C*(Z,, R*")
of the form

(4.2) Dn(s,t) = dn(s, t) + S(s,t)n(s, 1),
where 0 := 0, + Jy0; and S € O°(Z4, End(R?")).

Since it is occasionally useful for technical reasons, we will in this chapter permit
the bundle £ — X to be of class C™*! for m < 00, meaning it can be covered by
local trivializations such that all transition maps are of class C™*!, but possibly
not smooth.” On such a bundle, the spaces C*(E) and W*?(E) are well defined

for each & < m 4 1 due to the continuous product pairings C"™*! x C* — C* and
Cm+1 % Wk,p N Wk,p.

IThis situation arises if one considers .J-holomorphic curves u : (X, j) — (M, J) with respect to
an almost complex structure .J that is of class C"*! but not smooth. According to Theorem 2.4.10
and the Sobolev embedding theorem, u is then a C™*1_smooth map, so the pullback bundle
u*TM — ¥ is of class C™*1, and since a derivative of J appears in the formula for the linearized
operator D,,, the latter is a Cauchy-Riemann type operator of class C"™.
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DEFINITION 4.1.2. Suppose E — Y is of class C™** for some m € {0, 1,2, ..., o0}
A linear Cauchy-Riemann type operator of class C™ on F is then a first-order

differential operator D : C™*1(E) — C™(F) that takes the form D = 0 + S in local
trivializations with zeroth-order terms S of class C™.

EXERCISE 4.1.3. Check that if the zeroth-order term of a Cauchy-Riemann type
operator is of class C"™ in a given trivialization, then this remains true after trans-
forming it by a transition map of class C™*!, though it does not remain true in
general if the transition map is only of class C™.

DEFINITION 4.1.4. Suppose F — Y is an asymptotically Hermitian vector bun-
dle of class C™*! for some m € {0,1,2,..., 00}, A, is an asymptotic operator on
(E.,J,,w,) and D is a linear Cauchy-Riemann type operator of class C™ on E.
We say that D is C™-asymptotic to A, at z if D appears in the form (4.2) with
respect to an asymptotic trivialization near z, with

||S—SOOHCk(Z§)—>O as R —

for all & < m, where Sy (s,t) := Sy (t) is a C™-smooth loop of symmetric matrices
such that A, appears in the corresponding unitary trivialization of (F,, J,,w,) as
—JoOp — Syp.

Recall that an asymptotic operator is called nondegenerate if 0 is not in its
spectrum, which means it defines an isomorphism H'(S') — L?(S'). We will some-
times omit the prefix “C™-" in the term “C"™-asymptotic”; when this happens, the
case m = oo is meant. The objective of this chapter is to prove the following:

THEOREM 4.1.5. Suppose m € N u {0}, (E,J) is an asymptotically Hermitian
vector bundle of class C™ over (i,j), A, is a nondegenerate asymptotic operator
on the associated asymptotic bundle (E,, J,,w,) for each z € T, and D is a linear
Cauchy-Riemann type operator of class C™ that is C™-asymptotic to A, at each
puncture z. Then for every ke {1,...,m+ 1} and p € (1,00),

D : WkP(E) - Wk1r(F)

1s Fredholm. Moreover, ind D and ker D are each independent of k and p, the
latter being a space of C™-smooth sections whose derivatives up to order m decay
exponentially fast to 0 on the cylindrical ends.

REMARK 4.1.6. We assume m > 1 in Theorem 4.1.5 for safety’s sake, but most
steps in the proof will also work for m = 0, the only exception being the exponential
decay estimate carried out in §4.6. Even without this, our proof that D is Fredholm
remains valid for m = 0 if p > 2 (see Remark 4.7.4). In any case, the applications
in this book will only require the case m = co.

REMARK 4.1.7. A further possible generalization would be to consider linear
Cauchy-Riemann type operators of Sobolev class W™, as is done in [MS12, Ap-
pendix C.1]. As observed in Remark 2.4.2) most of the regularity theory for Cauchy-
Riemann type operators can be extended to this setting, thus producing a general-
ization of Theorem 4.1.5. We will not pursue this here since it would make several
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details more complicated, especially in the asymptotic analysis, and we do not have
any applications in mind for it that cannot also be handled by other means.

The index of D is determined by a generalization of the Riemann-Roch formula
involving the Conley-Zehnder indices uf,(A.) that were introduced in the previous
chapter. We will postpone serious discussion of the index formula until Chapter 5,
but here is the statement:

THEOREM 4.1.8. In the setting of Theorem 4.1.5,
indD = nx(X) + 2] (E) + Y nigAs) — Y wis(AL),

zel't zel'—

where T is an arbitrary choice of asymptotic trivializations, ¢](E) € Z is the relative
first Chern number of E with respect to T, and the sum is independent of this choice.

REMARK 4.1.9. The index formula reveals that the nondegeneracy condition on
the asymptotic operators in Theorem 4.1.5 cannot be relaxed. Indeed, if D were
Fredholm but had a degenerate asymptotic operator A, at some puncture z € I,
then D could be perturbed to make A, nondegenerate with at least two distinct
possible values of its Conley-Zehnder index. This would produce two arbitrarily
small perturbations of D that have different Fredholm indices according to Theo-
rem 4.1.8, in which case D itself cannot be Fredholm. This is a marked contrast with
the theory of linearized Cauchy-Riemann operators on closed Riemann surfaces: in
the closed case, all Cauchy-Riemann type operators on the same bundle E are Fred-
holm and have the same index, because the difference between any two of them is
a zeroth-order operator, which is compact due to the compactness of the inclusions
WFP(E) — W+ LP(E). The difference in the punctured case is that since X is not
compact, neither is the inclusion W*?(E) — W*=1P(E), hence zeroth-order terms
can affect both the Fredholm property and the index.

Standing assumptions.
For the entirety of this chapter, ¥ = ¥\(I'* U T'7) is a punctured Riemann surface
as described above with fixed choices of holomorphic cylindrical coordinates near
each puncture, F — Y is an asymptotically Hermitian vector bundle of complex
rank n € N and of class C™*! for some m € {0,1,2,...,00}, and D is a linear
Cauchy-Riemann type operator of class C™ on E which is C"™-asymptotic at each
puncture z € I' to an asymptotic operator A,. We will not always need to assume
that the A, are nondegenerate or that m > 0, so these conditions will be specified
whenever they are relevant. The Sobolev parameters k and p will always lie in the
ranges 1 <k <m+1and 1 <p < o0 unless otherwise indicated.

For subdomains ¥y — ¥, we will sometimes denote the W*P-norm on sections
of FE restricted to Xy by

Inlwerisey = Inlwrrsys,),

and we will use the same notation for sections of other bundles such as F' =
Home (T, E) over this domain when there is no danger of confusion. The space

Wo(Z0) = WHP(E)
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is defined in this case as the W*P-closure of the space of smooth sections of £ with
compact support in Y.

4.2. A lemma on semi-Fredholm operators

The standard approach for proving that elliptic operators are Fredholm begins
by proving that they are semi-Fredholm, meaning dimkerD < oo and imD is
closed. We saw in §2.4 that all Cauchy-Riemann type operators satisfy a local
estimate of the form ||n||yrr < ¢|Dn|wr-1. + c||n]wr-1.,, and we will see later in this
chapter that a global version of this estimate also holds if the asymptotic operators
at all punctures are nondegenerate. Recalling that the inclusion W*? < WF-1P ig
compact for functions on a bounded domain, such estimates can be used to establish
the hypotheses of the following abstract functional-analytic result.

LEMMA 4.2.1. Suppose X, Y and Z are Banach spaces, T € L (X,Y), K €
Z(X,Z) is a compact operator, and there is a constant ¢ > 0 such that for all
reX,

(4.3) |z x < el Taly + ¢|Kz]z.
Then ker T s finite dimensional and im T s closed.

PROOF. A vector space is finite dimensional if and only if the closed unit ball
in that space is a compact set, so we begin by proving the latter holds for ker T.
Suppose xp € ker T is a bounded sequence. Then since K is a compact operator,
Kz, has a convergent subsequence in Z, which is therefore Cauchy. But (4.3) then
implies that the corresponding subsequence of z; in X is also Cauchy, and thus
converges.

Since we now know ker T is finite dimensional, we also know there is a closed
complement V < X with ker T@®V = X. Then the restriction T|y has the same
image as T, thus if y € im T, there is a sequence z; € V such that Tz, — ¥.
We claim that z is bounded. If not, then T(x/|zx|x) — 0 and K(xy/|zk|x)
has a convergent subsequence, so (4.3) implies that a subsequence of xy/|zx|x also
converges to some T, € V with |z4| = 1 and Tz, = 0, a contradiction since
T|y : V — Y is injective. But now since . is bounded, Kz;, also has a convergent
subsequence and Tz converges by assumption, thus (4.3) yields also a convergent
subsequence of xp, whose limit x satisfies Tx = y. This completes the proof that
im T is closed. 0

4.3. Some global regularity estimates

The following lemma is an immediate consequence of the local elliptic regularity
result of Theorem 2.4.1, after covering a compact subset with finitely many local
holomorphic coordinate charts and trivializations.

LEMMA 4.3.1. Suppose D is of class C™ with 0 < m < o0, 1 < k < m+ 1,
1 <p< oo, and ¥y < X1 < X are open subsets with compact closure such that

Yo < Xy. Then there exists a constant ¢ > 0 such that for every n e W*P(E),

[nlwerise) < clDnlwr-roy) + clnlwr-roe,).
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O

IfT' = ¢, then Lemma 4.3.1 suffices already for proving that D is semi-Fredholm,
as one can then set Xg = ¥ := ¥, observe that the inclusion W*?(X) « Wk-1P(33)
is a compact operator, and plug the estimate into Lemma 4.2.1. The estimate is
insufficient however if there are punctures, because one has to chop off the cylindrical
ends of X in order to obtain a domain with compact closure. Our next task is
therefore to prove a truly global estimate that pays attention to neighborhoods of the
punctures. Recall that in §2.4.1, we proved that weak solutions of class n € L} . for
a given p € (1, 0) to a linear Cauchy-Riemann type equation Dy = £ with £ € W”
are always of class I/VIZLCH’p . This local statement does not imply n € W™ in
general, since it says nothing about any decay conditions at infinity that would be
needed to produce finite LP-norms. That is the purpose of the next result:

LEMMA 4.3.2. Suppose D 1is of class C™ with 0 < m < o0, 1 < p < w0 and
1<k<m+1. Ifne LP(E) is a weak solution to Dy = & with £ € Wk LP(F), then
ne WkrP(E).

PROOF. By induction, it suffices to show that if n € W*~1P and Dy = £ € Wk-1»
then n € W*P, Theorem 2.4.1 implies that this is true locally, so the task is to bound
the W*P-norm of n on the cylindrical ends. Pick an asymptotic trivialization and
write D on one of the ends Zy = U, as 0 + S(s,t). Let us assume for concreteness
that the puncture is a positive one, and now consider the norms of 1 on the bounded
sets

Zy:=(N,N+1)xS" and Zy:=(N—-1,N+2)xS.

Since Zy has closure in Z);, Lemma 4.3.1 gives

||77Hka(ZN) < C||977||W'€—1m(zj’v) + C||TIHW'€—LP(Z]’V)
= cf§ - 577||Wk—1m(zgv) + C||TIHWk—Lp(z;V)
< C||§Hwk—1m(zgv) + CIH"I||wk—lm(z;V),
where in the last line we've incorporated |S|cr-1(z; ) into the constant ¢’ > 0.
An important detail here is that the constants in these estimates can be assumed
independent of N: indeed, the C*~1-norm of S on [N — 1, N + 2] x S is bounded
uniformly in N since S(s,t) is asymptotically C*~!-convergent to some Sy (t), and
the constant that arises by applying Lemma 4.3.1 with D := 0 does not care if the

domain is shifted by a translation. We can therefore take the sum of this estimate
for all N € N and relabel the constants, producing

(4.4) Inlweszry < cléllweroz,y + clnlwrrsz,)-
O
COROLLARY 4.3.3. If D is of class C™ with 0 < m < o0 and 1 < p < o0, every
weak solution n € LP(E) of D=0 is in (Nycpmi1 [Npege WHUE); in particular, 1
1s of class C™, and its derwatives up to order m decay to zero at infinity.

PrROOF. This is essentially a global version of Corollary 2.4.8, and is proved via
a very similar argument. For simplicity we assume m < oo, as the case m = oo will
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then follow. If p > 2, then the Sobolev embedding theorem (Theorem A.1.6 and its
adaptation for bundles sketched in §A.5) gives continuous inclusions W™ ?(E) —
C™(E) and W™tLP(E) — W™4(E) for all q € [p,0]. The latter can be fed back
into Lemma 4.3.2 to conclude n € W™ 14(E) for every ¢ € [p, ), and the derivatives
up to order m decay at infinity since the constant ¢ > 0 in the Sobolev inequality

[nlomzzy < clnlwmsrnzs

does not depend on R, while the finiteness of ||ym+1.r(z,) implies that the right
hand side converges to 0 as R — 0.

If p < 2, then since € WP(E), the Sobolev embedding theorem gives n € LI(E)
for every ¢ € [p, p*) where z% = i — 3, and Lemma 4.3.2 then gives n € W™ +14(E)
for all ¢ in this range. Since p > 1, # < %, thus some of the ¢ in this interval satisfy
q > 2, and one can then repeat the argument of the previous paragraph to establish

the result for all ¢ = p, as well as the C™-decay. U

REMARK 4.3.4. Corollary 4.3.3 is valid without any nondegeneracy assumption
on asymptotic operators, but it is also not as strong a result as one would like. It
will imply that the kernel of D : WkP(E) — W+ LP(F) is independent of k, but we
do not yet have enough knowledge of the asymptotic decay of sections 7 € ker D to
determine whether they are also in L9(F) for 1 < ¢ < p, and for this reason, it is
not yet clear whether ker D depends on p. (This problem did not arise in our earlier
local results, e.g. in Corollary 2.4.8, because we were working on domains with finite
measure in local coordinates.) The latter will be deduced in §4.6 from an exponential
decay estimate that makes explicit use of the nondegeneracy assumption.

One can now supplement Lemma 4.3.1 with (4.4) to produce a global estimate

of the form
Inlwrre) < clDnlwe-1oey + c|nllwr-1o)

for all n € W*P(E), but this is also not quite what we need. The trouble is that since
3 is generally noncompact, the inclusion W*P(E) — W+ 1#(E) is not a compact
operator. To prove the semi-Fredholm property, we will need to replace the W*=1»-
norm of 7 in this estimate with the norm of its restriction to a compact subset of 3,
and this will be where the nondegeneracy assumption becomes essential.

4.4. Translation-invariant operators on the cylinder

In this section, we establish a special case of Theorem 4.1.5 that serves as the
asymptotic analogue of the fundamental elliptic estimates from Chapter 2. Beyond
those local estimates, this is the main analytical ingredient that makes all Floer-type
theories in symplectic geometry work.

THEOREM 4.4.1. Suppose A = —Jyo,—S(t) is a nondegenerate asymptotic opera-
tor on the trivial Hermitian vector bundle S'xR*" — St with S : ST — End™™(R*")
of class C™, 0 < m < o. Then the operator

O — A = 0, + Jo0, + S(t) : WHP(R x S*, R*™) — WH1P(R x S R?™)

1s an isomorphism if 1l <k <m+1 and 1 <p < 0.



LECTURES ON SYMPLECTIC FIELD THEORY 155

REMARK 4.4.2. The same reasoning as in Remark 4.1.9 concludes via the index
formula of the next chapter that the converse of Theorem 4.4.1 also holds: if A is
degenerate, then d, — A : W"P(R x S') — W* LP(R x S1) is not an isomorphism,
in fact it is not even Fredholm.

Thanks to Lemma 4.3.2, it suffices to prove the case k = 1 of Theorem 4.4.1, as
the rest will then follow via regularity. A detailed general proof for K = 1 can be
found in [Sal99, Lemma 2.4]. We give below a different proof for the case k = 1
and p = 2, using a trick suggested by Sam Lisi. The case p # 2 can be deduced
from this in conjunction with the basic local LP-estimate from Chapter 2 (namely
Theorem 2.3.2).

The trick behind the proof below is to take the Fourier transform of both sides
of the equation (05 — A)u = f with respect to the R-coordinate only. Concretely, let
< (R x S1) denote the space of smooth functions u : R x St — CV for some N € N
whose derivatives of all orders have rapid decay at infinity, meaning the function
(s,t) — |s[*0“u(s,t) is bounded on R x S! for all £ € N and all multiindices a. A
minor variation on the usual argument for the Fourier transform then shows that
the complex-linear transformations u — Fu = @ and v — % *v = v defined by

0 ©
o, 1) = J u(s, e 7 ds, (s, 1) 1= J o(0, )62 o
. »

are bijections (R x S') — (R x S') and are inverse to each other.

PROPOSITION 4.4.3. Let { , Y2 denote the standard complex L*-product for
functions R x St — CN : (s,t) — u(s,t), defined in terms of the standard Hermitian
inner product on CN and the measure dsdt. The operator F then has the following
properties:

(1) {t,0yp2 = {u,v)p2 for all u,v e (R x S1);
(2) és\u(cr, t) = 2miotu(o,t) for allu e (R x S1);
(3) 8/,@(0, t) = dyii(o,t) for allue (R x St);
(4) For any continuous function ® : S* — Endc(CY) and every u € /(R x St),
du = da, where we denote (Pu)(s,t) := D(t)u(s,t).
O

Since . (R x S!) contains C{°(R x S') and is thus dense in L?(R x S'), the first
property in Proposition 4.4.3 implies in particular that .# and .#* extend uniquely
to isometries on L*(R x S'). Adding the second and third properties gives a useful
new characterization of the Sobolev space H*(R x S*) := W'#(R x S*):

EXERCISE 4.4.4. Show that a function u € L*(R x S') is in HY(R x S*) if and
only if its Fourier transform o with respect to the R-factor has both of the following
properties:

e The function (o,t) — |o|i(o,t) is also in L*(R x S);
e The function (o, t) has a weak partial derivative d; in L?(R x S!).
Show moreover that the usual W'2-norm is then equivalent to

lullmr o=l + [lo] - ], + 0] e,
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and that the second and third properties in Proposition 4.4.3 also hold (in the sense
of weak derivatives) for all v € H*(R x S'). Hint: CP(R x S') is also dense in
HY(R x S1); see Theorem A.5.1.

PROOF OF THEOREM 4.4.1 FOR k =1 AND p = 2. Since A = —Jy0; — S(t) is
not generally a complex-linear operator, we start by complifying it, i.e. we consider
the natural extension of J; + Jod; + S : H'(R x S',R*) — L?(R x S',R*") to a
complex-linear operator

Oy — A =0, +Jod, + S HY(R x S, C*) - L*(R x S*,C*).
Observe that (0s — A)u = (0s — A)u for all u e HY(R x S*, C?"), thus it will suffice

to prove that this complexification is an isomorphism, as this will imply the same
result for the underlying real-linear operator. With this in mind, all functions for
the remainder of this proof will be assumed to take values in C?".

Since A = —Jyd; — S(t) only involves a derivative with respect to ¢ and a (com-
plexified) zeroth-order term, it commutes with the Fourier transform operator %,
so that applying .# to both sides of (0 — A)u = f and applying Proposition 4.4.3
and Exercise 4.4.4 transforms it into the equation

(4.5) (2mio + Jod, + S)i = f  almost everywhere.

We need to show that for every f € L*(R x S'), this equation has an almost every-
where unique solution @ : R x §' — C?" such that the norms [a 2, ||o|-a|,, and

|01 2 are all finite and satisfy bounds in terms of || f] 2.
It will be convenient to abbreviate
ty := t(o,) : ST — C*™"
for functions 4 : R x ST — C?" and ¢ € R. The equation (4.5) then becomes
(4.6) (2mioc — A)i, = (2mio + Jod, + S)iy = f,

for each individual o € R. Note that for f € L? (R x S'), Fubini’s theorem implies
f,€ L?(S1) for almost every o € R. For these particular values of o, (4.6) does have a
unique solution 4, € H*(S'): indeed, A is nondegenerate by assumption, thus it has
no imaginary eigenvalues, implying that the operator (2mic —A) : H'(S') — L?(S!)
has a bounded inverse for every ¢ € R, which we shall denote by
s = (2mioc — A)~1: L2(SY) — H'Y(SY).

It follows that there exists an almost everywhere unique function @ : R x S! —
C?" such that for almost every o € R, @i, = R,f, € H'(S") satisfies (4.6). It is
not immediately obvious whether this implies that @ also satisfies (4.5), but before
addessing this, let us check that 4 satisfies all the required bounds.

As preparation, observe first that since A is symmetric, for every A € R and
ne H'(S') we have

[GX = A)n[72 = (X — A)n, (ix — A)nyre = N|nll7= + |An|7-
— X ({n, Andr2 — (An,myr2) = N|n|72 + |An|7.,
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giving rise to two estimates,
[GA = Al = A - Inlzz and (A = A)nlzz = [An]Le,
valid for all n € H'(S'). The first of these is equivalent to

1
(4.7) |Ryn| 2 < mHnHLz for all ne L*(SY),

and combining the second estimate with the inequality ||An|z2 = ¢|n|m arising
from the fact that A is invertible, we obtain [(2wic — A)n|zz = ¢|nllg, and thus
(after renaming the constant),

(4.8) |Ren| i <c|n|e  forall ne L*(SY),

where the constant ¢ > 0 is independent of ¢ € R.
Feeding (4.8) into Fubini’s theorem now yields

o0 o0 Q0
fmﬁmww+f M%M%ﬂW=f i 2 s, do
—o0

—00 —00

0 0
— | WRediBpondr <& [ el do = 1B,
0 0

where the first integral on the left hand side is simply HQH%Q(RX s1y- The second
integral on the left hand side tells us moreover that the function (o,t) — 0y, (t)
on R x S* (defined for almost every ¢) has L2-norm bounded by ¢/ f| .2, thus it is
locally integrable on R x S!. It is now another straightforward exercise in Fubini’s
theorem to show that this function is in fact the weak partial derivative 0,4, so that
(4.5) then follows from the fact that (4.6) is satisfied for almost all o. Finally, (4.7)
implies

2 o] ) o0 .
llo sty = | 1P Vo sy do = | lof? Rl do
—0

—00
1 (® 0 1
< (271')2 w ||f0||L2(Sl) dO' = —(271')2 HfHLQ(]Rxsl)v

which completes the proof that f — w is a bounded linear map L*(R x S!) —
HY(R x S1). O

4.5. Proof of the semi-Fredholm property

The following consequence of Theorem 4.4.1 is more obviously an asymptotic
variant of the fundamental elliptic estimate from Chapter 2. Its key feature for our
purposes is that, in contrast e.g. to Lemma 4.3.1, it does not mention the W+ 1»-
norm of 7. Recall that W, (Zf) denotes the W*P-closure of CSO(ZO@, so such
functions remain in W*? if they are extended as zero to larger domains containing
Zof. Note that functions of class W, on Zf need not vanish near infinity—in fact,

© is dense in W"P(R x S'), see Theorem A.5.1.
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LEMMA 4.5.1. Assume D is of class C™ with 0 < m < o0, 1 < k < m+ 1,
1 <p < oo, and z € T'% is a puncture such that the asymptotic operator A s
nondegenerate. Then in holomorphic cylindrical coordinates on Z% < U, for every
R > 0 sufficiently large, there exists a constant ¢ > 0 such that

[1lwrnizey < D0l i rngzey — forall  neWg(ZE).

PROOF. Write D = 0+ Jy0;+S(s,t) and Dg = 05+ Jo0; + S (t) in an asymptotic
trivialization on U, = Z,, where the nondegenerate asymptotic operator is A =
—Jo0r — Sx(t) and we assume

||S - SOOHC'IC—I(ZiI?) — 0 as R — oo.

For i € WEP(ZE), there is a canonical extension n € W*P(R x S) that equals zero
outside Z%, so Theorem 4.4.1 implies an estimate

lhyenzzy = Inlwksexst < elDonli-toexsty = clDonlhyesnzsy
for some constant ¢ > 0. Rewriting this in terms of D gives
Inllwrrzry < cDnlyrrpzry + el (So = Slyrrpzn
< C”DTIHW’“*LP(ZQi}?) + S0 — S”Ckfl(zg) ' H’W”ka(z“lg)’

where we’ve used the continuity of the product pairing C*~! x Wk=1p — Wk=Lrp
and the inclusion W*? < W*~1P Importantly, the constant ¢ > 0 in this estimate
does not depend on R, thus we are free to choose R > 0 large enough so that

IS0 = Sllcr-1(zm) < 5, in which case ||nHWk,p(Zf) can be pulled over to the left hand

side, giving
1
S Wlhwsszgy < Dl sagzny

OJ
We can now prove a global estimate suitable for feeding into Lemma 4.2.1. Let
DILEEDY

denote the truncated open subset obtained by deleting the ends Z¥ < U, from ¥
for all z € I'. For any given subset 3; < ¥, we also define corresponding punctured
and truncated subsets respectively by

S =Y, 2= A%k

so Y1 has compact closure in 3 for each R = 0 (see Figure 4.2). On first reading,
you may prefer to assume Yy = ¥; := ¥ in the following lemma, as this is the case
we will use for proving the semi-Fredholm property. We are stating it somewhat
more generally for the sake of other applications.

LEMMA 4.5.2. Assume D is of classC™, 1 <k<m+1,1<p<oo, ¥gc ¥ C
Y. are open subsets such that

Yo %, E\Z) "I =g, and (E\Z)nT =g,
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FIGURE 4.2. A punctured Riemann surface with subsets 3y < £,
Y1 < ¥ and their truncations L5 < Nt < BF < ¥ as in
Lemma 4.5.2.

and the asymptotic operators A, are nondegenerate for all z € I' nXy. Then for any
R > 0 sufficiently large, there exists a constant ¢ > 0 such that

[nlwrsgsg) < elDnlwr-so,y +clnlwr-rnse

for all n e WkP(%).

PROOF. Fix R > 1 large enough so that the end Z~! U, is disjoint from both
Y0\Xo and ¥,\%; for every z € ' UT'~, and so that Lemma 4.5.1 is valid on Z%~!
whenever z € I' U ¥g. The closure of 5! is then contained in X (see Figure 4.2),
so we can choose another open set V with

Yilteyveycent
and a smooth cutoff function g € C$?(V) such that § = 1 on a neighborhood of
Y&t Letting
Z/.{I{Q*l ¥

denote the union of all the ends Zof_1 c L{z for z € I' n ¥y, we can now write any

ne kap(El_) as An+(1—B)n, where Bn vanishes outside of V while (1—3)n vanishes
outside of U ! and belongs to I/Véc P(UF). Lemma 4.3.1 then gives

180 wenisgy = 18nlwree) < c|DBN) |lwr-rasry + clBnlwr-1ssn)
< C,”DTIHW'C—LP@{*) + CIH”I||W’€-LP(2{%),

where the C*-norm of 3 has been absorbed into the constant ¢’ > 0. Similarly,
Lemma 4.5.1 gives

[ = B)nllwrnesyy = 1= Bnlwrrqz-ry < DI = B)nllyr-rpqim1y
< Dnllyyi-rogir-1y + EInlwr-rosp),

where the constant ¢’ > 0 now contains information about the C*lnorms of 1 — 3
and 0B over UE™! with the important detail that the latter is only nonzero in the
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annuli (R — 1,R) x S' ¢ Up_; and thus vanishes outside of ©F. Putting these
estimates together and relabeling the constants, we obtain

H77||Wk,p(20) =||pn+ (1 — 5)77||Wk,p(20) < HﬁnHwk,p(io) + (1 - B)Hwk,p(go)
< CHD’fZHwk—lm(il) + CHU”W’“—LP(Ef)-
]

COROLLARY 4.5.3. Under the assumptions of Theorem 4.1.5, the operator D :
WHkP(E) — WkLP(F) has finite-dimensional kernel and closed image.

PRrROOF. Choosing ¥y = ¥; := ¥ in Lemma 4.5.2 gives an estimate

”ﬁHWk,p(z) < C”DTIHW’@—LP(E) + ¢ nllwr-1p2r)

for every R » 1 sufficiently large. The closure of the truncated surface X is a com-
pact manifold with smooth boundary, thus the inclusion W*P(£f) — Whk=1Lpr(LH)
compact, and so therefore is the map

WEP(S) — WL (SR) o o g,
We have thus established the hypotheses of Lemma 4.2.1. O

4.6. Exponential decay

We would now like to show that the kernel of D : W*P(E) — WF=LP(F) is
the same finite-dimensional vector space for every choice of the Sobolev parameters
ke{l,...,m+ 1} and p € (1,00). We know already from Corollary 2.4.8 that
this is true locally: if 7 is annihilated by D and belongs to W*?(E) for any given
ke{l,...,m+1} and p € (1,), then n € W™ for every ¢ € (1,0). We also
know from Corollary 4.3.3 that n € W™TL4(E) for every ¢ € [p,o0), but there is
some uncertainty as to whether n must also decay fast enough at infinity to belong
to W™mtLa(E) for 1 < ¢ < p. We shall prove in this section that if m > 1, then this is
true at any end for which the asymptotic operator is nondegenerate. This will follow
from the fact that nondegeneracy forces bounded solutions to decay exponentially
fast.

4.6.1. Morse homology. To see why exponential behavior at infinity should
be expected, let’s consider first the analogy with Morse homology that was discussed
in §3.2. The linearized operator for the gradient flow equation acts on sections of
~*T'M for a gradient flow line v : R — M, and after choosing a global trivialization
of v*T'M, it takes the form?

D:C*R,R") - C*(R,R") : p— dsn — A(s)n

for some function A : R — R™*" that has a symmetric limit A, := lim,_, , A(S)
corresponding to the Hessian at the critical point 2, := lim,_,, 4 v(s). Let us choose
a new trivialization in which A, is diagonal, and consider only s » 1 for which A(s)

2The linearized gradient flow operator was written as Dy = dy1 4 A(s)n when it first appeared
in (3.3), but we have inserted a sign here in order to make the discussion more precisely analogous
with Cauchy-Riemann type equations and asymptotic operators.
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is an arbitrarily good approximation of A,. In this regime, the linearized equation
Dn = 0 becomes

)\1 0

In the “translation-invariant” case where A(s) is a constant for large s, this equation
is satisfied exactly, and one can then make some immediate pronouncements about
the qualitative behavior of solutions as s becomes large: they are linear combinations
of functions of the form e*v for eigenvectors v € R™ of A, with corresponding
eigenvalues A € R. Some of these grow exponentially, some decay, and in general (if
x4 is a degenerate critical point) there may also be some that are constant, with
A =0¢€o0(A;). If however we impose the condition that x, is nondegenerate and
consider only the solutions that are bounded as s — oo, then every solution decays
exponentially, i.e. it satisfies a bound of the form

[n(s)] < Ce™

for some constant C' > 0, where the decay rate A < 0 can be chosen to be the largest
negative eigenvalue of A,. Moreover, the normalized solution 7n(s)/|n(s)| converges
as § — o0 to an eigenvector of A,.

In order to extend this discussion beyond the translation-invariant case, we can
examine the functions

o(s) = 1L cRns) = Cu(s), A(s)u(s)) € R,
[n(s)]
where ( , ) denotes the Euclidean inner product on R". Our intuition from the
previous paragraph suggests that as s — o0, v(s) should converge to an eigenvector
of A, while u(s) converges to the corresponding eigenvalue. If we can prove the
latter, then the desired exponential decay estimate will follow: indeed, the positive
function |n(s)|* satisfies

%I??(S)I2 = 2(n(s),7(s)) = 2An(s), A(s)n(s)) = 2u(s)In(s)[*,

and solving this differential equation gives |n(s)|* = 2% #(D47|n(0)|?, or equivalently,

(4.9) [n(s)] = o H Dy (0)).

If lim, o p(7) is an eigenvalue A € o(A, ), then A will necessarily be negative unless
the solution 7 is unbounded or z, is degenerate, and any —d € (A,0) can then be
assumed to be greater than u(7) for 7 sufficiently large, implying that the integral
in the exponent is at most —ds plus a constant. This implies an estimate of the
form |n(s)| < Ce™0.

The crucial task is thus to prove that u(s) converges to an eigenvalue as s — 0.
Let us assume only what is necessary: the critical point z, need not be nondegen-
erate, but the spectrum o(A,) < R will in any case be a discrete set, and rather
than focusing only on bounded solutions, suppose that n : R — R"” is any solution
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to (0s — A)n = 0 satisfying an estimate of the form
(4.10) [n(s)| < Ceo*

for some \g € R. Note that Ay in this discussion need not be negative; if we take
Ao = 0, we are simply imposing the condition that 7 is bounded as s — oo, but
we can also allow unbounded solutions with a controlled exponential growth rate
by taking A\ > 0. Since the matrices A(s) satisfy a uniform bound as s — oo, it is
not hard to show that every solution satisfies this condition for some )y sufficiently
large, though the analog of this fact for Cauchy-Riemann type equations will be
much less obvious—regardless, solutions that do not satisfy this condition for any
Ao € R cannot belong to any Banach space that we’d ever want to consider, so we
shall simply ignore them.

LEMMA 4.6.1. If n satisfies (4.10), then there exists a sequence s, — o0 such
that liminfy . p(sg) < Ao.

PROOF. If not, then we have p(s) = A\g+e€ for all s > Rif R, e > 0 are sufficiently
large and small respectively. In this case SS p(7) dr will inevitably become larger than
Aos plus any given constant for s large, and (4.10) thus contradicts (4.9). O

Assuming (4.10), one useful way to proceed is now by estimating the distance of
w(s) from the spectrum (A, ), which defines a continuous nonnegative function

d(s) = dist(u(s),0(AL)) := Aeil(li) () = Al.

It turns out that this function arises naturally when one examines the behavior of
the derivative fi(s). It will be useful to keep in mind that since v(s) = n(s)/|n(s)|
has constant norm, the derivative of (v, v) always vanishes, implying

(4.11) {v,v) = 0.
Moreover, since 1) = An and d|n|? = 2u|n|?, we have

An =0 2 _2M|77|2 . .
n=0s(~/|n*v) = %ﬂv+MW—hﬂwv+w,

implying that v(s) satisfies the differential equation
(4.12) 0(s) = [A(s) — p(s)] v(s),
and also therefore

(4.13) (v, (A= ) =0

in light of (4.11). In the translation-invariant case A = A, appealing to the sym-
metry of A, , we now find

fr =200, Ayvy = 2{(As — p)v, Avvy = 2{(As — p)v, (As — p)vy = 2|(Ay — p)ol?,

where we have used (4.13) to permit the insertion of an extra p on the right of the
inner product. The function |(A, —u)v|* can only vanish when 1u(s) is an eigenvalue
of A, and it can otherwise be bounded from below in terms of the distance d(s) from
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the spectrum of A, . Indeed, we recall that for any self-adjoint linear transformation
T :R" - R" with c e R\o(T),

1
A—c¢

1

(4.14) |(T' =)™ = max ~ dist(c, o(T))’

Aeo (T)

as one easily sees by writing down (7" — ¢)~! in an orthonormal basis for which T
is diagonal. This yields the estimate |(A, — u(s))v(s)|* = d(s)?|v(s)|* = d(s)?, and
thus

fu(s) = 2d(s)*,

which will be enough information to conclude that the distance between p(s) and
the spectrum o (A, ) tends to 0 as s — o0.

Before making this conclusion more precise, let’s remove the extra assumption
that A is translation-invariant. Write

A(s) = Ay + A(s),

where |A(s)| — 0 as s — 00, and for good measure let’s also assume |A(s)| — 0 as
s — 0. Since we can now expect the family of operators A, — u(s) to play a special
role, let us abbreviate it by

B(S) = A+ - M(S)u
and note that by (4.14), it satisfies |B(s)v(s)| = d(s). The differential equation
(4.12) then becomes v = (B + A)v, which we can use in the following to replace any
appearance of ¥(s) with something that depends only on v(s) and B(s). We shall
also abbreviate by €(s) any term whose limit as s — 00 is 0, so for instance (v, Av)
and (v, Av) are both €(s). To estimate fi, we can now write u = (v, A v) + (v, Av)
and take advantage of the symmetry of A, and the relation {(v,v) = 0 to write
1= 200, Ay v) + (b, Av) + (v, ADY + (v, Av)
= 200, (Ay — p)vy + v, Av) + (v, AD) + €(s)
=2((B+ A)v,(B+A)v) +{(B+ A)v, Av)y + (v, A(B + A)v) + €(s)
> 2|Bv|* — e(s)|Bv| — €(s)
= |Bu| - (2|Bv| — €(s)) — €(s),
where in the second to last line, we’ve appealed to the decay condition on A to com-
bine into €(s)|Bv| all terms that contain a single factor of Bv, while the additional

¢(s) contains all terms in which Bv does not appear. Let us combine this result with
the aforementioned consequence of (4.14) and summarize:

(4.15) f(s) = |B(s)v(s)]- (2|B(s)v(s)| —€(s)) —e(s) where |B(s)v(s)] = d(s).

The discreteness of the spectrum o(A;) < R makes it easy to use (4.15) for ruling
out any oscillatory behavior in the function yu(s). For instance:

LEMMA 4.6.2. If there exists a sequence s — o0 for which a limit A := limy_, p(sg)
exists, then X is an eigenvalue of Ay and lim, o p(s) = M.
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PROOF. By assumption, p(s) is a Cauchy sequence, thus one can use the mean
value theorem to find another sequence 7, — oo with u(m) — A and pi(7) — 0.
By (4.15), this is impossible unless d(7;) — 0, implying A € 0(A,). Assuming this,
suppose t, — 0 is another sequence for which p(t;) does not converge to A, implying
that p oscillates between a sequence of values converging to A and another sequence
of values that stay some fixed distance away from it. Since o(A,) is discrete, we
can extract from this a third sequence o, — oo for which p(oy) takes a fixed value
N e R\o(A;) but (o) < 0, and this contradicts (4.15) when k becomes large
enough. O

LEMMA 4.6.3. liminf, 4 pu(s) < Ap.

PROOF. Lemma 4.6.1 implies that if this does not hold, then there is oscillatory
behavior, i.e. there exist sequences s, try — 00 with s; < t] < s9 < ty < ... such
that liminfy . p(sg) < Ao but u(ty) = Ao + € for some € > 0 and all k. The same
argument as in Lemma 4.6.2 then leads to a third sequence that violates (4.15) since
o(A,) is discrete. O

These two lemmas imply that unless limg_, 1(s) exists and is an eigenvalue, we
must have limy_, o p(s) = —oo.

LEMMA 4.6.4. The function u(s) does not diverge to —oo as s — o0.

PROOF. Since o(A,) is bounded, u(s) — —oo would imply d(s) — oo, so that
(4.15) would force fi(s) to become positive for all s large. That is absurd. 0

We summarize:

COROLLARY 4.6.5. If n satisfies the bound (4.10), then the function u(s) ap-
pearing in (4.9) converges as s — o0 to an eigenvalue A < Ay of A, . U

4.6.2. Holomorphic curves. You should now find the following result plau-
sible. The proof will require differentiating the zeroth-order term of the operator
D near a puncture, so we have to require D to be of class at least C'; this is the
only step in our proof of the Fredholm property at which the case m = 0 must
be excluded. Corollary 2.4.8 implies that weak solutions to Dn = 0 are then also
classical solutions of class C*, so we shall assume this in the statement.

THEOREM 4.6.6. Assume D is of class C' and is C*-asymptotic to the asymptotic
operator A, at a puncture z € I't, and suppose 1 is a continuously differentiable
section of Bl satisfying Dn = 0 which, in holomorphic cylindrical coordinates and

an asymptotic trivialization on Z+ = U,, satisfies the estimate
[n(s, )2ty < Ce™*

for some C' > 0 and Ao € R. Then there exists an eigenvalue X\ € o(A,) with
+A < +X\y and a real-valued C*-function p(s) with

lim p(s) = A

s—+o0

such that the formula
In(s, Yzgsry = oH P (0, ) [12(sn)
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holds for all s.

The proof below is adapted from an argument in [HWZ96], and it follows es-
sentially the same outline as in the previous discussion of Morse homology. We will
treat s — n(s,-) as a path in the Hilbert space L?(S') and A, as an unbounded
self-adjoint operator on that space, with dense domain H'(S") (cf. Exercise 3.5.23).

The fact that L*(S?) is infinite dimensional and A , is unbounded introduces two
new technical complications: first, we need a generalization of (4.14) for relating
the norm of the resolvent (A, — \)~™! to the distance of A from o(A.). Such a
generalization follows easily from the spectral theorem for unbounded self-adjoint
operators (see [RS80, Theorem VIIL4]), according to which A, can be identified
unitarily with an operator of the form T : L?*(X,u) > D(T) — L*(X,u) : f — gf
for some finite measure space (X, u) and some function g : X — R. The domain
D(T) is then the space of all f € L?(X,u) for which gf also belongs to L?(X, u),
and the spectrum of T is the essential range of g, i.e. the set of all A € R such that
g7 (A — €, X + ¢€)) has positive measure for every ¢ > 0. If A\ ¢ o(A.), then this
presentation identifies (A, — A\)™' with multiplication on L?(X, u) by the function

-5+ whose L®-norm is 1/dist(A, 0(A.)), thus giving

1

(4.16) (A, =N = distOn, o (AL)

The second complication is that while o(A.,) is still discrete, it is unbounded both
above and below, whereas the boundedness of o(A,) was used in Lemma 4.6.4 in
order to prevent pu(s) from diverging to —oo. However, the proof of that lemma
would still have worked if we only knew that a sequence A\, — —oo could be found
such that dist(Ax, 0(A.)) stays uniformly bounded away from zero. For asymptotic
operators, Proposition 3.5.24 guarantees this.

PrROOF OF THEOREM 4.6.6. To simplify the notation, let us assume the punc-
ture z € I' is positive, as the proof in the negative case would be completely analo-
gous. We will also assume 7 is not identically zero, since there is otherwise nothing
to prove. After fixing an asymptotic trivialization, we write D = 0 + S(s,t) and
A=A, = —Jy0 — Sx(t), with |5 — Sxc1(zry — 0 as R — co. For each s = 0,
abbreviate

Ns = 77(57 ) € 01(51)7 ’f]s = asn(sa ) € 00(51)
and define a first-order differential operator on functions S' — R?*" by
As = —Joat - S(S, '),

so the equation D7 = 0 can now be written as

7.75 = Asns~

Writing | - | and {, ) for the L?*-norm and inner product respectively on S, let

Vg 1= ZS” e C'(SY), w(s) :=<vs, Agusy € R,
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Note that by the similarity principle, zeroes of n are isolated, thus [n,| is always
positive and v, is therefore well defined. Since 7 is of class C*', we can differentiate
the function s — {n,, nsy and find J4||n,[* = 2u(s)|ns/|?, implying

]l = €% g

A quick computation based on 7y = A, and 04|ns|? = 2u|ns|? also gives the
equation

(.17) e o= 2400 = (Aw — i(5)) 4,

and since |v,| = 1 is independent of s, we have

(4.18) (o0 = (s (A — () 15) = 0.

Using the assumption |n,| < Ce**, the proof of Lemma 4.6.1 can be repeated
verbatim to show that liminfy_,q p(sk) < Ao for some sequence s — c0.

There is a small technical complication in computing /i(s): since v(s,t) := v,(t)
is only a C''-function and A is a differential operator, differentiating (v, A v,y with
respect to s under the integral sign produces second derivatives of v that might not
exist. However, this problem goes away if we define A, := S(s,-) — Sy and write

A, = A+ A,

as the symmetry of A makes it possible to compute both partial derivatives of the
function (z,y) — (v, Av,) by moving A to whichever side of the inner product
is not being differentiated. In particular, these two partial derivatives are both
continuous, so the function is of class C', and so therefore is pu(s), with

[1(8) = 2{0s, A0 + (0g, Agvgy + (vg, Aty + (s, Asvs>,

where we abbreviate A, := 9,A,. The family of self-adjoint operators

B := A —p(s)
on L*(S') with domain H'(S') satisfies
(4.19) |Bsvs| = d(s) := dist(u(s), o (A))

by (4.16), and since Ag — u(s) = By + Ay, we can abbreviate €(s) for any term that
converges to 0 as s — oo and exploit (4.17) and (4.18) to rewrite fi(s) as

f1(8) = 2{0s, (A — pu(s))vs) + Vs, Asvs) + (vs, Ass) + €(5)

= 2{(Bs + Ay)vs, (Bs + Ag)vsy + (B + Ag)vs, Agvgy

+ (vs, As(Bs 4+ Ag)vs) + €(s)

> 2|Bv, | = €(s)[Byvs| — e(s) = [Bsvs - (2IByvs| — e(s)) — €(s).
With this relation and (4.19) in place, the proofs of Lemmas 4.6.2 and 4.6.3 can be
repeated with trivial modifications to show that unless lim,_,4 1(s) exists and is an
eigenvalue of A, u(s) must diverge to —oo0 as s — c0. But if the latter happens, then
after using Proposition 3.5.24 to pick a sequence A\, — —oo with dist(Ag, 0(A)) = €

for some fixed € > 0, we can find a sequence s, — oo such that u(sy) = Ay and
fi(s) <0 for all k, which similarly contradicts (4.19) and (4.20). O

(4.20)
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If the asymptotic operator A, is nondegenerate, then we can study bounded
solutions to Dn = 0 by setting Ay := 0 and observe that the eigenvalue \ appearing
in Theorem 4.6.6 will then be negative (for a positive puncture) or positive (for a
negative puncture). This implies:

COROLLARY 4.6.7. In the setting of Theorem 4.0.0, if A, is nondegenerate and
0 > 0 is strictly less than any positive eigenvalue of FA ., then every globally bounded
solution n to Dn = 0 satisfies an asymptotic decay estimate of the form

In(s, )2 < Ce™
in holomorphic cylindrical coordinates near z € I'*, for some constant C > 0. O
Here is the most important consequence for the purposes of Fredholm theory.

COROLLARY 4.6.8. In the setting of Theorem /J.1.5,

kerD < ﬂ ﬂ WhH(E),

{<m+1 1<g<o0

hence ker D is the same finite-dimensional vector space for all choices of k and p.

PROOF. We can assume m < oo without loss of generality. Every n € W*?(E)
annihilated by D is then locally of class W™ for every ¢ € (1,00) by Corol-
lary 2.4.8, and Corollary 4.3.3 implies that it is also in W™+14(E) for all ¢ € [p, o0),
so it is also in C™(E) and thus bounded. It will therefore suffice to prove that the
restriction of 1) to each cylindrical end Z; < U, is in Lq(ZOJ_r) for ¢ > 1 arbitrarily
close to 1; this information can then be fed into the hypotheses of Corollary 4.3.3
to conclude that n € Wm+La(Z,) for every q € (1, 0).

Let us consider for concreteness a positive end Z, , and fix q € (1,2]. Since S* has
finite measure and ¢ < 2, there is a constant ¢ > 0 such that | f||zas1) < ¢|f]r2(sm
for all measurable functions f on S'. Choosing § > 0 as in Corollary 4.6.7, we then

have
o0

0
sy = | I My s < e (s, g s
o0
< chqJ "1 ds < oo.
0
]

REMARK 4.6.9. If one does not care too much about the sharpness of the ex-
ponential decay rate, then one gets a slightly quicker proof of Corollary 4.6.7 by
differentiating the function a(s) := %|ns|? twice. Indeed, if A, is nondegenerate,
then for any 0 > 0 small enough so that [—d,0]no(A,) = ¢J, one has |Agns| = §|ns|
for all s » 0, which can be used to derive a differential inequality of the form

(4.21) a(s) = 46%a(s) for all s > R,

valid for some large constant R > 0 that depends on § and the operator D, but
not on the solution 7. This inequality says that o must be “at least as convex” as
any actual solution 3 to the corresponding differential equation 3(s) = 46%43(s), and
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choosing /3 to be the unique solution that matches o« at s = R and is bounded as
5 — 0, one deduces a < 3 for all s = R, implying a(s) < a(R)e =) and thus

[ARS 6_6(8_R)||7)RH for all s > R.

The details of this argument can be found in [Sch95, Lemma 3.1.23]. On the other
hand, we will occasionally need to use the fact that the estimate of the decay rate in
our version is generally sharper, e.g. at a positive puncture one can take any § > 0
for which the interval [—6,0] contains no eigenvalues, even if [—d,d] does contain
positive eigenvalues. The latter would kill the alternative argument, because using
the second derivative has the effect of erasing the distinction between positive and
negative eigenvalues.

4.6.3. Exponential weights. We can now say more precisely what is meant by
the statement in Theorem 4.1.5 that elements of ker D have exponentially decaying
derivatives up to order m. This is best explained in the language of exponentially
weighted Sobolev spaces, which will also become important in Chapter 8 when we
study the corresponding nonlinear problem.

For k> 0,1 <p < oo and 6 € R, define

Wk’p";(Zof,RQ") = {f : Zf — R?™ | f = e™¢ for some g € Wk’p(Zof,]R%)} ,

with the case k = 0 abbreviated by LP° := W% This is a Banach space with
respect to the norm

I lyemszy = 1e* Flnnzny

and in fact there is an obvious isometry Wk’p(ZOJ_r) — W’“vpv‘s(ZoJ_r) cf > et f We
typically consider W*P9(Z,) for § > 0, which forces functions in this space to decay
exponentially at infinity. Concretely, if p > 2, then the inclusion WmHlP — O™
implies that functions f € Wm+i»d(Z ) take the form e™*g where g is of class C™
with a global C™-bound. It follows that every derivative 0®f of order || < m is
the product of e with a globally bounded function, producing an estimate of the
form
10%f(s,1)] < Ce™*  for all |a| <m

The statement about decaying derivatives in Theorem 4.1.5 is therefore a conse-
quence of the following;:

PROPOSITION 4.6.10. In the setting of Theorem /j.1.5, the restriction of any
nekerD to the end Zy = U, near z € It belongs to W 5(Z+) for every £ < m+1
and 1 < q < oo and any 6 > 0 smaller than every positive eigenvalue of FA.,.

PRrROOF. We consider only the case z € ', as the argument for negative punc-
tures is analogous. The assumption is then that —¢ lies in the open interval between
0 and the largest negative eigenvalue A € o(A,), and we can also choose a slightly
larger number ¢; with A < —4; < —9 < 0. Working in an asymptotic trivialization
near z and writing D = 0 + S(s, ), consider the function

0(s,t) == e™n(s, 1),
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which satisfies IA)?) = 0 for the Cauchy-Riemann type operator D:=D-§ , which is
C™-asymptotic to A, := A, +9 at z. The latter is nondegenerate since —§ ¢ o(A,),
and since our previous regularity results imply that 7 is bounded, 7} satisfies an
estimate of the form [7)(s, -)| z2(s1) < Ce* for some C' > 0. Since A+ § is the largest

eigenvalue of A, less than or equal to & and A + 6 < —(8; —0) < 0, Corollary 4.6.7
now provides a decay estimate of the form

Hﬁ(sa ')||L2(Sl) < Cle—(51—5)s

for some constant C" > 0. This implies via Fubini’s theorem as in the proof of
Corollary 4.6.8 that 7 is of class L? on Z, =~ U,, so we can now plug in the previous
regularity estimates to conclude that 7 is of class W% for every £ < m + 1 and
q € (1,00), which is equivalent to  having finite W*9%-norm. O

Working with exponential weights is quite easy in practice if one remembers the
trick of replacing n with 7j(s,t) = e%n(s,t) as used in the proof above. Another
application is the result of the following exercise, which tells us that there is consid-
erable freedom in the choice of topology for the space of solutions to the equation
Dn = 0. We will see this phenomenon again in §6.7 for the nonlinear case, where
it will imply that the geometrically “natural” topology on a moduli space of punc-
tured J-holomorphic curves is equivalent to the more technical weighted Sobolev
topologies that are needed for analyzing the moduli space’s local structure.

EXERCISE 4.6.11. Suppose D and D, = D + 5, for v € N are Cauchy-Riemann
type operators of class C™ with 1 < m < oo, all of them C™-asymptotic to nonde-
generate asymptotic operators and satisfying lim, _, S, |cm = 0. Show that for any
§ > 0 sufficiently small, if n, is a C_-convergent sequence of bounded solutions to
D,n, = 0, then it also converges in W*4(E) and in the W"*%%-norm on the cylindri-
cal ends for any k < m +1 and q € (1,0). Hint: Replace n,(s,t) with e*n,(s,t) on
each cylindrical end, then apply the global regularity estimate of Lemma 4.5.2. You
might find it helpful to first convince yourself that the constants in that estimate

can be assumed independent of v.

4.7. Formal adjoints and proof of the Fredholm property

In order to show that coker D is also finite dimensional, we will apply the above
arguments to the formal adjoint of D, an operator whose kernel is naturally isomor-
phic to the cokernel of D. Let us choose Hermitian bundle metrics ( , ) on E and

(, Yr on F, and fix an area form dvol on 3 that takes the form dvol = ds A dt
on the cylindrical ends. The formal adjoint of D is then defined as the unique
first-order linear differential operator

D*: C"™*YF) — C™(E)
that satisfies the relation

ND ey = DN,y forall ne Cg”“(E), e C’g”“(F),
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where C} indicates the space of C*-smooth sections with compact support, and we
use the real-valued L?-pairings

<n7 §>L2(E) = Re jz<n7 §>E dVOL for 1, g € F(E)a

{a, \r2py := Re J {a, Nypdvol,  for o, XeT'(F).
5

The word “formal” refers to the fact that we are not viewing D* as the adjoint of
an unbounded operator on a Hilbert space (cf. [RS80]); that would be a stronger
condition.

EXERCISE 4.7.1. Show that D* is well defined and, for suitable choices of com-
plex local trivializations of £ and F' and holomorphic coordinates on open subsets
U < ¥, can be written locally as

D* = -0+ A: C™" (U, R*™) — C™(U,R*™)
for some A € C™(U, End(R?")), where 0 := 0, — Jyo;.

The formula in the above exercise reveals that D* is also an elliptic operator,®
and thus has the same local properties as D; indeed, —0 + A can be transformed
into ¢ + B for some zeroth-order term B if we conjugate it by a suitable complex-
antilinear change of trivialization. In particular, our local estimates for D and their
consequences, notably Lemma 4.3.1, are all equally valid for D*.

To obtain suitable asymptotic estimates for D*, let us fix asymptotic trivializa-
tions 7 of E, use the corresponding trivializations of F' over the ends as described
in §4.1, and choose the bundle metrics such that both appear standard in these
trivializations over the ends. We will say that the bundle metrics are compatible
with the asymptotically Hermitian structure of £/ whenever they are chosen
in this way outside of a compact subset of 3. We can then express D as 0 + S(s, t)
onlU, = Z+, and integrate by parts to obtain

D* = -0+ S(s,t)".

To identify this expression with a Cauchy-Riemann type operator, let

o (t )

denote the R-linear transformation on R?® = C" representing complex conjugation.
Then since C' anticommutes with Jy, we have

(C'D*C)n = —Co,(Cn) + CJyd,(Cn) + CS(s, 1) Cn
T A T
= —0sn — Joom + CS(s,t) Cn = —(on — CS(s,t) Cn)
=: _(a + S(Sv t))77>
3Technically, this property of the formal adjoint is part of the definition of ellipticity: we call a
differential operator elliptic whenever (1) it has the properties necessary for proving fundamental
estimates using Fourier transforms as we did with ¢ in §2.3, and (2) its formal adjoint also has these

properties. The former requires the principal symbol of the operator to be everywhere injective,
and the latter requires it to be surjective.
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where we've defined S(s,t) := —CS(s,t)TC. Now if the asymptotic operator A, at
z € I'F is written in the chosen trivialization as A := —Jyd; — Sy (), the asymptotic
convergence of S(s,t) implies that similarly

||S—SOOHCIC(Z§) -0 as R — o

for all £ < m, where

Su(t) := —=CS,(1)C.
This defines a trivialized asymptotic operator A = —.Jy0; — Sy (t) to which —D* is
(after a suitable change of trivialization) asymptotic at the puncture z; in particular,

our proof of the global regularity result, Lemma 4.3.2, now also works for D*.
Finally, notice that A and —A are conjugate: indeed,

(CTTAC)) = —CJod(Cn) + CCSw(t)C(Ch) = Jodi + S () = —An.

This implies that A is nondegenerate if and only if A is; applying this assumption
for all of the A, the proofs of Lemma 4.5.1 and Lemma 4.5.2 now also go through
for D*.

We've proved:

PROPOSITION 4.7.2. Suppose D* is defined with respect to Hermitian bundle
metrics on E and F = %C(TE,E) that are compatible with the asymptotically
Hermitian structure of E. If additionally all the asymptotic operators A, are non-
degenerate, then

D*: WkP(F) — Wk P (E)
is semi-Fredholm. Moreover, if D is of class C™ with 1 < m < oo, then ker D* is

contained in W5I(F) for every ¢ < m + 1 and q € (1,0), and is thus independent
of the choice of k and p. O

Since ker D* is now known to be finite dimensional, the next result completes
the proof of the Fredholm property for D by showing that its image has finite
codimension. It should be emphasized that both the statement and the proof of this
result depend on the fact that ker D* is the same space for all choices of Sobolev
parameters, so e.g. it is automatically a subspace of W*=1P(F).

LEMMA 4.7.3. If D is of class C™ with 1 < m < o0, all its asymptotic operators

are nondegenerate, and D* is defined under the same assumptions as in Prop. 4.7.2,
then for D : WFP(E) — W LP(E) with 1 <k <m + 1,

WHELP(F) = im D + ker D*.

PROOF. Consider first the case & = 1. Since D : W'P(E) — LP(F) is semi-
Fredholm, its image is closed, hence im D + ker D* is a closed subspace of LP(F).
Recall that our standing assumptions include 1 < p < o0, so for a closed subspace
V < LP(F) in general, one has V' # LP(F) if and only if there exists a nontrivial
bounded linear functional on LP(F") that annihilates V; this is conventionally consid-
ered a standard application of the Hahn-Banach theorem, though it can also be de-
duced from the uniform convexity of LP(F') without appealing to Hahn-Banach (see
e.g. [Wen26, Exercise 14.9]). It follows via the Riesz representation theorem that



172 CHRIS WENDL

if imD + ker D* # LP(F), then there is a nontrivial element « € (LP(F))*
for % + % = 1 such that

(4.22) Dn+ X ayee =0 forall neW'(E), \ekerD*
Choosing A = 0, this implies in particular
Dn, oy =0 forall ne W (E).

Since one can plug in arbitrary smooth compactly supported sections in trivialized
neighborhoods for 7, this means that « is a weak solution of class L? to the formal
adjoint equation D*a = 0, so o € ker D*. This contradicts (4.22) if we pluginn =0
and A = «, thus completing the proof for k = 1.

For k > 2, suppose o € Wk LP(F) < LP(F) is given: then the case k = 1 provides
elements n € WHP(E) and A € ker D* such that Dy + A = a. Since A € W™ TL4(F)
for all ¢ € (1,00), we have D = a — A € W* 1P(F) and thus by Lemma 4.3.2,
n € WHP(E), completing the proof for all k < m + 1. O

lle

LA(F)

REMARK 4.7.4. If D is only of class C° but not C!, then we do not have the
exponential decay results from the previous section, but Lemma 4.7.3 still holds
for p = 2 if ker D* is understood to be the kernel of the specific operator D* :
Whi(F) — LY(E) for % + % = 1. Indeed, Lemma 4.3.2 implies since p > ¢ that
ker D* is then also a subspace of W*1P(F).

The proof of the Fredholm property for D is now complete, but in order to see
that its index does not depend on k or p, we still need to see that this is true for
dim coker D. This follows from the corresponding fact about ker D*, via a slight
strengthening of Lemma 4.7.3:

PROPOSITION 4.7.5. Under the same assumptions as in Lemma 4.7.3 for the
operators D : WhP(E) — WELP(F) and D* : WhP(F) — WHELP(E), we have
WFLP(F) = imD @ ker D* and W* 'P(E) = imD* @ ker D. In particular, the
projections defined by these splittings give isomorphisms

cokerD = ker D* and  coker D* = ker D,
thus D* : WEP(F) — WHF=LP(E) is a Fredholm operator with
ind D* = —ind D.

PRrROOF. By Lemma 4.7.3, the first splitting follows if we can show that imD n
ker D* = {0}. Recall first (see §A5) that the smooth functions with compact support
form a dense subspace of W*? () for every k > 0 and p € [1, ), so the definition of

the formal adjoint implies via density and Holder’s inequality that if 1 < p,qg < o
and i + % =1,

(4.23) D2y = D*N, e forall ne WH(E), Xe WH(F).

Now suppose A € im D n ker D* and write A = Dp, assuming n € W*?(E). Our
regularity and asymptotic results imply that since D*\ = 0, A € W14(F), where ¢
can be chosen to satisfy % + % = 1. We can therefore apply (4.23) and obtain

N N2y = Dy = (D*\ 2wy =0,
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hence A = 0.
The proof that W* 1P(E) = im D* @ ker D is analogous. O

This result hints at the fact that D* is—under some natural extra assumptions—
globally equivalent to another Cauchy-Riemann type operator. To see this, let us
impose a further constraint on the relation between the Hermitian bundle metrics
(, Yp and {, p. Note that since the area form dvol is necessarily j-invariant, it
induces a Hermitian bundle metric on Ti?, namely

(X,Y)s :=dvol(X,jY) +idvol(X,Y),
which matches the standard bundle metric in the trivializations over the ends defined
via the cylindrical coordinates. This induces real-linear isomorphisms from 7% to
the complex-linear and -antilinear parts of the complexified cotangent bundle,

T — AYT*S : X > X0 = (X, )y,

TS — A% X > X0 = (-, XDy,
where the first isomorphism is complex antilinear and the second is complex linear.
We use these to define Hermitian bundle metrics on AM°T*Y and A%'T*Y in terms

of the metric on T'S; note that this is a straightforward definition for A%IT*S. but
since the isomorphism to AM0T*Y is complex antilinear, we really mean

(XMW YN = (Y, X))y for X,Y eT.

Now observe that as a vector bundle with complex structure A — Jo A, F =
Home (T, E) is naturally isomorphic to the complex tensor product

F>A"T*YQFE.

We can therefore make a natural choice for ( , )r as the tensor product metric
determined by (, )s and {, )g. It is easy to check that this choice is compatible
with the asymptotically Hermitian structure of E.

Next, we notice that the area form dvol also induces a natural complex bundle
isomorphism

E — Hom¢(TX, F).
Indeed, the right hand side is canonically isomorphic to the complex tensor product
Home (TS, F) = AYT*S @ F =~ AMT*S @ A T*S @ E,
and AVT*SQACIT*S is isomorphic to the trivial complex line bundle €' := YxC —
> via _ _
APT*S @AM T*Y — e X @Y™ s XHO(Y) = (XY )y,

EXERCISE 4.7.6. Assuming ( , )r is chosen as the tensor product metric de-

scribed above, show that under the natural identification of E with Hom¢(TX, F),

—D*: T(F) - QY(%, F)
satisfies the Leibniz rule

—D*(fA) = (0f)A + f(=D*})
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for all f € C*(2,R), where 0f € QY0(2) denotes the complex-valued (1,0)-form
df —idf oj.

We might summarize this exercise by saying that —D* is an “anti-Cauchy-
Riemann type” operator on F'. But such an object is easily transformed into an
honest Cauchy-Riemann type operator: let F' denote the conjugate bundle to F,

which we define as the same real vector bundle F' but with the sign of its complex
structure reversed, so A — —J o A\. Now there is a canonical isomorphism

Home (TS, F) = Home (TS, F),
and the same operator defines a real-linear map
—D*: T(F) - Q"(%, F)

which satisfies our usual Leibniz rule for Cauchy-Riemann type operators.

Its asymptotic behavior also fits into the scheme we’'ve been describing: we
have already seen this by computing D* on the ends with respect to asymptotic
trivializations. To express this in trivialization-invariant language, observe that
each of the Hermitian bundles (E., J.,w,) over S! for z € I" has a conjugate bundle
E. with complex structure —J, and symplectic structure —w.; its natural Hermitian
inner product is then the complex conjugate of the one on E,. The asymptotic
operator A, on F, can be expressed as —J, Vt, where Vt is a symplectic connection
on (E,,w,). Then V, is also a symplectic connection on (E,, —w,), so we naturally
obtain an asymptotic operator on E, in the form

where the sign reversal arises from the reversal of the complex structure. One can
check that if we choose a unitary trivialization of F, and the conjugate trivialization
of E., this relationship between A, and A, produces precisely the relationship
between A = —Jyd, — Sy (t) and A = —Jy0; — Sy (t) that we saw previously, with
S(t) = —CSyx(t)C. Let us summarize all this with a theorem.

THEOREM 4.7.7. Assume ( , )p is chosen to be the tensor product metric on
F = A%T*Y ® E induced by { , Yg and the area form dvol. Then under the
1somorphism induced by dvol from E to HomC(TZ F) and the natural identification
of the latter with its conjugate Home (TS, F), the operator —D* : T'(F) — I(E)

defines a linear Cauchy-Riemann type operator on the conjugate bundle F,
—D*: T(F) - Q"Y(%, F),

and it 1s asymptotic at each puncture z € T' to the conjugate asymptotic operator
(4.24). 0

4.8. The asymptotic formula

The theorem below is an addendum to the exponential decay discussion in §4.6,
and in particular, it provides a vast improvement on Theorem 4.6.6. Such an im-
provement is not needed for the Fredholm theory in the present chapter, but we
will have occasion to use it for the corresponding nonlinear result about exponential
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convergence in §6.7, and it will become crucially important when we discuss low-
dimensional transversality results and intersection theory in Chapters 15 and 16.
One can think of it as an asymptotic analogue of the similarity principle: one of its
immediate consequences (Corollary 4.8.3 below) is that nontrivial solutions to linear
Cauchy-Riemann type equations cannot have zeroes accumulating near infinity.

Like Theorem 4.6.6, the result can be stated for Cauchy-Riemann type operators
of any class C™ with m > 1, but for simplicity, we will focus on the case m = o0 in
this section. It will be useful to introduce a strenghthening of our usual condition
on the asymptotic behavior of such operators.

DEFINITION 4.8.1. Under the same assumptions as in Definition 4.1.4, we say
that the operator D is C™°’-asymptotic to A, at z € ['* for some constant § > 0
if D and A, appear in an asymptotic trivialization near z as D = 0 + S(s,t) and
A, = —Jy0; — S (t) respectively with

le*%% (S — Sy) lck(zmy >0 as R — oo
for all £ < m.

For 6 > 0, this condition means that the convergence of D to its translation-
invariant asymptotic form on the cylindrical end near z is exponentially fast. We will
see in §6.7 that this assumption is always satisfied with ¢ > 0 sufficiently small for
the Cauchy-Riemann type operators that we care most about, namely those that
arise by linearizing the nonlinear Cauchy-Riemann equation along J-holomorphic
curves asymptotic to nondegenerate or Morse-Bott Reeb orbits. The following is an
amalgamation of results due originally to Hofer-Wysocki-Zehnder [HWZ96], Mora
[Mor03] and Siefring [Sie08].

THEOREM 4.8.2. Assume D is of class C* and is C*-asymptotic to the asymp-
totic operator A at the puncture z € T, and n € T(E) is a nontrivial solution to
the equation Dn = 0 satisfying an asymptotic estimate of the form

In(s, r2esry < Ceo® on Zy =U,

with respect to an asymptotic trivialization near z, for suitable constants C' > 0 and
Ao € R. Then there exists an eigenvalue A € o(A.) satisfying

A< N ifzel™, or A= N ifzel™,

such that on U, = Z4, m s given by the formula

(4.25) (s, t) = elorMdy(s ¢)
or smooth functions 1(s) and v(s,t) satisfyin
f I ying
dk
p(s) — A, and @u(s) — 0 as s = +oo

for every k e N, and

|v(s, )| z2(s1) = const # 0 and v(s,-) — Ey in C*(S") as s — oo,



176 CHRIS WENDL

where Ey < C*(S') denotes the \-eigenspace of A.. Moreover, if D is additionally
C™3-asymptotic to A, at z for some & > 0, then v(s,-) converges in C*(S?) as
s — too to a single nontrivial eigenfunction in ey € Ey, and we can write

(4.26) n(s,t) = e [ex(t) + (s, t)],

for some remainder function r(s,t) that decays along with its derivatives of all orders
to 0 uniformly int as s — +o0.

COROLLARY 4.8.3. In the setting of Theorem 4.8.2, the solution n cannot have
a sequence of zeroes on U, = Z, accumulating at infinity.

PRrROOF. By the uniqueness of solutions to linear ODEs, the nontrivial functions
in the eigenspace E) to which the function v(s,-) in (4.25) converges uniformly
are all nowhere zero, and since dim F, < oo, the eigenfunctions e, € F) satisfying
lea|z2 = const = |ju(s, -)|z2(s1) form a compact set and thus satisfy a uniform bound
away from zero. This implies that v(s, -) must also be nowhere zero for s » 0. [

As observed in the proof of Corollary 4.8.3, the eigenspace F) is finite dimen-
sional, so its intersection with any sphere of constant radius in L?(S') is compact,
and the convergence v(s,-) — E) of the loops arising in (4.25) thus means that ev-
ery sequence s — o0 has a subsequence for which v(sy, -) converges to some specific
nontrivial eigenfunction ey € Fy. In the generic situation, dim E) = 1 and the inter-
section of E\ with the unit sphere contains only two eigenfunctions—it then follows
that lims_,, v(s,-) = ey. Example 4.8.5 below shows however that this limit does
not always exist if dim £, > 1, i.e. one might find multiple sequences si,t, — o
such that v(sy, ) and v(tg, -) converge to distinct eigenfunctions. Example 4.8.5 also
shows that if A, is degenerate and n — 0 at infinity, then this convergence is not
always guaranteed to be exponentially fast. However, the stronger formula (4.26)
does guarantee such a result, and we will make use of this fact in §6.7:

COROLLARY 4.8.4. Under the assumptions of Theorem 4.8.2, including the hy-
pothesis that D is C®°-asymptotic to A, for some & > 0, any solution n to the
equation Dy = 0 that converges to 0 near z € I't also satisfies an exponential decay
condition |n(s,t)| < Ce™* for suitable constants C' > 0 and +e > 0.

PRrROOF. There is nothing to prove if n = 0, so assume otherwise. The hypothesis
then implies that 1 is bounded near z, so (4.26) holds for some A € o(A,) with
+A < 0. If A =0, the formula then contradicts the assumption that n decays to
0 near z, since the eigenfunction e, must be nowhere zero. We conclude +\ < 0,
which gives exponential decay. O

EXAMPLE 4.8.5. Assume f : [0,00) — C\{0} is a smooth function, and define
a complex-linear Cauchy-Riemann type operator on the trivial complex line bundle
over the half-cylinder Z, = [0,00) x S! by

D =0+ S(s, ), for S(s,t) = —‘chl((j)) € C = End¢(C).

The function
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then satisfies Dn = 0, and if f is chosen so that all derivatives of f’/f converge to 0
as § — o0, then D is C*-asymptotic to the trivial asymptotic operator Ag := —Jy0;,
which is degenerate. One can now observe various peculiar phenomena via different
choices of f:

(1) If f(s) = 1/s for all s > 1, then S(s,t) = 1/s and 7 is thus a nontrivial
solution to Dn = 0 that decays to 0 as s — o0, but not exponentially fast.
This shows that in general, (4.25) in the case lims_, 14 u(s) = 0 does not
imply any exponential decay estimate, so Corollary 4.8.4 fails without the
extra hypothesis requiring exponential convergence of the operator to its
asymptotic form.

(2) If f(s) = ') for s > 1, then S(s,t) = —i/s, and 7 is now a nontrivial
solution for which |n(s,-)|r2(s1) = 1 for all s and 7(s,-) does not converge
as s — o0 to any specific eigenfunction, but instead wanders slowly through
the unit sphere in the 2-dimensional eigenspace Fy = ker Ay, which consists
of constant functions.

The next exercise reveals a connection between the exponential convergence hy-
pothesis behind (4.26) and the necessity of the condition p > 2 in the similarity
principle (Theorem 2.5.3).

EXERCISE 4.8.6. Consider the coordinate transformation z = e 27(s+i) which
identifies points (s,t) € Z, in the half-cylinder with points z € D in the punctured
disk. Associate to any function n : Z, — R?" the function 7) : D — R?" defined by

1(z) = n(s, 1),
and to each S : D — End(R?") the function S : Z, — End(R2") defined by
S(s,t) = 21z5(z).
Assume in_the following that S and 7 are smooth; under suitable asymptotic hy-
potheses, S and 7 can then be regarded as locally integrable functions on D defined
almost everywhere.
(a) Show that the equations (0 + S)y = 0 on Z, and (@ + S)7j = 0 on D are
equivalent.
(b) Deduce the following special case of the asymptotic formula (4.26) from the
similarity principle: If S satisfies an exponential decay estimate |S(s,t)| <

Ce™0% for some constants C,0 > 0, then every bounded solution 7 : Z, —
R?" to (0 + S)n = 0 satisfies

n(s,t) = e [ex(t) +r(s,1)]
for some nontrivial eigenfunction ey € F\ of the trivial asymptotic oper-
ator Ag := —Jy0; with nonpositive eigenvalue A € o(Ay) = 27Z, and a
remainder function r(s,t) that decays to 0 uniformly in ¢ as s — 0.

(c¢) Extract from Example 4.8.5 an example of a function S:D— End(R*")
that is smooth on D and of class L? on D but not in L for any p > 2, such
that the equation (¢ + )7 = 0 admits multiple weak solutions 7 : D — R2"
that each separately have the following properties:
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(a) n € WIP(D) for every p € (1,0), and its continuous extension over D
has an isolated zero at z = 0, but this zero has order 0 and 7 does
not satisfy an estimate of the form |7(z)| < C|z|* for any constants
C,a>0.

(b) 7 belongs to W1*(D) but not to W'?(D) for any p > 2, and it is
bounded on D but has no continuous extension to z = 0.

REMARK 4.8.7. The necessity of an exponential convergence hypothesis on D in
order to obtain (4.26) has sometimes gone unappreciated in the literature, e.g. this
author has written the occasional paper [Wen10] in which the formula was carelessly
stated without any mention of such a hypothesis. However, this oversight is typically
harmless for two reasons: one is that, as already mentioned above, the hypothesis
is actually satisfied for most of the operators that are of interest in practice. But
even without that, most of the standard applications of (4.26), including the one
in [Wen10], can also be derived from the weaker formula (4.25); a nice example of
this is Corollary 4.8.3 above.

We now explain the main elements of the proof of Theorem 4.8.2, referring to
[HWZ96, Sie08] for some of the details. We shall reuse the notation A := A,
A= —Jy0 — S(s,:) = A+ Ag, ns = 1n(s,-), Ns 1= 0sn(s, ), vs := ns/|ns|| and so
forth from the proof of Theorem 4.6.6, with || | and { , ) always denoting the L
norm and inner product respectively on S* whenever there are no other LP-norms in
the picture to cause confusion. Assume for simplicity that z is a positive puncture,
so since D is of class O, the solution 7|, is a smooth function on Z; = [0, 0) x St
The result of Theorem 4.6.6 tells us

[, = €Yo H 9 g |

where
w(s) = (uvg, Agusy > A€ g(A) ass—
and A < \g. We shall also write

t
v(s,t) = v4(t) = (s, ),
s
thus defining v as another smooth function on Z,. We then have
(s, t) = eS PNy (s 1), where w(s,t) :==|nol - v(s, 1),

so (4.25) will follow with w in the role of v if we can show that the derivatives of
w(s) decay and v(s,-) — E\ as s — .

The equation (4.17) satisfied by v, translates into a linear Cauchy-Riemann type
equation for v, namely

(4.27) (0 + S(s,t) + p(s))v(s, t) = 0.

The function p(s) is smooth since 7 and v are, so the Cauchy-Riemann type operator
D + p in this equation is of class C', but we have to be a bit careful for two reasons:
its asymptotic operator is A — ), which is degenerate, and it may be only C°-
asymptotic to this operator since we have no knowledge as yet about the behavior
of the derivatives of p as s — 0.
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LEMMA 4.8.8. The functions p and v on [0,00) and Z, respectively have globally
bounded derivatives of all orders.

PROOF. For r > 0 and N > r, define the domains
Iyi= (N=r,N+r),  Zy:i=TIy xS

By the Sobolev embedding theorem, it will suffice to prove that for some r > 0
and p € (1,%0) and arbitrarily large N, there exist bounds [u|wrryy < ¢ and
lvllwrrry < c for arbitrarily large k € N, with constants ¢ > 0 that may depend on
k,p,r but not on N. (The word “uniform” should be understood in the following
to mean “independent of N”.) In light of (4.27), the basic regularity estimate from
Lemma 4.3.1 gives

lvllwrezry < CH51’||W'€—LP(Z§) + cfvwr-rpzry

(4.28)
= c||(S + pvllwr-rezr) + clv]wr-1ozz)

for any k € N, p e (1,00) and R > r, with constants ¢ > 0 that do not depend on N.
Since ||vg|| = 1 for every s, Fubini’s theorem implies an L*-bound for v over ZI that
is independent of N, and since there is clearly also a uniform C°bound on g, this
estimate gives a uniform W12-bound for v on each Z%. By the Sobolev embedding
theorem (the kp = n case of Theorem A.1.6), we therefore have uniform LP-bounds
on v over each Z% for every p € [2,00), and applying (4.28) again then gives uniform
WhP-bounds for v over each Z% after slightly shrinking r.

Before this can be improved further, we need some more knowledge of the deriva-
tives of u. According to the top line of (4.20),

(4.29) f1(s) = 2[0s]* + (s, Agvgy + (vg, Agts) + €(5),

where |e(s)| can be assumed arbitrarily small for s » 0. One can use the Cauchy-
Schwarz inequality and the boundedness of A, and |v;| to extract from this a bound
of the form
ia(s)] < eal|os|* + e
for suitable constants ¢, co > 0, and for any p € (1, 00), this implies
A(s)” < 01||UsHLz +e

after modifying the constants. Now if 1 i 5 = 1, we can use Holder’s inequality for
functions on S! to write

ffzs = ([ 10t 0R ) < 18- [ (s, 0P
St St

which turns the previous estimate into
l(s)]P < g J 100(s, 1) [* dt + ¢y,
S1

so integrating this with respect to s over the interval I}, then produces a uniform
bound for ||u|w1.» on that interval in terms of the uniform bounds on |v||y1.2» that
we already obtained over Z},. Feeding this information into (4.28) for £ = 2 and
p > 2, the W'P-norm of (S + u)v on the right hand side can now be bounded
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uniformly due to the Banach algebra property of W1?, and we conclude that after
shrinking r > 0 slightly further, v satisfies a uniform W?2?-bound over Z% for all N.

This back-and-forth process of improving the Sobolev bounds on v and p can be
continued inductively for all higher derivatives; for details, see [HWZ96, Lemma 3.3]
or [Sie08, Lemma A.5]. O

COROLLARY 4.8.9. For all ke N, o%u(s) — 0 as s — 0.

Proor. Consider an arbitrary sequence s; — oo and define the sequence of
functions p;(s) := pu(s; +s). Lemma 4.8.8 implies that p; satisfies uniform C%-
bounds, so by Arzela-Ascoli, it has a C¥.-convergent subsequence, whose limit can
only be the constant function pw(s) := A, implying 0%u(s;) — 01« (0) = 0. O

COROLLARY 4.8.10. For every multiindez o, 0,0%v(s, ) converges uniformly to
0 as s — 0.

PROOF. Every term in (4.29) except for |[0s]? is already known to decay to 0 as
s — oo: for fi(s) this comes from Corollary 4.8.9, and for the other terms on the
right hand side it follows from the fact that v has bounded derivatives while Ay — 0.
This proves
|0sv(s, )| =0 ass— o,

and it follows via the boundedness of all derivatives of v and the Arzela-Ascoli
theorem that every sequence s; — oo has a subsequence for which the functions
0svj(s,t) := 0sv(s; + s,t) converge in C°, to 0. This prevents the existence of a

multiindex a and sequence s; — oo for which [0,0%(s;,-)|co¢s1y is bounded away
from 0. O

LEMMA 4.8.11. FEvery sequence s, — o0 has a subsequence such that v(s,-)
converges in C®(SY) to a nontrivial eigenfunction ey of A with eigenvalue \.

PrOOF. Using Lemma 4.8.8, the Arzela-Ascoli theorem provides a subsequence
such that vg(s,t) := v(sg + s,t) converges in C£, on Z, to a smooth function
v Which will satisfy the limit of the corresponding translations of the equation
(0 + S(s,t) + p(s))v = 0, namely
By Corollary 4.8.10, v, must also satisfy dsve, = 0, hence it is a function of the
form v (s,t) = ex(t) with (—A + A)ey = 0. Finally, v, must be nontrivial because
for each s, |[ve(s, )| = limp_y V(s +s,7)| = 1. O

The proof of (4.25) with the associated conditions on p and v is now complete.

We will give only a brief sketch of the proof of (4.26), referring to [Sie08, Ap-
pendix A] for the details. The improvement in the scaling factor from elonmdr 1

e is based on showing that if A, and its derivatives decay exponentially as s — oo,
then so does A — pu(s), i.e. there is an estimate of the form

(4.30) A = p(s)| < Ce™,

for constants C;d > 0 that need not be related to the constants in the hypothesis of
the theorem. (In the following we reserve the freedom to change the value of such
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constants whenever convenient, and we will sometimes do so without mentioning
it.) To see why this helps, notice that it implies a similar decay estimate for the
integral { |\ — u(7)| dr as a function of s, and thus

A&—fuﬁMT<J:M—uﬁﬂm

0

0 0
= f A — p(7)] dr — f A —p(r)| dr <T+Ce™,
0 s
where I := |\ — u(7)| d7 is another constant independent of s. This implies

(s, 1) = e O gllu(s, 1) = e v (s, 1)
for a function R(s) € R that satisfies |R(s)| < I + Ce ™% and thus lim, ., R(s) = I.
We can now define a new remainder function R;(s) € R with limg_,o R;(s) = 0 such
that ef®) = e/ + R;(s). Rescaling v by defining ¥ := e!||no[v, this implies
n(s,t) = e [U(s,t) +r(s,1)]

for some remainder r(s,t) that decays to 0 as s — oo0. It then remains only to prove
that v(s, ) converges as s — o to a single eigenfunction e, € ), which implies the
same statement about v. Writing

P: L*(S"Y) — L*(SY)
for the orthogonal projection onto the eigenspace FE), it suffices to prove that Puy
has a well-defined L2-limit as s — oo, since we already know v(s,:) — E\ and

thus (1 — P)vs — 0. For this purpose, we can regard s — v, as a continuously
differentiable path in L?(S') and, for any a,b > 0, write

b b
Puv, — Pv, = J 0s(Pvg) ds = J Pigds e L*(SY).

a

The crucial detail is now that the exponential decay of A, implies
(4.31) | Pos| < Ce,
so that if b > a > R >» 0, then

b b ©
”P'Ub - P'Ua” < J HPUSH ds < Cj 6_68 ds < CJ 6—68 dS,
a a R

which can also be made arbitrarily small by taking R large. This implies that for
every s, — o0, Pug, is an L?-Cauchy sequence, and therefore converges.
For the proofs of (4.30) and (4.31), see Lemmas A.8 through A.10 in [Sie08].
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5.1. Riemann-Roch with punctures

As in the previous chapter, let D denote a linear Cauchy-Riemann type operator
of class C™ (1 < m < o) on an asymptotically Hermitian vector bundle E of
complex rank n € N over a punctured Riemann surface (X = £\(I't U ™), j), and
assume that D is asymptotic at each puncture z € I' to a nondegenerate asymptotic
operator A, on the asymptotic bundle (E., J.,w.) over S*. Writing

F := Hom¢(T3, E)

for the bundle of complex-antilinear homomorphisms TS — FE, the main result of
the previous chapter was that

D : WkP(E) — Wk P (F)

is Fredholm for any k € {1,...,m + 1} and p € (1,00), and its kernel and index do
not depend on k or p. The main goal of this chapter is to compute ind(D) € Z.
The index will depend on the Conley-Zehnder indices uf,(A.) € Z introduced in
Chapter 3, but since these depend on arbitrary choices of unitary trivializations 7,
we need a way of selecting preferred trivializations. The most natural condition is to
require that every (E,, J,,w,) be endowed with a unitary trivialization such that the
corresponding asymptotic trivializations of (E, J) extend to a global trivialization;'
if there is only one puncture z, for instance, then this condition determines uf,,(A.)
uniquely. This convention has been used to state the formula for ind(D) in several
of the standard references, e.g. in [HWZ99]. We would prefer however to state a

Note that (E, J) is always globally trivializable unless I' = ¢, as a punctured surface can be
retracted to its 1-skeleton.
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formula which is also valid when [I' = ¢J and E — X is nontrivial. One way to do
this is by allowing completely arbitrary asymptotic trivializations, but introducing
a topological invariant to measure their failure to extend globally over F.

DEFINITION 5.1.1. Fix a compact oriented surface S with boundary. The rel-
ative first Chern number associates to every complex vector bundle (£, J) over
S and trivialization 7 of F|sg an integer

(E)eZ
satisfying the following properties:

(1) If (E,J) — S is a line bundle, then ¢](£) is the signed count of zeroes for
a generic section n € I'(E) that appears as a nonzero constant at 0S5 with
respect to 7.

(2) For any two bundles (FE1,J;) and (FEs,J;) with trivializations 7 and 7,
respectively over 05,

O (B @ B») = [H(Ey) + ¢ (Es).

Note that in the first point above, counting zeroes “with signs” actually means
adding up their orders in the sense of complex analysis, so e.g. the function z > 2*
has a zero of order k at the origin if £ > 1, while z +— z* has a zero of order —k.?
It follows from standard arguments in differential topology (see [Mil97]) that this
count of zeroes is invariant under homotopies of sections that are nowhere zero at 0.5,
thus ¢](F) for a line bundle does not depend on the choice of section, though it does
depend (up to homotopy) on the choice of boundary trivialization 7. It is also not
hard to show via genericity arguments that a higher rank complex vector bundle over
a compact surface can always be split into a direct sum of line bundles, and while this
splitting is not uniquely determined, changing the topology of any summand forces
correspondinging changes in other summands such that the sum of their relative
first Chern numbers remains unchanged. It follows that the conditions stated above
uniquely determine ¢f(E) for all complex vector bundles over compact oriented
surfaces. The definition clearly matches the usual first Chern number ¢;(F) € Z
when 0S5 = ¢J, in which case there is no need for any choice of trivializations. It
also extends in a natural way to the category of asymptotically Hermitian vector
bundles with asymptotic trivializations:

DEFINITION 5.1.2. For an asymptotically Hermitian vector bundle £/ — 3 over a
punctured Riemann surface 3 = ¥\(I'" 0T'"), with trivializations on the cylindrical
ends determined by a choice 7 of unitary trivialization for the asymptotic bundle
(E., J.,w.) associated to each puncture z € I'*, we define

c1(E) =] (F|sr) for any R > 0,

The precise definition can be phrased in terms of winding numbers: for a function f : C — C
with an isolated zero f(zo) = 0, the zero has order k € Z if the loop 6 +— f(zo + ee'?) € C\{0} has
winding number k£ for all € > 0 sufficiently small. Note that this changes by a sign if the function
is composed with an orientation-reversing homeomorphism of its domain, thus ¢J(E) depends on
the orientation of S.
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where £F = ¥ is the compact oriented surface with boundary obtained by deleting
all of the positive and negative cylindrical ends (R,o0) x S and (—o0, —R) x S1
respectively.

EXERCISE 5.1.3. Given two distinct choices of boundary trivializations 7, and
7o for a complex vector bundle E of rank n over a compact oriented surface, show
that
7(E) = ' (B) — deg(rz o1 1),
where deg(m o 77!) € Z denotes the sum over all boundary components of the
winding numbers of the determinants of the transition maps S* — U(m).

REMARK 5.1.4. To apply Exercise 5.1.3 in the setting of an asymptotically Her-
mitian bundle over a punctured Riemann surface Y, the winding number at each
negative end must be computed by traversing {—R} x S! in the wrong direction, or
equivalently, by inserting a minus sign in front of the usual winding number along
{—R} x S'. This is consistent with the orientation induced on {—R} x S! as a
boundary component of the compact subdomain 2% < 3.

EXERCISE 5.1.5. Combining Exercise 5.1.3 and Remark 5.1.4 above with Exer-
cise 3.7.3, show that for our asymptotically Hermitian vector bundle E with Cauchy-
Riemann type operator D and asymptotic operators A, the number

2¢1(E Z pez (A 2 fez (A
zel'+ zel'—
is independent of the choice of asymptotic trivializations 7.

The above exercise shows that the right hand side of the following index formula
is independent of all choices.

THEOREM 5.1.6. The Fredholm index of D is given by

ind D = nx(%) + 2¢](E Z Hoz(A Z 1oz (A

zel't zel'—

where n = ranke E and T is an arbitrary choice of asymptotic trivializations.

REMARK 5.1.7. The case n = 0 is allowed in the above formula: Then ¢f(E) =0
and all the Conley-Zehnder indices vanish by convention (cf. Remark 3.6.12), while
on the left hand side, D is the unique linear operator between two 0-dimensional
vector spaces—which is Fredholm with index 0. This case will be relevant to the
dimension of the moduli space of holomorphic branched covers of a punctured Rie-
mann surface; see Prop. 15.3.1.

NoOTATION. Throughout this chapter, we shall denote the integer on the right
hand side in Theorem 5.1.6 by

(D) := nx(%) + 2] (E Z pog (A Z 16z (A

zel'+ zel'—

Our goal is thus to prove that ind(D) = I(D).
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When I' = ¢, Theorem 5.1.6 is equivalent to the classical Riemann-Roch for-
mula, which is more often stated for holomorphic vector bundles over a closed Rie-
mann surface (X, j) with genus g as

(5.1) indc(Dg) = n(l — g) + &1 (E),

where Dy is the canonical complex-linear Cauchy-Riemann type operator determined
by the holomorphic structure. An arbitrary real-linear Cauchy-Riemann type opera-
tor is then of the form D = Dy+ B, where the zeroth-order term B € I'(Homg (E, F'))
defines a compact perturbation since the inclusion W*?(X) — W*=1P(%) is com-
pact. It follows that D has the same real Fredholm index as Dy, namely twice the
complex index shown on the right hand side of (5.1), which matches what we see in
Theorem 5.1.6.

REMARK 5.1.8. Now seems a good moment to clarify explicitly that all dimen-
sions (and therefore also Fredholm indices) in this book are real dimensions, not
complex dimensions, unless otherwise specified.

Reduction to the complex-linear case does not work in general if there are punc-
tures. It remains true that arbitrary Cauchy-Riemann type operators can be written
as D = Dy + B where Dyg is complex linear, but the perturbation introduced by
the zeroth-order term B is not compact since W*P(¥) < W*~1P(3) is not compact
when I' # . Another indication that this idea cannot work is the fact that while
the formula in Theorem 5.1.6 always gives an even integer when I' = ¢, it can be
odd when there are punctures, in which case D clearly cannot have the same index
as any complex-linear operator. Our proof will therefore have to deal with more
than just the complex category.

The punctured version of Theorem 5.1.6 was first proved by Schwarz in his the-
sis [Sch95], its main purpose at the time being to help define algebraic operations
(notably the pair-of-pants product) in Hamiltonian Floer homology. Schwarz’s proof
used a “linear gluing” construction that gives a relation between indices of opera-
tors on bundles over surfaces obtained by gluing together constituent surfaces along
matching cylindrical ends. Since any surface with ends can be “capped oftf” to form
a closed surface, one obtains the general index formula if one already knows how to
compute it for closed surfaces and for planes (i.e. caps). For the latter, it is simple
enough to write down model Cauchy-Riemann operators on planes and compute
their kernels and cokernels explicitly, so in this way, the general case is reduced to
the classical Riemann-Roch formula. An analogous linear gluing argument for com-
pact surfaces with boundary is used in [MS12, Appendix C] to reduce the general
Riemann-Roch formula to an explicit computation for Cauchy-Riemann operators
on the disk with a totally real boundary condition.

In this chapter, we will follow a different path, and use an argument that was
first sketched by Taubes for the closed case in [Tau96a, §7], with an additional
argument for the punctured case that was suggested by Chris Gerig [Ger18]. The
argument is (in my opinion) analytically somewhat easier than the more standard
approaches, and in addition to proving the formula we need for punctured surfaces,
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it produces a new proof in the closed case without assuming the classical Riemann-
Roch formula. It also provides a gentle preview of two analytical phenomena that
will later assume prominent roles in our discussion of SE'T: bubbling and gluing.

To see the idea behind Taubes’s argument, we can start by noticing an apparent
numerical coincidence in the closed case. Assume (FE, J) is a complex line bundle over
a closed Riemann surface (3, j), and D : ['(E) — T'(F) = Q%!(3, F) is a Cauchy-
Riemann type operator. We know that ind(D) = ind(D + B) for any zeroth-order
term B € I'(Homg(E, F)). But E and F' are both complex vector bundles, so B
can always be split uniquely into its complex-linear and complex-antilinear parts,

i.e. there is a natural splitting of Homg(E, F') into a direct sum of complex line
bundles®

Homg (E, F) = Home (E, F) @ Home (E, F).
Out of curiosity, let’s compute the first Chern number of the second factor; this will

be the signed count of zeroes of a generic complex-antilinear zeroth-order perturba-
tion. To start with, note that

Homc(F, F') = Homc(E,C) ® F,

and then observe that Hom¢(F,C) and E are isomorphic: indeed, any Hermitian
bundle metric ( , Yr on E gives rise to a bundle isomorphism®

E — Hom¢(E,C) :np— (-, n)E.

We thus have Home¢(F, F) = EQ F, so ¢;(Home(F, F)) = ¢1(F) + ¢1(F). We can
compute ¢1(F) by the same trick, since

F = Home (TS, E) = Home (TS, C)® E = TS ® E,
s0 ¢1(F) = c1(TX) + 1 (E) = x(X) 4+ ¢1(F) by the Poincaré-Hopf theorem, and thus
ci(Home(E, F)) = x(2) + 2¢1(E).

Since we're looking at a line bundle over a surface without punctures, this number
is the same as I(D). This coincidence is too improbable to ignore, and indeed, it
turns out not to be coincidental. Here is an informal statement of a result that we
will later prove a more precise version of in order to deduce Theorem 5.1.6.

“THEOREM”. Given a Cauchy-Riemann type operator D : H'(E) — L*(F)
on a line bundle (E,J) over a closed Riemann surface (¥,j), choose a complex-
antilinear zeroth-order perturbation B € T'(Home(E, F)) whose zeroes are all non-
degenerate. Then for sufficiently large r > 0, ker(D + rB) is approzimately spanned
by 1-dimensional spaces of sections with support localized near the positive zeroes
of B. In particular, dimker(D + rB) equals the number of positive zeroes of B.

To deduce ind(D) = I(D) from this, we need to apply the same trick to the
formal adjoint D*. As we will review in §5.2, —D* can be regarded under certain
natural assumptions as a Cauchy-Riemann type operator on the bundle F' conjugate

3Here the complex structure on Homg(E, F) and its subbundles is defined in terms of the
complex structure of F, i.e. it sends B € Homg(FE, F) to J o B € Homg(FE, F).

We are assuming as usual that Hermitian inner products are complex antilinear in the first
argument and linear in the second.
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to F', and the formal adjoint of D + rB then gives rise to a Cauchy-Riemann type
operator of the form

~D* +rB' :T(F) - T(E) = Q" (3, F),

where B’ : F — F is also complex antilinear and has the same zeroes as B, but with
opposite signs. Applying the above “theorem” to —D* thus identifies ker(D + rB)*
for sufficiently large » > 0 with a space whose dimension equals the number of
negative zeroes of B. This gives

ind(D) = ind(D + rB) = dimker(D + rB) — dimker(D + rB)*
= ¢;(Hom¢(E, F)) = I(D).

It’s worth mentioning that the “large perturbation” argument we’ve just sketched
is only one simple example of an idea with a long and illustrious history. Another
simple example is the observation by Witten [Wit82] that after choosing a Morse
function on a Riemannian manifold, certain large deformations of the de Rham
complex lead to an approximation of the Morse complex, with generators of the de
Rham complex having support concentrated near the critical points of the Morse
function—this yields a somewhat novel proof of de Rham’s theorem. A much deeper
example is Taubes’s isomorphism [Tau96b] between the Seiberg-Witten invariants
of symplectic 4-manifolds and certain holomorphic curve invariants: here also, the
idea is to consider a large compact perturbation of the Seiberg-Witten equations and
show that, in the limit where the perturbation becomes infinitely large, solutions of
the Seiberg-Witten equations localize near J-holomorphic curves. For a more recent
exploration of this idea in the context of Dirac operators, see [Marl7].

Before proceeding with the details, let us fix three simplifying assumptions that
can be imposed without loss of generality:

ASSUMPTION 5.1.9. E and D are of class C®.

This can always be achieved by an arbitrarily small perturbation, and small
perturbations do not change the Fredholm index.

AssuMPTION 5.1.10. (E,J) has complex rank 1.

Indeed, an asymptotically Hermitian bundle E of complex rank n € N always
admits a decomposition into asymptotically Hermitian line bundles £ = E1 @ ... D
FE,,, producing a corresponding splitting of the target bundle FF = F1 ® ... ® F,.
The operator D need not respect these splittings, but it is always homotopic through
Fredholm operators to one that does: we saw in Theorem 3.6.13 that the asymptotic
operators A, are homotopic through nondegenerate asymptotic operators to any
other operators A’ that have the same Conley-Zehnder indices, so one can choose
A’ to respect the splitting. Any homotopy of Cauchy-Riemann operators following
such a homotopy of nondegenerate asymptotic operators then produces a continuous
family of Fredholm operators by the main result of Chapter 4, implying that their
indices do not change. The general index formula then follows from the line bundle
case since any two Cauchy-Riemann type Fredholm operators D; and Ds on bundles
over the same Riemann surface satisfy

ind(D; ®Dy) = ind(D;) +ind(Dy) and I(D; ®Dy) = I(Dy) + I(Dy).
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ASSUMPTION 5.1.11. k=1 and p = 2.

This means we will concretely be considering the operator
D: HY(E) - L*(F),

where H! as usual is an abbreviation for W12, This assumption is clearly harmless
since we know that ind D does not depend on the choice of £ and p.

5.2. Some remarks on the formal adjoint

For the beginning of this section, we can drop the assumption that (E,J) is a
line bundle, and assume ranke £ = n € N, though later we will again set n = 1.

Recall from §4.7 that if we fix global Hermitian bundle metrics , )g and {, )p
on (E,J) and (F,J) respectively, and an area form dvol on 3 that matches ds A dt
on the cylindrical ends, then D has a formal adjoint

D*:T'(F) - I'(E)
satisfying
NDnrapy = D*A\ gy forall ne H(E), \e H'(F).
Here, the real-valued L?-pairings are defined by

(1,50 = Re L<n,£>Edvol for ,6€T(E),

and similarly for sections of F. The essential features of the formal adjoint are
that ker D* = coker D and coker D* = ker D, hence ind(D*) = —ind(D). Recall
moreover that dvol induces a natural Hermitian bundle metric on ¥ by

(-, s =dvol(-, j-) +idvol(,-),
which determines a bundle isomorphism
TY — APIT*S : X > X0 = (- XDy,
as well as a complex-antilinear isomorphism
TY — AYT*S : X > X0 = (X, .

If (, )p is then chosen to be the tensor product metric determined via the natural
isomorphism

F =Home (TS, E) 2 A" TS Q E=TYQE,
then E admits a natural isomorphism to ALOT*Y ® F such that
—D*: T(F) -» [(E) = Q"°(3, F)
becomes an anti-Cauchy-Riemann type operator, i.e. it satisfies the Leibniz rule
—D*(fA) = (@f)A + f(=D*A)

for all f e C®(3,R), with of := df —idf o j € QXO(%). Equivalently, —D* defines
a Cauchy-Riemann type operator on the conjugate bundle F' — X, defined as the
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real bundle ' — . but with the sign of its complex structure reversed; we shall
distinguish this Cauchy-Riemann operator from —D* by writing it as

—D*: T(F) - Q"Y(3, F),
though it is technically the same operator. The identity map defines a natural

complex-antilinear isomorphism between any complex vector bundle and its conju-
gate bundle; we shall denote this isomorphism generally by

E—E:ve—u1,
so in particular it satisfies ¢0 = ¢v for all scalars ¢ € C, and similarly
D*\ = D*\
for A\ € T'(F). The asymptotic operators for —D* are
A, =—-A,: I'(E,) - T(E,).

LEMMA 5.2.1. If 7 is a choice of asymptotic trivialization on E and T denotes
the conjugate asymptotic trivialization,” then

G(E) = ~G(B), and  iyl(As) = —igl(As) for all =€ T.

PROOF. Assuming FE is a line bundle, suppose 7 is a generic section of E that
matches a nonzero constant with respect to 7 on the cylindrical ends, so ¢(FE) is
the signed count of zeroes of . Then 7 € T'(E) is similarly a nonzero constant on
the ends with respect to 7, but the signs of its zeroes are opposite those of n because

they are defined as winding numbers with respect to conjugate local trivializations.

This proves ¢ (E) = —c](E).
The Conley-Zehnder indices can be computed from the formula
poz(Az) = ol (Az) + ol (A),
see Theorem 3.7.2. Here o’ (A,) is the largest possible winding number relative to
7 of an eigenfunction for A, with negative eigenvalue, and a7 (A.,) is the smallest
possible winding number with positive eigenvalue. The eigenfunctions of A, = —A,
are the same, but the signs of their eigenvalues are reversed, and the signs of their

winding numbers are also reversed because they must be measured relative to the
conjugate trivialization, thus

al(A;) = —aZ(Ay),
implying
puez(Az) = o (A) +al(A.) = —al(A.) — o (A) = —uy(As).
The above calculations are all valid for line bundles, but the general case follows
by taking direct sums. 0

We are now able to show that Theorem 5.1.6 is consistent with what we already
know about the formal adjoint.

PROPOSITION 5.2.2. I[(—D*) = —I(D).

E’If T : Elyy = U xC™ is alocal trivialization of E with 7(v) = (z, w), the conjugate trivialization
7: Ely — U x C" is defined by 7(7) = (2, w).
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ProoOF. Under the isomorphism F' = ANIT*SQF = TY ® E, an asymptotic
trivialization 7 on E induces an asymptotic trivialization ds ® 7 on F, where 0,
denotes the asymptotic trivialization of T3 defined via an outward pomtmg vector
field on the cylindrical ends. Counting zeroes of vector fields then proves ¢%* (TZ)

X(%), s0
PO(F) = PE(TE Q@ E) = nel (TY) + ¢ (E) = nx(X) + ¢[(E).
Applying Lemma 5.2.1 to the conjugate bundle then gives
O (F) = —nx(%) — ¢ (E).

The unitary trivializations of the asymptotic bundles E, corresponding to d; @ T are
simply 7, thus using Lemma 5.2.1 agam for the Conley—Zehnder terms,

I(=D*) = nx(3) + 2¢O (F) + D" pfy(A) — Y pig(A
zel'+ zel'—
= —”X(E —2c1(E Z péz (A 2 [éz (A
zel'+ zel'—
= —I(D).

O

We next consider the effect of an antilinear zeroth-order perturbation on the
formal adjoint. By “antilinear zeroth-order perturbation,” we generally mean a
smooth section

B e I'(Home(E, F)).
It is perhaps easier to understand B in terms of the conjugate bundle E: indeed,
there exists a unique
B e I'(Home(E, F))
such that
Bn = B,
and this correspondence defines a bundle isomorphism Home(E, F) = Home(E, F).

EXERCISE 5.2.3. Assume X and Y are complex vector bundles over the same
base.
(a) Show that X®Y is canonically isomorphic to the conjugate bundle of X®Y'.
(b) Show that Home (X, Y) is canonically isomorphic to the conjugate bundle of
Home (X, Y), and Home(X,Y) is canonically isomorphic to the conjugate
bundle of Hom¢(X,Y).
(c) Show that A®'X* := Home(X, C) is canonically isomorphic to the conju-
gate bundle of A'°X* := Homc(X, C).

Define the Cauchy-Riemann type operator
Dp =D+ B:T(E) - D(F) = Q% (%, E),

so Dpn = D+ B7. To write down D%, observe that since 3 : E — F is a complex-
linear bundle map between Hermitian bundles, it has a complex-linear adjoint

BT F - E suchthat (BN, 7)g =\ B0)p for N\e F, e E.
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Here the bundle metric on E is defined by (7, )5 := {(&,7)p. We then have
Re(), Bnyr = Re(\, B)r = Re(8"\, ) = Re(n, BTA)p = Re(BTA, m)p
= Re(B'A\, ),

where 7 € I'(Homg(F, E)) denotes the image of Bt € T(Homc(F, E)) under the
complex-antilinear identity map from Home(F, E) to its conjugate bundle (see Ex-
ercise 5.2.3). The formal adjoint of Dp is thus

Dy =D*+ B*: I'(F) - I'(F),
where B* : F' — FE is defined by

B*\ := (A

To write down the resulting Cauchy-Riemann type operator on F, we replace B* :
F — E with B* : ' — FE, defined by

B*X:= B*\ = g7,
giving a Cauchy-Riemann operator
—D% = —D* + (=B*) : T'(F) - ['(E) = Q"(2, F).

The point of writing down this formula is to make the following observations:

LEMMA 5.2.4. The zeroth-order perturbation —B* : F — E appearing in —D?%
has the following properties:
(1) —B* : F — E is complex antilinear;
(2) There is a natural complex bundle isomorphism Home(F, E) = Home(F, )
that identifies —B* with —pB';
(3) If n = 1 and B € T'(Home(E,F)) has only nondegenerate zeroes, then
—B* e I'(Home(F, E)) has the same zeroes but with opposite signs.

PROOF. The first two statements follow immediately from the fact that —B*
is the composition of the canonical conjugation map F — F with the complex-
linear bundle map —@% : F — E. For the third, it suffices to compare what 3 €
I'(Home(E, F)) and —#7 : I'(Home(F, E)) look like in local trivializations near a
zero: one is minus the complex conjugate of the other, hence their zeroes count with
opposite signs. 0

5.3. The index zero case on a torus

As a warmup for the general case, we now fill in the details of Taubes’s proof of
Theorem 5.1.6 in the case

Y =T?:= C/(Z&iZ)
and £ = T? x C, i.e. a trivial line bundle. In this case (D) = x(T?) + 2¢,(F) = 0,
so our aim is to prove ind(D) = 0. What we will show in fact is that D is homotopic
through a continuous family of Fredholm operators to one that is an isomorphism.
Since E and F' are now both trivial, it will suffice to consider the operator

D :=0=0,+i0,: H(T? C) — L*(T?, C),
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whose formal adjoint is D* := —0 = —0, + i0;. An antilinear zeroth-order pertur-
bation is then equivalent to a choice of function 3 : T? — C, giving rise to a family
of operators

D,n = on +rpq
for r € R, where 7 : T?> — C now denotes the straightforward complex conjugate
of 1. Let us assume that 3 : T? — C is nowhere zero; note that this would not be

possible in more general situations, but is possible here because Home(E, F) is a
trivial bundle.

LEMMA 5.3.1. D, is injective for all r > 0 sufficiently large.

Proor. Elliptic regularity implies that any n € ker D, is smooth, so we shall
restrict our attention to smooth functions 7 : T?> — C. We start by comparing the
two second-order differential operators

D*D and D*D, : C*(T?,C) — C®(T?,C).

Both are nonnegative L?-symmetric operators, and in fact, the first is simply the
Laplacian

D*D = 00 = (—0s +i0,)(0s +i0,) = —0° — 07 = —A.
The formal adjoint of D, takes the form
Din = D"+ rB* = D+,

thus for any n € C*(T?,C),
D;D,n = (D* +rB*)(D +rB)n

— D*Dyj + 7 (5% . 8(677)) +r2B*By)

= D*Dyy +r (807 — (05)7 — Bon) + r*B*Bn

= D*Dn + r?B*Bn — r(0p)7.

This is a Weitzenbock formula: its main message is that the Laplacian D*D and
the related operator DD, differ from each other only by a zeroth-order term that
will be positive definite if 7 is sufficiently large. Indeed, since § is nowhere zero, we
have |Bn| = c|n| for some constant ¢ > 0, thus

D72 = (7, DiD,nyrz = (n,D*Dn)r2 + r*(n, B*Bnyr2 — r(n, (3B)i)1
= |Dn|32 + r*|Bn|7. — r{n, (38)m)12
= (r*c® — )08 co) |72

We conclude that as soon as r > 0 is large enough to make the quantity in paren-
theses positive, D,n cannot vanish unless ||n|z2 = 0. O

(5.2)

PROOF OF THEOREM 5.1.6 FOR E = T? x C. The lemma above shows that one
can add a large antilinear perturbation to D = @ making the deformed operator D,
injective. By Lemma 5.2.4, the same argument applies to the formal adjoint D*, im-
plying that for sufficiently large » > 0, D is injective and thus D, is also surjective,
and therefore an isomorphism. This proves ind(D) = ind(D,.) = 0. O
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Let’s consider which particular details of the setup made the proof above possible.

First, the zeroth-order perturbation is complex antilinear. We used this, if only
implicitly, in deriving the Weitzenbock formula (5.2): the key step is in the third
line, where the two terms involving 07 cancel each other out and leave nothing but
zeroth-order terms remaining. This would not have happened if eg. B : £ — F
had been complex linear—we would then have seen terms depending on the first
derivative of n in D*D,n — D*Dmn, and this would have killed the whole argument.
The fact that this cancelation happens when the perturbation is antilinear probably
looks like magic at this point, but there is a principle behind it; we will discuss it
further in §5.4 below, see Remark 5.4.4.

The second crucial fact we used was that 8 : T? — C is nowhere zero, in
order to obtain the lower bound on |Bnl|z2 in terms of |n|z2. This cannot always
be achieved—it is possible in this special case only because E and F' are both
trivial bundles and thus so is Home (£, F). On more general bundles, the best we
could hope for would be to pick § € I'(Home(E, F)) with finitely many zeroes, all
nondegenerate. In this case the above argument fails, but it still tells us something.
Suppose ¥, < T? is a region disjoint from the isolated zeroes of 3. Then there exists
a constant ¢, > 0, dependent on the region .., such that

187722y = 1871725, = celnlzzs,)
so instead of the estimate at the end of the proof above implying D, is injective, we
obtain one of the form
IDenZ2(r2y = cer®[nllracs.) — er [l Ty

To see what this means, imagine we have sequences r, — oo and 7, € ker D, ,
normalized so that ||, ]z2 = 1 for all v. The estimate above then implies
c

HUVH%Q(ES) < e 0 as v — o,
e’V

so while all sections 7, have the same amount of “energy” (as measured via their L2-
norms), the energy is escaping from 3. as r, increases. This is true for any domain
Y disjoint from the zeroes, so we conclude that in the limit as » — oo, sections in
ker D, have their energy concentrated in infinitesimally small neighborhoods of the
zeroes of 5. We will see in the following how to extract useful information from this
concentration of energy.

5.4. A Weitzenbock formula for Cauchy-Riemann operators

The Weitzenbock formula (5.2) can be generalized to a useful relation between
any two Cauchy-Riemann type operators that differ by an antilinear zeroth-order
term. To see this, we start with a short digression on holomorphic and antiholomor-
phic vector bundles.

A smooth function f : C > U — C is called antiholomorphic if it satisfies
(0s—i0;) f = 0, which means its differential anticommutes with the complex structure
on C. The class of antiholomorphic functions is not closed under composition, but it
is closed under products, hence one can define an antiholomorphic structure on a
complex vector bundle to be a system of local trivializations for which all transition
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maps are antiholomorphic. Given the standard correspondence between holomorphic
structures and Cauchy-Riemann type operators (see §2.5), it is easy to establish
a similar correspondence between antiholomorphic structures and (complex-linear)
anti-Cauchy-Riemann type operators, i.e. those which satisfy

D(fn) = (0f)n+ fDn
for all f € C®(3,C), where 0f := df —idf oj € Q40(3). We've seen one important

example of such an operator already: if D : T'(E) — T'(F) is complex linear, then
—D* can be interpreted as a complex-linear anti-Cauchy-Riemann operator on F,
and thus endows F' with an antiholomorphic structure. Another example occurs
naturally on conjugate bundles: if £ has a holomorphic structure, then E inherits
from this an antiholomorphic structure. This is immediate from the fact that f :
C > U — C is holomorphic if and only if f : U — C is antiholomorphic. If D :
['(E) - T'(F) = Q% (X, E) is the corresponding complex-linear Cauchy-Riemann
type operator on E, we shall denote the resulting anti-Cauchy-Riemann operator by

D :T'(E) —» [(F) = Q"3 B),
where by definition D7 = D).

EXERCISE 5.4.1. Show that if X and Y are antiholomorphic vector bundles over
the same base, then X ® Y and Hom¢ (X, Y) both naturally inherit antiholomorphic
bundle structures such that the obvious Leibniz rules are satisfied. Remark: The
proof of this is exactly the same as for holomorphic bundles, one only needs to
change some signs.

The next result is the main tool needed for our proof of the index formula.

PROPOSITION 5.4.2. Assume E — X is an asymptotically Hermaitian line bundle,
D : T(E) -» I(F) = Q" (X,E) is a linear Cauchy-Riemann type operator C°-
asymptotic to asymptotic operators {A,},er at the punctures, and B : E — F is
a complex-antilinear bundle map. We consider the family of Cauchy-Riemann type
operators

D,:=D+rB:I'(E) > I['(F) for rekR,

and denote by D} = D* + rB* : I'(F) — ['(E) their formal adjoints with respect
to fixed choices of area forms and bundle metrics compatible with the asymptotically

Hermitian structure of E. Then there exists a real-linear bundle map By : E — E
such that for allr € R and ne I'(E),

D!D,n = D*Dn + r*B*Bn + rByn.

Moreover, if B is C'-bounded as a section of Home(FE, F), then By is C°-bounded
as a section of Endg(FE).

ProOOF. We consider first the case where D is complex linear. The operators
D and —D* are then complex-linear anti-Cauchy-Riemann operators on £ and F
respectively, so as a corollary of the linear local existence result in §2.5, they de-
termine antiholomorphic vector bundle structures on £ and F. By Exercise 5.4.1,
these induce an antiholomorphic vector bundle structure on Home (E, F), giving rise
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to a complex-linear anti-Cauchy-Riemann operator dy on HomC(E , ') that satisfies
the Leibniz rule

—D*(®7) = (0y®)7; + (D7) forall 7eTl(E), ®e'(Home(E,F)).

Writing Bn = 37 and B*\ = BiX for B e T'(Home(E, F)) and its complex adjoint
A" e I'(Home(F, E)), we have

D:D,n = (D* +rB*)(D +rB)n
= D*Dy + r3Dn — r(=D*)(87) + r*B* By
— D*Dy + r3tDij — r(dy )i — rD7 + r2B* By
= D*Dn + r?B*Bn — r(0gf)7 + (B_T — ) Dij.

Here 8 and 1 are both viewed as complex-linear bundle maps F — E, the latter in
the obvious way, and the former acting as 1 ® 3 on F = ANT*Y @ E with target
AI’OT*XE@F — ALOTEY ®A0’1T*2 ® E = E. Choosing unitary local trivializations,
B3 and ST are represented by the same complex-valued function: indeed, the latter
is the transpose of the former as n-by-n complex matrices, but since n = 1, this
means they are identical, and the last term in the formula above therefore vanishes,
leaving

(5.3) D*D,n = D*Dn + r*B*Bn — r(0u )7

If D is not complex linear, then we define its complex-linear part D¢ : T'(E) —
['(F) by

Doy = 3 (Dy = (1)

and observe that this also satisfies the Leibniz rule De(fn) = (0f)n + fDn for
all f e C*(X), so it is a complex-linear Cauchy-Riemann type operator and D =
D¢ + A for some complex-antilinear bundle map A : F — F. Writing An := an
for a € I'(Home(E, F')), we can then apply (5.3) to both D = D¢ 4+ A and D, =
D¢ + (A +rB), giving
D*D — D{D¢ = A*An — (Oga)7q
and
DD, —D{D¢ = (A +1rB)*(A+rB)n— (Oua)q — r(0uf)n.
Subtracting the first relation from the second gives
D!D, — D*D = r*B*B + r [(A*B + B*A)n — (duB)7]
so we can define Byn as the expression in brackets at the right.

Concerning bounds on | By |co: choose an asymptotic trivialization on the cylin-
drical end 7, = U, near one of the punctures z, identifying D on this region with
0+ S :C®(Zy,C) — C®(Z4,C) for a smooth function S : Z; — End(C) which
satisfies limg 100 S(8,1) = Sy (t) for aloop Sy : S* — Endgy ™ (C) determined by the
asymptotic operator A,. The conjugate operator D is then given by 0+ S over Z.,
and since the bundle metrics were assumed compatible with the asymptotically Her-
mitian structure, we can assume they are standard in our chosen trivialization, so
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that D* becomes identified with —0+ S*. The antilinear bundle map B : E — F'is
identified likewise with a function B : Z. — End¢(C) of the form B(s, t)v = B(s,t)v
for a function 8 : Z. — C. The complex-linear part of D over Z, is given by
D¢ = 0 + Sc, where
1 1
Sc = 5 (S —iSi), Thence A= 5(5 + 1.57).

The latter clearly satisfies a global bound on Z in light of the asymptotic conver-
gence of S to Sy, thus a C°-bound on B implies a C°-bound on A*B + B*A.

A coordinate formula for dgy3 can be derived from the corresponding formulas
for D* and D via the Leibniz rule —D*(87) = (0g5)7 + SD7: indeed,

—D*(B1) = —(—0+ ST)(B7) = (0— ST)(B7) = (08)71 + B(on) — ST B
= (0uP)ii + 6D = (0uB)7 + B(0 + )7 = (0uB)ii + B(0n) + BST
implying
ouB = 08 + 8S — STB.

This expression is C°-bounded in terms of the C*-norm of B. O

~ REMARK 5.4.3. The above proof used the assumption n = 1 in order to conclude
BT — B = 0. For higher rank bundles, this imposes a nontrivial condition that must
be satisfied in order for the Weitzenbéck formula to hold, cf. [GW17].

REMARK 5.4.4. We can now pick out a geometric reason for the miraculous can-
celation in the Weitzenbdck formula: the perturbation B is described by a complex
bundle map E — F, where E and F both have natural antiholomorphic bun-
dle structures defined via the complex-linear parts of D and —D* respectively. A
complex-linear perturbation B : E — F would not work because E is holomorphic
rather than antiholomorphic: while D can be fit into the same Leibniz rule with
—D*, the same is not true of D.

5.5. Large antilinear perturbations and energy concentration

We continue in the setting of Proposition 5.4.2 and consider
D,:=D+rB:T'(E) - T['(F)

for r € R, where By = 37 for a fixed section § € I'(Home(E, F)). After a com-
pact perturbation of D, we can without loss of generality also impose the following
assumptions on D, # and the area form d vol:

(i) All zeroes of § are nondegenerate.

(ii) Both || and 1/|3| are bounded outside of a compact subset of 3.

(i) Near each point ¢ € 3 with 5(¢) = 0, there exists a neighborhood D(¢) « %
of ¢, a holomorphic coordinate chart identifying (D((), 7, () with the unit
disk (DD, 7,0), and a local trivialization of E over D(() that identifies D with
0 =05 +i0,: C*(D,C) — C*(D,C) and 3 with one of the functions

B(z) =z or Bz) =7z,

the former if ( is a positive zero and the latter if it is negative.
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(iv) In the holomorphic coordinate on D(() described above, dvol is the stan-
dard Lebesgue measure.

As in the torus case discussed in §5.3, we will see that the Weitzenbock formula
implies a concentration of energy near the zeroes of  for sections n € ker D, as
r — oo. To understand what really happens in this limit, we will use a rescaling
trick. Denote the zero set of § by

Z(8)=Z*(B)v Z7(B) = %,
partitioned into the positive and negative zeroes. For any n € ['(E), ¢ € Z*(3) and
r > 0, we then define a rescaled function
1

n©n Ds—>C:z— WU(Z/\/;)>

where the right hand side denotes the local representation of 7 on D(() in the chosen
coordinate and trivialization. Notice that the equation D,n = 0 appears in this local
representation as either
(5.4) on+rzip=0 or on+rzij=0 on D(C),
depending on the sign of ¢, and the function f := n(¢") then satisfies

Of +2f =0 or Of+z2f=0 on D .
We will take a closer look at these two PDEs in §5.6 below. But first, observe that
by change of variables,

177 oy = Inll2oicy-

D7)

LEMMA 5.5.1. Assume r, — oo, and n, € kerD, is a sequence satisfying a
uniform L*-bound. Then after passing to a subsequence, the rescaled functions nS =
i) D — C for each ¢ € Z*(3) converge in C5,(C) to smooth functions
n% € L2(C) satisfying

oy + 21 =0 if Ce ZH(B),
ol + 2% =0 ifCe Z7(B).

Moreover, if &, € ker D,., is another sequence with these same properties and con-
vergence £ — &5, then

Ny, 6 )r2(m) = 2 s Eon0):
ceZ(8)

PROOF. The uniform L*-bound implies uniform bounds on |nS|r2my,) for every
R > 0, where v here is assumed sufficiently large so that R < /r,. Since 1
satisfies a Cauchy-Riemann type equation on Dg, the usual elliptic estimates (see
Chapter 2) then imply uniform H*-bounds for every k € N on every compact subset
in the interior of D, hence 75 has a C{° -convergent subsequence on C, and the limit
7750 clearly satisfies the stated PDE. The uniform L2-bound also implies a uniform
bound on [0S r2m ) and thus an R-independent uniform bound on 178l L2 (my) as

v — oo, implying that 75 is in L2(C).
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The limit of {(n,, &, )r2(g) is now proved using the Weitzenbock formula. Let
— Z\ U
CeZ(B

so there exists a constant ¢ > 0 such that ( satlsﬁes |B(2)v] = c|v| for all v e E.,
z € ¥.. (Note that this depends on the assumption of 1/|5| being bounded outside
of a compact subset.) Now by Proposition 5.4.2,

0= ||D7"unV||L2(g) {m,, D} Dn,nu>L2(z)
= (m, D* D77V>L2(2 +75(n,, B* B77v>L2(2) + 7, (0, Blnu>L2(z')
o 1D s, + 72 s, — 7o s

=T CQHTIVHLQ(jE) — e ,HT/VHL2(2)

for some constant ¢ > 0 independent of v. This implies

Hnl’HLQ(E ) < ||n1/|| —0 as vV — 00

since ||y |25 is uniformly bounded. The same estimate applies to §,, so that
(Mhy ) sy — 0 and thus by change of variables,

T G, &) pegsy = M D v Edraeoiey = i D1 (05 €D iz )
CeZ(B) CeZ(B)

= >

CeZ(B)

5.6. Two Cauchy-Riemann type problems on the plane

The rescaling trick in the previous section produced smooth solutions f : C — C
of class L?*(C) to the two equations

of +2f =0, of +zf =0.
It turns out that we can say precisely what all such solutions are. Write D f :=
Of +zfand D_f := 0f+Zzf. Both operators differ from the complex-linear operator
0 by antilinear perturbations, so they satisfy Weitzenbock formulas relating D1 D
to the Laplacian —A = 0*0 = —9% —02. Indeed, applying (5.3) in these special cases
gives

D*D,f=-Af+|z|°f - 2f and D*D_f = —-Af+ |z]*f.

To make use of this, recall that a smooth function u : &/ — R on an open subset
U < C is called subharmonic if it satisfies

—Au <0

Subharmonic functions satisfy a mean value property:
1
—~Au<0onl = u(z0) < —

2
wr Dy (z0)

w(z)du(z) forall D,(z) U,
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where D, (z9) < C denotes the disk of radius r > 0 about a point 2y € U, and du(z)
is the Lebesgue measure on C; see e.g. [Eva98, p. 85].

EXERCISE 5.6.1. Show that for any smooth complex-valued function f on an
open subset of C,

Alf =2Re(f,Af) + 2|V fI,

where ( , ) denotes the standard Hermitian inner product on C and |V f|?* :=

|05 f 12 + [0f .

PROPOSITION 5.6.2. The equation Of + Zf = 0 does not admit any nontrivial
smooth solutions f € L?(C,C).

Proor. If f : C — C is smooth with D_f = 0, the Weitzenbock formula for
D_ implies Af = |z|?f. Then by Exercise 5.6.1,

AlfP =2Re(f, [21*f) + 2[V f[* = 2P| f]* + 2V [ ],

implying that |f]* : C — R is subharmonic. Now if f(z) # 0 for some 2z, € C, the
mean value property implies

f FEPdu) = 2 f()ff— o as - oo,
]D)T(ZO)

so f ¢ L*(C). O

PROPOSITION 5.6.3. Every smooth solution f € L?>(C,C) to the equation Of +
zf =0 is a constant real multiple of fy(2) := ezl

PROOF. We claim first that every smooth solution in L*(C,C) of D, f = 0 is
purely real valued. The Weitzenbéck formula for this case gives Af = |z|>f—2f, and
taking the difference between this equation and its complex conjugate then implies
that u :=Im f : C — R satisfies

Au = (|z]* + 2)u.
Now by Exercise 5.6.1,
A(u?®) = 2|Vul|* + 2(|z* + 2)u® = 0,

so u? : C — R is subharmonic, and the mean value property implies as in the proof
of Prop. 5.6.2 that u ¢ L?(C) and hence f ¢ L*(C) unless v = 0. This proves the
claim.

It is easy to check however that fy is a solution and is in L*(C). Since it is also
nowhere zero, every other solution f must then take the form f(z) = v(2)fo(2) for
some real-valued function v : C — R. Since D is a Cauchy-Riemann type operator,
the Leibniz rule then implies dv = 0. But the only globally holomorphic functions
with trivial imaginary parts are constant. O
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5.7. A linear gluing argument
Now we're getting somewhere.

LEMMA 5.7.1. Suppose the assumptions of §5.5 hold and 3 € T'(Home(E, F))
has I, = 0 positive and I > 0 negative zeroes. Then for all r > 0 sufficiently large,

dimkerD, < I, and dimcokerD, < /_.

In particular, for sufficiently large r, D, is injective if all zeroes of B are negative
and surjective if all zeroes are positive.

PRrROOF. Arguing by contradiction, suppose there exists a sequence r, — oo such
that dimker D, > I, and pick (I, +1) sequences of sections 7}, ..., nl+*! € ker D,,
which form L2-orthonormal sets for each v. By Lemma 5.5.1, we can then extract
a subsequence such that rescaling near the zeroes of g produces C}5.-convergent
sequences whose limits form an (7, + 1)-dimensional orthonormal set in

@ L*(C,0),
CeZ(B)
where the component functions f € L?(C,C) for ¢ € Z*(B) satisfy of + zf = 0,
while those for ¢ € Z~(B) satisfy 0f + zf = 0. Proposition 5.6.2 now implies that
the component functions for ( € Z(f) are all trivial, and by Proposition 5.6.3,
the components for ¢ € Z7 () belong to 1-dimensional subspaces ker D, < L?(C)
generated by the function e~21". We conclude that the limiting orthonormal set
lives in a precisely I,-dimensional subspace

@ keeD,c P L*C,C),
cez+(B) CeZ(B)
and this is a contradiction since there are I, + 1 elements in the set.

Applying the same argument to the formal adjoint implies similarly dim ker D} <
I_ for r sufficiently large. O

We would next like to turn the two inequalities in the above lemma into equal-
ities, which means showing that the /,-dimensional subspace of D¢+ s L*(C,C)
generated by solutions of 0f 4+ zf = 0 is isomorphic to ker D, for r sufficiently large.
This requires a simple example of a linear gluing argument, the point of which is
to reverse the “convergence after rescaling” process that we saw in Lemma 5.5.1.
The first step is a pregluing construction which turns elements of @ce 7+(8) ker D
into approrimate solutions to D,n = 0 for large r. To this end, fix a smooth bump
function

pE CSO(]]Cj)’ [07 1])7 P|]D>1/2 =1
and define for each ¢ € Z* () and r > 0 a linear map
P i ker D, — T'(E)

such that ®$(f) is a section with support in D(¢) whose expression in our fixed
coordinate and trivialization on that neighborhood is the function

fr(2) = p(2)Vrf(Vrz).
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Adding up the ®¢ for all ¢ € Z*(B) then produces a linear map
P kerD, —I(E)
CeZ+(B)

whose image consists of sections supported near Z* (), each a linear combination
of cut-off Gaussians with energy concentrated in smaller neighborhoods of Z* ()
for larger r. These sections are manifestly not in ker D, since they vanish on open
subsets and thus violate unique continuation, but they are close, in a quantitative
sense:

LEMMA 5.7.2. For each r > 0, there exists a constant ¢, > 0 such that

D@, ()2 < cl|f|zz forall fe€ @ ker D,
CeZ+(B)

and ¢, — 0 as r — o0. Moreover, for every pair f,g € ®<ez+(5) kerD

<(I)r(f)7 (I)r(g)>L2 - <f7 g>L2

as r — 0.

PROOF. First, observe that any f € P cez+ (8 ker D, is described by a collection
of functions {f; € L*(C)}¢ez+ (s which take the form

folz) = Kee 3,
for some constants K € R. Since each f; is in ker D, we plug in the local formula
(5.4) for D, and find

D, (9.(f)lpw) (2) = 0p(2) - V7 f(Vrz) + p(2) - r0fc(Vrz)
Frzp(IVT (V)
= 0p(2) - Vrfe(Vrz) + p(2)r - Do fe(v/r2)
= Op(2) - VrKce 2Tl
Now since gp = 0 in Dy, we obtain

D (Dl = D | D)

CeZ+(B)
= 3 | PRz duge)
cez+ () P\Piy2

< Ire™ Z Kg,
CeZH(B)

(5.5)

where we abbreviate I := SD\D1/2 ‘ép(z)‘Q du(z). The norm of f is given by

= 5[ w2 = ([ Fae) 3R

CeZT(B) CeZT(B)
We conclude that there is a bound of the form

ID, @, (f)]2 < CVre™ 2| £ .2,
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which proves the first statement since y/re™"/> — 0 as r — 0.

The second statement follows by a change of variable, since

(@,(f), @r(g)yre = D, <<1> Nl @r(9) o2

CezZ+(B

- 3 j I SelVr)oc(V) di(2)

CeZ+ (B

Ce; f ( > ¢(2)g¢(2) du(z).

The functions f; and g; are both real multiples of ez so this last integral for
each ¢ € Z* () is bounded between SD\/_/Q fe(2)g¢(2) du(z) and S]Df fe(2)g¢(2) du(2),

both of which converge to {. fc(2)gc(2) du(z) as r — oo, thus

Th_)Ig)<(I>r (f)7 (I)r(g)>L2 = <f7 g>L2-

To turn approximate solutions into actual solutions, let
I, : L*(E) — ker D,
denote the orthogonal projection. We will prove:
PROPOSITION 5.7.3. If all zeroes of B are positive, then the linear map
II,0®, : @ ker D, — ker D,
CeZ*(B)

1s injective for all v > 0 sufficiently large.

This statement says in effect that whenever » > 0 is large enough and 7 :=
®,.(f) e T(E) is in the image of the pregluing map, with f normalized by | f|z2 = 1,
we can find a “correction” £ € (ker D,.)* such that

n+&#0 but D,(n+&)=0.

An element € € (ker D,)* with the second property certainly exists, and in fact it’s
unique: indeed, the assumption Z~ () = ¢ implies via Lemma 5.7.1 that D, is
surjective and thus restricts to an isomorphism from (ker D)+ n HY(E) to L*(F),
with a bounded right inverse

Q, : L*(F) - H'(E) n (ker D)*,

hence £ := —Q,(D,n). We know moreover from Lemma 5.7.2 that ||n|.2 is close
to |f|zz = 1, so to prove n + £ # 0, it would suffice to show |{].2 is small, which
sounds likely since we also know |D,n] 2 is small and Q, is a bounded operator. To
make this reasoning precise, we just need to have some control over ||Q,| as r — oo,
or equivalently, a quantitative measure of the injectivity of D,|erp,)t~m1(p). This
requires one last appeal to the Weitzenbock formula.
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LEMMA 5.7.4. Assume all zeroes of B are positive. Then there exist constants
¢ > 0 and ro such that for all r > rg,

N2 < c|Dunlre for all ne H(E) n (ker D,)*.

PROOF. Let us instead prove that if zeroes of £ are all negative, then the same
bound holds for all n € H*(E). The stated result follows from this by considering
the formal adjoint and using Exercise 5.7.5 below. Note that by density, it suffices
to prove the estimate holds for all n € C°(E).

Assume therefore that Z* () = ¢ and, arguing by contradiction, suppose there
exist sequences 1, — 00 and 7, € C°(F) with |n,/,2 = 1 and

”DTVTIVHLQ — 0.

The usual rescaling trick and application of the Weitzenbock formula then produces
(€

for each ¢ € Z~(B) a sequence of functions 1S := 1y : D 7 — C which satisfy
>, I,y —» 1 and  ID_nflr@,,) =0
CeZ=(B)

as v — 00. Indeed, defining 3. as in the proof of Lemma 5.5.1, a similar application
of the Weitzenbock formula yields

HDrunuHi2(2) = 7’302”7711”22(26) - T,,C'HT],,H;@) = TscanuHi2(2€) —r,c,
for some ¢ > 0. Thus we obtain

HDmnV”z : /
2 L2(%) ¢
HT,VHL2(§-]€) < 027“12/ + 2 —0 as v — oo,

so there is again concentration of energy near the zeroes of the antilinear perturba-
tion: in particular,

I 2
1= Vh_l:rolo ||771/||L2(g)

. 2 . 2
= Vh_{folo ||71u||Lz(g€) + Vh_{folo Z 17 122Dy

cez—(B)
T 2 : Q[
= Vh_I};lo HnuHL%D\/E)'

CeZ=(B)
Moreover, we have

D_7j(2) = T—ly(?nu (\/ZE) + \/%ny (\/ZE) = %Dr,ny (%) .

Taking the square of the norms on each side, we may integrate and use change of
variables to obtain

1
NS
The elliptic estimates from Chapter 2 now provide uniform H*-bounds for each 1$
on compact subsets of C for every k € N, so that a subsequence converges in C%,(C)
to a smooth map 15, € L*(C, C) satisfying D_n5, = 0. But Yiez-() Hfr]§o||%2(c) =1, s0
at least one of these solutions is nontrivial and thus contradicts Proposition 5.6.2. [

ID_nS 2w ) = —=IDrml2ioiey = 0 as v — 0.
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EXERCISE 5.7.5. Show that for any Fredholm Cauchy-Riemann type operator
D on FE, the following two estimates are equivalent, with the same constant ¢ > 0
in both:

(i) ||77HL2(E) < C||D7)HL2(F) for all n € H(E) n (ker D)*;
(ii) (M r2ery < cD*A|l 2 for all X € HY(F) n (ker D*)*.

Hint: Elliptic regularity implies that for D and D* as bounded linear operators
H' - I, (ker D)* = im D* and (ker D*)* = im D.

PROOF OF PROPOSITION 5.7.3. If the statement is not true, then there exist
sequences r, — o0 and
fve @ kerD,
CeZH(B)
such that |f,|;2 = 1 and n, = ®, (f,) € (kerD,, ) for all v. Lemmas 5.7.2
and 5.7.4 then provide estimates of the form

* |mlee — 1,
e |D.,ny|z2 — 0, and
o [mlze < c|Dy 2
as v — o, with ¢ > 0 independent of v. These imply:

1= lim |n,|zz < lim ¢|D,, n,|z: = 0.
vV—00 V—>0

We’ve proved:

PROPOSITION 5.7.6. Suppose the assumptions of §5.5 hold and that the section
B e T(Home(E, F)) has I, = 0 positive and I > 0 negative zeroes. If [ =0, then
D, s surjective with dimker D, = I, for all r > 0 sufficiently large. If I, = 0,
then D,. is injective with dim coker D, = I_ for all r > 0 sufficiently large. In either
case,

ind(D,)=1, —I_
for all r > 0 sufficiently large. O

5.8. Antilinear deformations of asymptotic operators

Proposition 5.7.6 suffices to prove the index formula in the closed case, but there
is an additional snag if I' # &: since H'(¥) — L*(X) is not a compact inclusion,
we have no guarantee that D and D, := D + rB will have the same index, and
generally they will not. A solution to this problem has been pointed out by Chris
Gerig [Ger18|, using a special class of asymptotic operators that also originate in
the work of Taubes (see [Taul0, Lemma 2.3]).

In general, the only obvious way to guarantee ind(D) = ind(D,.) for large r > 0
is if we can arrange for every operator in the family {D,},~o to be Fredholm, which
is not automatic since the zeroth-order perturbation B : E — F' is required to be
bounded away from zero near oo and must therefore change the asymptotic operators
at the punctures. We are therefore led to ask:
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QUESTION. For what nondegenerate asymptotic operators A : H'(E) — L*(E)
on a Hermitian line bundle (E, J,w) — S' can one find complex-antilinear bundle
maps B : E — E such that

A.:=A—rB:H(E)— L*E)
s an isomorphism for every r = 0%

It turns out that it will suffice to find, for each unitary trivialization 7 and every
k € Z, a particular pair (Ay, By) such that Ay — r By, is nondegenerate for all r = 0
and uéy (Ax) = k. To see why, let us proceed under the assumption that such pairs
can be found, and use them to compute the index:

LEMMA 5.8.1. Giwven D as in Theorem 5.1.6, fiz asymptotic trivializations T and
suppose that for each puncture z € I' there exists a smooth asymptotic operator A’
on (E,, J,,w,) with up,(AL) = upy(A.), such that if A, is written with respect to
T as —Jo0p — S.(t), then the deformed asymptotic operator

(5.6) HY(SY,R?) — L*(S",R?) : n > —Jyoim — S.(t)n — rB.(t)7

is nondegenerate for some smooth loop 3, : S* — C\{0} and every r = 0. Then

ind(D) = x(X) + 2¢](E) + Z wind(f,) — Z wind(3.).
zel'+ zel'—

PROOF. Since pl,(A.) = ufy(A’), we can deform A, to A’ continuously
through a family of nondegenerate asymptotic operators. It follows that we can
deform D through a continuous family of Fredholm Cauchy-Riemann type oper-
ators to a new operator D’ whose asymptotic operators are A’ for z € I', and
ind(D’) = ind(D). After a further deformation that preserves the Fredholm prop-
erty, we are free to assume in fact that D’ is written with respect to the trivialization
7 on the cylindrical end near z € I'* as the translation-invariant operator

Os + Jo0Or + Sz(t)

Now choose 3 € I'(Home(F, F')) with nondegenerate zeroes such that the deformed
operators D,n := D'n + rfn appear in trivialized form on the cylindrical end near
zeTl* as

D,n = o + Joon + S.(t)n + rB.(¢)7.
This means D, is asymptotic at z to (5.6), which is nondegenerate for every r > 0,
implying D, is Fredholm for every r > 0 and thus

ind(D) = ind(D,.).
The trivializations 7 induce trivializations over the cylindrical ends for F and
F = A"'T*S®E, and the expression for £ in the resulting asymptotic trivialization
of Hom¢(E, F') near z € I' is 8,(¢). It follows that the signed count of zeroes of 3 is
i(D) := ¢ (Home(E, F)) + Z wind(f,) — Z wind(f,)
zel'+ zel'~

= X(2) +2¢[(E) + | wind(8.) — Y} wind(5.),

zel'+ zel'—
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where the computation ¢](Home(E, F)) = x(X) + 2¢](E) follows from the natural
isomorphism

Home(E,F) 2 E*Q@F~EQF 2 EQA"' TS QE = A""T"SQ EQE
~TYQEQE.

We are free to assume that all zeroes of 8 are either positive or negative, depending
on the sign of i(D). Proposition 5.7.6 then implies ind(D,.) = i(D) for large r. O

Notice that instead of nondegenerate families A —r B parametrized by r € [0, ),
it is just as well to find such families which are nondegenerate and have the right
Conley-Zehnder index for all » > 0, as the r > 1 portion of this family can be
rewritten as (A — B) —rB for r = 0. The following lemma thus completes the proof
of Theorem 5.1.6.

LEMMA 5.8.2. For every k € Z, the trivial Hermitian line bundle over S* admits
a smooth asymptotic operator Ay and a smooth loop By, : S' — C\{0} such that the
deformed asymptotic operators

Agn = Agn — BN

are nondegenerate for every r > 0 and satisfy
pez(Ag,) = wind(Bx) = k.
ProOOF. We claim that the choices
Ay = —Joom —mkn  and  Bi(t) := ™k

do the trick. We prove this in three steps.

Step 1: k = 0. The above formula gives Ay, = —Jyon — rf, in which the
r = 1 case is precisely the operator that we used in Chapter 3 to normalize the
Conley-Zehnder index, hence pcz(Ag1) = 0 by definition. More generally, all of
these operators can be expressed in the form A := —Jyd; — S where S € End™™(R?)
is a constant nonsingular 2-by-2 symmetric matrix that anticommutes with J;. We
claim that all asymptotic operators of this form are nondegenerate. Indeed, the

conditions ST = S and S.Jy, = —J,S for Jy = (? _01) imply that S takes the form
a b

b —a
JoS also is. In particular, JyS is traceless, symmetric, and nonsingular. Solutions
of An = 0 then satisfy 1 = JyS7, which has no periodic solutions since .JyS' has one
positive and one negative eigenvalue, hence ker A = {0}.

Step 2: Even k. There is a cheap trick to deduce the case k = 2m for any m € N
from the £ = 0 case. Recall that by Exercise 3.7.3 in Chapter 3, conjugating Ay,
by a change of trivialization changes its Conley-Zehnder index by twice the degree
of that change. In particular, the operator

with det S = —a? — b% # 0, and moreover S is of this form if and only if

z . 2mimt —2mimt
Ay,mi=ce Ay, (e n)
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is also a nondegenerate asymptotic operator, but with pcz (Aom) = pez(Aoy)+2m =
k. Explicitly, we compute
2mikt —

onrn = —JoOyn — wkn — rke 7,

so Ay, = Ao,r/k is also nondegenerate for every r > 0.
Step 3: Odd k. Another cheap trick relates each Ay, to Ay, after an adjustment
in 7. Given an arbitrary asymptotic operator A = —Jy0; — S(t) and m € N, define

A" = —Jyo, — mS(mt).
Geometrically, if A is a trivialized representation for the asymptotic operator of
a Reeb orbit v : S' — M, then A™ is the operator for the m-fold covered orbit
™ St — M it — y(mt). Tt is easy to check in particular that if we define
n™(t) := n(mt) for any given loop 1 : ST — R?, then
A" = m(An)™,

so this gives an embedding of ker A into ker A™, implying that whenever A™ is
nondegenerate for some m € N, so is A. To make use of this, observe that

Aiﬂl = —JoOyn — m2kn — 2re47riktf) = Ao,
SO Azr is nondegenerate for all » > 0 by Step 2, and therefore so is Ay ,. U
The proof of Theorem 5.1.6 is now complete.

EXERCISE 5.8.3. Derive a Weitzenbock formula for asymptotic operators and use
it to show that for any smooth asymptotic operator A on the trivial Hermitian line
bundle and any smooth 3 : S' — C\{0}, the deformed operators A,n := An — 37
are all nondegenerate for r > 0 sufficiently large. Deduce from this that pcz(A,) =
wind(S) for large r > 0.

REMARK 5.8.4. The proof of the index formula explained in this chapter was re-
cently extended by Dylan Cant [Can22] to the setting of “relative” SFT, i.e. Cauchy-
Riemann type operators on bundles over punctured Riemann surfaces with bound-
ary, subject to totally real boundary conditions.
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Symplectic cobordisms and moduli spaces
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In this chapter, we introduce the moduli spaces of holomorphic curves that are
used to define SFT.

Recall that in Chapter 1, we motivated the notion of a contact manifold by con-
sidering hypersurfaces M in a symplectic manifold (W, w) that satisfy a convezity
(also known as “contact-type”) condition. The point of that condition was that it
presents M as one member of a smooth 1-parameter family of hypersurfaces that all
have the same Hamiltonian dynamics. That 1-parameter family furnishes the basic
model of what we call the symplectization of M with its induced contact structure.
Stable Hamiltonian structures—which already made a somewhat unmotivated ap-
pearance in Chapter 3—were originally introduced in [HZ94] as a generalization
of the contact-type condition on hypersurfaces, and they were later recognized to
furnish the most natural geometric setting for punctured holomorphic curves. This
setting has the advantage of allowing us to view seemingly distinct theories such as

209
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Hamiltonian Floer homology as special cases of SF'T—and even if we are only inter-
ested in contact manifolds, the generalization sometimes makes computations easier
than they might be in a purely contact setting. We therefore begin this chapter by
discussing the geometric motivation behind stable Hamiltonian structures, and how
they naturally arise on hypersurfaces in symplectic manifolds. Once the geometric
setting is understood, we shall proceed to define the moduli spaces of punctured
holomorphic curves for SFT, and establish a few of their basic properties, in partic-
ular the dichotomy between simple curves and multiple covers, and an asymptotic
regularity result that forces exponential convergence near the punctures.

6.1. Stable Hamiltonian structures

6.1.1. Hamiltonian structures and dynamics. For any smooth hypersur-
face M in a 2n-dimensional symplectic manifold (W,w), the restriction wy; :=
wlry € Q*(M) is a closed 2-form of maximal rank on M. Tts 1-dimensional ker-
nel is the characteristic line field ker wy, € T'M, whose integral curves are the orbits
on M of any Hamiltonian vector field generated by a function H : W — R that has
M as a regular level set. The following definition is a way of formulating this notion
without needing to mention the ambient manifold WW.

DEFINITION 6.1.1. A Hamiltonian structure on a smooth (2n — 1)-manifold
M is a closed 2-form w € Q%(M) with maximal rank. The 1-dimensional distribution

b, =kerwc TM
is then called the characteristic line field of w.

Notice that w descends to a nondegenerate 2-form on the quotient bundle T'M /¢,
making the latter into a symplectic vector bundle over M. Since symplectic linear
maps preserve orientation, it follows that T'M /¢, is canonically oriented, so if M is
orientable, then £, is necessarily also orientable. We will typically consider situations
in which M is given with an orientation, so that /£, inherits an orientation." A
nowhere zero section X € I'(4,) that is oriented positively can then be called a
Hamiltonian vector field on (M,w).

The set of all possible Hamiltonian vector fields on (M,w) forms an open and
convex subset of the infinite-dimensional vector space I'(¢,). In order to select a
favored element in this space and discuss Hamiltonian flows on M, one needs to
choose some auxiliary data.

DEFINITION 6.1.2. Given an oriented manifold M with a Hamiltonian struc-
ture w, a framing of w is a choice of 1-form A € Q'(M) such that X is positive on
the oriented line field ¢,,. The pair (w, A) will be referred to in this case as a framed
Hamiltonian structure on M.”

10ur convention for orienting quotient spaces is that if V is an oriented vector space and

W c V is an oriented subspace, then for any positive basis (w1, ..., wg, v1,...,vy) of V such that
(w1, ..., w) is a positive basis of W, the quotient projection sends (v1,...,v,,) to a positive basis
of V/W.

2This terminology is widespread but not entirely standardized, e.g. [E1i07] uses the word
“framing” to mean what we would call a “stable framing” (see Definition 6.1.15) together with an
g g g
extra choice of w-compatible complex structure J on & = ker \.
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EXERCISE 6.1.3. Fix an oriented (2n — 1)-manifold M with Hamiltonian struc-
ture w.

(a) Show that the space of all framings of w is convex, and use a partition of
unity to show that framings always exist.
(b) Show that A € Q'(M) is a framing of w if and only if A A w™™! > 0.

A framing X associates to a Hamiltonian structure w two useful pieces of auxiliary
data: one is the so-called Reeb vector field R, which is the particular Hamiltonian
vector field determined by the conditions

w(R,)=0 and A(R)=1.
Secondly, A determines a complementary vector bundle for 7, namely
E:=ker\cTM.

This is a co-oriented hyperplane distribution transverse to £, thus w|¢ is nondegen-
erate and gives £ — M the structure of a symplectic vector bundle.

EXAMPLE 6.1.4. If a € Q' (M) is a contact form on M, then (da, @) is a framed
Hamiltonian structure whose associated vector field R and hyperplane distribution
¢ are the usual Reeb vector field from contact geometry (see Definition 1.3.6) and
the contact structure defined via a.

As in the contact-geometric setting, the Reeb vector field of an arbitrary framed
Hamiltonian structure (w, \) satisfies

Lrw = digw + tpdw = 0,

thus its flow ¢' : M — M preserves w. Unlike the contact setting, ¢’ need not
satisfy any particular properties in relation to A, so it need not preserve £. However,
for any integral curve v € M of ¢, the linearized flow of R along = preserves R and
thus descends to the quotient bundle TM //,,, on which it preserves the symplectic
structure since Lzw = 0. Defining

e TM — §

as the fiberwise linear projection along ¢, m¢ descends to a natural bundle isomor-
phism TM /¢, S €, so the observations above prove:

PROPOSITION 6.1.5. Suppose (w, ) is a framed Hamiltonian structure on M
with associated Reeb vector field R and flow o', and v : (a,b) — M is a solution to
the equation v = R(7y). Then for any to, t; € (a,b), the linear map

e © dgotlito (’V(to)) : év(to) - gﬂ/(h)

15 a symplectic isomorphism. In particular, there exists a unique symplectic connec-
tion V¥ on the bundle £ along each integral curve of £, such that parallel transport
along the path v is given by the composition of the projection m¢ with the linearized
Reeb flow. O
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EXERCISE 6.1.6. Show that if V is any symmetric connection on M, then the
symplectic connection V“ on ~*¢ in Proposition 6.1.5 is given by the formula

Vin =7 (Vin —VyR).

Hint: It suffices to show that the right hand side defines a connection on v*§¢ whose
parallel sections are the same as those of V¥.

LEMMA 6.1.7. For any solution 7y : (a,b) — M of 7 = R(7), any n € T'(v*{) and
any symmetric connection V on M,

AMVin = VyR) = —d\(R(7),1).

In particular, it follows that the projection m¢ can be omitted from the formula in

FEzercise 6.1.6 if A\(R,-) = 0.

PRrROOF. Consider a smooth 1-parameter family {7, : (a,b) — M}y Wwith
Yo = v and 0,7,|,—0 = 1. Repeating the calculation that preceded Definition 3.3.2
in the present more general context, one finds

V, (me%,) = Vin — VR —d\(n, R(v)) - R(7),

and the fact that ¢, is in ['(y5€) for every p while m¢y = 0 implies that the right
hand side is a section of v*¢. Evaluating A on this expression then gives the stated
formula. OJ

DEFINITION 6.1.8. A periodic orbit v : R — M with period T" > 0 of the Reeb
vector field R for a framed Hamiltonian structure (w, A) is called nondegenerate
if the symplectic linear map ¢ o dp” (7(0)) : &40) — & 0) does not have 1 as an
eigenvalue. Equivalently, this means that the bundle v*¢ — R does not admit any
T-periodic sections that are parallel with respect to the symplectic connection V¢
described in Proposition 6.1.5.

In the case (w,\) = (da, a) for o a contact form, this notion of nondegeneracy
is equivalent to the notion we defined for Reeb vector fields of contact forms in §1.3,
and it implies that a T-periodic orbit v is always isolated, in the sense that there
cannot exist a sequence of Tj-periodic orbits v; : R — M disjoint from + for which
T; — T and 7; — v in C* (or any other reasonable topology).

As in Chapter 3, nondegeneracy can also be rephrased in terms of asymptotic
operators. If v : S' — M satisfies

§=T-R()
for some T" > 0 and J : £ — £ is a choice of complex structure compatible with w,
then (7*¢, J, wl¢) is a Hermitian vector bundle over S', and we define the asymptotic
operator associated to v by

Ay = —JVyT(v*) = T(v%9).

Here V¥ is the symplectic connection defined on & along integral curves of ¢, via
Proposition 6.1.5. Exercise 3.4.2 implies that A, is a symmetric operator with
respect to the natural real L2-product on I'(y*€) determined by the bundle metric
w(-,J+), and this symmetry can be explained by interpreting A., as the Hessian of
a (locally defined) action functional as in §3.3. The definition of nondegeneracy for
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the orbit v can now be reformulated as the condition that the asymptotic operator
A, is nondegenerate in the sense of Chapter 3, i.e. its kernel is trivial. In this case,
we define the Conley-Zehnder index of v with respect to any choice of symplectic
trivialization 7 for v*¢ as
17 (V) 1= pig(Ay).

An explicit formula for A, comes from Exercise 6.1.6: for any symmetric connection
V on M, we have

An=—Jre(Vin—TV,R).
Note that by Lemma 6.1.7, the projection m¢ cannot always be omitted from this
formula, though it can in the contact case.

6.1.2. Collar neighborhoods and cobordisms. If (WW,w) is a symplectic
manifold, any hypersurface M < W naturally inherits the Hamiltonian structure
wy := w|rar, and Exercise 6.1.3 implies that if M is oriented (which we shall always
assume), then it can be endowed with a framing as auxiliary data. We would now
like to examine how the symplectic structure in a neighborhood of M is determined
by the Hamiltonian structure on M.

PROPOSITION 6.1.9. Suppose M is a smooth oriented hypersurface in a symplec-
tic manifold (W,w), and associate to any given vector field Ve T'(TW|y;) along M
the 1-form

A= w(V, )|TM € QI(M)

Then V is positively transverse® to M if and only if X is a framing of the Hamiltonian
structure wy; = w|ry € Q*(M). Moreover, if this holds and M is compact and
contained in the interior of W, then a neighborhood N (M) < W of M admits a
symplectomorphism

(N(M),w) = ((—¢,€) x M,wyr +d(r)))

identifying M < N'(M) with {0} x M and V" with 0., where r denotes the coordinate
on the first factor of (—e, €) x M.

PROOF. Pick a Hamiltonian vector field X € I'(¢,) on M. If V' is tangent to M
at some point x € M, then clearly \(X (z)) = w(V(x), X(2)) = —w(X(x),V(x)) =0
since X(z) € kerwy,. If on the other hand V is transverse to M at x, then
AMX(x)) = —w(X(z),V(x)) cannot vanish, as this would imply w(X(z),-) = 0,
violating the assumption that w is nondegenerate. To check the sign, choose a
basis (Yi,...,Y2, o) of & := ker A\ at z that is positively oriented with respect
to the volume form w™ !¢, and observe that the orientation of ¢, is defined to
make (X(z),Y1,...,Ys, o) a positively oriented basis of T, M. The orientation of
the basis (V' (z), X (z),Y1,...,Ys, o) of T,W is therefore positive or negative de-
pending on whether V(x) is positively or negatively transverse to M. In either
case, w"(V(z), X (z),Y1,...,Ys,—2) is the product of a positive combinatorial fac-

tor with w(V(x), X (2)) and w™ *(Y1,..., Ya,—2) since w(V(z),Y;) = A(Y;) = 0 and

3In this context, we say that V is positively transverse to M if for every point 2 € M and
positively oriented basis (Y1,...,Y2,—1) of T, M, the basis (V(z),Y1,...,Y2,—1) of T,W is also
positively oriented.



214 CHRIS WENDL

w(X(x),Y;) =0forallj =1,...,2n—2. Since w™ *(Y1,..., Ya,_2) is positive by the
definition of the orientation on &, the sign of A(X (z)) = w(V (z), X (x)) is therefore
positive if and only if the basis (V(x), X (x),Y1,. .., Ya,—2) is positively oriented.

Now assume A = w(V, )|y is a framing and let R denote the associated Reeb
vector field. To find the desired tubular neighborhood of M in W, we shall use the
Moser deformation trick. We first extend V' arbitrarily to a smooth vector field on
a neighborhood of M and use its flow ¢!, to define an embedding

(—e,€) x M : (r,x) — @i, (2)

for € > 0 sufficiently small. This identifies a neighborhood of M with (—¢,€) x M
such that M becomes {0} x M and V becomes 0,. Under this identification, w
matches the 2-form wy := wyr + d(rA) along M = {0} x M; indeed, the latter is
wyr + dr A X along this hypersurface, so it satisfies

wo|TM =Wy = W|TM7 and WO(ara ')|TM == W(V, ')|TM = W(ara ')|TM-

This proves that wy is also a symplectic form on some neighborhood of M, and so
is wy = tw + (1 — t)wp for every t € [0, 1], which also matches w and wy along M.
We claim that there is a 1-form 5 on (—¢, €) x M satisfying

w=uwy+dp and Blu = 0.

Indeed, a formula for S can be written using a chain homotopy induced by the
obvious deformation retraction of (—e¢, €) x M to M. In general, if h: [0, 1] x N — @
is a smooth homotopy between two maps f; = h(i,-) : N — @ for i = 0,1, one can

define a chain homotopy P : Q*(Q) — Q* (V) by
1
(Pa) (Y1, ..., Y ) = j (h*a)t,2)(06, Y1, ..., Y1) dt, for a € Q™(Q).
0

The chain homotopy relation fifa — ffa = d(Pa) + P(da) can be checked by in-
tegrating both sides over an arbitrary compact oriented m-dimensional submani-
fold ¥ < N with boundary: the left hand side then becomes the integral of h*«a
over — ({0} x ) [ ({1} x ¥), while on the right hand side, {.d(Pa) = {,. P =
S[o,1]xaz h*a sees the rest of the integral of h*a over 0([0, 1] x X), and the relation

then follows from Stokes’ theorem since {;, P(da) = S[o 1xx h*do. Now apply this

formula in the present setting with h(t,r, x) := (tr, x) defining a homotopy between
the identity map on (—e¢, €) x M and the projection to M = {0} x M: this produces
from any closed 2-form a on (—¢,€) x M vanishing along M a 1-form P« that also
vanishes along M and satisfies @ = d(P«) due to the chain homotopy relation. The
claim is thus proven by setting 8 := P(w — wp).
We can now write
wy =wo +tdp

for each ¢ € [0, 1]. If there exists a smooth isotopy %' on some neighborhood of M
satisfying (¢")*w; = wp for every t € [0, 1], then it is generated by a time-dependent
vector field Y; which must satisfy

d
(") we = ()" (Lyiwr + Owr)

0= %
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and thus

0 = Ly,w; + 0,(tdpB) = diy,w; + dp.
This relation then holds if we pick Y; to be the unique vector field satisfying
w(Yy,-) = —pf, which is clearly possible on some neighborhood of M due to the
nondegeneracy of w;. Moreover, Y; then vanishes along M, so its flow up to time
t = 1 is well defined on a possibly smaller neighborhood of M, and we obtain a
diffeomorphism of such a neighborhood that fixes M and identifies w with wy. [

REMARK 6.1.10. The statement about the tubular neighborhood in Proposi-
tion 6.1.9 has obvious analogues if M is a boundary component of W instead of
lying in the interior. Here one obtains a collar of the form (—e¢, 0] x M if the given
orientation of M matches the boundary orientation of 0W, which is true if and only
if the transverse vector field V' points outward. If instead V' points inward, these
two orientations are opposite and the collar is of the form [0,¢€) x M.

EXAMPLE 6.1.11. In the case (w,\) = (da, «) for a contact form «, the sym-
plectic form on the tubular neighborhood in Proposition 6.1.9 can be rewritten as
d(e'a) by defining the coordinate ¢ := In(r 4+ 1). The proposition is easier to prove
in this case: one can construct the neighborhood simply by flowing along V', with
no need for the Moser deformation trick (cf. Exercise 1.3.2).

DEFINITION 6.1.12. Given two closed (2n — 1)-dimensional oriented manifolds
M, with Hamiltonian structures wy, a symplectic cobordism from (M_,w_)
to (M, ,w,) is a compact symplectic 2n-manifold W whose boundary admits an
orientation-preserving diffeomorphism to —M_ ][ M, identifying w|r@w) with w_
on M_ and wy on M,. Here the minus sign in front of M_ denotes an orientation
reversal, i.e. the given orientation of M _ is opposite the boundary orientation of oW

If the Hamiltonian structures wy are additionally endowed with framings A,
then we can also refer to (W,w) as a symplectic cobordism from (M _,H ) to
(M, H.), where we abbreviate the framed Hamiltonian structures Hy := (w4, A+)
on M.

We will sometimes refer to the boundary components M, and M_ of a symplectic
cobordism (W, w) as its positive and negative boundary respectively. In the case
where Hy = (das, ay) for contact forms oy on My, (W,w) is what we have previ-
ously called a symplectic cobordism from (M_, & :=kera ) to (M, &, = keray),
and the positive/negative boundaries were previously called the convex/concave
boundaries (see §1.4). Note however that convexity and concavity impose nontrivial
conditions on (W,w) near its boundary, e.g. that w|sy must be exact, whereas any
compact symplectic manifold with boundary can be viewed as a symplectic cobor-
dism between two manifolds with Hamiltonian structures (either of which may be
empty). Moreover, if dim W > 4, then no component of W can be both convex and
concave; see [Wen18, Proposition 8.10] for a simple proof of this based on Stokes’
theorem. For cobordisms between Hamiltonian structures, however, the labeling
of each boundary component as positive or negative is a choice that can be freely
reversed—the only caveat is that if we are considering framed Hamiltonian struc-
tures, then each orientation reversal requires replacing the corresponding framing A
with —\.
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A (=e,0] x My, d(rAy) +w.)

([0,€) x M_,d(rA-) +w-_)

FIGURE 6.1. A symplectic cobordism with positive and negative
boundary components W = —M_]] M, inheriting Hamiltonian
structures w4, shown with their symplectic collar neighborhoods de-
termined by choices of framings \,..

From the perspective of SFT, the main difference between the positive and neg-
ative boundaries of a cobordism (W,w) is the form of the collar neighborhoods
N (M) € W that they inherit from Proposition 6.1.9 and Remark 6.1.10, namely

W(M.),w) = ((=€,0] x My, w +d(rAy)),

(6.1) (N(M_),w) = ([0,€) x M_,w_ +d(rA_)).

REMARK 6.1.13. While it may happen that the framings A\; of (M4, w4) in the
above picture are contact forms, one cannot generally expect the induced contact
structures to be determined uniquely up to isotopy unless there is also a convexity
or concavity condition. For a concrete example, consider the torus T? with the
sequence of contact forms

ay := cos(2mkp) df + sin(27kp) de

for k € N, written in coordinates (p, ¢, 0) € S* x St x S1. We will show in Chapter 11
that the contact structures &, := ker a;, are not contactomorphic for different values
of k. But all of them can be deformed through families of contact structures given
by

& =ker [(1 — s)ay + sdp], s€[0,1),

so that by Gray’s stability theorem, they are all isotopic to arbitrarily small per-
turbations of the same integrable distribution &' := ker dp. Now pick an area
form o on the closed disk D? and consider the symplectic manifold (W,w) :=
(D% x T? 0@ (dp A df)). Identifying dD? with S* in the canonical way, the boundary
of W becomes T? with Hamiltonian structure w|T(aW) = d¢ A df, and dp can be cho-
sen as a framing. It follows that for any s < 1 close enough to 1 and any k € N, the
contact form (1 — s)ay + sdp is also a framing of this same Hamiltonian structure,
even though the isomorphism class of the induced contact structure depends on k.*

4Apart from being an example of a symplectic cobordism with non-convex framed Hamiltonian
boundary, the construction in Remark 6.1.13 amounts to the observation, originating in [Gir94],
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6.1.3. Stability. We now introduce an extra condition on framed Hamiltonian
structures that will be crucial for the analysis of punctured holomorphic curves.

DEFINITION 6.1.14. A hypersurface M in the interior of a symplectic manifold
(W, w) is called stable if a neighborhood of M admits a stabilizing vector field V,
meaning that V' is transverse to M and the 1-parameter family of hypersurfaces

M; = ¢, (M), —e<t<e

generated by the flow !, of V has the property that each of the diffeomorphisms
M — M; defined by flowing along V' preserves characteristic line fields. The defini-
tion has obvious analogues for cases where M is a boundary component of W with
V' pointing in or outwards.

DEFINITION 6.1.15. A framing A of a Hamiltonian structure w on M is called
stable if
d\(R,)=0
for the associated Reeb vector field R, or equivalently, kerw < kerd\. The pair
(w, A) is in this case called a stable Hamiltonian structure (or “SHS” for short).

Stable hypersurfaces first appeared in [HZ94] as a class of regular energy sur-
faces in Hamiltonian systems for which one could reasonably expect the existence
of periodic orbits. Indeed, we saw in §1.3 that Liouville vector fields transverse to
a hypersurface are stabilizing vector fields, thus contact-type hypersurfaces are also
stable. Relatedly, (do, «) is a stable Hamiltonian structure whenever « is a contact
form; we will take a look at some less familiar examples in §6.3. The first appearance
of stable Hamiltonian structures as such (though initially without this terminology)
was in [BEH"03], where they furnished the natural setting for the compactness
results of symplectic field theory. They have been studied more systematically in

[CV15].

PROPOSITION 6.1.16. A hypersurface M in a symplectic manifold (W,w) is stable
if and only if the Hamiltonian structure wyy = w|ry on M admits a stable framing.

PROOF. Suppose V is a stabilizing vector field for M with flow ¢!, and A :=
w(V,*)|7a is the induced framing of wys, with associated Reeb vector field R. Then
R generates the kernel of (¢!,)*w|ra for all ¢ close to 0, implying

0= Lyw(R,")|,,, = dww(R,-)|,,, = d\(R, )T,

so A is a stable framing.

Conversely, if A is any stable framing of w,; with Reeb vector field R, then Propo-
sition 6.1.9 identifies a neighborhood (N (M), w) of M with ((—e, €) x M, wy + d(r))),
and on M, := {t} x M for every t € (—¢, €) we have

w(R, ')|TM,5 = (wM + f}d)\)(R, ) =0.

This shows that R generates the characteristic line field of M, for every t, thus 0, is
a stabilizing vector field. O

that all of the contact structures &, on T? are weakly symplectically fillable, and in fact the same
symplectic manifold can be regarded as a weak filling of all of them.
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We can immediately observe two convenient properties of stable Hamiltonian
structures that do not hold without the stability condition: first, the Reeb flow
preserves A, since

LpA = diph+ tgpdX = d(1) + 0 = 0.

The linearized Reeb flow therefore preserves &, so there is no longer a need to
compose it with the projection ¢ : T'M — £ when defining the natural symplectic
connection V¥ along orbits and the notion of nondegeneracy. Similarly, Lemma 6.1.7
now removes the need for including 7, in the formula of Exercise 6.1.6 for V¥, and
this leads to a simplified formula for the asymptotic operator at a T-periodic orbit :

A =—J(Vy—TV,R).

DEFINITION 6.1.17. A symplectic cobordism with stable boundary is a
symplectic cobordism from (M_,H ) to (M., H,) in the sense of Definition 6.1.12,
where M are closed oriented manifolds endowed with stable Hamiltonian structures

Hy = (Wi, Ag).

6.2. Almost complex manifolds with cylindrical ends

6.2.1. Symplectizations and energy. In §1.3, we called the noncompact
cylindrical symplectic manifold (R x M, d(e"a)) the symplectization of the contact
manifold (M, = ker «), and observed (see Exercise 1.3.9) that up to symplecto-
morphism, it only depends on ¢ and not on a. We also defined a natural class of
compatible almost complex structures J(a) on R x M. If M is endowed with a
framed Hamiltonian structure H = (w, \) instead of a contact form «, then there is
no single symplectic structure on R x M that can be called canonical, but there is a
natural class of symplectic structures arising from the model collar neighborhoods
we wrote down in Propostion 6.1.9. Indeed, fix € > 0 small and define

(6.2) T = {pe C*(R,(—¢¢)) | ¢ >0},

which has an obvious identification with the set of all “level-preserving” embeddings
R x M < (—€,€¢) x M. If € > 0 is small enough for w + d(r\) to be symplectic on
(—€, €) x M, then pulling it back via the embedding defined via any choice of ¢ € T
gives rise to a symplectic form

(6.3) wy 1= w +d (p(r)A)

on R x M.
There is a much more obvious generalization of the space J(«) to the framed
Hamiltonian setting.

DEFINITION 6.2.1. Given a framed Hamiltonian structure H = (w, ) with as-
sociated Reeb vector field R and hyperplane distribution &, denote by
JH) = TR x M)
the space of smooth almost complex structures J on R x M with the following
properties:

e J is invariant under the R-action on R x M by translation of the first factor;
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¢ JO, = R and JR = —0,, where r denotes the natural coordinate on the
first factor;

e J(&) =& and J|¢ is compatible” with the symplectic vector bundle structure
w|§.

Notice that if H = (da, «) for a contact form «a, then J(H) matches the space
J («) defined in Chapter 1. One of the crucial reasons to consider only stable Hamil-
tonian structures will be the following easy observation:

PROPOSITION 6.2.2. Given a framed Hamiltonian structure H = (w,\) and an
almost complex structure J on Rx M, let us say that J is tamed by H if the number
e >0 in (6.2) can be chosen such that the symplectic form w, of (6.3) tames J for
every @ € T. The following conditions are then equivalent:

(1) Every J e J(H) is tamed by H.
(2) There exists a J € J(H) that is tamed by H.
(3) The framing X is stable.

PROOF. Consider the splitting T(R x M) = e @ &, where £ = ker A and ¢ is the
subbundle spanned by 0, and the Reeb vector field R. For any J € J(H), these two
subbundles are both complex, and € comes with a canonical trivialization identifying
J|. with i. If A is stable and ¢ € T, then writing w, = w+ ¢ (r) dA+ ¢'(r) dr A X, we
notice that € and £ are also w,-symplectic orthogonal complements. Tameness then
follows from the fact that J|. = i is tamed by wy|. = dr A A|. and J|¢ is tamed by
Wyle = (w =+ @(r) dN\)|e, where the latter necessarily holds for any e > 0 sufficiently
small since w|¢ tames J| and tameness is an open condition.

Conversely, suppose J € J(H) and \ is not stable, so there exists a point x € M
where dA\(R,v) > 0 for some v € &,. At (0,2) € R x M, we can pick a constant ¢ > 0
and write

Wy (R + cJu, J(R + cJv)) = wy(0r, R) + w,(v, Jv) — cw, (R, v)
= ' (0) 4 ¢ (w + ©(0) dN) (v, Jv) — cp(0) dA(R, v).

Choosing ¢ € T so that ¢(0) = ¢/2, the sum of the second and third terms becomes
negative for any ¢ > 0 sufficiently small, and since ¢ € T can also be chosen to
make ¢'(0) as small as we like, there exists a choice for which the total is negative,
meaning w, does not tame J. U

Given a stable Hamiltonian structure H = (w,\) and J € J(H), we define the
energy of a J-holomorphic curve u : (X, j) — (R x M, J) by

E(u) := supf u*w,,
peT JX

A question frequently asked by beginners in this field is: Would it not suffice to assume J|¢ is
only tamed by w|e and not necessarily compatible? The short answer is that the standard analytical
treatment of punctured holomorphic curves depends on this compatibility assumption in essential
ways, mainly because without it, asymptotic operators would not be symmetric (cf. Exercise 3.4.2).
If one wishes to relax this assumption, then several fundamental results need to be reproved, e.g. the
Fredholm property for Cauchy-Riemann type operators, and their proofs are not obvious. See §6.9
for further discussion.
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where the parameter € > 0 in the definition of 7 is assumed small enough so that
w, tames J for every ¢ € 7. Tameness then implies E(u) > 0, with equality if and
only if u is constant. In the contact case, this notion of energy is not identical to the
“Hofer energy” that we defined in Chapter 1, nor to Hofer’s original definition from
[Hof93], but all three are equivalent for our purposes, in the sense that uniform
bounds on any of them imply uniform bounds on the others.

ExaMPLE 6.2.3. If z : R — M is a periodic orbit of R with period T" > 0, then
we can parametrize it as the loop v : S — M : t — z(tT) satisfying 4 = T - R(¥)
and associate to this loop the map

w, i Rx ST >R x M : (s,t) — (Ts,y(t)).

Then w,, is J-holomorphic for any J € J(#), and is called the trivial cylinder (or
sometimes also the orbit cylinder) over v. Its energy can be computed via Stokes’s
theorem: since S]Rxsl uiw =0 and Ssl v*\ =T, we have

E(u,) = supf w*d(p(r)\) = 2¢€T.
peT JRxS1

EXERCISE 6.2.4. Given any orbit z : R — M of R, show that the map
u:C—->Rx M:s+it— (s,x(t))

is J-holomorphic for every J € J(H), but its energy is infinite. Remark: Here it
does not matter whether the orbit is periodic. If it is, then the parametrization
x : R — M covers it infinitely many times.

REMARK 6.2.5. For an instructive concrete example of Exercise 6.2.4, take M =
St with its trivial Hamiltonian structure (w := 0 € Q?(S!) has maximal rank) and
the framing \ := dt € Q'(S!) with respect to the obvious coordinate t € S* = R/Z.
Then z(t) := t is a Reeb orbit, J (w, A) contains only the standard complex structure
of R x S', and u becomes the holomorphic map C — R x S' : s+ it — (s, t), which,
under the biholomorphic identification ¢ : R x ST — C\{0} : (s,t) = e27(s+i),
becomes the complex-valued function v o u(z) = €*™* on C. This function has an
essential singularity at co. More generally, one can show that a holomorphic map w :
D\{0} — R x S* has infinite energy if and only if the singularity of you : D\{0} — C
at 0 is essential (cf. Exercise 7.1.4).

The trivial cylinders in Example 6.2.3 have several desirable properties, e.g. the
map u, : R x S' — R x M is proper, and its composition with the projection
R x M — M converges asymptotically to a loop near each of the punctures in
R x ST =~ S?\{0,00}. We will see in Chapter 7 that under generic assumptions
about the dynamics of the Reeb vector field, all punctured holomorphic curves with
finite energy have these two properties. By contrast, the plane v : C - R x M in
Exercise 6.2.4 is not a proper map, and its projection to M may have dense image
(if the orbit is not periodic) on a neighborhood of the puncture in C =~ S?\{oo}. We
shall generally exclude curves with infinite energy from consideration.
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6.2.2. The linearization along a trivial cylinder. The following demon-
strates why asymptotic operators are relevant in SF'T: Let us compute the linearized
Cauchy-Riemann operator

D, : T(u'T(R x M)) — Q"' (R x §*, u?T(R x M))

for the trivial cylinder in Example 6.2.3. We derived a general formula for D, in
§2.1, but in the present situation, we will get more useful information by computing
D, directly. To do this, consider the natural splitting of complex subbundles

T(Rx M) =ec®E,

where ¢ denotes the line bundle spanned by ¢, and R, which comes with a global
trivialization identifying J|. with the standard complex structure i. Under the
resulting splittings u*T(R x M) = u*e @u*¢ and Home(T'(R x S*), u*T(R x M)) =
Homg(T(R x S*), u%e) @ Home (T'(R x S'), u*E), we can write D, in block form

5
D: D2t

D., = (Dig Déy) :
U~ U~y

EXERCISE 6.2.6. Suppose D : T'(E) — Q%}(3, E) is a linear Cauchy-Riemann
type operator on a vector bundle E with a complex-linear splitting £ = E; @ Ej,

and
Di; Dy
D —
<D21 Do,
is the resulting block decomposition of D. Use the Leibniz rule satisfied by D
to show that Dj; and Dy, are also Cauchy-Riemann type operators on E; and
FE5 respectively, while the off-diagonal terms are tensorial, i.e. they commute with

multiplication by smooth real-valued functions and thus define bundle maps D;; :
E2 i AO,lT*E ® E1 and D21 : El i AO,lT*E & EQ.

Now observe that if u = (ug, uns) : R x S' — R x M is another cylinder near u.,,
the nonlinear operator (0;u)0s = dsu+J du € N'(w*T(R x M)) = I'(u*s Du*) takes

the form
(Byu)0, <0suR — M Qpupr) + i (Qpur + A(@suM))>
5 WgasuM—i-Jﬂ'gatuM ’

where we are using the canonical trivialization of u*e via 0, and R to express the
top block as a complex-valued function. As observed already in Chapter 3, the
bottom block of this expression can be interpreted in terms of the gradient flow of
an action functional, in this case the locally defined functional Az : C*(S') — R
from (3.5) in §3.3, with VA, (y) = —Jme 0yy. Linearizing in the direction of a
section n¢ € F(uf/f ) and taking the & component thus yields an expression involving
the Hessian of A, at the critical point v, namely

(Dﬁﬂg)as = (0s — Av)ng-
To compute the blocks Df_~and D&%, notice that D,,n° = 0 whenever 7° is a

U~ )
constant linear combination of 0, and R, as 7° is then the derivative of a smooth

family of J-holomorphic reparametrizations of u,. This is enough to prove Dgi =0,
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since the latter is tensorial by Exercise 6.2.6, and expressing arbitrary sections of
ule as fo0, + gR, we can apply the Leibniz rule for D7, and conclude

(D5, n°)0s = (05 + i 0)n°
in the canonical trivialization. The remaining off-diagonal term can be computed as
follows: assume uf = (ufy, uf,) : R x ST — R x M is a smooth 1-parameter family of
maps for p € R near 0 such that ug = u, and n* = dyu’|,—o € I'(uZ), which implies
6puﬁ'§‘pzo =\ (6puﬁ4‘p:0> =0.

Differentiating the real and imaginary parts in the top block of (0;u”)d, with respect
to the parameter at p = 0 then gives

0p (Osuy — Mowly) | _y = =05 MO | _y = —dA(n, dru,) = T - dM(R(7), 1),

and

p=0

0, (Opufy + A(0su”)) ‘p

This proves:

= 0, [A\(0su”)] ‘p = dX\(n, Osu,) = 0.

=0 =0

PROPOSITION 6.2.7. For any framed Hamiltonian structure H = (w,\) and
J e J(H), the J-holomorphic trivial cylinder u., : R x S' — R x M for a T-periodic
orbit v : St — M has linearized Cauchy-Riemann operator D., : T(uf’;z—: (—Duf’;f) —
QO (R x St ute @uif) given by

©.n)o =+ (g TGO,

In particular, if (w, \) is a stable Hamiltonian structure, then the off-diagonal term
vanishes and D, becomes equivalent to an operator from T(ujz—:@ujf) to itself taking
the form 0s — (—i0, ® A.,), where —i0, ® A, defines an asymptotic operator on the
direct sum of the trivial Hermitian line bundle over S* with v*&. O

Proposition 6.2.7 places the linearization D, into the analytical context of the
Fredholm theory from Chapters 4 and 5, though it does so if and only if the framing
A of w is stable. This is the second reason why we shall almost always assume our
Hamiltonian structures are stable from now on.

6.2.3. Completed cobordisms. Assume (W, w) is a symplectic cobordism
from (M_,H_) to (My,H,), where Hy+ = (w+, A\4) are framed Hamiltonian struc-
tures. For most purposes, (W, w) is not a suitable setting for J-holomorphic curves,
as it lacks any mechanism to control the behavior of curves that touch the bound-
ary. We will therefore remove the boundary by attaching cylindrical ends, and then
impose a finite energy condition to control the behavior of curves near infinity. As
a smooth manifold, the completion of W is defined by

W= ((=0,0] x M_) up. W o, ([0,00) x M),

where the smooth structure on a neighborhood of My = {0} x M, < W is defined
with reference to the collar neighborhoods of W in (6.1). Modifying (6.2) by

(6.4) To = {p e C*(R,(—€,€)) | ¢' >0 and ¢(r) = r for r near 0}



LECTURES ON SYMPLECTIC FIELD THEORY 223

([0,00) x My, d(e(r)As) + wy)

((—€,0] x My, d(rA\;) +wy)

(W, w)

([0,€) x M_,d(rA_) +w_)

((—00,0] x M_,d(e(r)A\_) + w_)

FIGURE 6.2. The completion (W,ww) of a symplectic cobordism
between two manifolds with framed Hamiltonian structures.

for a fixed € > 0 sufficiently small, we can then use any ¢ € 7Ty to define a symplectic
form on W by

d(e(r)Ay) +wy  on [0,00) x M,

w on W,

d(p(r)A\_) + w_ on (—o0,0] x M_,
=

0, we define the compact submanifold

Wy =

see Figure 6.2. For each ry
W™ = ([-10,0] x M_) up. W o, ([0,70] x M),

and can view (W' w,) as a symplectic cobordism from (M2 H™) to (MI°,H'?)

where M1 = {+ry} x My W and the framed Hamiltonian structures HYP =

(W0, \?) are given by

Wy = wg,‘TMro wy +@(xrg)dry, and AP = w, (0, - ‘TMTO = ¢'(£ro) At

Notice that if the H, are stable, then (W7, w,,) also becomes a symplectic cobordism
with stable boundary for arbltrary choices ¢ € 7.

Since W is noncompact, almost complex structures J on W will need to satisfy
conditions near infinity in order for moduli spaces of J-holomorphic curves to be well
behaved, but we would like to preserve the freedom of choosing arbitrary compatible
or tame almost complex structures in compact subsets.

CONVENTION 6.2.8. For the next definition and, in fact, for the rest of the book,
we fix a choice of function ¥ € Ty and number ry = 0. The space of almost complex
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structures that we work with will depend on these choices, but we will suppress this
in the notation in order to avoid unnecessary clutter. In most situations, it is natural
to set ro := 0, in which case the choice of 1 € 7Ty is irrelevant, but occasionally it
is useful to have a bit more flexibility: allowing ry > 0 gives us the freedom to use
almost complex structures that need not be translation-invariant on the entirety of
the cylindrical ends attached to W, but instead only on the portion outside of the
enlarged coboridism W7,

DEFINITION 6.2.9. Given fixed choices of 1y = 0 and ) € 7y as described above,
let

Tr(w, Hy, Ho) € T(W)

denote the space of smooth almost complex structures J on W such that:

e J on [ry,00) x M, matches an element of J(H,);°

e J on (—o0, —rg] x M_ matches an element of J(H_);

e Jon W™ is tamed by wy.
Let

T, He Ho) < To(w, Mo H)

denote the subset for which J is additionally compatible with w, on W,

Using the fixed choices ¥ and ry described in Convention 6.2.8, we can set

(65) T:: {90676 ‘ @Ewon [_T07T0]}7
and conclude from Proposition 6.2.2 that if the framed Hamiltonian structures H4

are both stable, then any given J € J(w,H,H_) is tamed by w, for every ¢ € T
whenever the number ¢ > 0 in (6.4) is chosen sufficiently small. In this case, it is

sensible to define the energy of a J-holomorphic curve u : (X, j) — (W, J) by

E(u) := supf U w,p.
peT JX
REMARK 6.2.10. For any closed manifold M with stable Hamiltonian structure
H = (w, A) and a choice of strictly increasing function ¢ : [0,1] — (—¢,¢€) for € > 0
sufficiently small, one can consider the cobordism

([0, 1] x M,w + d(p(r)N)).

This has stable boundary, and one would like to regard it as the “trivial cobor-
dism from (M, H) to itself” and identify its completion with the symplectization of
(M, H), though strictly speaking, this is wrong: the stable Hamiltonian structures
Hy that it induces on M_ := {0} x M and M, := {1} x M are in general dif-
ferent from H, and one cannot technically regard J(H) as contained in any space
of the form J(w,H,,H_) without inventing questionable new notions such as the

6While it might seem natural to instead require J Iro,o0)xmy € J(HL?), the resulting space
of almost complex structures would be equivalent to replacing (W,w) by the larger cobordism
(W7 wy) and then repeating this definition with 7y set to 0. As stated, the definition allows
a bit more freedom in applications, which will be useful in Chapter 9 when we need to make
perturbations of J on compact subsets to achieve transversality. A similar remark applies to the
conditions at the negative end.
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“Infinitesimal trivial cobordism” [0,0] x M. Tt is nonetheless true for fairly trivial
reasons that most results about J,(w,H,,H_) or J(w,H,H_) apply equally well
to J(H), and we shall use this fact in the following without always mentioning it.

6.3. Examples of stable Hamiltonian structures

6.3.1. The contact case. The following example has been mentioned a few
times already and is the one we will work with most often in this book. If « is
a contact form on M, then H := (da, @) is a stable Hamiltonian structure whose
Reeb vector field is the usual contact-geometric notion of a Reeb vector field R = R,,.
The space J(#) in this case matches what was called J(«) in Chapter 1. For two
contact manifolds (M, &4 = ker i), a symplectic cobordism (W, w) from (M_, &)
to (M,,&,) as defined in §1.4 can also be regarded as a symplectic cobordism with
stable boundary from (M_,H_) to (M_,H.), where we choose a Liouville vector
field V near oW to write oy := w(V,-)|ra, and Hy = (day, ay). Conversely, any
symplectic cobordism from (M_,H_) to (M, H,) with Hi = (das,ay) given by
contact forms is also a symplectic cobordism in the contact sense from (M_ & =
ker o) to (M,, &, = ker oy ). One can see this from the collar neighborhoods (6.1),
in which w takes the form day + d(ray) = d ((r + 1)a4), hence it has primitives in
these collars whose restrictions to the boundary are contact forms for &.

6.3.2. The Floer case. The next example allows one to treat Hamiltonian
Floer homology, for most purposes, as a special case of SF'T.

Suppose (W, Q) is a closed symplectic manifold and H : S' x W — R is a smooth
function, and denote H; := H(t,-) : W — R. The time-dependent Hamiltonian vec-
tor field X; defined by dH; = —Q(X}, -) can then be viewed as defining a symplectic
connection on the trivial symplectic fiber bundle

M:=S'x W -5 8%,
i.e. the flow of R(t,z) := 0, + X;(x) defines symplectic parallel transport maps

between fibers. The horizontal subbundle for this connection is the “symplectic
orthogonal complement” of the vertical subbundle with respect to the closed 2-form

w:=0+dt AdH.

In other words, w restricts to the fibers of M — S! as Q, and the subbundle
{Y e TM | w(Y,")|r(fconst}xw) = 0} is generated by R, so w is the connection 2-
form defining the connection, cf. [MIS17]. Setting A := dt then makes H := (w, )
a stable Hamiltonian structure with Reeb vector field R, and its closed orbits in
homotopy classes that project to S! with degree one are in 1-to-1 correspondence
with the 1-periodic Hamiltonian orbits on . Notice that this is very different from
the contact case: instead of being a contact structure, & = kerdt is an integrable
distribution whose integral submanifolds are the fibers of M — S*.

EXERCISE 6.3.1. Show that the notions of nondegeneracy for closed Reeb orbits
on M and for 1-periodic Hamiltonian orbits on W (see §1.2) coincide.

EXERCISE 6.3.2. Work out the relationship between the locally defined action
functional Ag from (3.5) in this example and the symplectic action functional for
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Hamiltonian systems that we discussed in §1.2. (Try not to worry too much about
signs. )

A choice of J € J(H) is equivalent to a choice of smooth S*-parametrized family
of compatible almost complex structures {J;},s: on (W,w), and J-holomorphic
curves u : (X, j) — (R x M, J) can then be written as

u=(f,v):2.]—>(R><Sl)><I/V,

where f: (3,j) — (R x S%,4) is holomorphic. In particular, if (2,5) = (R x S, i)
and f is taken to have an extension to S? — S? of degree one, then u can be
reparametrized so that f is the identity map, hence v = (Id,v) : R x S* —» (R x
S1) x W is a section of the trivial fiber bundle (R x S') x W — R x S, and one can
check that the equation satisfied by v : R x S — W is precisely the Floer equation

0sv + Ji(v) (0w — X (v)) = 0.

This setup admits various easy generalizations that produce other interesting
variants of Floer homology. One can, for instance, replace the trivial fibration
M = S' x W — S! with the mapping torus of a given symplectomorphism ¢ :
(W,w) — (W, w), producing a theory in which closed Reeb orbits are equivalent to
fixed points of (some Hamiltonian perturbation of) ¢. This theory is known as sym-
plectic Floer homology, see e.g. [DS94,Sei02]. One can also consider closed Reeb
orbits whose projections to S have degree greater than 1: this produces a theory
based on the periodic (but not necessarily fixed) points of the symplectomorphism ¢.
A particular variant of this, specialized to the case dim W = 2, is known as periodic
Floer homology; see [HS05]. In a slightly different direction, Heegaard Floer ho-
mology, a topological invariant of 3-manifolds inspired by Floer’s Lagrangian inter-
section theory, can be reformulated as a theory that counts punctured holomorphic
curves with Legendrian boundary in the symplectization of ¥ x [0, 1] with a very
simple stable Hamiltonian structure, where X is a Heegaard surface for the given
3-manifold; see [Lip06]. As a general rule, it is possible (though not always help-
ful) to reformulate almost any Floer-type theory based on a perturbed holomorphic
curve equation within the geometric setup for SFT.

For another interesting example of stable Hamiltonian structures separate from
the contact and Floer cases, see [ BEH 03, Example 2.2 and Remark 5.9].

6.4. Moduli spaces of asymptotically cylindrical curves

Fix a closed manifold M with stable Hamiltonian structure H = (w,\) and
J € J(H), along with a Riemann surface (¥ = X\I', j) with positive and /or negative
punctures I' = I'" U I'~ and choices of holomorphic cylindrical coordinates (s,t) €
i = L[Z near each puncture z € I'*. Here we are again using the notation

Z, =[0,00) x S*, Z_ = (—0,0] x S,
with the choice of Z, or Z_ depending on the sign of the puncture (cf. §4.1).

DEFINITION 6.4.1. A smooth map u : > — R x M is called asymptotically
cylindrical if for each z € 't there exists a closed Reeb orbit 7, : S — M with
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associated trivial cylinder u.,, : R x S' — R x M, and constants so € R and o € S*
such that

(6.6) (s —so,t —to) = exp, (op hals,t) for (s,t) € Zy = U, with |s| » 0,
where h,(s,t) is a vector field along u., satisfying
h.(-+s,-) >0 inC®Zy) ass— too.

Here we assume that the exponential map and all norms involved in describing the
C*-convergence of h,(-+s, -) are invariant under the R-translation action on R x M.
We call v, the asymptotic orbit of u at the puncture z, and call the vector field
h, along u., appearing in (6.6) the asymptotic representative of u at z.

Note that if fixed parametrizations S — M have been chosen for each closed
Reeb orbit, then the decay condition in Definition 6.4.1 implies that both h, and
the constants sy and ty are uniquely determined by u and the choice of holomorphic
cylindrical coordinate system near z. The following exercise shows that the asymp-
totically cylindrical condition itself is also independent of the choices of holomorphic
cylindrical coordinates.

EXERCISE 6.4.2. Consider S! with the trivial stable Hamiltonian structure H
(see Remark 6.2.5) and the standard complex structure ¢ € J(#) on its symplecti-
zation R x S*. The biholomorphic map R x S* — C* = S?\{0, 00} : (s, 1) > e27(sFi)
can be used to identify the latter with a twice-punctured Riemann sphere.

(a) Show that a holomorphic map u : (2,j) — (R x S%,4) is asymptotically
cylindrical if and only if it extends over the punctures to a holomorphic map
(%,7) — (5?%,4). Find a relationship between its asymptotic orbits and the
presence of critical points of the extension at I'.

(b) Deduce that for any two choices of holomorphic cylindrical coordinates near
a puncture of 2, the resulting coordinate transformation satisfies the con-
ditions of an asymptotically cylindrical map.

(c¢) Conclude that the notion of an asymptotically cylindrical map in Defini-
tion 6.4.1 does not depend on the choices of holomorphic cylindrical coor-
dinates.

These notions exte/n\d in a straightforward way to the setting of a completed
symplectic cobordism W with fixed choices of 1 € To, 7o = 0 and J € T, (w, H,, H )
as in Definition 6.2.9. We shall denote by &4 and R, the hyperplane distribu-
tion and Reeb vector field respectively determined by stable Hamiltonian struc-
tures H4 = (w4, A+) on the boundary components M, < dW. An asymptotically
cylindrical map u : (%,j) — (W, J) is then a proper map that sends neighbor-
hoods of positive/negative punctures to the positive/negative cylindrical ends of 17[\/,
where they asymptotically approach trivial cylinders over closed orbits of R4 in
{0} x My ; see Figure 6.3.

It is easy to check that asymptotically cylindrical J-holomorphic curves always
have finite energy. The converse turns out to be true as well if all Reeb orbits are
nondegenerate or Morse-Bott; we will prove the nondegenerate case of this statement
in Chapter 7.
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FIGURE 6.3. An asymptotically cylindrical holomorphic curve in
(W, J) with genus 2, one positive puncture and two negative punc-
tures.

Every asymptotically cylindrical curve u : >} — W has a well-defined relative
homology class, meaning the following. Denote the asymptotic orbits of u at its
punctures z € I't by 7., and let

< My

denote the closed 1-dimensional submanifold defined as the union over z € I'* of the
images of the orbits v,. Let ¥ denote the surface with boundary obtained from )y
by appending {+o0} x S* to each of its cylindrical ends, and let W likewise denote
the compactification of W obtained by attaching {+oo} x My to its cylindrical
ends. Both of these are compact oriented topological manifolds with boundary
whose interiors are 3. and W respectively, and W has a natural identification with
OW =—M_[]M,. Then u : > — TV has a unique continuous extension

@ (2,08) > (W, 5" uy7)
and thus represents a relative homology class
[U] = u*[i] € H2(W7’7+ v ’7_) = H2(W7 ’7+ v ’7_)7

where [£] € Hy(Z, 0) denotes the relative fundamental class of ¥, and we can use
the obvious deformation retraction of W to W in order to consider homology classes
in W instead of W. If we consider curves in a symplectization R x M instead of
the completed cobordism 17[\/, then W becomes [—o0, 0] x M and it is convenient to
retract this to {0} x M =~ M, thus writing

[u] € Hy([—o0, 0] x M, 4" O~F7) = Hy(M, A" U57).
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We now proceed to define moduli spaces. Fix integers g,m,k,,k_ > 0 along
with ordered sets of Reeb orbits

YE=0d ),

where each ;" is a closed orbit of R in M. Denote the union of the images of the
v by 4T = M., and choose a relative homology class

Ae Hy(W,4" uq7)

whose image under the boundary map Ho(W, 5" 0 57) 2 H, (¥t U A7) defined
via the long exact sequence of the pair (W, 4" 0 47) is

ket ke
(6.7 oA =Y 1- Y Te Hat o).

i=1 i=1
The moduli space of unparametrized .J-holomorphic curves of genus g with m
marked points, homologous to A and asymptotic to (y*,~v7) is then defined
as a set of equivalence classes of tuples

Mom(J A~ ) = {407, T7,0,u)}/ ~,
where:

(1) (%,4) is a closed connected Riemann surface of genus g;

2) T =(2,...,25,), T =(21,...,%_) and © = ((1,...,(y) are disjoint
ordered sets of distinct points in/Z\];

(3) u: (X := S\(I't uT"),j) — (W,J) is an asymptotically cylindrical J-
holomorphic map with [u] = A, asymptotic at 2" € T'F to ~; for i =
1, NN kiu

(4) Equivalence

(207j07 1—‘8_7 1—‘0_7 @07 uO) ~ (Zlajla Pf) Fl_a @17 ul)
means the existence of a biholomorphic map v : (Xq, j0) — (X1, j1), taking
F(}i to FI—F and Oy to ©; with the ordering preserved, such that
U1 © ’l/} = Up.

When there is no need to specify the relative homology class A, we can abbreviate

Mym( T+ A7) = Mo AT 77,
A

where A ranges over the set of all classes in Ho(W, 4" U4 ™) satisfying the condition
(6.7). We shall often abuse notation by abbreviating elements [(3, 7,T'",T~, 0, u)]
in this moduli space by

ue Mgm(J, v, 7).
The automorphism group
Aut(u) = Aut(X, 5, T, 17,0, u)

of u is defined as the group of biholomorphic maps ¢ : (X,75) — (X, j) which act
as the identity on I'" U I'” U © and satisfy u = w o). Clearly, the isomorphism
class of this group depends only on the equivalence class [(Z,7, T, T7,0,u)| €
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Mym(J,yT,v7), and we will see in §6.8 below that it is always finite unless u :

3>} — W is constant. The significance of the marked points is that they determine
an evaluation map

ev: Mym(J "y ) = W [(2,5,T5,17,0,0)] = (u(G), - -, u(Gn))

where © = ((1,...,(yn). For most of our applications, we will be free to assume
m = 0, as marked points are not needed for defining the most basic versions of
SE'T. The evaluation map does play a prominent role however in more algebraically

elaborate versions of the theory, and especially in the Gromov-Witten invariants
(the “closed case” of SFT).

REMARK 6.4.3. The definition of M,,,(J, A,v",v~) given above permits ele-
ments [(2,j,['7,17,0,u)] € My, (J, A,v*,~~) for which u : ) — T is a constant
map if '" =T~ =@ and A =0¢ HQ(W), but in this case, it is conventional to
impose an extra stability condition, namely that constant maps are allowed only if

X(£\0) < 0.

Several details in our study of M, (J, A,y",v7) and its compactification will only
make sense under this extra assumption, which is harmless since, in practice, we
our usually only interested in nonconstant curves. One consequence is that if u is
constant, then the group Aut(X, 7, ©) of biholomorphic maps on (X, 7) fixing © is
finite (cf. Prop. 8.3.1 in Chapter 8), so in conjunction with Theorem 6.8.1 below, this
implies that the automorphism group Aut(u) for an element v € M, (J, v, v7) is
always finite.

6.5. The topology of the moduli space

The elliptic regularity results from Chapters 2 and 4 give us a wide range of free-
dom in defining the topology of M .,,(J,¥",~7), as they imply that most reasonable
choices we could conceivably make on this front will turn out to be equivalent. The
notion of convergence described below is geared toward what is easiest to prove in
practice, and thus uses mainly the C% -topology, though some care must then be
taken to ensure that nothing wild happens near infinity. For that purpose, we shall
make use of the natural translation action

To :Rx My >R x My : (r,x) — (r+c,x) for c e R,

which is holomorphic for the unique translation-invariant almost complex structure
on R x M, determined by restricting J € J,(w,H,,H_) to the positive or negative
cylindrical end. Note that on sufficiently small nelghborhoods of each puncture, an
asymptotically cylindrical J-holomorphic map w : ) — W can always be regarded as
a pseudoholomorphic map from a subset of the standard cylinder R x S* to R x M.

REMARK 6.5.1. If j, — j is a C®-convergent sequence of complex structures on
a closed Riemann surface ¥, then for any point z € 3, Theorem 2.7.1 provides a C*-
convergent sequence of holomorphic embeddings (D, i) < (X, j,) that send 0 € D to
the point z € X. In this situation, we therefore lose no generality in assuming after a
convergent sequence of reparametrizations that 7, = j on some fixed neighborhood
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of each puncture in 3, permitting the choice of a single cylindrical coordinate system
(s,t) € Z4 near each puncture that is holomorphic for every j,.

DEFINITION 6.5.2. Fix a closed manifold M with stable Hamiltonian structure
H = (w,\), and suppose 7 : S — M is a closed Reeb orbit with period T' > 0. A
sequence of smooth maps u, : Z+ — R x M will be said to converge asymptoti-
cally to 7 if for every sequence R, — +o0, there exist sequences 6, € S' and r, € R
such that the sequence of maps

[~Ry, R, % S' = R x M: (s,8) = 7, oty(s + Ryt +6,)

converges in C2, (R x S') to the trivial cylinder u, (s, t) = (T's,(t)). For a completed
symplectic cobordism W a similar definition makes sense for any sequence of maps
u, : Z+ — W that all have images in the positive or negative cylindrical end.

The freedom to choose arbitrary sequences R, — 400 in this definition ensures
that no important information is lost due to the fact that we are considering con-
vergence only on compact subsets. To express this more quantitatively, recall from
Chapter 4 the notation

7% = [R,0) x S, 7% = (—o0, —R] x S*.

EXERCISE 6.5.3. Assume that u, : Zp — R x M converges in C{2.(Z+) to
an asymptotically cylindrical map v : Z;+ — R x M asymptotic to the orbit
with trivial cylinder u.(s,t) := (T's,v(t)), and that u, also satisfies the asymptotic
convergence condition described in Definition 6.5.2. Show that for any choice of
translation-invariant metric on R x M, u, then satisfies a formula of the form

U, (s — s0,t —to) = €XDy_ (4, (s:)) (5, 1) for +s>» 0,

where sy € R and tg € S* are constants, ¢, : R x S! — R x S! is a sequence smooth
maps, and 7, € F((p*u,’:g ) is a sequence of smooth sections satisfying

sup o, —Id|gm(zmy =0 and  sup ny[lomzry =0 as R— o

for every m € N.

DEFINITION 6.5.4. Suppose J, — J is a C'®-convergent sequence of almost
complex structures belonging to J,(w,H,,H_) on the completed symplectic cobor-
dism W. We will say that a sequence (20,5, T4, 1,0, u,)] € Mgm(Jo, ¥y, v7)
converges to [(X,7, T, T7,0,u)] € M, .(J,v",77) as v — oo if for sufficiently
large v, the equivalence classes in the sequence admit representatives of the form
(3,7, 0. T~,0,u) such that

(1) ji, — j in CE.(2);

loc
(2) uj, — uin C(, W);
(3) j,, = j on a neighborhood of the punctures (cf. Remark 6.5.1);
(4) Each puncture z € I'* has a holomorphic cylindrical coordinate neighbor-
hood (U\{z}, j) = (Z+, %), on which the jj, all match, such that the resulting

reparametrizations u,, : Z4+ — W all have images in the positive/negative
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cylindrical end and converge asymptotically in the sense of Definition 6.5.2
to the corresponding asymptotic orbit of w.

By Exercise 6.5.3 above, this notion of convergence also implies uniform conver-
gence on the compactified surface ¥,

T in C°(, W),
so that convergence in M, (J,v",v~) preserves relative homology classes.

REMARK 6.5.5. There is an obvious generalization of Definition 6.5.4 to situa-
tions where not only the almost complex structures but also the symplectic form w
and stable Hamiltonian structures H 4 are allowed to vary in C*-convergent families.

Taking a fixed almost complex structure J, := J in Definition 6.5.4 produces a
notion of convergent sequences in the moduli space M, (J,¥*,~47), and one can
show that there is a unique metrizable topology for which this is the definition of
convergence. We will not prove this, since we do not really need to know it in such
generality—in practice, we will eventually focus on cases in which M, ,,,(J,y*,~v7)
can also be given the structure of a smooth manifold or orbifold, and we will then
see directly that the resulting notion of convergence is equivalent to what is defined
above.

Since relative homology classes are preserved under the notion of convergence
defined above, the moduli spaces M, ,,(J, A,v*,v7) for individual classes A €
Hy(W, 4" u”7) are open and closed subsets of M ,,,(J, 7", 7). Each may also have
multiple connected components and contain curves in different homotopy classes of
asymptotically cylindrical maps I W, but there are at least two good reasons to
keep track of the relative homology class A in particular. One is that A, together
with the sets of orbits v* and the parameters g and m, determines the dimension of
Mym(J, A, vt ~7) as a smooth orbifold under suitable transversality assumptions;
we will discuss this in Chapter 8. The other reason is the following energy bound,
which is an easy exercise in Stokes’ theorem, and will play a crucial role in the
compactness theory of the next chapter:

PROPOSITION 6.5.6. For each choice of the data g,m,A,~*, the energy E(u)
defined in §6.2.3 satisfies a uniform bound for all w e Mgy, (J, A, v+, ~7). O

ExaMPLE 6.5.7. If W is taken to be a one-point space, then asymptotically
cylindrical maps u : > — W are constant and thus cannot have any punctures, so
elements of M, ,(J, A,y%,~v~) can be regarded as tuples (X, 7, ©) consisting of a
closed genus g Riemann surface (3, 7) and an ordered set of m points © < ¥. Such
a tuple is also called a marked Riemann surface, and the symbol

My

is used to abbreviate the moduli space in this case. Two marked Riemann surfaces
(X0, jo, ©0) and (X1, j1,©;) are equivalent (and thus represent the same element
of M) if there exists a biholomorphic map ¢ : (¢, jo) — (X1, 71) sending ©q to
©; with the ordering preserved, and the automorphism group

Aut(X, j, ©)
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consists of all biholomorphic maps (X, j) — (£, 7) that fix ©. The topology of M, ,,
is determined by the condition that [(X,,7,,0,)] — [(%,,0)] if and only if each
(3., ju, ©,) is equivalent for sufficiently large v to a marked Riemann surface of the
form (X, 5!, ©) such that 5/ is C*-convergent to j. Finally, we call a marked Riemann
surface (X, j,0) stable if x(3X\O) < 0; note that the condition in Remark 6.4.3

about maps u : ¥ — W being nonconstant can never be achieved in this case.

6.6. Orbits in families

For situations in which Reeb orbits are not isolated—for instance when they
exist in smooth Morse-Bott families—some small modifications to the definitions of
the previous sections are appropriate. Instead of ordered sets of fixed Reeb orbits
¥t = (7, . ... 7, ), we can consider ordered sets

Pt =(Pi.....P,)

in which each P denotes a connected component in the space P(H.) of un-
parametrized closed Reeb orbits on (M4, H+), and then define

Mym(J,PT,P7) o= ] Mym(J,v"77),

Yt~
where the union is over the set of all pairs of tuples v* = (vi, ... ,fyl;—:) such that
v;" e Pifforeveryi = 1,...,ky. The previously defined notion of convergence allows

for convergent sequences u, — u in Mg, (J,P*,P~) in which the asymptotic orbits
vary with v but converge as v — 0.

Some thought is required before M, ,,(J,P*,P~) can be split up into open and
closed subsets M, ,,(J, A, P*,P~) that keep track of relative homology classes. An
obvious first guess would be that one should let P* < M, denote the union of the
images of all the orbits in the families P;, . .. ,79,;—:, and then let

[u] € Hy(W, Pt UP7)

denote the image of the usual relative homology class [u] € Ho(W, T U4 ™) under the
map Ho(W, 4" u”y~) — Hy(W, P+ UP~) induced by inclusions. The sets P = M.
are nice objects if the orbits are Morse-Bott—they are then smooth submanifolds—
and the class [u] € Hy(W,P* U P~) defined in this way is clearly constant on each
connected component of M, ,,(J,P*,P~). But there is a problem: The analogue
of Proposition 6.5.6 in this context will not hold, as [u] € Ho(W,P* U P~) does
not constrain the topology of the map u tightly enough to achieve a uniform energy
bound. To see this, consider the & = 0 case of the pre-quantization bundle in
Example 3.12.13: this gives a manifold of the form M = X x S with a stable
Hamiltonian structure (w,dt), where w is a symplectic form on X (pulled back
under the obvious projection M — X) and ¢ denotes the coordinate on S'. Every
fiber of the trivial S'-fibration M — X is now a closed Reeb orbit, so the whole
of M is a Morse-Bott submanifold and Hy(M, P+ U P~) will therefore always be
trivial. But since [w] is nontrivial on Hy(X), there might very well exist sequences of
J-holomorphic curves with fixed asymptotic orbits but unbounded energy, e.g. one
sees this already by considering closed curves with image in a single fiber. The
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problem here is that too much information was lost when we chose to quotient out
all 2-chains in Morse-Bott submanifolds.

For a more useful approach, we observe that in any manifold M with stable
Hamiltonian structure #H, every subset Py — P(H) determines a distinguished sub-
group

G'po = HQ(M)
that is generated by all maps T? — M of the form (p,t) — 7,(¢) for families of
parametrized orbits {7, : S' — M} g representing loops in Py. In fancier terms,
we can let Py © 75(7-[) denote the set of all parametrizations of orbits in Py and
define G'p, as the image of the composition

H(P) = Hi(P) @ Hi(S") 2 Ho(P x S') — Ho(M),

where the last homomorphism is induced by the evaluation map P xS — M:
(7,t) — ~(t). For the chosen connected families of orbits Pf,..., Py < P(H)

in M., let us abbreviate P* := P{ U ... U 73,;—; and define
Gp < Hy(W)
as the image of the map
Gp+ @ Gp- — Hy(M,) @ Hy(M_) = Hy(M, | [ M_) — Hy(W)

induced by the inclusion M, [[M_ = oW — W.
Next, choose a “base point” in each family P;°, meaning a specific orbit

+ +
fyi EPZ-,

and write 4% < My as before for the 1-dimensional submanifold formed by the
union of the images of these orbits. The inclusion (W, &) — (W, 4" U 47) induces
an isomorphism of Hy(WW) with the set of classes A € Ho(W,4* U 47) that are
annihilated by the connecting homomorphism in the long exact sequence of the pair
(W, 4t U 47), so we can also view Gp as a subgroup of Ho(W, 4T U 47). Each
u€ My, (J,PT,P~) then determines a class

[u] € Hy(W, 4" v ) /G,

which is defined by gluing to each boundary component of the map @ : ¥ — W
an annulus in OW = M, [[ M_ determined by a path in the respective connected
family P from the asymptotic orbit of u to the chosen base point 7;" € P;". The
resulting class in Hy(W, 4% U 47) will generally depend on the choices of paths in
the families Pii, but the ambiguity lies in the subgroup Gp» and thus disappears
after projecting to the quotient. For each A € Hy(W, 4" U '_)/*)/Gp, we define

My (J, AP P7) = {u e Mym(J,PT,P7) ‘ [u] = A},

which is again an open and closed subset of M, (J,P*,P~).

The following lemma permits a generalization of the uniform energy bound from
Proposition 6.5.6 to the Morse-Bott setting, and the detail about ¢; will be similarly
important when we write down dimension formulas in Chapter 8.



LECTURES ON SYMPLECTIC FIELD THEORY 235

LEMMA 6.6.1. Suppose P < P(H) is a union of Morse-Bott families of Reeb
orbits in a manifold M with stable Hamiltonian structure H = (w,\), and choose
any w-compatible complex structure on the vector bundle & = ker A\ < T'M. Then the
cohomology classes [w] € Hig(M) and ¢1(§) € H*(M) both vanish when evaluated
on the subgroup Gp < Hy(M).

PROOF. For [w], it suffices to observe that (., f*w = 0 for any smooth map
f: T? — M such that f(p,-): S — M parametrizes an orbit in P for every p € S,
and this holds because the Reeb vector field takes values in ker w. The statement
about c¢;(€) follows from Corollary 3.12.18, as the bundle f*¢ — T? for any such
map f is trivial. ([l

6.7. Asymptotic regularity

For the analytic setup in later chapters, we will need to use exponentially
weighted Sobolev spaces, thus we need to check that all asymptotically cylindri-
cal holomorphic curves actually belong to such spaces. At the local level, this is
already clear: since we are using smooth almost complex structures, the results of
§2.4 imply that all J-holomorphic curves are smooth, and in particular, they are of
class VVIIZCP for every k € N and p € (1,00). Similarly, convergence of a sequence of
J-holomorphic curves in C}%. is equivalent to convergence in I/Vllch for every k and p.
It remains only to check that suitable decay conditions are satisfied on each of the
cylindrical ends.

We recall the following notation from §4.6: for Sobolev parameters k, p and a
real number § € R, the exponentially weighted Sobolev space of functions of

class W*P9 on the half-cylinder Z, = (0,00) x S* or Z_ = (—o0,0) x St is
whrd(Z,) = {eFof | fewrn( 2y},
This is a Banach space with respect to the norm

[flwens = e f o,

and if § > 0, then its elements satisfy a forced exponential decay condition as
s — too.

Recall also from Definition 6.4.1 the notion of the asymptotic representative of
a holomorphic curve at a puncture.

PROPOSITION 6.7.1. Assume H = (w, \) is a stable Hamiltonian structure on a
manifold M, J € J(H), v: S' — M is a Morse-Bott Reeb orbit and 6 € (0,27) is
small enough so that the interval (0,0] contains no eigenvalues of FA., for the as-
ymptotic operator A, of v. Fiz an R-invariant Riemannian metric on Rx M for the
purpose of defining Sobolev norms on vector fields along asymptotically cylindrical
maps Z+ — R x M.

Suppose u : (Z,j) — (R x M, J) is J-holomorphic and asymptotically cylindrical
with a puncture z € I'F that is asymptotic to ~v. Then its asymptotic repesentative
at z with respect to any choice of holomorphic cylindrical coordinates belongs to
WkP(Z.) for every k € N and p € (1, 0).
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Further, suppose J, € J(H) is a C®-convergent sequence with J, — J, and
Uy, (Z,jy) — (Rx M, J,) is a sequence of asymptotically cylindrical J,-holomorphic
curves that converge to u : (3,5) — (R x M, J) in the sense described in Defini-
tion 0.5.4, i.e. u, and j, are CT.-convergent away from the punctures and w, is
converges asymptotically at each puncture to the respective asymptotic orbit of u.
Then the asymptotic representatives of u, at z converge in W*P(Z,) for every
ke N and pe (1,00) to the asymptotic repesentative of u at z.

REMARK 6.7.2. The obvious analogue of Proposition 6.7.1 for curves in com-
pleted cobordisms also holds, with no meaningful change to the proof.

REMARK 6.7.3. The second statement in Proposition 6.7.1 obscures a slightly
subtle detail about the convergence of u, to u. According to (6.6), the asymptotic
representatives h, of u, at z are defined to satisfy the relation

Uy (s — s, —1,) = expy,_ (54 M (8, 1)

for all (s,t) e Z4 = U, close enough to infinity, where 7, : S' — M is a sequence of
chosen parametrizations (converging to ) of the asymptotic orbits of w,, and the
shift parameters s, € R and ¢, € S! are uniquely determined by the map wu,, the
parametrizations 7, : S' — M, and the condition that h, vanish at infinity. These
shift parameters s,,t, will in general vary with v, though of course they converge
to the corresponding constants for v as v — oo. This fact implies that even in
the nondegenerate case, where v, = ~ for all v, the maps u, cannot be regarded
simply as W#*P°-small perturbations of u as ¥ — o0, and we will have to be careful
about this point when we define a suitable Banach manifold setting for these maps
in Chapter 8.

Morally, the reason Proposition 6.7.1 holds is that asymptotic representatives, as
sections of the bundle u3T(R x M) near the ends, satisfy a linear Cauchy-Riemann
type equation and are thus subject to the exponential decay results in §4.6. We will
use Theorem 2.8.1 to show this, but there is a complication: The linear Cauchy-
Riemann type operator obtained in this way is degenerate at infinity, even if v is
a nondegenerate orbit—degeneracy is guaranteed specifically in directions tangent
to the trivial cylinder over ~, thus leaving open the possibility that the decay of
a solution near infinity might fail to be exponentially fast (cf. Example 4.8.5). If
~ is nondegenerate, then we can fix this by showing first that the component of
h normal to the trivial cylinder has exponential decay, so that we can then apply
the stronger version of the asymptotic formula in Theorem 4.8.2. The case of a
degenerate Morse-Bott orbit requires more involved arguments which we will not
discuss here, but instead refer to the original paper [HWZ96].

PROOF OF PROPOSITION 6.7.1 WHEN 7 IS NONDEGENERATE. We consider for
simplicity just the case of a positive puncture. The choice of holomorphic cylindrical
coordinate neighborhood Z, =~ U, — ¥ can be adjusted by constant shifts in the
coordinates so that without loss of generality,

u(s,t) = exp, (s h(s;1)
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for s » 0, where the assumption on h € I'(uXT(R x M)) is that its derivatives of all
orders converge to 0 uniformly in ¢ as s — o0. Recall that the stable Hamiltonian
structure determines a natural splitting

TRxM)=c®¢

of complex vector bundles, where £ denotes the canonically trivial complex line
bundle spanned by the vector fields 0, and R. The trivial cylinder u, : R x S* —
R x M is everywhere tangent to £, thus uj{ can be regarded as the normal bundle
of u,, and for R > 0 sufficiently large, there are uniquely determined maps

0: Z% >R x St ne T(p*uif)
such that for s > R,
U(S, t) = eXqu(Lp(s,t)) 77(57 t)a

while |z can be assumed arbitrarily C*-close to the inclusion Z7 — R x St
for r sufficiently large, and 7| zr converges with all its derivatives uniformly to 0
as r — 0. In this situation, we can apply Theorem 2.8.3 (with Remark 2.8.4) to
find a linear Cauchy-Riemann type operator DY on ¢*ui¢ that annihilates 7, and
moreover, the restriction of DV to Z7 for sufficiently large » > 0 can be assumed
arbitrarily close to the normal Cauchy-Riemann operator of the trivial cylinder w,,.
By Proposition 6.2.7, the latter takes the form d; — A.,, thus proving that DV is
C*-asymptotic to the nondegenerate asymptotic operator A,. This is enough to
deduce from Theorem 4.8.2 that n and its derivatives of all orders are bounded
by functions of the form Ce™% for any § > 0 smaller than the smallest positive
eigenvalue of —A.,.

We now turn attention back to the asymptotic representative h € I'(uT'(Rx M)),
which by Theorem 2.8.1 (and Remark 2.8.4), likewise satisfies Dh = 0 for some
linear Cauchy-Riemann type operator D that is close to D,,, on Z7 for r » 0, and is
therefore C'-asymptotic to —id; @ A.,. The exponential decay of 7 implies moreover
that the convergence of D| zr toward D, as r — 0 is exponentially fast, thus D is

in fact C*°-asymptotic to —id,®A.,, so that the stronger asymptotic formula (4.26)
in Theorem 4.8.2 applies. Since h decays to 0 at infinity, the eigenvalue of —id,® A,
appearing in this formula cannot be 0, but must instead be strictly negative, and we
conclude that all derivatives of h are bounded by functions of the form C'e™%, where
one can take any J > 0 that is smaller than the smallest strictly positive eigenvalue
of id; ® (—A.,).

The case of a converging sequence is handled similarly: the point is that the
resulting sequence of asymptotic representatives h, then satisfies a converging se-
quence of linear Cauchy-Riemann type equations D, h, = 0 that are C*-asymptotic
to —id; @ A,. Since the h, are already known to decay exponentially, we can
then multiply them by an exponential weighting function e for sufficiently small
e > 0 in order to replace —id; @ A, with the nondegenerate asymptotic operator
(—i0, @ A.,) + €, and then apply Exercise 4.6.11. U
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6.8. Simple curves and multiple covers revisited

In §2.6, we proved that closed J-holomorphic curves are all either embedded in
the complement of a finite set or are multiple covers of curves with this property.
The same thing holds in the punctured case:

THEOREM 6.8.1. Assume u : (3,) — (W, J) is a nonconstant asymptotically
cylindrical J-holomorphic curve whose asymptotic orbits are all nondegenerate or
Morse-Bott, where > = Y\ for some closed Riemann surface (3,7) and finite
subset I' © 3. Then there exists a factorization u = v o ¢, where

e v : (X,7) = (X,j") is a holomorphic map of positive degree to another
closed and connected Riemann surface (X', j');

v : (X,5) > (W, J) is an asymptotically cylindrical J-holomorphic curve
which is embedded except at a finite set of non-immersed points and self-
intersections, where 3’ := S\I" with I" := o(I') and T’ = ¢~ (I").

As in the closed case, we call u a simple curve if the holomorphic map ¢ :
(2,7) — (¥, 4) is a diffeomorphism, and u is otherwise a k-fold multiple cover
of v with k := deg(y) = 2.

The proof of this theorem is an almost verbatim repeat of the proof of The-
orem 2.6.1 in Chapter 2, but with one new ingredient added. Recall that in the
closed case, our proof requireg\ two lemmas which described the local picture of a
J-holomorphic curve u : ¥ — W near either a double point u(z) = u(z;) for zg # 2
or a non-immersed point du(zy) = 0. Both statements were completely local and
thus equally valid for non-closed curves, but we now need similar statements to
describe what kinds of singularities can appear in the neighborhood of a puncture.
The following lemma is due to Siefring [Sie08], and follows from a “relative asymp-
totic formula” that describes the exponential decay of asymptotic representatives
somewhat more precisely than Proposition 6.7.1 (cf. Lemma 16.2.1).

LEMMA 6.8.2 (Asymptotics). Assume u : (X = X\I, j) — (W, J) is asymptoti-
cally cylindrical and is asymptotic at zy € I' to a nondegenerate or Morse-Bott Reeb
orbit. Then a punctured neighborhood UZO D) of zo can be identified biholomorphi-
cally with the punctured disk D = D\{0} such that

u(z) =v(z*)  for zeD=U,,

where, k€ N and v : (D, i) — (W, J) is an embedded and asymptotically cylindrical
J-holomorphic curve. Moreover, if u' : (X' = S\I7, j') — (17[\/, J) is another asymp-
totically cylindrical curve with a puncture zj € I'', then the images of u near zy and
u’ near z|, are either identical or disjoint. O

EXERCISE 6.8.3. With Lemma 6.8.2 in hand, adapt the proof of Theorem 2.6.1
in Chapter 2 to prove Theorem 6.8.1. If you get stuck, see [Nell5, §3.2].

PROPOSITION 6.8.4. If[(X,7, 7, T7,0,u)] € Mym(J, A,v", ") is represented
by a simple curve, then Aut(u) is trivial. If it is represented by a k-fold cover of a
simple curve, then | Aut(u)| < k. In particular, Aut(u) is always finite.”

"See Remark 6.4.3 for the case where u is constant.
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Proor. If u is simple, then it is a diffeomorphism onto its image in a small
neighbourhood of some point, and any map ¢ satisfying « = u o ¢ would be the
identity on such a neighbourhood. By unique continuation, we conclude that Aut(u)
is trivial. In general, if u = v o ¢ for some simple

v:Y - W
and
p: 20—
a k-fold branched cover, we have
Aut(u) ={f X > X |vopo f=vop}l

By a similar argument as in the previous case, knowing that v is simple implies we
only need to look at solutions to

pof=¢.
Remove the set of branch points B from ¥ together with the set ¢~ !(B) from X,
so that ¢ becomes an honest covering map. Any ¢ € Aut(u) then defines a deck
transformation of the cover, and for a cover of degree k, there are at most k such
transformations. O

6.9. Possible generalizations

In this section, I would like to add a few remarks on the set of assumptions
involved in our geometric setup, and which of them could possibly be relaxed. A
certain amount of what I have to say on this subject is speculative, and should
perhaps be taken with a grain of salt; in any case, the reader who is only interested
in the standard setup for SFT may feel free to skip it.

6.9.1. Asymptotically cylindrical ends. When (W, w) is a symplectic cobor-
dism with stable boundary (M4, H+) and J € J,(w, Hy, H_) belongs to our distin-

o~

guished class of almost complex structures, the completion (W, J) is what is known
as an almost complex manifold with cylindrical ends. In particular, it has
the feature that J is translation-invariant on both ends outside of some compact
subset. For certain applications, it is natural to consider a weaker variant of this
condition, in which J is not translation-invariant and thus does not belong to J (H+.)
on any neighborhood of infinity, but has asymptotic approach to something that is
translation-invariant. The precise condition suggested in [BEH 03] was as follows:
if 7. : R x My — R x My denotes the translation map (r,z) — (r + ¢, x) for c € R,
then there exist Jy € J(H+) such that

(6.8) TC*J‘[OOO)XM+ — J,asc—> oo and TC*J‘(fOOO] — J_ asc¢— —w,

x M_

with uniform convergence of all derivatives. If (W, J) satisfies this condition, it is
known as an almost complex manifold with asymptotically cylindrical ends.
It remains unclear whether any reasonable theory of J-holomorphic curves exists at
this level of generality, though Bao [Bao15] has shown that the compactness results
from [BEH" 03] do extend under a stricter hypothesis that the convergence in (6.8)
is exponentially fast. It seems very likely that the rest of the results in this book
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will also hold under Bao’s hypothesis, but proving this would require some extra
analytical effort that we would prefer to avoid, and it is in any case unnecessary
for the development of symplectic and contact invariants. One concrete application
of the compactness results from [Baol5] is to show that certain configurations
of nodal J-holomorphic curves in an almost complex 4-manifold have the same
geometric structure as the neighborhood of a singular point in a Lefschetz fibration;
see [Wenl8, Appendix A].

6.9.2. Tame but not compatible. In the analysis of closed J-holomorphic
curves on a symplectic manifold (W,w), it almost never matters whether J is as-
sumed to be compatible with w or only tamed by it. One encounters occasional
situations in which a lemma is easier to prove under one of those assumptions than
the other, e.g. tameness has the obvious advantage of being an open condition, while
certain formulas take appealingly simpler forms in the compatible case. But almost
everything that is important in the theory works either way.

For an odd-dimensional manifold M with a stable Hamiltonian structure H =
(w,\), we have defined the special class of translation-invariant almost complex
structures J € J(H) on R x M with the property that J|¢ is compatible with wle,
and there is a temptation to believe that replacing “compatible” with “tame” in this
definition would be harmless. That is false. This is to say, while it seems possible
that the analytical foundations of SF'T might still work when J|¢ is only tamed by
but not compatible with wle, this is by no means obvious; some nontrivial work
would need to be done to prove it, and that work has not been done. The difficulty
concerns the asymptotic operators

Ay = IV T(76) = T(77¢)

associated to closed Reeb orbits v. We have seen in Proposition 6.2.7 that A, ap-
pears in the linearized Cauchy-Riemann operator for the trivial cylinder over ~, and
for that reason, it will also appear in asymptotic expressions of linearized Cauchy-
Riemann operators for arbitrary asymptotically cylindrical curves. When we study
the local structure of the moduli space in the next few chapters, we will need those
linearized Cauchy-Riemann operators to be Fredholm, and our proof of this in Chap-
ter 4 made essential use of the fact that A is L*-symmetric. We have also invoked
the symmetry of A, whenever we discussed exponential convergence of solutions at
infinity, as in §4.6, §4.8 and §6.7, and the existing proofs of Lemma 6.8.2, which we
used for establishing the dichotomy between simple and multiply covered curves,
also require it.

The symmetry of A, was proved in Exercise 3.4.2, but this required wl|¢ to be
J-invariant, i.e. compatibility, not just tameness. Without compatibility, A, need
not be symmetric, and its eigenvalues need not be real.

This is not necessarily a catastrophe, as the tameness of J does still give A, =
—JV¢ some useful properties short of symmetry. This situation has an analogue in
the finite-dimensional setting of Morse homology. The role of asymptotic operators
in that setting is played by the Hessian V2 f(x) : T,M — T, M of a Morse function
f M — R at a critical point x € M, which appears in linearizations of the gradient-
flow equation because V2 f(x) is the linearization of the gradient vector field V f at a
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point in its zero-set. However, Morse homology can also be defined under a relaxed
assumption, where instead of counting flow lines of the actual gradient of f with
respect to a Riemannian metric, one counts flow lines of some other gradient-like
vector field X on M, meaning

df (X) > 0 wherever df # 0.

One can see by looking at f in local Morse coordinates that under this condition, X
must vanish at the critical points of f, and for technical reasons, one usually needs
to impose a more precise condition on the behavior of X near those points, e.g. that
for some choice of Riemannian metric on M there exists a constant § > 0 such that

df(X) = 6 (|1X> + |df ) .

If one now linearizes the flow equation for X, the term that appears near +oo for
each flow line is no longer the Hessian of f at critical points x, but rather the
linearization DX (z) : T,M — T, M of the vector field at points in its zero-set. Such
a linearization need not be symmetric, and for smooth vector fields in general, there
are few constraints on what the linear map DX (z) : T,M — T, M may look like,
beyond saying that for generic vector fields, it will be invertible. For gradient-like
vector fields, however, there are constraints, e.g. nonzero eigenvalues of DX (z) :
T.M — T, M must always have nontrivial real part (see [CE12, Lemma 9.9]).

The relevance of gradient-like vector fields to our discussion is that if H = (w, \)
is a stable Hamiltonian structure on M and J : £ — £ is w-tame, then the “vector
field” V(y) := —Jmey on C*®(S', M) is gradient-like with respect to the action
functional Ag of (3.5) in §3.3, because

dAg(w)V () = —Llw(wg,—h@) dt :f

s
with strict inequality unless v parametrizes a Reeb orbit. The asymptotic operator
A, = —JVY : L*(v*¢) o H'(y*¢) — L*(7*¢) is defined as the linearization of
V' at a Reeb orbit 7, so one can use these observations to prove as in the finite-
dimensional case that no eigenvalue of A, can be purely imaginary unless it is 0.
This added information is enough to generalize our proof of Theorem 4.4.1 on the
invertibility of translation-invariant operators d; — A, over the cylinder, which was
the main technical step in the proof of the Fredholm property in Chapter 4. There
remain other things to check, especially in the realm of asymptotic decay conditions,
and one should not attempt to use the machinery of SFT in this greater generality
without first writing down those details. But if I had to bet the life of one of my
Ph.D. students,® I would bet that it works.

w(7r5"y, Jﬁg’-}/) dt = 0,
1

6.9.3. Framed but not stable. Every compact symplectic manifold (W,w)
with boundary can be viewed as a symplectic cobordism between odd-dimensional
manifolds (M4, H+) endowed with framed Hamiltonian structures Hy = (w+, A4).
The collar neighborhoods (6.1) then give rise to a reasonable notion of a symplec-

tic completion (W,ww), admitting tame almost complex structures that belong to
J(H+) on the cylindrical ends. In general, the framings A4 of H4 do not need to be

8Needless to say, I learned this expression from my Ph.D. advisor.
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stable in order for this construction to make sense, and stability imposes an extra
constraint, i.e. not every Hamiltonian structure admits a stable framing. However,
we saw two reasons in this chapter why the theory of J-holomorphic curves may
run into trouble if stability of Ay is not also assumed. The first reason concerns
the definition of energy: the symplectic structure w, on W depends in general on
the arbitrary choice of a function ¢ in the space Ty defined in (6.4), and for a non-
stable Hamiltonian structure, w, does not tame J for every choice of ¢. We will
see in Chapter 7 that the ability to choose ¢ € 7Ty arbitrarily is essential, and as a
consequence, the standard compactness theory for punctured J-holomorphic curves
does not hold in the setting of cobordisms with non-stable boundary. This is not
to say that no interesting theory exists: the work of Fish and Hofer [FH23] on
so-called feral holomorphic curves shows that there is much wilder behavior in this
setting than anything discussed in the present book, but it is not without interesting
applications.

In any case, compactness is not the only feature of the SFT setup, and one can
imagine applications for which this aspect of the theory is unimportant, or is trivial
for other geometric reasons. Thus a valid question remains: Can other aspects of
the fundamentals of SF'T, such as the Fredholm and transversality theory, still be
defined with respect to Hamiltonian structures that are not stable?

On this question, I am slightly more optimistic, but the answer as in §6.9.2 is
that if it can be done, then some nontrivial amount of work would be required
in proving it. The danger here is visible in Proposition 6.2.7: If dA(R,-) does
not vanish everywhere, then the linearized Cauchy-Riemann operator for a trivial
cylinder does not take the form d; — A for an asymptotic operator A, and as a
result, the linearized operators for asymptotically cylindrical curves in general will
not fit into the scheme of the Fredholm theory we established in Chapter 4. On the
other hand, it is quite easy to see that the particular consequence of Theorem 4.4.1
we will need in Chapter 8 holds anyway: the linearization along the trivial cylinder
takes the form

69) - (—éat —Azj> _ (as - (()—z'at) N ?Av)

with respect to the splitting uXT'(R x M) = ule @ ul&, for some bundle map B :
u¢ — ule. Such upper-triangular operators are invertible whenever both of their
diagonal terms are. Here, the upper left block presents us with a minor headache
since —i0; is a degenerate asymptotic operator, but this can be rectified by working
in exponentially weighted Sobolev spaces, which has the effect of adding a small
constant to this operator to make it nondegenerate. The result is that the analysis
behind our proof of the semi-Fredholm property in Chapter 4 actually does work
in this more general context. Moreover, the non-symmetric operator appearing in
the first matrix in (6.9) has the same spectral properties as an asymptotic operator:
each of its eigenvalues is also an eigenvalue of either —id; or A.,. There are again still
some things to check, but it seems likely that all of our results thus far, and some
portion of the local analysis of the moduli space in Chapters 8 and 9, could admit
reasonable generalizations to the non-stable setting. We will not attempt to carry
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out such a generalization in this book, since we have no interesting applications for it
in mind—the most important Hamiltonian structures are the examples from contact
geometry and Floer homology discussed in §6.3, and these are of course stable.

6.9.4. SFT without symplectic structures? Let’s not carried away: What-
ever subset of the results in this book remains intact after removing symplectic
structures entirely from the picture, one should clearly no longer refer to it as “sym-
plectic” field theory. Nonetheless, a large portion of the theory of moduli spaces of
closed J-holomorphic curves is valid in arbitrary almost complex manifolds with no
taming symplectic form—the usual regularity results all hold, the moduli spaces are
well defined, the dichotomy between simple and multiply covered curves still makes
sense, and so does the main result of Chapters 8 and 9, namely that after a generic
perturbation of J, the moduli space becomes a smooth manifold whose dimension
is determined by the index formula in Chapter 5. What definitely does not work is
Gromov’s compactness theorem: One can define a purely analytical notion of energy
for a J-holomorphic curve (essentially as the L?-norm of its derivative, see [MS12]),
but in the absence of any taming condition, there is no reason for this energy to be
bounded. As we will see in Chapter 7, without uniform energy bounds, the moduli
space cannot be expected to have a natural compactification. Generalizing to an
arbitrary almost complex manifold with cylindrical ends will definitely not improve
this situation, so let us accept from the start that without tameness, there will be
no compactness theory.

It nonetheless seems reasonable to ask /vzhether the Fredholm and transversality
theory of SFT might still hold. In fact, if (W, J) is an almost complex manifold with
cylindrical ends [0,00) x M, and/or (—o0,0] x M_ on which J belongs to J(H+)
for stable Hamiltonian structures H+ on M, then the Fredholm and transversality
theory will be absolutely fine: there is no need to have any symplectic structure
on the original compact cobordism W. A more interesting question is whether the
Hamiltonian structures on the cylindrical ends can also be dispensed with, i.e. we
could assume that J is translation-invariant on the cylindrical ends and maps 0,
to some vector fields R4 on M, but place no further assumptions on these vector
fields or on the maximal J-invariant subbundles {1 < T'({r} x My).

One now runs into a starker version of the problem already discussed in §6.9.2:
the asymptotic operators that appear as asymptotic data for linearized Cauchy-
Riemann operators take the form

Ay ==JVi:T(vE) = T(v*),

where V is a connection on v*¢ determined by the linearized flow of R, but £ does not
carry any symplectic structure for this connection to preserve, and as a consequence,
there is now virtually no constraint on the spectral properties of A,. In particular,
A, can have purely imaginary eigenvalues without being degenerate, in which case,
the proof of Theorem 4.4.1 on translation-invariant operators ds — A, cannot be
rescued, and the Fredholm property will fail. This does not necessarily mean that
the situation is hopeless, but anything further I could say on this topic would be
pure speculation.
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Moduli spaces of pseudoholomorphic curves are generally not compact, but they
have natural compactifications, obtained by allowing certain types of curves with
singular behavior. For closed holomorphic curves, this fact is known as Gromov’s
compactness theorem, and our main goal in this chapter is to state its generalization
to punctured curves, which is usually called the SF'T compactness theorem. The the-
orem was first proved in [BEH 03] (see also [CMO05] for an alternative approach),
and we do not have space here to present a complete proof, but we can still describe
the main geometric and analytical ideas behind it.

The overarching theme of this chapter is the notion of bubbling, of which we will
see several examples. Bubbling arises in a natural way from elliptic regularity: Recall
that in Chapter 2, we proved that whenever kp > 2, any uniformly W*?-bounded
sequence u,, of J-holomorphic curves for a smooth almost complex structure J is also
uniformly C.-bounded for every m € N (cf. Theorem 2.4.10). The Arzela-Ascoli
theorem implies that such sequences have C¥ -convergent subsequences, and this is
true in particular whenever v, is uniformly C*-bounded, as a C'-bound implies a
WP_-bound with p > 2. Let us take note of this fact for future use:

PropoOSITION 7.0.1. If (W, J,) is a sequence of almost complex manifolds with
J, — J in C®, then any uniformly C*-bounded sequence of J,-holomorphic maps

U, : D — W has a subsequence convergent in C, on ID. O

If one wants to prove compactness for a moduli space of J-holomorphic curves,
it therefore suffices in general to establish a Cl-bound. We will work mainly in

245
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settings where a weaker condition than this holds, namely that the curves u, have
bounded energy FE(u,) = 0, defined typically as the integral of a taming symplectic
form over u,, or (in the noncompact settings that we consider) the supremum of
such integrals for a distinguished class of taming symplectic forms. Observe that if
u: (D7) —» (W, J) is J-holomorphic and J is tamed by a symplectic form w, then
g(X,Y) := 1 [w(X,JY) + w(Y, JX)] defines a Riemannian metric on W such that
in holomorphic coordinates s + it € D, the equation dsu + J d;u = 0 implies

u*w(0s, 0y) = w(Osu, Oyu) = % [w(Osu, JOsu) + w(Opu, Joru)|
(7.1)

1
~ L (ol + aul).

This shows that a uniform bound on E(u,) = {, ujw for a sequence of local J-
holomorphic curves w, implies a uniform local W'2-bound. That is just short of the
WP-bound for p > 2 that is required for producing results like Proposition 7.0.1,
but it will turn out to suffice for exerting tight control over the range of interesting
things that can happen when C'-bounds fail. In such cases, the sequence u, will
not be compact, but we will see that it becomes compact after removing finitely
many points from its domain, and near those points, one can take a sequence of
reparametrizations to find additional nontrivial holomorphic curves in the limit, the
so-called “bubbles”. This is one of the ways that the “nodal” curves in Gromov’s
compactness theorem can arise, and we will see the same phenomenon at work in
several other contexts as well.

7.1. Removal of singularities

As an important tool for use in the rest of this chapter, we begin with the
following result from [Gro85]:

THEOREM 7.1.1 (Gromov’s removable singularity theorem). Assume (W,w) is a
symplectic manifold with a tame almost complex structure J, and u : D\{0} — W is
a J-holomorphic curve that has its image contained in a compact subset of W and
satisfies

j urw < 0.
D\{0}

Then uw admits a smooth extension to ID.

The most interesting part of the proof establishes that u has a continuous ex-
tension. Once that is achieved, elliptic regularity will imply that the extension is
actually smooth: indeed, for a continuous map w : D — W that is smooth and
J-holomorphic on D\{0} and satisfies SD\{O} w*w < oo, (7.1) implies that the first

derivative of u on D\{0} is in L2(D\{0}), so that Exercise 2.2.1 implies u € W12(DD).
The smoothness of u then follows from Theorem 2.4.15.

The proof of continuity will use as a black box the following additional result
from [Gro85], which is closely related to a standard result about minimal surfaces.
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FI1GURE 7.1. The intersection of a J-holomorphic curve u with an
open ball B,(p) defines a proper map ¥ — B,(p). The monotonicity
lemma prevents this map from having arbitrarily small area, assuming
it passes through p.

THEOREM (Gromov’s monotonicity lemma [Gro85]). Suppose (W, w) is a com-
pact symplectic manifold (possibly with boundary), J is an w-tame almost complex
structure, and B,(p) € W denotes the open ball of radius r > 0 about p € W with
respect to the Riemannian metric g(X,Y) := tw(X,JY) + sw(Y, JX). Then there
exist constants ¢, R > 0 such that for allr € (0, R) and p € W with B,.(p) € W, every
proper non-constant J-holomorphic curve u : (X, j) — (B,.(p), J) passing through p

satisfies
J u*w = er’
b

In the statement above, (3, j) is assumed to be an arbitrary (generally noncom-
pact) Riemann surface without boundary. In applications, one typically has a larger
(e.g. closed or punctured) domain ¥’ in the picture, and X is defined to be the con-
nected component of v (B, (p)) € ¥’ containing some point z € u~(p). The main
message of the theorem is that « must use up at least a certain amount of energy
for every ball whose center it passes through, so e.g. the portion of the curve passing
through B, (p) cannot become arbitrarily “thin” as in Figure 7.1.

Returning to the removable singularity theorem, we shall use the biholomorphic
map

Z, = [0,00) x St — D\{0} : (s,t) — e 2(s+t)

to transform J-holomorphic maps D\{0} — W into maps Z, — W, and the goal
will be to show that whenever such a map u has precompact image and satisfies
SZ+ u*w < o0, there exists a point p € W such that

(7.2) u(s,:) = p in  C*(S', W) as s — o,

Fix the obvious flat metric on Z, and any Riemannian metric on W in order to
define norms such as |du(s,t)| for (s,t) € Z;. As usual, D, ¢ C will denote the
closed e-disk about the origin for € > 0, and for a point z in either C or R x S*, we
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write
D.(z) c Cor R x S*
for the closed disk of radius ¢ > 0 about z, where in the case of the cylinder, € will

always be assumed small enough so that D.(z) < C projects to an embedded disk
in C/iZ ~R x SL.

LEMMA 7.1.2. Assume u : (Z,,i) — (W, J) is a J-holomorphic map with pre-
compact image satisfying SZ+ u*w < 00, where w is a symplectic form on W taming
the almost complex structure J. Then there exists a constant C' > 0 such that

|du(s,t)| < C for all (s,t) € Z,.

PROOF, PART 1. Arguing by contradiction, suppose there exists a sequence z, =
(sy,t,) € Z, with |du(z,)| =: R, — o0. Choose a sequence of positive numbers
€, > 0 that converge to zero but not too fast, so that €, R, — o0. We then consider
the sequence of reparametrized maps

vy, : D, > Wz u(z, + 2/R,).

These are also J-holomorphic since z — z, + z/R,, is holomorphic, and the values
of v, depend only on the values of u over the ¢,-disk about z,. Notice that since
s, — o0 and ¢, — 0, we are free to assume that all of these €,-disks are disjoint;
moreover, tameness of J implies u*w > 0 and viw > 0, thus

ZJ vjw=ZJ u*wgf u*w < 0,
v /D v YDe, (20) Zy

(7.3) J viw—>0 as k— oo.
D

ev Ry

ev Ry

implying

We would now like to say something about a limit of the maps v, as v — oo, but this
will require a brief pause in the proof, as we don’t yet have quite enough information
to do so. We know that the v, are uniformly C°-bounded, since u(Z,) is contained
in a compact subset. It would be ideal if we also had a uniform C*-bound, as then
elliptic regularity (Prop. 7.0.1) would give a C{°, convergent subsequence on the
union of all the domains D g, , i.e. on the entire plane. We have

1
dv,(z) = R—du(zy + z/R,),

hence |dv,(0)| = 1, but we will need to know more about |du| on the rest of D, (z,)
in order to deduce a C*-bound for v, on all of D, r . We'll come back to this in a
moment. PROOF TO BE CONTINUED. . .

Here is the auxiliary lemma that is needed to complete the proof above. Its
message for our present purposes is that the sequences z, and €, can be improved
by a small adjustment, so that the conditions ¢, — 0 and ¢,R, — oo are both
preserved, but we also obtain a bound on |du,| over D, (z,) in terms of R,.

LEMMA 7.1.3 (Hofer). Suppose (X, d) is a complete metric space, g : X — [0, 00)
18 continuous, rog € X and €g > 0. Then there exist x € X and € > 0 such that,
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(a) € < e,

(b) g(z)e = g(zo)eo,

(¢) d(x,z0) < 2¢, and -
(

(d) g(y) < 2g(x) for all y € Be(x).

PROOF. If there is no z; € B (o) such that g(x;) > 2g(zg), then we can
set * = x9 and € = ¢y and are done. If such a point x; does exist, then we set
€1 = €9/2 and repeat the process above for the pair (z1,€1): that is, if there is
no xry € B (1) with g(z2) > 2g(z1), we set (z,€) = (x1,€) and are finished, and
otherwise define €5 = €;/2 and repeat for (zg,€). This process must eventually
terminate, as otherwise we obtain a Cauchy sequence x, with ¢(z,) — oo, which is
impossible if X is complete. 0

PROOF OF LEMMA 7.1.2, PART 2. Applying Lemma 7.1.3 to X = Z, with
g(z) = |du(z)|, we can replace the original sequences ¢, and z, with new sequences
for which all the previously stated properties still hold, but additionally,

|du(2)| < 2|du(z,)| forall zeD,(z,).
Our sequence of reparametrizations v, then satisfies
|dv,(z)| <2 forall zeDg,,

so by elliptic regularity, v, has a subsequence convergent in C{*.(C) to a J-holomorphic
map

Vo : C—> W

which is not constant since |dvy(0)| = limy_,o |dv,(0)] = 1. Informally, we say that
the blow-up of the derivatives at z, has caused a plane to “bubble off”. However,
(7.3) implies that for every R > 0, one can write ¢,R, > R for v sufficiently large
and thus

vyw = lim viw < lim vyw =0,
k—o0 k—00
DR DR D€VRV

implying SC viw = 0. It follows that ve, must be constant, so we have a contradic-
tion. U

Continuing in the setting of Lemma 7.1.2, the next task is to obtain a uniform
limit of u(s,-) as s — o0. Pick any sequence of nonnegative numbers s, — oo, and
consider the sequence of J-holomorphic half-cylinders

u, : [—8,,0) x St =W : (s,t) = u(s + s5,,1).

By Lemma 7.1.2, these maps are uniformly C'-bounded, so elliptic regularity gives
a subsequence converging in C{2, on R x S! to a J-holomorphic cylinder

Ugp : R x ST > W.
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Observe that for any ¢ > 0, we can write —s,/2 < —c¢ for sufficiently large v and
thus compute

J Upw = klim usw < klim usw
[—c,c]x St =0 J[—c,c,]x 8! =0 J[—s,/2,0)x 51
= lim uw'w =0

k=0 JIs,/2,00)x S1

. . C . .
since SZ+ u*w < oo. This implies ngSl uyw = 0, S0 Uy 1S a constant map to some
point p € W hence after replacing s, with a subsequence,

u(s,,) =u,(0,:) »p in C®(S",W)asv— .

To finish the proof of (7.2), we need to show that one cannot find two sequences
s, — o and s/, — oo such that u(s,,-) — p and u(s!,-) — p’ for distinct points
p # p' € W. This is an easy consequence of the monotonicity lemma: indeed,
if two such sequences exist, then we can find a sequence s! — oo for which the
loops u(s”,-) alternate between arbitrarily small neighborhoods of p and p’. Since
w is continuous, it must then pass through 0Bs,(p) infinitely many times for r > 0
sufficiently small, and in fact there exists an infinite sequence of pairwise disjoint
neighborhoods U, © Z, such that each

u|2/ll, . Z/{u - Br(Qu)

is a proper map passing through some point ¢, € dBs,(p). The monotonicity lemma

then implies
J u*wZZJ u*w)ZchZOO,
Zy v v v

a contradiction. This completes the proof that there is a continuous extension in
the setting of the removable singularity theorem; the rest is elliptic regularity.

EXERCISE 7.1.4. Given an area form w on S? = C u {oo} and a finite subset
I' = S?, show that a holomorphic function f : S*\I' — C has an essential singularity
at one of its punctures if and only if SC ffw = 0.

7.2. Finite energy and asymptotics

As further preparation for the compactness discussion, we now prove the con-
verse of the observation that asymptotically cylindrical curves always have finite en-
ergy. We work in the setting described in §6.2.3: (W, w) is a symplectic cobordism
with stable boundary 0W = —M_]] M, carrying stable Hamiltonian structures
Hy = (w4, A\y) with inducedﬁyperplane distributions &£ = ker A1 and Reeb vector

fields R4. The completion (W, wy) carries the symplectic structure
d(h(r)A\y) + wy on [0,00) x M,

Wp = 1w on W,

d(h(r)A\-)+w_  on (—0,0] x M_,
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for some C%-small smooth function h(r) with A’ > 0 that is the identity near r = 0,
and for a fixed constant ry = 0, we define a compact subset

W7 = ([—710,0] x M_) unp. W o, ([0,70] x M) < W,

outside of which our wj-tame almost complex structures J € J,(w,H,,H_) are
required to be translation-invariant and compatible with Hy. The energy of a
J-holomorphic curve wu : (3, 7) — (W, J) is defined by
E(u) := supf wrwy,
feT Js
where
T :={feC?R,(—¢€c¢)) | f'>0and f = h near [—r,ro]}.
The constant € > 0 should always be assumed sufficiently small so that if J;. €
J (M) and X €&,
(7.4) (wy + kdA£)(X,J+X) >0 whenever X # 0 and k € (—2¢, 2¢).
This condition implies that every J € J,(w, H4, H_) is tamed by wy for every f € T;

cf. Proposition 6.2.2. It follows that all J-holomorphic curves satisfy E(u) = 0, with
equality if and only if u is constant.

THEOREM 7.2.1. Assume all closed Reeb orbits in (M, Hy) and (M_,H_) are

nondegenerate, J € J-(w, Hy, H_), (X,7) is a closed Riemann surface with ¥ = ¥\I

for some finite subset T < 3, and u : (X,j) — (W, J) is a J-holomorphic curve
such that none of the singularities in T' are removable and E(u) < co. Then u is
asymptotically cylindrical.

REMARK 7.2.2. The theorem also holds in the setting of a symplectization (R x
M, J) with J € J(H) for a stable Hamiltonian structure # = (w, A) on M. The
only real difference in this case is the slightly simpler definition of energy,

E(u) = ?flel’rp Lu Wy,
where wy := d(f(r)\) + w and
T ={feC?R,(—€e¢) | [ >0}.

This change necessitates a few trivial modifications to the proof of Theorem 7.2.1
given below.

Like removal of singularities, Theorem 7.2.1 is really a local result, so let us
formulate a more precise and more general statement in these terms. Let

D := D\{0} c C
and define the two biholomorphic maps
oy Zy =1[0,00) x S* — D: (s,t) — e~ 2m(s+it)

(7.5) . |
oo L= (—O0,0] xSt D (s,t) s 2 (s+it)
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THEOREM 7.2.3. Suppose J € J-(w,Hy, H ) and u : (]D),z) — (W, J) is a J-
holomorphic map with E(u) < oo. Then either the singularity at 0 € D is removable
or u is a proper map. In the latter case the puncture is either positive or negative,
meaning that uw maps neighborhoods of 0 to neighborhoods of {too} x M, and the
puncture has a well-defined charge, defined as

Q = lim U*)\i7

e—0t oD,
which satisfies £Q) > 0. Moreover, the map
(ur(s,t),upn(s,t)) :=uowi(s,t) e R x My  for (s,t) € Zy near infinity

satisfies

ug(s,”) —Ts—c in C®(S') ass — o
for T := |Q| and a constant ¢ € R, while for every sequence s, — +00, one can
restrict to a subsequence such that

up(s,,) = (T in  C®(S',Mi) asv — o

for some T'-periodic Reeb orbit v : R/TZ — M. If v is nondegenerate or Morse-
Bott, then in fact

up(s, ) = y(T) in  C®(S', M) as s — +o

We will not prove this result in its full strength, as in particular the last step
(when 7 is nondegenerate or Morse-Bott) requires some asymptotic elliptic regularity
results that we do not have space to explain here. Note however that most of the
statement above does not require any nondegeneracy assumption at all. The price
for this level of generality is that if s,, s/, — +oo are two distinct sequences, then
we have no guarantee in general that the two Reeb orbits obtained as limits of
subsequences of uy(s,, ) and uy (s, -) will be the same; an explicit example where
they differ can be found in [Siel7]. If one of these orbits is assumed to be isolated,
however—which is guaranteed if the orbit is nondegenerate—then we will be able to
show that both are the same up to parametrization, hence geometrically, uy(s,t)
lies in arbitrarily small neighborhoods of the orbit v as s — +o0o. This turns out
to be also true in the more general Morse-Bott setting, though it is then much
harder to prove, since v need not be isolated. Once uy;(s,-) is localized near =,
one can use the nondegeneracy condition as in §6.7 to prove that uy(s, -) converges
exponentially fast to v as s — oo. For details on this step, we refer to the original
sources: [HWZ96, HWZ01] for the nondegenerate case, and [HWZ96, Bou02]
when the Reeb vector field is Morse-Bott. Those papers deal exclusively with the
contact case, but the setting of general stable Hamiltonian structures is also dealt
with in [Sie08].

Ignoring the final step for now, the proof of Theorem 7.2.3 will reuse most of the
techniques that we already saw in our proof of removal of singularities in §7.1. The
main idea is to use a combination of the monotonicity lemma and bubbling analysis
to show that unless u has a removable singularity, it is a proper map, and for any
sequence s, — +00, the holomorphic maps defined by

u,(s,t) =uopi(s+s,,t)
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ona sequence of increasingly large half-cylinders must have a subsequence converging
in C® (R x S') to either a constant map or a trivial cylinder. The first case will turn
out to mean (as in Theorem 7.1.1) that the puncture is removable, and the second
implies asymptotic convergence to a closed Reeb orbit.

One major dlfference between the proof of Theorem 7.2.3 and removal of sin-
gularities is that since W is noncompact, sequences of curves in W with uniformly
bounded first derivatives need not be locally C°-bounded. This issue will arise both
in the bubbling argument to prove |du,(s,t)| < C and in the analysis of the sequence
u, itself. In such cases, one can use the R-translation action

(7.6) T.:Rx My ->RxMy:(r,z) > (r+cuz) for ceR

on suitable subsets of the cylindrical ends to replace unbounded sequences with
uniformly C'-bounded sequences of curves mapping into R x M, or R x M_. These
R-translations are the reason why our definition of energy needs to be something
slightly more complicated than just the symplectic area Sz u*w for a single choice
of symplectic form. To understand bubbling in the presence of arbitrarily large
R-translations, we will need the following lemma.

LEMMA 7.2.4. Suppose J € J(H) for some stable Hamiltonian structure H =
(w,\) on a manifold M, and u : (2,7) — (R x M,J) is a J-holomorphic curve
satisfying

E(u) <o and f u'w = 0.
S

If Y = C, then u is constant. If Y = R x S, then u either is constant or is
biholomorphically equivalent to a trivial cylinder over a closed Reeb orbit.

PROOF. Denote & = ker A and let
me: T(Rx M) —¢&
denote the projection along the subbundle spanned by 0, (the unit vector field in
the R-direction) and the Reeb vector field R. Then since w annihilates both 0, and
R, for any local holomorphic coordinates (s,¢) on a subset of X, the compatibility
of J|¢ with w|e implies
u*w(0s, 0r) = w(0su, pu) = w(dsu, JOsu) = w(medsu, Jmedsu) =0

hence Sz u*w = 0 for every J-holomorphic curve, and equality means that u is
everywhere tangent to the subbundle spanned by ¢, and R. This implies that imu
is contained in the image of some J-holomorphic plane of the form

Ly C o> R X M:s+it— (s,7(t)),

where v : R — M is a (not necessarily periodic) orbit of R. If v is not periodic,
then w., is embedded, hence there exists a unique (and necessarily holomorphic) map

® : (3,7) — (C,i) such that u = u, o ®. If on the other hand + is periodic with
minimal period 7" > 0, then u, descends to an embedding of the cylinder

i, : C/iTZ — R x M,
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and we can view u., as a covering map to this embedded cylinder. Now there exists
a unique holomorphic map ¢ : I C/iTZ such that u = @, 0 ®. If 3 = C,
then 71 (C) = 0 implies that ® can be lifted to a (necessarily holomorphic) map
$ : C — C with Uy © P = u. Relabelling symbols, we conclude that in general, if
3= C, then u = u, o ® for a holomorphic map ¢ : C — C.

Let us consider all cases in which the factorzation u = u, o ® exists, where
® : (2, 7) — (C,4) is holomorphic and X = ¥\T for a closed Riemann surface (2, 7).
We will now use the removable singularity theorem for ® : 3 — 52\{0} to show that
unless ® is constant, Sz u*wy = oo for suitable choices of f € 7. This integral can
be rewritten as

(7.7) f urwy = J P ulws = f O*d (f(s)dt) = f O* (f'(s) ds A dt)
> > > 2
since wy = d(f(r)A) + w and u,(s,t) = (s,7(t)). Since f' > 0, f'(s)ds A dt is an
area form on C with infinite area.
We claim now that for suitable choices of f € T, one can find an area form €2 on
S? = C u {0} such that Q < f/(s)ds A dt. To see this, let us change coordinates so
that oo becomes 0: the diffeomorphism ¥ : C* — C* : z — 1/z is holomorphic and

thus satisfies ‘9‘1’ = %—\I’ = 0, so we have
1 1 _
U* (f'(s)ds A dt) = —?\If* (f'(s)dz A dz) = ——,f’(Re U)d¥ A d¥
N 1\
= ——f (Re \Il)aa—dz/\ aa—dz

) s/l )( ) (-%) dz A dz

f'(s/l2 |)d5/\dt for z=s+ite C\{0}.

|2[*

We need to show that this 2-form can be bounded away from 0 as z — 0. Let us
choose f € T such that

(7.9) F(&r) = +(e—§) for r>1

and extend f arbitrarily to [—1, 1] such that f* > 0. We can then find a constant
¢ > 0 such that f’ satisfies

f'(r) = min {c, #} forall reR.
Plugging this into (7.8) gives

U* (f'(s)ds A dt) = mm{| 25 2}dS/\alt

which clearly blows up as |z| — 0, proving the claim.
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With this established, we observe that for any number C' > 0, the fact that
f'(s) ds A dt has infinite area implies we can choose an area form  on S? with

Q < f'(s)ds A dt on S*\{oo} and J Q>C.
S2

We now have two possibilities:
(1) If §; ®*Q < oo, then Theorem 7.1.1 implies that the singularities of @ :

¥ — C < S% at T are all removable, i.e. ® extends to a holomorphic map
(3, 7) — (S2,4), which has a well-defined mapping degree k = 0. Then

f Wiy = J O (f'(s)ds A dt) > f

by » by

CID*Q:J CID*szJ Q> kC.

b 52
Since C' > 0 can be chosen arbitrarily large, this implies Sz u*wy = o0 unless
k = 0, meaning ® is constant.

(2) If {;, @*Q = oo (meaning there is an essential singularity, cf. Exercise 7.1.4),

then since ®* (f'(s) ds A dt) = ®*Q, (7.7) implies {. u*w; = 0.

Since u is constant whenever ® is, this completes the proof for Y =C.

If ¥ = R x S!, then it remains to deal with the case where the factorization
u = u, o ® does not exist because v is periodic. If the minimal period is 7" > 0, then
let us in this case redefine u, as an embedded J-holomorphic trivial cylinder

u, R x S' >R x M: (s,t) — (Ts,y(Tt)).

Since the new u., is embedded, we can now write u = u. 0 ® for a unique holomorphic
map ® : R x S —» R x S'. Identifying R x S! biholomorphically with S?\{0, o0},
we claim that ® extends to a holomorphic map S? — S2. Indeed, by the removable
singularity theorem, this is true if and only if SRX g1 P*) < o0 for some area form
Q on S*. Notice that uwy = T? - f'(T's)ds A dt, defines an area form on R x S'
with finite area for any f € T since Sofoo f'(s)ds < oo; this is equivalent to the
observation that trivial cylinders always have finite energy. Using the biholomorphic
map (s,t) — €27 to identify R x S* with C* = S?\{0, 00} and using coordinates
z = x + iy on the latter, another computation along the lines of (7.8) gives

2 p1 (T
u*wf _ T_f (27r IOg |Z|)

472 HE

Now suppose f € T is chosen as in (7.9). Then one can check that the positive
function in front of dz A dy in the above formula goes to +oo as |z| — 0; this means
that one can find an area form (2 on C with © < ujw; on C*. The singularity at
400 € S? can be handled in a similar way, thus we can find an area form Q on S?
such that Q < wuws on R x S'. Now since E(u) < oo, we have

f P*) < J P ulwy = J ufwy < 0,
RxS1 RxS1 RxS1

so by Theorem 7.1.1, ® has a holomorphic extension S? — S?, which is then a map
of degree k > 0 with ®~!({0,0}) = {0,00}. If K = 0 then @ is constant, and so
is u. Otherwise, ® is surjective and thus hits both 0 and oo, but it can only do this

dr ndy for z=x+iyeC".
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at either 0 or oo, thus it either fixes both or interchanges them. After composing
with a biholomorphic map of S? preserving R x S!, we may assume without loss of
generality that ®(0) = 0 and ®(o0) = c0. This makes ® a polynomial with only one
zero, hence as a map on C U {00}, ®(z) = c2* for some ¢ € C*. Up to biholomorphic
equivalence, ®(z) is then z* which appears in cylindrical coordinates as the map
(s,t) — (ks, kt), so u is now the trivial cylinder

u(s,t) = u(ks, kt) = (KT's,v(kT't))
over the k-fold cover of ~. O

REMARK 7.2.5. It is useful in some applications to observe that Lemma 7.2.4
does not require M to be compact. In contrast, the compactness arguments in this
chapter almost always depend on the assumption that W and My are compact—
without this, one would need to add some explicit assumption to guarantee local
C°-bounds on sequences of holomorphic curves, e.g. the assumption in Theorem 7.1.1
that w(D\{0}) is contained in a compact subset.

Before continuing, it is worth noting that neither of the two definitions of energy
we’ve been using—one for curves in W and the other for symplectizations—is unique,
i.e. each can be tweaked in various ways such that the results of this section still
hold. Indeed, the original definitions appearing in [Hof93, BEH 03] are slightly
different, but equivalent to these. The next lemma illustrates one further example
of this freedom, which will be useful in some of the arguments below.

LEMMA 7.2.6. Given a stable Hamiltonian structure H = (w,\) on M, a suf-
ficiently small constant € > 0 as in (7.4), and J € J(H), consider the alternative

notion of energy for J-holomorphic curves u : (X, 7) — (R x M, J) defined by

Eo(u) = supj urwy
feTo Jn

where wy = d (f(r)\) + w and
To={f€C”R,(a,b) | f >0}

for some constants —e < a < b < e. Then if E(u) denotes the energy as written in
Remark 7.2.2, there exists a constant ¢ > 0, depending on the data a, b, € and H
but not on u, such that

cE(u) < Eo(u) < E(u).

PROOF. The second of the two inequalities is immediate since 7y < 7. For the
first inequality, note that since € > 0 is small, we can assume there exists a constant
¢ > 1 such that for every X € T(R x M) and every k € [—¢, €],

(7.10) %(w L RAN (X, JX) < w(X, TX) < e(w + rd\)(X, IX).

This uses (7.4) and the fact that d\ annihilates ker w. Now suppose f € T, choose
a constant 0 € (0,b — a] and define f € Ty by

~

fi) = o) + 30

2
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Then f'(r) = 2 f'(r), and given a J-holomorphic curve u : > — R x M, we can
write wg = w + f(r)dA + f'(r)dr A X and use (7.10) to estimate

[ wwr= [ w s s )+fu*<f’(r)dru>

<o Juw+—J F(rydr a2)
<02Lu* (w+f(r)d)\) +%Lu* (f'(r)dr/\)\).

2 < b—a and rewrite the last expression as

If 2 > b2

? Lu* (w + f(r) d)\) + % L u* (J?'(r) dr )\)
= c? Jz u* (w + f(r) d\+ f'(r) dr A A) = c? L utwy < A Ey(u).

— a and write

& L u (w + F(r) dA) + L u (f'(r) dr A A)

< bz—ea L u* (w + frydr+ f'(r)dr A A)

2e . 2e
i fzu wy < b—Eo(u).

0

With this preparation out of the e wWay, We now begin in earnest with the proof of
Theorem 7.2.3. Assume u : D — W is a J-holomorphic punctured disk satisfying
E(u) < o0. Using the maps ¢4 : Zy — D defined in (7.5), we shall write

Ugp = UO Py @ Ly — W
and observe that these reparametrizations have no impact on the energy, i.e.

E(uy) = supj (wowi)ws = supf wwp = E(u).
feT JZ+ feT

Fix a Riemannian metric on W that is translation-invariant on the cylindrical ends,

and fix the standard metric on the half-cylinders Z,. We will use these metrics
implicitly whenever referring to quantities such as |du(z)|.

LEMMA 7.2.7. There exists a constant C' > 0 such that |duy(s,t)] < C for all
(s,t) € Z..

PrROOF. We use a bubbling argument as in the proof of Lemma 7.1.2. Suppose
the contrary, so there exists a sequence z, = (s,,t,) € Z, with R, := |du,(z,)| — oo.
Choose a sequence €, > 0 with ¢, — 0 but ¢,R, — o0, and using Lemma 7.1.3,
assume without loss of generality that

|duy(2)| < 2R, forall zeD (z,).
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Define a rescaled sequence of J-holomorphic disks by
vyt De,r, — Wz owi(z, +2/Ry).

These satisfy |dv,| < 2 on their domains, but they are not necessarily C'-bounded,
since their images may escape to infinity. We distinguish three possibilities, at least
one of which must hold:

Case 1: v,(0) has a bounded subsequence.
Then the corresponding subsequence of v, : D, r, — W is uniformly C'-bounded
on every compact subset and thus (by Proposition 7.0.1) has a further subsequence

convergent in C2,(C) to a J-holomorphic plane

UOOZC—>I7[\/

with |dve(0)] = limg_,e |dv,(0)] = 1. But by the same argument we used in the
proof of Lemma 7.1.2, the fact that SZ+ ufwy < oo for any choice of f € 7 implies

J viws =0,
Cc

hence vy is constant, and this is a contradiction.
Case 2: v,(0) has a subsequence diverging to {4+o0} x M, .
Restricting to this subsequence, suppose

v,(0) € {r,} x M.,

so 1, — oo, and assume without loss of generality that r, > rq for all v. Let

R, € (0,¢,R,] for each v denote the largest radius such that v, (D)) = (ro,00) x M.

Then R, — 0 since |dv, | is bounded. Now using the R-translation maps 7. defined

in (7.6), define

Uy =T 4, OUV|DRV D — R x M,.

Since we'’re using a translation-invariant metric on [rg,00) x M, 0, is now a uni-
formly C\L_-bounded sequence of maps into R x M, . Proposition 7.0.1 thus provides

a subsequence convergent in C{2.(C) to a plane

Vo : C >R x M,
which is J,-holomorphic, where J, € J(#H.) denotes the restriction of .J to [rg, o0) x
M, , extended over R x M, by R-invariance. We claim,

(7.11) E(ve) <oo  and j vywy =0,
C

where E(vy) is now defined as in Remark 7.2.2. By Lemma 7.2.6, the first part
of the claim will follow if we can fix a constant a € (—¢, €) and establish a uniform

bound
J v < C,
C

with Q}L = wy + d(f(r) )\+), for all smooth and strictly increasing functions f :
R — (a,€). For convenience in the following, we shall assume a > h(rg). Now if f
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is such a function, then for any R > 0,

J U} = lirg) vy, Qp = lim v,
Dg -

k—00 Dg
where f,(r) := f(r —r,). Notice that the dependence of the last integral on the
function f, is limited to the interval (rg,c0) < R in its domain, since v,(Dg) <
(rg,0) x M. Then since f > a > h(rg) by assumption, there exists for each v a
function h, € T that matches f, outside some neighborhood of (—0, 7] and thus
satisfies

f v = f viwp, < J
Dgr Dgr D

This is true for every R > 0 and thus proves the first part of (7.11). To establish
the second part, fix R > 0 again and pick any f € 7. Observe that since we can
assume (after perhaps passing to a subsequence) the disks D, (z,) are all disjoint,

* * *
VoW, = J uiwp, < f wiwp, < E(u).
DSV(ZV) Z+

ev Ry

0 = lim uiwy = lim vywy = lim T, Wy
k—o0 + k—oo v k—o0 vy
DGV (zl’) D€VRV D€VRV
> lim U7 wp = lim v,
k—00 v k—00 v
Dg D

where now f,(r) := f(r+r,). Writing Q} = w, +d(f,(r) Ay) = wi + fi(r)dry +
fl(r)ydr A~ Ay, we can choose f such that f'(r) = f'(r +r,) — 0 as v — oo,
so the third term contributes nothing to the integral. For the second term, let
[ i=limyg 0 f,.(r) = lim, o f(r), so the calculation above becomes

OZJ‘ U:O(W++f+d)\+).
Dgr

Now observe that since f, € [—¢, €], condition (7.4) implies that the 2-form w, +
f+dA; is nondegenerate on &, and it also annihilates 0, and R, so the vanishing
of this integral implies that v, is everywhere tangent to 0, and R, over Dgr. But
R > 0 was arbitrary, so this is true on the whole plane, which is equivalent to
SC viw, = 0. With the claim established, we apply Lemma 7.2.4 and conclude that
Uy 18 constant, contradicting the fact that |dve,(0)] = 1.
Case 3: v,(0) has a subsequence diverging to {—oo} x M_.

This is simply the mirror image of case 2: writing the restriction of J to (—o0, —rg] x
M as J_, one can follow the same bubbling argument but translate up and instead
of down, giving rise to a limiting nonconstant J_-holomorphic plane v, : C —
R x M _ that has finite energy but S(C vy w_ = 0, in contradiction to Lemma 7.2.4. [

Consider now a sequence s,, — oo and construct the J-holomorphic half-cylinders
u, : [~s,,0) x St — W (5,1) > uy (s + s,,1).

The derivatives |du, | are uniformly bounded due to Lemma 7.2.7, though again, w,
might fail to be uniformly bounded in C°. We distinguish three cases.

Case 1: u,(0,0) has a bounded subsequence.
Then the corresponding subsequence of u, is uniformly C'-bounded on compact
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subsets and thus has a further subsequence converging in C, (R x S') to a J-
holomorphic cylinder

uw:RxSl—»ﬁ\/.
For any f € T and any ¢ > 0, we have

upwy = lim uywy < lim UpWy
(7 12) J‘[—c,c]xsl ” k—a0 [—c,c] xSt Y k—00 [—s1/2,00)x St Y
= lim uiwy =0

k=00 Jrs, /2,00)x S1
since SZ+ ufwy < oo. It follows that SRXSl uhwy = 0, S0 Uy is a constant map to
some point p € W, implying that after passing to a subsequence of s,
uy(sy,") > p in C’OO(SI,W) as v — o0.

Case 2: u,(0,0) has a subsequence diverging to {+o0} x M.
Passing to the corresponding subsequence of u,, suppose

u,(0,0) € {r,} x M,

so r, — o0. Since the derivatives |du,| are uniformly bounded, we can then find a
sequence of intervals [—R;, R} | < [—s,,0) such that

u,([-R,, R x SY) < [rg,0) x My and RS — oo.
Now the translated sequence
T_TVOU/V|[7R;,RJ]X51 . [_R;,R;_] X Sl—)RX M+

is uniformly C!'-bounded on compact subsets and thus has a subsequence coverging
in C2. to a J-holomorphic cylinder

U R x ST - R x M,

where J, again denotes the restriction of J to [rg, o) x M, , extended over R x M,
by R-translation. We claim that this cylinder satisfies

E(uyx) <00 and j upwy = 0.
Rx St

The proof of this should be an easy exercise if you understood the proofs of (7.11)
and (7.12) above, so I will leave it as such. Lemma 7.2.4 now implies that uy is
either constant or is a reparametrization of a trivial cylinder

w, R x ST R x M, : (s,t) = (T's,y(Tt))

for some Reeb orbit v : R/TZ — M, with period T > 0. More precisely, all the
biholomorphic reparametrizations of R x S' are of the form (s,t) — (+s + a, ¢ +
b), thus after shifting the parametrization of v, we can write uy, without loss of
generality in the form

(7.13) U (8, 1) = (£Ts + a,y(+Tt))

for some constant a € R and a choice of signs to be determined below (see Lemma 7.2.11).
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Case 3: u,(0,0) has a subsequence diverging to {—oo} x M_.
Writing J_ = J|(_co,—ro]xm_ € J(H_) and imitating the argument for case 2, we
suppose u,(0,0) € {—r,} x M_ with r, — o0 and obtain a subsequence for which
T, © u,, converges in C2 (R x S1) to a J_-holomorphic cylinder uy, : R x ST —
R x M_, where u, is either a constant or takes the form (7.13) for some orbit Reeb

v:R/TZ — M_ of period T' > 0.
Here is one easy consequence of the discussion so far. Use the Riemannian metric
on W to define a metric distco(+, -) on the space of continuous loops S* — W.

LEMMA 7.2.8. Given § > 0, there exists sy = 0 such that for every s = sg, the
loop u, (s,-): St — W satisfies
distoo(uy (s, -), ls) < 0,
where for each s, £, : ST — W either is constant or is a loop of the form L4(t) =

(r,y(£T't)) in [ro,00) x My or (—o0,r9] x M_ for some constant r € R and Reeb
orbit v : R/TZ — M. of period T > 0, which may depend on s.

PRrOOF. If not, then there exists a sequence s, — oo such that each of the loops
uy (s,,-) lies at C°-distance at least § away from any loop of the above form. How-
ever, the preceding discussion then gives a subsequence for which u(s,,-) becomes
arbitrarily C*-close to such a loop, so this is a contradiction. O]

LEMMA 7.2.9. Ifu: D — W is not bounded, then it is proper.

PrROOF. We use the monotonicity lemma. Suppose there exists a sequence
(su,t,) € Z, such that u, (s,,t,) diverges to {+o0} x M. This implies s, — o0, and
we claim then that for every R > rg, there exists sy = 0 such that

u ((s9,0) x S') < (R, 0) x M,.

If not, then we find R > ry and a sequence (s),t,) € Z, with s, — oo such

that u, (s,t)) ¢ (R,0) x M, for every v. By continuity, we are free to suppose
uy (), 1) € {R} x M, for all v, since Lemma 7.2.8 implies u, ({s,} x S') © (2R, o0) x

M, for v sufficiently large. Using Lemma 7.2.8 again, we also have

uy(fsy} xS € (R—1,R+1) x M,y
for all v large. Assuming 2R > R+ 2 without loss of generality, we can therefore find
infinitely many pairwise disjoint annuli of the form [s],, s;]x.S* © Z, containing open
sets that « maps properly to small balls centered at points in { R+2} x M. Choosing

any f € T, the monotonicity lemma implies that each of these contributes at least
some fixed amount to SZ+ u* wy, contradicting the assumption that E(u) < co.'

A similar argument works if u(s,,t,) diverges to {—oo} x M_, proving that for
every R > rq, there exists sg > 0 with

uy((s9,0) x SY) < (=00, —R) x M_.
0

IThe fact that W is noncompact is not a problem for this application of the monotonicity
lemma, as we are only using it in the compact subset W?2% < .
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If u is bounded, then the singularity at 0 is removable by Theorem 7.1.1. If not,
then Lemma 7.2.9 implies that it maps neighborhoods of the puncture to neighbor-
hoods of either {+o} x M, or {—oo} x M_, and we shall refer to the puncture as
positive or negative accordingly.

LEMMA 7.2.10. If the puncture is positive/negative, then the limit

Q:=lim | uy(s,")*AreR
5$—00 Sl
er1sts.
PROOF. If the puncture is positive, fix sy = 0 such that u, ([sp, ) x S!) <
r9,0) X M,. Then by Stokes’ theorem, it suffices to show that the integral
S[SO sy g1 WidA L exists, which is true if

(7.14) f udA.| < 0.
[s0,00)x St

We claim first that S[SO o0 x 51 ufw; < 00. Indeed, for any s > 5o and f € T, we have

E(u) > J[

Applying Stokes’ theorem, the second term becomes the sum of some number not
dependent on s and the integral

Ll uy (s, ) (fr)Ay) =J [f ous(s, )] us(s, ) Ay,

Sl

uiwy = J uiwy + J wid (f(r)Ay).
50,8] xSt [s0,8] xSt [s0,8]x St

which is bounded as s — oo since f and |du| are both bounded. This proves that
S[so,s]xSI ufw, is also bounded as s — o0, and since ufw; > 0, the claim follows.
Now observe that since d\, annihilates the kernel of w, and the latter tames J
on &y, there exists a constant ¢ > 0 such that |u*d);| < cJufw,|, implying (7.14).

An analogous argument works if the puncture is negative. O

The number () € R defined in the above lemma matches what we referred to in
the statement of Theorem 7.2.3 as the charge of the puncture.

LEMMA 7.2.11. If the puncture is nonremovable and () # 0, then the puncture
is positive/negative if and only if Q > 0 or Q) < 0 respectively. In either case, given
any sequence s, — o0 with uy(s,,0) € {£r,} x My, one can find a sequence R, €
[0, s,] with R, — o0 such that u, maps [s, — R,, ) x S into the positive/negative
cylindrical end for every v, and the sequence of half-cylinders

U, : [~R,,0)x S' > Rx M, or u,:(-0,R]xS"—>Rx M_

defined by u,(s,t) = T4, ous(s*s,,t) has a subsequence convergent in C2,(R x S*)
to a Jy-holomorphic cylinder of the form

Up : R x ST — R x My : (s,t) = (T's + a,v(Tt))
for some constant a € R and Reeb orbit v : R/TZ — M, with period T := +Q).
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PROOF. Assume the puncture is either positive or negative and ) # 0. In the
discussion preceding Lemma 7.2.8, we showed that the sequence u'(s,t) := T¢,, ©
uy (s + s,,t) defined on [—R,,o0) x S! has a subsequence convergent in C{° to a
J4-holomorphic cylinder v/, : R x S — R x M, which is either constant or of the
form

(7.15) ul (s, t) = (cTs + a,v(oTt))

for some a € R, 0 = +1 and a Reeb orbit v : R/TZ — M of period T' > 0. We
then have

0 # Q = lim U+($, )*)‘i = lim UL(O, )*)‘i = J U;O(O, ')*)‘ia
§—00 S1 k—o0 S1 S1
so ul, cannot be constant, and from (7.15) we deduce @ = oT', hence ul (s,t) =
(Qs + a,v(Qt)). Writing u(s,t) = (ur(s,t),un(s,t)) € R x My for s sufficiently
large, it follows that every sequence s, — o0 admits a subsequence for which

Osug(s,,”) —Q in  C®(S'R),

and consequently d,ug(s, ) — @Q in C*(S1 R) as s — oo. This proves that the sign
of @) matches the sign of the puncture whenever ) # 0. The stated formula for u,
now follows by adjusting all the appropriate signs in the case @) < 0. U

LEMMA 7.2.12. If the puncture is nonremouvable, then ) # 0.

PROOF. Assume on the contrary that w is a proper map, say with a positive
puncture, but () = 0. In this case, the argument of the previous lemma shows that
the limiting map ue : R x St — R x M, will always be constant, thus for every
sequence s, — o0, there exists a point p € M, such that u, (s,,0) € {r,} x M, with
r, — o0 and

T 0us(s,,) = (0,p)eRx M, in C®S",Rx M,)asv— 0.

In particular, this implies that all derivatives of u decay to 0 as s — oo. Intuitively,
this should suggest to you that portions of u, near infinity will have improbably
small symplectic area, perhaps violating the monotonicity lemma—this will turn out
to be true, but we have to be a bit clever with our argument, since u . is unbounded.
We will make this argument precise by translating pieces of u, downward so that
we only compute its symplectic area in [0,2] x M, . Fix a function f: R — (—e¢,¢€)
with f* >0 and set Qf = w, +d(f(r)Ay).

Given a small number § > 0, we can find sy = 0 such that |du, (s,t)| < J for all
s = so and each of the loops u(s,-) for s > sq is d-close to a constant in C*(S?).
Assume u, (sg,0) € {R} x M, and choose s; > sg such that u,(s1,0) € {R+2} x M,
which is possible since u, (s,t) — {+00} x M, as s — 0. Now consider the J,-
holomorphic annulus

— . 1
Vs = T-R ou+|[so,31]><Sl : [30751] xS = Rx M,.



264 CHRIS WENDL

We claim that S[SO s1]x 8! v&"Q}L can be made arbitrarily small by choosing ¢ suitably
small. Indeed, we can use Stokes’ theorem to write this integral as

J v;&l}_ j ’U:;kw-i- j v:; (f(T) )\+)
[s0,s1] xSt [s0,s1]x 51 [50,51] %51
J[ 1xS K j [vs(s1,)" (f(r) Av) = vs(s0, )" (F(r) A+ )]
50,51] xSt St

The second term is small because f(r) is bounded and |vs(s,-)* ;| is small in pro-
portion to |dvs(s,t)| = |du,(s,t)| for s = sg. For the first term, observe that since
both of the loops vs(s;, -) for i = 0,1 are nearly constant, they are contractible and
can be filled in with disks v; : D — R x M, for which SD T);‘w+‘ may be assumed
arbitrarily small. Moreover, since all of the loops v;(s, -) are similarly contractible,
the union of these two disks with the annulus vs defines a closed cycle in M, that is
trivial in Ho( M, ), hence the integral of the closed 2-form w, over this cycle vanishes,

implying
* — % — %
j VsWy = J VW4 —f VoW+;
[So,sl]XSI D D

which is therefore arbitrarily small, and this proves the claim.

To finish, notice that since vs maps its boundary components to small neighbor-
hoods of {0} x M, and {2} x M,, one can fix a suitable choice of radius r; > 0
such that vs must pass through a point in p € {1} x M, for which the boundary of
vs is outside the ball B, (p). The monotonicity lemma then bounds the symplectic
area of vs from below by a constant times 7%, but since we can also make this area
arbitrarily small by choosing ¢ smaller, this is a contradiction.

As usual, the case of a negative puncture can be handled similarly. O]

We’ve now proved every statement in Theorem 7.2.3 up to the final detail about
the case where the asymptotic orbit is nondegenerate or Morse-Bott. The com-
plete proof of this part requires delicate analytical results from [HWZ96, HWZ01,
HWZ96, Bou02], but we can explain the first step for the nondegenerate case.
In the following, we say that a closed Reeb orbit v : R/TZ — M, is isolated if,
after rescaling the domain to write it as an element of C°(S', M, ), there exists
a neighborhood v € U = C®(S', M) such that all closed Reeb orbits in U are
reparametrizations of ~.

LEMMA 7.2.13. Suppose the puncture is nonremovable, write
uy(s,t) = (ur(s,t),up(s,t)) e R x My

for s = 0 sufficiently large, and suppose s, — o0 is a sequence and 7y : R/TZ — My
1s a Reeb orbit such that

up(s,,7) = (T-) in  C®(S', My).

Ifv is isolated, then for every neighborhoodUd = C™ (S, ML) of the set of parametriza-
tions {y(- +0) | 6 € S1}, we have uy(s,-) €U for all sufficiently large s.
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PRroOOF. Note first that if v is isolated, then its image admits a neighborhood
im~y < V < My such that no point in V\im+ is contained in another Reeb orbit of
period T'. Indeed, we could otherwise find a sequence of T-periodic Reeb orbits pass-
ing through a sequence of points in V\ im~ that converge to a point in im~. Since
their derivatives are determined by the Reeb vector field and are therefore bounded,
the Arzela-Ascoli theorem then gives a subsequence of these orbits converging to a
reparametrization of v, contradicting the assumption that - is isolated.

Arguing by contradiction, suppose now that there exists a sequence s/, —
with up(s,, ) ¢ U for all v. We can nonetheless restrict to a subsequence for which
upr (s, ) converges to some Reeb orbit 4 : R/TZ — M. Then 7 is disjoint from =,
and by continuity, one can find a sequence s” — oo for which each uy,(s”,0) lies in
the region V some fixed distance away from im . There must then be a subsequence
for which uy,(s”, -) converges to another T-periodic orbit, but this is impossible since
no such orbits exist in V\ im~. O

7.3. Degenerations of holomorphic curves

To motivate the SF'T compactness theorem, we shall now discuss three examples
of phenomena that can prevent a sequence of holomorphic curves from having a
compact subsequence. The theorem will then tell us that these three things are, in
essence, the only things that can go wrong.

Throughout this section and the next, assume J, — J € J.(w, H,, H ) is a C*-
convergent sequence of tame almost complex structures on the completed cobor-
dism W. More generally, one can also allow the data w, h and H4 to vary in
C*-convergent sequences, but let’s not clutter the notation too much. We shall
denote the restrictions of J, to the cylindrical ends by

J; = Jy|[r07oo)><M+ S j(’H+), J; = J,,|(,oo7,,~0]><M_ S j(’Hf),
and J* similarly for the limiting almost complex structure .JJ. Suppose

Uy ‘= [(Eua Jvs szu F;u @1/7 ul/)] € Mg,m(‘]l” AV’ 7+’ 77)

is a sequence of J,-holomorphic curves in W with fixed genus ¢ = 0 and m > 0
marked points, varying relative homology classes A, € Hy(W, 4% U 47) and fixed
collections of asymptotic orbits v* = (7f,..., 9% ). Observe that the energies
E(u,) depend only on the orbits 4* and relative homology classes A, so in partic-
ular, E(u,) is uniformly bounded whenever the relative homology class is also fixed.
The fundamental question of this section is:

QUESTION. If E(u,) is uniformly bounded and no subsequence of u, converges
to an element of My m(J, A, v+, ~7) for any A e Hy(W, 4t 05 ~), what can happen?

7.3.1. Bubbling. Suppose the marked Riemann surfaces (2,7, uTl, u©,)
form a convergent sequence, meaning we can assume after biholomorphic reparamet-
rization that the surfaces ¥, = X are all identical with identical sets of punctures
'Y = I'* and marked points ©, = ©, while their complex structures are C*-
convergent

Jv—=jeJE).
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Suppose additionally that there exists a point (y € 3 such that u,(Cp) € W is
contained in a compact subset for all v, and that for some choice of Riemannian
metrics on 3 = YA\ and W that are translation-invariant on the cylindrical ends of
both, the maps u,, : S W are locally C*-bounded outside some finite subset

FI:{Q’---,CN}CE,

i.e. for every compact set K < E\T’ , there exists a constant C'x > 0 independent
of v such that

|du,| < Cx  on K.

Then Proposition 7.0.1 gives a subsequence that converges in loc‘fc(i]\l'" ) to a J-
holomorphic curve

Ut S\ — W
with E(uy) < limsup E(u,) < oo, thus all the punctures I'" UT'~ UT” of u, are either
removable or positively or negatively asymptotic to Reeb orbits. We cannot be sure
that the asymptotic behavior of uy at I'* is the same as for u,, but let’s assume this
for now. (We will dicsuss in §7.3.2 some things that can happen if this does not hold.)
Then to complete the picture, we need to understand not only what wu., is doing at
the additional punctures I'/, but also what is happening to u, near these points as its
first derivative blows up. For this, we can apply the familiar rescaling trick: Choose
for each ¢; a sequence z! — (; such that |du,(2)| =: R, — o0, along with a sequence
€, — 0 with ¢,R, — oo, and using Lemma 7.1.3, assume without loss of generality
that |du,(z)| < 2R, for all z in the ¢,-ball about z!. For convenience, we can choose
a holomorphic coordinate system identifying a neighborhood of (; with D < C and
placing (; at the origin, so z, — 0 in these coordinates, and assume without loss of
generality that they identify our chosen metric near (; with the Euclidean metric.
Now setting
vi(2) = u,(z, +2/R,) for zeD. g,

v

gives a sequence of J,-holomorphic maps v’ : D, g, — W whose energies and first
derivatives are both uniformly bounded. As in the arguments of §2, we now have
three possibilities:

e If u,(2') has a bounded subsequence, then the corresponding subsequence
of vi converges in CZ(C) to a J-holomorphic plane vi, : C — W with finite
energy.

e If u,(2!) has a subsequence diverging to {+o0} x M, then translating v
by the R-action produces a limiting finite-energy plane v, in the posi-
tive/negative symplectization R x M.

Viewing C as the punctured sphere S?\{oo}, the singularity of v’ at oo may be
removable, in which case v’ extends to a .J-holomorphic sphere and we say that wu,
has “bubbled off a sphere” at (;. Alternatively, v}, may be positively or negatively
asymptotic to a Reeb orbit at co.

Figure 7.2 shows two scenarios that could occur for a sequence in which |du,|
blows up at three points IV = {(;, (2, (3}. Both scenarios show ue, with ¢; and (,
as removable singularities and (3 as a negative puncture, but the behavior of the
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various v, reveals a wide spectrum of possibilities. In the lower-left picture, the
points u, (21) are bounded and bubble off a sphere vl : §2 — W. The picture shows
that vl passes through u,(¢;) at some point; this does not follow from our argument
so far, but in this situation, one can use a more careful analysis of u, near (; to show
that it must be true, i.e. “bubbles connect”. At (3, we have u,(23) — {—o0} x M_
and v3 is a plane in R x M_ with a positive puncture asymptotic to the same orbit
as (3; the coincidence of these orbits is another detail that does not follow from the
analysis above, but turns out to be true in the general picture. The situation at
¢y allows two different interpretations: v2 could be the plane with negative end in
R x M, , meaning u,(22) — {4+00} x M, and the picture then shows an additional
plane in W with a positive end approaching the same asymptotic orbit as v2 as well
as a point passing through ue(¢z). One would need to choose a different rescaled
sequence near (, to find this extra plane, but as we will see, the SF'T compactness
theorem dictates that some such object must be there. Alternatively, u,(z2) could

also be bounded at (», in which case vZ must be the plane in W with positive
end, and the extra plane above this is something that one could find via a different
choice of rescaled sequence. In general, the range of actual possibilities can involve
arbitrarily many additional curves that could be discovered via different choices of
rescaled sequences: e.g. there could be entire “bubble trees” as shown in the lower-
right picture, where each v’ is only one of several curves that arise as limits of
different parametrizations of u, near {;. One good place to read about the analysis
of bubble trees is [HWZ03, §4].

EXERCISE 7.3.1. The following simple application of standard bubbling argu-
ments will be needed in the next chapter for showing that diffeomorphism groups
act properly on the space of stable J-holomorphic curves. Suppose ¥ is a closed,
connected and oriented surface, © < ¥ is a finite subset such that

X(2\0) <0,
J» — j and j/, — j" are C®-convergent sequences of complex structures on ¥, and

(2,5,) = (,4v)
is a sequence of biholomorphic diffeomorphisms that fix the points in ©. The fol-
lowing shows that in this situation, ¢, must have a C*-convergent subsequence:

(a) Prove that if ¥ has positive genus, then there can be no bubbling, hence
v, has a C®-convergent subsequence whose limit is a biholomorphic map
¢ : (3,7") = (3,4). Hint: The universal cover of ¥ is contractible, so
o (Z) = 0.

(b) Prove that if ¥ = S? and bubbling occurs, then it occurs at no more
than one point, i.e. there exists a point ¢ € S? such that ¢, is uniformly
C'-bounded on all compact subsets of S*\{(}. Show moreover that if |dep, |
really does blow up along some sequence approaching ¢, then a subsequence
of ¢, converges in C2(S*\{C}) to a constant, and derive a contradiction
from this using the assumption that ¢, fixes each point in ©. Hint: Choose
an area form Q on S? and look at §,. ¢k for compact subsets K < S*\{(}
as v — .
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FIGURE 7.2. Two possible pictures of spheres and/or planes that
can bubble off when the first derivative blows up near three points.

REMARK 7.3.2. Exercise 7.3.1 shows that whenever x(3\©) < 0, the group of
biholomorphic automorphisms (%, j) — (X, j) fixing © is compact. By the Lefschetz
fixed point theorem for smooth self-maps on a closed oriented manifold, the algebraic
count of fixed points for a smooth map ¢ : ¥ — ¥ homotopic to the identity is x(2).
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Since ¢ is holomorphic, all such fixed points must contribute positively to this count,
so the assumption x(3X\0O) = x(X) — #0O < 0 proves that no such maps can exist,
i.e. the group of biholomorphic automorphisms fixing © is also discrete, and therefore
finite.

7.3.2. Breaking. Figure 7.2 already shows some phenomena that could be in-
terpreted as “breaking” in the Floer-theoretic sense, but breaking can also happen
when no derivatives are blowing up, simply due to the fact that our domains are
noncompact. Figures 7.3 and 7.4 show three such scenarios, where we assume again
that j, — j and Y = YA and W carry Riemannian metrics that are translation-
invariant on the cylindrical ends such that

du,| < C everywhere on ¥

for some constant C' > 0 independent of v. This is a stronger condltlon than we
had in §7.3.1, and if there exists a point (y € 3 such that u, (o) € W is bounded, it
implies that u, has a subsequence converging in lOC(E) to a J-holomorphic map

Oo:Z—)VV

with E(uy) < limsup F(u,) < 0. Convergence in C>. is, however, not very strong:
there may in general be no relation between the asymptotic behav1or of u, and
u, at corresponding punctures, e.g. the top scenario in Figure 7.3 shows a case in
which a negative puncture of u, becomes a removable singularity of u,,. Whenever
this happens, there must be more to the story: in this example, one can choose
holomorphic cylindrical coordinates (s,t) € (—00,0] x S! = X near the negative
puncture of u, and find a sequence s,, — oo such that the sequence of half-cylinders

(—o0,5,] x S* — W (s,t) = uy(s —s,,t)

is uniformly C'-bounded and thus converges in C{° (R x S') to a finite-energy J-
holomorphic cylinder v_ : R x St — W. In the picture, v_ turns out to have a
removable singularity at +00 mapping to the same point as the removable singularity
of u, and its negative puncture approaches the same orbit as the negative puncture
of u,.

More complicated things can happen in general. The bottom scenario in this
same figure shows a case where all three singularities of uy are removable, thus it
extends to a closed curve, while at one of the positive cylindrical ends [0,00)x S' < &
of u,, we can find a sequence s, — oo such that the half-cylinders

[—5,,00) x ST — W : (s,£) = (s + 5, 1)

are uniformly C''-bounded and converge in C{2, (R x S') to a J-holomorphic cylinder
vl TR x St — W with one removable singularity and one positive puncture. At
the other positive end, we can perform the same trick in two distinct ways for two
sequences s, — 00, One diverging faster than the other: the result is a pair of J-
holomorphic cylinders v, 03 : R x St — W the former with both singularities
removable (thus forming a holomorphlc sphere in the picture), and the latter with
one removable singularity and one positive puncture.
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At

FIGURE 7.3. Even with fixed conformal structures on the domains
and without bubbling, a sequence of punctured holomorphic curves in

W can break to produce multiple curves in W with extra removable
punctures. The picture shows two such scenarios.

It can get weirder. Remember that W is also noncompact!

In each of the above scenarios, we tacitly assumed that all of the various se-
quences obtained by reparametrizing portions of u, were locally C°-bounded, thus
all of the limits were curves in W. But it may also happen that some of these se-
quences are CP -bounded while others locally diverge toward {+o0} x My ; in fact,
two such sequences that both diverge toward, say, {+o0} x M, , might even locally
diverge infinitely far from each other, meaning one of them approaches {+o0} x M,
quantitatively faster than the other. This phenomenon leads to the notion of limiting
curves with multiple levels.

In Figure 7.4, we see a scenario in which u,, satisfies the same conditions as above,
except that instead of u, () being bounded, it diverges to {+o0} x M,. It follows
that after applying suitable R-translations, a subsequence converges in loC(E) to a
J*-holomorphic curve

uoo:i]—ﬁRxM+

with finite energy. In the example, all three of its punctures are nonremovable, but
two of them approach orbits that have nothing to do with the asymptotic orbits
of u,. Now observe that since u, has a negative cylindrical end (—o0,0] x St < 3,
one can necessarily find a sequence s, — oo such that u,(—s,,0) is bounded, and
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the sequence of half-cylinders
(—00,5,] x St = W : (s,t) = u,(s — s,,1)

is then uniformly C''-bounded and thus has a subsequence convergent in C{° (R x S*)

to a finite-energy J-holomorphic cylinder vy : R x S* — . In the picture, vy has
both a positive and a negative puncture, but its negative end again approaches a
different Reeb orbit from the negative ends of wu,, so one can deduce that there
must be still more happening near —oo: there exists another sequence s/, — oo with

!/

s, — s, — oo such that suitable R-translations of the half-cylinders

(—o0,8,] x St — (=0, —rg] x M_ : (s,t) — u,(s — s, 1)

define uniformly C*-bounded maps into R x M_, giving a subsequence that converges
in C® (R x S to a finite-energy J -holomorphic cylinder

loc
v RxS' >R x M_.

Finally, the fact that us has a positive asymptotic orbit different from those of u,
indicates that something more must also be happening near +o0: in the example,
one of the positive ends [0,00) x S! < > admits a sequence s, — oo such that
uy,(8,,0) € {r,} x M, for some r, — o0, and suitable R-translations of

[_SIMOO) X Sl - [T’()’OO) X M+ : (87t) = UI,(S + 8V7t)

become a uniformly C*-bounded sequence of half-cylinders in R x M, with a sub-
sequence converging in C{°.(R x S') to a finite-energy J*-holomorphic cylinder

v2 iR x ST >R x M,

that connects the errant asymptotic orbit of u4 to the corresponding orbit of u,. One
can now perform the same trick at the other positive end of ¥, as there necessarily
also exists a sequence s/, — oo in this end such that w,(s),0) € {r,} x M, for
the same sequence r, — oo as in the above discussion. The resulting limit curve
vl R x ST — R x M, however is not guaranteed to be interesting: in the picture,
it turns out to be a trivial cylinder.

The type of degeneration shown in Figure 7.4 happens whenever the sequence u,
does interesting things in multiple regions of its domain that are sent increasingly
far away from each other in the image. The usual picture of W that collapses the
cylindrical ends to a finite size therefore becomes increasingly inadequate for visu-
alizing u, as v — oo: the middle picture in Figure 7.4 deals with this by expanding
the scale of the cylindrical ends so that the convergence to upper and lower levels
becomes visible.

7.3.3. The Deligne-Mumford space of Riemann surfaces. We next need
to relax the assumption that the marked Riemann surfaces (X,,7,, I} v T, U ©,)
converge. Recall from Example 6.5.7 that for integers g = 0 and ¢ > 0, the moduli
space of marked Riemann surfaces is the space of equivalence classes

Mg,ﬁ = {(Zvjv @)}/ ™~
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FI1GURE 7.4. Different portions of a breaking sequence of curves may
also become infinitely far apart in the limit, so that some live in W
while others live in the symplectization of M, or M .

where (X, j) is a closed connected Riemann surface of genus g, © < X is an ordered
set of ¢ distinct points, and (X, ,0) ~ (X', j',0") whenever there exists a biholo-
morphic map ¢ : (%, 7) — (¥',7') taking © to ©' with the ordering preserved. This
space is fairly easy to understand in the finitely many cases with 2g+/¢ < 3, e.g. since
the uniformization theorem below implies that every closed genus 0 Riemann surface
is biholomorphically equivalent to the standard Riemann sphere (S5?,7) := C U {o0},
My is a one-point space for each ¢ < 3. We say that (X, 7,0) is stable when-
ever x(X\0O) < 0, which means 2g + ¢ > 3. In the stable case, Exercise 7.3.1 and
Remark 7.3.2 show that every marked Riemann surface has a finite automorphism
group, and results of Chapter 8 will show that M, ¢ is a smooth orbifold of dimension
6g — 6 + 2¢. 1t is generally not compact, but it admits a natural compactification

ng - ./Vlgj,

known as the Deligne-Mumford compactification. The main goal of this section
is to state the Deligne-Mumford compactness theorem in a form that is especially
useful for holomorphic curve theory. Standard proofs of the theorem are typically
based on either algebraic or hyperbolic geometry; we will use the latter perspective to
motivate the main definitions and give the main idea of the proof. For more details
on Deligne-Mumford compactness from the hyperbolic perspective, see [Hum97,
SS92].
We recall first the following standard result.
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THEOREM 7.3.3 (Uniformization theorem). Fuvery simply connected Riemann
surface is biholomorphically equivalent to either the Riemann sphere S* = C U {oo},
the complex plane C or the upper half plane H = {Im z > 0} = C.

The uniformization theorem implies that every Riemann surface can be presented
as a quotient of either (S2,7), (C,4) or (H,7) by some freely acting discrete group
of biholomorphic transformations. The only punctured surface Y = Y\O that has
S? as its universal cover is S? itself. It is almost as easy to see which surfaces are
covered by C, as the only biholomorphic transformations on (C,7) with no fixed
points are the translations, so every freely acting discrete subgroup of Aut(C,1) is
either trivial, a cyclic group of translations or a lattice. The resulting quotients are,
respectively, (C,i), (R x S',i) = (C\{0},4) and the unpunctured tori (72, 7). All
stable marked Riemann surfaces are thus quotients of (H, 7).

PROPOSITION 7.3.4. There exists on (H, i) a complete Riemannian metric gp of
constant curvature —1 that defines the same conformal structure as ¢ and has the
property that all conformal transformations on (H, i) are also isometries of (H, gp).

Proor. We define gp at z = x + iy € H by

1
gp = —9E,
Y

where g is the Euclidean metric. The conformal transformations on (H, 7) are given
by fractional linear transformations

Aut(H, ) = {go(z) = az_—il_-z a,b,c,deR, ad—bc= 1}/{i1}

— SL(2,R)/{#1} =: PSL(2,R),

and one can check that each of these defines an isometry with respect to gp. One
can also compute that gp has curvature —1, and the geodesics of gp are precisely
the lines and semicircles that meet R orthogonally, parametrized so that they exist
for all forward and backward time, thus gp is complete. More details on all of this
can be found in the book by Hummel [Hum97]. O

By lifting to universal covers, this implies the following.

COROLLARY 7.3.5. For every marked Riemann surface (3, j,0) with x(£\0) <
0, the punctured Riemann surface (X\O,7) admits a unique complete Riemann-
ian metric g; of constant curvature —1 that defines the same conformal structure
as j. Moreover, all biholomorphic transformations on (X\©, ) are also isometries

Of (Z\@vgj) L]

The metric g; in this corollary is often called the Poincaré metric; we also call
it “hyperbolic” because of its negative curvature. Its existence is in fact equivalent
to the stable case of the uniformization theorem: indeed, the constant negative
curvatuve of (X\0, g;) implies on the one hand that it is locally isometric to (H, gp),
and also that any two points in its universal cover can be connected by a unique
geodesic with respect to the lift of g;. This is enough information to construct a
global isometry between (H, gp) and the universal cover of (X\O,g;) by starting
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from one point and following geodesics. For an analytical proof of Corollary 7.3.5
in the case © = ¥ without assuming Theorem 7.3.3, see [Tro92].

Every nontrivial class in m;(X\©) contains a unique geodesic for g;. Now sup-
pose C' < ¥\O is a union of disjoint embedded geodesics such that each connected
component of 3\ (© u C) has the homotopy type of a disk with two holes. The com-
ponents are then called pairs of pants, and the result is called a pair-of-pants
decomposition of (X\0, j). Two examples for the case g = 1 and ¢ = 3 are shown
in Figure 7.5. The collection of geodesics C' = ¥\© can generally be chosen in many
ways, giving rise to many distinct pair-of-pants decompositions of a single surface
(X\0, ), but all of them have the same number of pieces: indeed, since a pair of
pants always has Euler characteristic —1, the number of pairs of pants that must be

assembled to build ¥X\O is
—x(2\©) € N.

Note that each individual pair of pants in such a decomposition may or may not
be a compact surface, as its three “boundary” components come generally in two
types: the actual (nondegenerate) boundary components are closed geodesics, but
there may also be degenerate components, which are actually punctures in X\©
(i.e. marked points of ¥) rather than boundary components. It is a useful convention
to regard such degenerate boundary components as “closed geodesics of length 07.

With this convention understood, one can show that the lengths of the geodesic
boundary components of a pair of pants uniquely determine its hyperbolic metric up
to isometry (see [Hum97, Prop. IV.2.7]), and therefore also its conformal structure.
Up to biholomorphic equivalence, the punctured Riemann surface (X\0, j) can thus
be characterized via finitely many parameters, namely the lengths ¢() > 0 of each
of the closed geodesics v < C' that form the nondegenerate boundary components
in a pair-of-pants decomposition, plus some information dictating how to glue pairs
of pants together along these geodesics. The latter information can be expressed as
a “twist” parameter 0(y) € S' for each matching pair of boundary components to
be glued together, i.e. one imagines modifying a given pair-of-pants decomposition
by cutting it apart along the geodesic v and gluing it back together via a gluing
map that is rotated by an angle of 276 along the closed geodesic. The tuple of
pairs (£(7),0(7)) € (0,00) x S associated to each of the geodesics v = C' < ¥\O
now gives a local parametrization of the moduli space M, , near any given element
[(2,7,0)] € My, known as the Fenchel-Nielsen coordinates. Note that since there
are always exactly —x(X\©) = 2g — 2 + ¢ pairs of pants in a decomposition, the
total number of geodesics involved is [3(2g — 2 + £) — {] /2 = 3g — 3 + £, thus one
can read off the formula

dimM,,=6g—-6+2( for 29+(=3

from this geometric picture. We will discuss an alternative analytical way to deduce
this dimension formula in §8.3.

One can also see the noncompactness of Mg, in this picture quite concretely:
the twist parameters belong to a compact space, but each length parameter can
potentially shrink to 0 or blow up to « as j (and hence g;) is deformed. It turns out
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F1GURE 7.5. Two distinct pair-of-pants decompositions for the same
genus 1 Riemann surface with three marked points. The decomposi-
tions are shown from two perspectives: the pictures at the right are
meant to give a more accurate impression of the Poincaré metric,
which becomes singular and forms a cusp at each marked point.

that the latter possibility is an illusion, but one may need to switch to a different
pair-of-pants decomposition to see why:

THEOREM (Bers; see [Hum97, Theorem 3.7] or [SS92, Theorem 3.19.2]). For
every pair of integers g = 0 and { = 0 with 2g + ¢ = 3, there exists a constant C' =
C(g,€) > 0 such that every [(X,7,0)] € My, admits a pair-of-pants decomposition
in which all geodesics bounding the pairs of pants have length at most C.

This theorem implies that from a hyperbolic perspective, the only meaningful
way for stable marked Riemann surfaces to degenerate is when some of the bounding
geodesics in a pair-of-pants decomposition shrink to length zero. Figure 7.6 shows
several examples of degenerate Riemann surfaces that can arise in this way for g = 1
and ¢ = 3, giving elements of the space that we will now define as M 3.

DEFINITION 7.3.6. A marked nodal Riemann surface with ¢/ > 0 marked
points and N > 0 nodes is a tuple (5, j, ©, A) consisting of:

e A closed but not necessarily connected Riemann surface (.5, j);
e An ordered set of ¢ points © c S,
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FIGURE 7.6. Starting from each of the pair-of-pants decompositions
for the ¢ = 1 and ¢ = 3 case from Figure 7.5, shrinking geodesic
lengths to zero produces various examples of stable nodal Riemann
surfaces belonging to M 3.

e An unordered set of 2N points A < S\O equipped with an involution
o : A — A having no fixed points. Each pair {z,0(2)} for z € A is referred
to as a node.

Let S denote the closed surface obtained by performing connected sums on S at
each node {z%, 27} = A. We then say that (5, j,0,A) is connected if and only if
S is connected, and the genus of S is called the arithmetic genus of (5,7,0,A).
We say that (S, 7,0, A) is stable if every connected component of S\(© u A) has
negative Euler characteristic. Finally, two nodal Riemann surfaces (5, j, 9, A) and
(S',7',0", A’) are considered equivalent if there exists a biholomorphic map ¢ :
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(S,7) — (S5',7') taking © to © with the ordering preserved and taking A to A’ such
that nodes are mapped to nodes.

The nodes {27, 27} < A are typically represented in pictures as self-intersections
of S, cf. Figure 7.6. We can think of the stable nodal surfaces as precisely those
which admit pair-of-pants decompositions. All nodal Riemann surfaces we consider
will be assumed connected in the sense defined above unless otherwise indicated;
note that S itself can nonetheless be disconnected, as is the case in four out of the
six nodal surfaces shown in Figure 7.6.

We now introduce some further terminology and notation that will be useful in
the next section as well. Whenever X := ¥\T is obtained by puncturing a Riemann
surface (X, j) at finitely many points I' < 3, we shall define the circle compacti-
fication

Si=XuU U 0.,
zel
where for each z € T', the circle ¢, is defined as a “half-projectivization” of the
tangent space at z:

o, = (TLX\{0)) /RY,

with the positive real numbers R* acting by scalar multiplication. To understand
the topology of ¥, one can equivalently define it by choosing holomorphic cylindrical
coordinates [0,00) x S! © ¥ near each z, and replacing the open half-cylinder with
[0,00] x S*, where 4, is now the circle at infinity {c0} x S*. There is no natural
choice of global smooth structure on ¥, but it is homeomorphic to an oriented surface
with boundary and carries both smooth and conformal structures on its interior, due
to the obvious identification
3 = 2\ U 5, .
zel

The conformal structure of ¥ at each z € I" does induce on each of the circles §, an
orthogonal structure, meaning a preferred class of homeomorphisms to S! that
are all related to each other by rotations. One can therefore speak of orthogonal
maps o, — d, for 2,2’ € I, which are always homeomorphisms and can either
preserve or reverse orientation. _

Now if (S,7,0,A) is a nodal Riemann surface, we let S = S\A and form the
circle compactification S, which has the topology of a compact oriented surface
with boundary. Given a node {z*,27} < A, a decoration for {z*, 27} is a choice
of orientation-reversing orthogonal map

d . (52+ —>(52—.

We say that (5, j, 9, A) is a decorated nodal surface if it is equipped with a choice
of decoration ® for every node, or partially decorated if ® is defined for some
subset of the nodes. A partial decoration ® gives rise to another compact oriented
surface

§q> = g/ ~,
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where the equivalence relation identifies d,+ with J.- via (IDAfor each decorated node
{z*,27}  A. Note that if every node is decorated, then Sg has the topology of a
closed connected and oriented surface whose genus defines the arithmetic genus of
(S,7,0 A) according to Definition 7.3.6. We shall denote the collection of special

circles in Sp where boundary components ,+,5.- < dS have been identified by
Ccp @ Scp.

Since S5\ (055 U Cs) has a natural identification with S, it inherits smooth and con-
formal structures which degenerate along Cy and 0Ss. We will say that two partially
decorated marked nodal Riemann surfaces (5, j, 0, A, ®) and (5, 5,0, A, ') are
equlvalent if (S,7,0,A) and (5, ',0', A’) are equwalent via a blholomorphlc map

. (S,4) — (8',4') that extends continuously from S — S’ to a homeomorphism
§q> i §I ’.

Now if 2¢g + ¢ > 3, the Deligne-Mumford compactification of the moduli
space of Riemann surfaces (also known more simply as the Deligne-Mumford moduli
space) is defined as the set Mg,g of equivalence classes of stable nodal Riemann
surfaces with ¢ marked points and arithmetic genus g. There is a natural inclusion

ng = Mg,g

by regarding each marked Riemann surface (3, 7,©) as a nodal Riemann surface
(33,7,0,A) with A = .

The most important property of HM is that it admits the structure of a compact
metrizable topological space for which the inclusion M, ; < Mg,g is continuous onto
an open and dense subset. Intuitively, this follows from the discussion of pair-of-
pants decompositions above, in particular Bers’s theorem. While one can describe
the topology of M, very naturally in terms of hyperbolic metrics and Fenchel-
Nielsen coordinates, this is not the most practical characterization for our purposes,
so we will now give an alternative description that does not require any hyperbolic
geometry.

To get the right picture, imagine what the conformal structure of a “nearly
degenerate” hyperbolic surface (%, g) looks like in a collar neighborhood N' = ¥ of
some closed geodesic v < ¥ with very small length bounding two pairs of pants.
The conformal structure j determined by g does not see the fact that the length
of the geodesic is small, as one can always rescale g to give the geodesic length 1
without changing j. But this rescaling increases lengths in both dimensions, thus it
also makes the collar A/ look thick, i.e. we can now view it as a long “neck”

(N,7) = ([-R, R] x §*,i) < (%, ), R >0,

holomorphically embedded in (3, j) such that {0} x S! parametrizes the geodesic 7.
The length of this neck is in inverse proportion to the length of v, so the degeneration
of (X,7) to a nodal Riemann surface can be realized in purely conformal terms by
letting the neck length go to co.

Let us turn this intuitive picture into a practical definition, a diagram of which
is shown in Figure 7.7. Suppose (S, j,0, A) is a marked nodal Riemann surface and
{z*,27} < A is one of its nodes; note that the choice of which nodal point to label
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(—=2R,0] x S* c U,

T

[0,2R) x S' < UL (=R, R) x 51

e/"e

FIGURE 7.7. For each node {z", 2"}, one chooses holomorphic cylin-
drical coordinates on neighborhoods U1 = S or z* and then truncates
the cylindrical ends to define S2# with two collars of finite length car-
rying coordinates (s*,¢*). Gluing these collars together produces the
surface SU%) | which contains a neck (—R, R) x S with coordinates
(s°,t%). The picture shows the coordinate grid for (s, ¢") skewed in
order to indicate the twist parameter # € S* in the attaching map.

as z* and which as z~ in this situation is arbitrary, but we shall make a choice
and stick with it. We also need to choose two neighborhoods Uy < S\O of z* with
holomorphic cylindrical coordinates

(st,t%) € Zz =Us == U\{z*} = S

identifying the corresponding punctured neighborhoods biholomorphically with the
standard half-cylinders Z_ = (—o0,0] x S* and Z, = [0, 0) x S! respectively. Note
the sign reversal, so we are regarding z™ as a negative puncture and 2z~ as a positive
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puncture of S\A. We shall assume both neighborhoods are small enough so that
they do not intersect ©, A\{z", 27}, or each other. Recall from Chapter 4 the
notation
7%= [R,0) x S', 7 = (=0, —=R] x S*
for R > 0, which gives rise to the truncated surface
SE e S\{z",27}
obtained by deleting Z% — U, and Z% < U_ from S\{z*, 2z }. We now associate to
each (R, 0) € (0,00) x S a new marked nodal surface
S(R,G) _ (S(B,@)7 @’ AR)
defined as follows:
o SO .= §2R / where the equivalence relation identifies the collars (—2R, 0) x
Stc U, and (0,2R) x S' = U_ via the diffeomorphism
U, > (—2R,0) x S* - (0,2R) x S* < U_
(s,t) = (s +2R,t+0).
e O c S is the same finite ordered subset as before, but regarded as a subset
of SU9) since the neighborhoods U, were assumed to be disjoint from ©.
e A := A\{z*, 27} is endowed with the restriction of the involution o : A —

A and thus regarded as a set of nodes in S which makes sense since
the neighborhoods U were also assumed to be disjoint from A\{z*, z"}.

(7.16)

On the open annulus in S?% that is obtained by gluing together the two collars,
the coordinate systems (s*,¢%) and (s—,¢7) are both defined and are related to each
other by
s  =s"+ 2R, t=t"+0.
We can define a third coordinate system (s%,¢°) € (—R, R) x S! on this region by
s":=s"+R=5s" —R, =t =t -0,

thus identifying it with (=R, R) x S'. We will call this region the neck in S
corresponding to the node {z*, 27} € A.

One can interpret the attaching maps (7.16) in the limit R — oo as associating
to each 6 € S* a decoration ®° : §,+ — §,- of the node {z*,27} = A, which is
expressed in the chosen cylindrical coordinates as

®%(—c0,t) := (00,t + 0).
It is thus natural to extend the family {S(R’G)}(Rﬂ)e(o’oo)xsl to include R = oo by
defining S as the partially decorated marked nodal surface

S0 .= (S,0,A,d%).

More generally, one can choose disjoint neighborhoods of all nodal points and
carry out this construction with pairs of parameters (R, 6) € (0, 0] x S associated
independently to each node in A. Choosing an ordering of the N € N nodes, this
produces a family of decorated marked nodal surfaces

((S7,0,AT, )}, for 7= (Ry,0,...,Rx,0x) € P:=((0,00] x SN,
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such that S7 contains a neck of length 2R; corresponding to the ¢th node whenever
R; < oo. Here A7 contains the 7th node if and only if R; = o0, and ®” denotes the
collection of decorations ®% for all such nodes; in particular, A7 is empty whenever
all of the real parameters Ry, ..., Ry are finite, and it includes all nodes (equipped
additionally with decorations) whenever Ry = ... = Ry = o0. Let us denote the set
of parameter values having the latter property by

POOI={R1=...=RN=OO}CP.

We will say that a sequence 7, € P converges to P,, and write “7, — P.,,” if every
open neighborhood of P, in P contains 7, for all v sufficiently large.

REMARK 7.3.7. When we discuss the convergence of complex structures on these
surfaces, it will be useful to observe that every compact subset K < S\A is naturally
a subset of ST for all 7 sufficiently close to P,. Moreover, if K contains the trun-
cation SY defined by deleting all of the chosen cylindrical coordinate neighborhoods
of nodal points from S, then every point in ST\ K belongs to a neck, thus ST\ K has
a natural identification with a disjoint union of subsets of R x S*.

DEFINITION 7.3.8. Given a marked nodal Riemann surface (S, 7,0, A), we will
refer to any family of decorated marked nodal surfaces {(S7,0, A", &7} cp con-
structed via the procedure above as a pregluing of (S,7,0,A). It is uniquely
determined by the choices of signs for the two points in each node and the holomor-
phic cylindrical coordinates chosen near each such point.

DEFINITION 7.3.9. Suppose {(S7,0, A", ®7)},p is a pregluing of the marked
nodal Riemann surface (S, 7,0, A), and j, is a sequence of complex structures on
S™ for some sequence 7, = (RY,07,..., RY,0%) € P with 7, —» P,. We will say
that the sequence of marked nodal Riemann surfaces (S™,j,,0,A™) converges
to (S,7,0,A) if there exists a compact subset K < S\A containing the truncation
S such that the following conditions (which make sense due to Remark 7.3.7) are
satisfied:

(1) j, — j in the C*-topology on K;
(2) For all v large, j, matches the standard complex structure of R x S* outside

of K.
REMARK 7.3.10. The condition 7, — P, in Definition 7.3.9 means limy_, RY =
o for every ¢ = 1,..., N, whereas there is no convergence condition on the pa-

rameters 6. Imposing such a condition for a subset of the nodes in A gives rise
to a natural notion of convergence to a partially decorated marked nodal Riemann
surface (S, 7,0, A, ®), where the decoration ® determines the required limits for the
f-parameters at the relevant nodes. This extension of the definition will be useful
when we discuss convergence of holomorphic buildings in §7.5. Note that by the
compactness of S!, every sequence that is convergent to (S,7,0,A) in the sense
of Definition 7.3.9 also has a subsequence that converges to (.5, 7,0, A, ®) for some
decoration .

EXERCISE 7.3.11. Show that if the convergence condition in Definition 7.3.9
holds, then there also exists another (necessarily non-stable) marked nodal Rie-
mann surface (S’, 5,0’ A’), obtained from (5, j, 0, A) by the addition of an extra
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spherical component with either one or two nodal points and no marked points, such
that the elements in the sequence (S, j,,©, A™) are biholomorphically equivalent
to the elements of a sequence that converges to (S, ;',0’, A’) in the sense of Def-
inition 7.3.9. Hint: A neck does not look any different from a truncated cylinder
inserted between two necks. Similarly, a disk around a point can be made to look
like a truncated plane attached to a neck.

Exercise 7.3.11 is the reason why M, , is defined to consist only of stable nodal
surfaces; without stability, the topology determined by the next definition would not
be Hausdorff. We will now define a notion of convergence on M, , that is equivalent
to the notion described in hyperbolic-geometric terms in [BEH 03, §4], and thus
determines a metrizable topology on M, .

DEFINITION 7.3.12. For 2g + ¢ > 3, a sequence [(S,,j,,0,,A,)] € Mg, is
convergent to [(S,,0,A)] € M,, if for some pregluing {(S7,0, A", ®7)},cp of
(S,7,0,A), there exists a sequence 7, € P and a sequence of complex struc-
tures j/, on S™ such that the marked nodal Riemann surfaces (S,, j,,0,,A4,) and
(S™,4.,,©,A™) are equivalent for all v sufficiently large and (S™,j.,,©, A™) con-
verges to (5, 7,0,A) in the sense of Definition 7.3.9.

One can show that the topology defined on M, in this way is independent of
the choices underlying the pregluing construction. (A direct proof of this will also
emerge from gluing arguments in §10.2.) The following important result can then
be regarded as a corollary of Bers’s theorem on pair-of-pants decompositions for
hyperbolic Riemann surfaces.

THEOREM 7.3.13 (the Deligne-Mumford compactness theorem). For every g = 0
and £ = 0 with 2g + ¢ = 3, the space Mg,é 15 compact. In particular, every sequence
[(X,,7,0,)] € My has a subsequence that is biholomorphically equivalent to a
sequence converging in the sense of Definition 7.5.9 to some stable nodal Riemann
surface with arithmetic genus g and ¢ marked points. U

Here is a slightly simpler description of convergence in M, , that suffices for
most applications; one can derive it easily from Definition 7.3.9 by compressing the
necks.

PROPOSITION 7.3.14. Suppose 2g + ¢ = 3, and [(X,,7,,0,)] € My, is a se-
quence converging to [(S,j,©,A)] € M, Then the stable nodal marked Riemann
surface (S, 7,0, A) admits a decoration ® such that for sufficiently large v, there are
homeomorphisms

v S — 3y,
smooth outside of Cg, which map © to ©, preserving the ordering and satisfy
erjv =i in Cia(Se\Ca).
O

EXERCISE 7.3.15. The space M, 4 has a natural identification with S*\{0, 1, o0},
defined by choosing the unique identification of any Riemann sphere carrying four
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marked points (52, 7, (21, 22, 23, 24)) with C U {00} such that zq, 2y, 23 are identified
with 0,1, o0 respectively, while z4 is sent to some point in S?\{0,1,00}. Show that
this extends continuously to an identification of Mg, with S2. What do the three
nodal curves in Mo 4\ Mo 4 look like in terms of pair-of-pants decompositions?

7.4. The compactified moduli space
We now introduce the natural compactification of M, ,,,(J, A, v, ~v7).

7.4.1. Nodal curves. A punctured .J-holomorphic nodal curve in (W, J)
with m > 0 marked points consists of the data (5,7, T, T, 0, A, u), where

e (S,j,T'uO,A) is a marked nodal Riemann surface such that T+, Tt © c S
are disjoint finite sets, I :Z_FJr U™ and #O = m;
eu : (S,7) - (W,J) for S := S\I' is an asymptotically cylindrical J-
holomorphic map with positive punctures I'* and negative punctures I'~
such that for each node {z*, 27} < A, u(z%) = u(z7).
Equivalence of two nodal curves
(507j07 1—‘8_7 Fo_a @07 AO) uO) ~ (Slajla F;—a Fl_a @17 Ala ul)
is defined as the existence of an equivalence of marked nodal Riemann surfaces
@ (0,70, g Ty WO, Ag) = (51,71, T7 UIT LB, AY)

such that ug = uy o . We say that (S, 5,T'", T, 0, A, u) is connected if the nodal
Riemann surface (S, j,T U ©,A) is connected, and its arithmetic genus is then
defined to be the arithmetic genus of the latter. We say that (S, 7, T, T, 0, A, u)
is stable if every connected component of S\(I' U ©® U A) on which u is constant
has negative Euler characteristic. Note that the underlying marked nodal Riemann
surface (5,5, U ©,A) need not be stable in general. We will see in Chapter 10
(see Proposition 10.1.1) that a nodal curve is stable if and only if its automorphism
group (i.e. its group of self-equivalences) is finite.

REMARK 7.4.1. If (17[\/, J) is a one-point space, the nodal curves in (17[\/, J) are

always constant and cannot have any punctures (since W has no cylindrical ends),
thus there is a natural one-to-one correspondence between nodal curves in this set-
ting and marked nodal Riemann surfaces. Note that the two notions of stability
obtained in this way for a marked nodal Riemann surface are equivalent.

Nodal curves are sometimes also referred to as holomorphic buildings of height 1.
These are the objects that form the Gromov compactification of M, ,,(J, A) when W
is a closed symplectic manifold. One can now roughly imagine how the compactness
theorem in that setting is proved: Given a converging sequence of almost complex
structures J, — J and a sequence [(X,,j,, Oy, u,)] € My (J,, A,) with uniformly
bounded energy, we can first add some auxiliary marked points if necessary to assume
that 2g+m > 3. Now a subsequence of the domains [(%,, j,, ©,)] € M, converges
to an element of the Deligne-Mumford space [(S,j,0,A)] € M,,,. Concretely,
this implies that for large v, our sequence in M ,,(J,, A,) admits representatives
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(3,7,0,u), with ¥ a fixed surface with fixed marked points © < X3, and (S, j, ©, A)
admits decorations ® so that one can identify Sg with ¥ and find

Jo—=d i GE(E\0)

for some collection of disjoint circles C' = 3. The connected components of (X\C, )
are then biholomorphically equivalent to the connected components of (S\A, j),
and if the newly reparametrized maps u,, : ¥ — W are uniformly C}_-bounded
on X\C, then a subsequence converges in Ci2 (X\C') to a limiting finite-energy J-
holomorphic map uy : (S\A, j) — (W, J), whose singularities at A are removable.
In particularly nice cases, this may be the end of the story, and our subsequence
of [((X,,ju,0,,u,)] € My m(Jy, A)) converges to the nodal curve [(S, j, 0, A, ug)];
in particular, the domain [(S, 7, ©, A)] in this case is stable and is thus an element
of M,.,,. But more complicated things can also happen, e.g. u!, might not be Cl-
bounded, in which case there is bubbling. The bubbles that arise in this setting
will be planes with removable punctures, i.e. spheres, so they produce extra domain
components with nonnegative FEuler characteristic, but since they are never con-
stant, the limiting nodal curve is still considered stable. Similarly, since ¥\C' is not
compact, there can also be breaking as in Figure 7.3, producing more non-stable
domain components—but again, the limiting map on these components will never
be constant.

7.4.2. Holomorphic buildings. Only a small subset of the phenomena ob-
served in §7.3 can be described via nodal curves: we’ve seen that in general, we also
have to allow “broken” curves with multiple “levels”. This notion can be formalized
as follows.

DEFINITION 7.4.2. Assume (W, J) is an almost complex manifold with cylindri-
cal ends obtained by completing a symplectic cobordism (W, w) with stable boundary
components (M,,H,) and (M_,H_) and choosing J € J,(w, Hy,H_). Given in-
tegers g,m, Ny, N_ > 0, a holomorphic building of height N_[1|N, in (W, J)
with arithmetic genus g and m marked points is a tuple

u = (S7j7 F+7 Fi’ @7 And? Abr? L7 ®7 u)?
with the various data defined as follows:

¢ The domain (S, 5, T U ©, A" U AP") is a marked nodal Riemann surface
of arithmetic genus g, where the finite sets I't,I'~, ©, A* AP" = S are
all disjoint, I' = I't U '™, #© = m, and the fixed-point-free involution on
AU AP is assumed to preserve the subsets A" and AP". Matched pairs in
these subsets are called the nodes and breaking pairs respectively of u.
The marked points of u are the points in ©, while I't and I'~ are its
positive and negative punctures respectively.

e The level structure is a locally constant function

L:S—{-N_,...,-1,01,...,N.}

that attains every value in {—N_, ..., N, } except possibly 0, and satisfies:
(1) L(z*) = L(z") for each node {z*, 2"} < An;
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(2) Each breaking pair {z*, 2} < AP* can be labelled such that L(z") —
L(z7) =1;
(3) L(I'") = {N,} and L(T™) = {=N_}.
e The decoration is a choice of orientation-reversing orthogonal map

0or 2 0,

for each breaking pair {2+, 27} = AP,
e The map is an asymptotically cylindrical pseudoholomorphic curve
w (= S\ToAT) )~ [ (WY,
Ne{—N_,..,N+}
where
(Rx M,,J*) for Ne{l,...,N,},
(W, JV) =3 (W, ) for N =0,
(RxM_,J7) for Ne{-N_,...,—1},

and u sends S N L7Y(N) into WN for each N, with positive punctures at
' and negative punctures at I'". Moreover,

u(=") =u(z")  for every node {=*,27} = A™,

and for each breaking pair {z*, 27} = AP labelled with L(z*)—L(27) =1,
u has a positive puncture at 2~ and a negative puncture at zt asymp-
totic to the same orbit, called the breaking orbit at {z", 27}, such that
if u, : 0,+ > My and u_ : 6,- — M, denote the induced asymptotic
parametrizations of the orbit, then

Uy =u_o®:d,+ - My.

The following additional notation and terminology for the building u in Defi-
nition 7.4.2 will be useful to keep in mind. For each N € {—=N_,...0,..., N},
denote )

Sy = (S\(I' U A™)) n L7H(N),
and denote the restriction of u to this subset by
Rx M, if N>0,
uN Sy — 1% it N =0,
Rx M_ if N<O.

Including © n L7}(N) and A" ~ L7}(N) in the data defines u” as a (generally
disconnected) nodal curve with marked points, whose positive punctures are in bi-
jective correspondence with the negative punctures of u¥ ! if N < N.. We call uy
the Nth level of u, and call it an upper or lower level if N > 0 or N < 0 respec-
tive;ly, and the main level if N = 0.? By convention, every holomorphic building
in W has exactly one main level, which lives in W itself, and arbitrary nonnegative
numbers of upper and lower levels, which live in the symplectizations R x M. One

2The upper levels collectively are also sometimes called the upper layer of the building;
similarly the lower layer and main layer, where the latter consists only of the main level.
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slightly subtle detail is that it is possible for the main level to be empty, meaning 0 is
not in the image of the level function L. The requirement that L should attain every
other value from —L_ to L, is a convention to ensure that upper and lower levels
are not empty, so e.g. if a building has an empty main level and no lower levels, then
the lowest nonempty upper level is always labelled 1 instead of something arbitrary.

The positive punctures of the topmost level of u are I'*, and the negative punc-
tures of the bottommost level are I'", so these give rise to lists of positive/negative
asymptotic orbits v = (77, . .. ,fy,;—:) in M. There is also a relative homology class

[u] € Hy(W, 4" v y7).

To define this, notice that the its definition in §6.4 for smooth curves u : ¥ — W can

be reformulated in the following way: there is a retraction 7 : W — W that collapses
each cylindrical end to My < 0W, and since u is asymptotically cylindrical, the map
mou:» — W extends to a continuous map on the circle compactification,

X > W,
whose relative homology class is [u]. The conditions on nodes and breaking orbits
allow us to perform a similar trick for the building u, using the map

T L[ WN - W
Ne{—N_,..,N4+}

which acts as the identity on W but collapses cylindrical ends of W to OW and
similarly collapses each copy of R x My to My < 0W. Extending the decorations ®
arbitrarily to decorations of the nodes A" one can then take the circle compactifi-
cation of S := S\(I'u A U APY) and glue matching boundary components together
along ® to form a compact surface with boundary Sg such that mou : S — W
extends to a continuous map

U : Scp — W.
Its relative homology class defines [u] € Ho(W, 4T U 47).

DEFINITION 7.4.3. We say that the building u is stable if two properties hold:

(1) Every connected component of S\(I'u © U A" U APT) on which the map u
is constant has negative Euler characteristic;

(2) There is no N € {—N_,...,—1} u {l,..., N,} for which the Nth level
consists entirely of a disjoint union of trivial cylinders without any marked
points or nodes.

An equivalence between two holomorphic buildings
W = (5,5, 17,17, 00 AY A, Liy @4, wi), i =0,1
is defined as an equivalence of partially decorated marked nodal Riemann surfaces
(S0, 0, To v B0, AFT U AG, Bg) == (S, 1, T1 L O, AT U AV, @)
such that o(T5) =T}, ©(0g) = O1, p(A3d) = AN o(AF) = A Liop = Ly, and

0 _ .0
Uy © Y = Uy,
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while
ul o p = u up to R-translation for each N # 0.

We will show in Chapter 10 (see Proposition 10.1.1) that the stability of a building
u is equivalent to the finiteness of its automorphism group, i.e. its group of self-
equivalences.

Given lists of orbits v* and a relative homology class A, the set of equivalence
classes of stable holomorphic buildings in (W, J) with arithmetic genus g and m
marked points, positively/negatively asymptotic to v* and homologous to A will be
denoted by

Mg (S AxT 7).
Observe that for any A # 0, there is a natural inclusion M, ,,(J, A,v*,v7) <
M (J, A,v*,~ ) defined by regarding .J-holomorphic curves in M ,,(J, A, v, v")
as buildings with no upper or lower levels and no nodes. Such buildings are always
stable if the sets of asymptotic orbits are nonempty or A # 0, because they are
not constant; if there are no orbits and A = 0, then one must add the condition

2g + m = 3 to ensure stability (cf. Remark 6.4.3).
REMARK 7.4.4. Generalizing Example 6.5.7 and Remark 7.4.1, My ,.(J, A,v*,v7)

reduces in the case W = {pt} to the Deligne-Mumford moduli space M,

7.5. The SFT topology

In §7.3.3, we described the topology of the Deligne-Mumford space M, , in terms
of families of Riemann surfaces called pregluings, which contain long necks ([— R, R] x
S14) with R — oo. We shall now give a similar definition for convergence of
holomorphic buildings, assuming as usual that we have C'®-convergence J, — J
of a sequence of almost complex structures in 7, (w,H,, H_). We will focus on
the special case where a sequence of smooth curves converges to a building, since
everything else can be derived from this. You may want to have a look at Figure 7.8
for intuition before proceeding; the purpose of the somewhat lengthy definitions
below is, essentially, to give a precise characterization of what is happening in that
picture and others like it.

We first give local descriptions of what it means for a sequence of smooth curves
to degenerate along a node or a breaking orbit. The next two definitions serve a
purpose similar to that of Definition 6.5.2: by allowing arbitrary sequences of shifts
along the cylinder, they ensure that no important information is missed when we
consider convergence only on compact subsets.

DEFINITION 7.5.1. Assume u, : [-R,, R,] x S — Wis a sequence of smooth
maps with /Zi’,, — o0. We will say that this sequence degenerates to a node at the
point p € W if for every sequence ¢, € [—R,,, R, | such that

a,:=—R,—c, > —© and b, .= R, —c, —» +0,
the sequence of maps
[ay,b,] x S* = W (s,1) = w, (s + ¢y, 1)
(R x S') to the constant map with image p.

0

converges in C}.
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FiGURrE 7.8. Convergence to a building with arithmetic genus 2, one
upper level and three lower levels.

DEFINITION 7.5.2. Assume u, : [-R,, R,] x S — Wis a sequence of smooth
maps with R, — o. We will say that this sequence breaks along a Reeb orbit
v : St — M, if the image of each u, for v sufficiently large is contained in the
(positive or negative resp.) cylindrical end and, for every sequence ¢, € [—R,, R, |
with

a, = —R,—¢c, > —© and b, =R, — ¢, > 400,
there exist sequences 6, € S' and 7, € R such that the sequence of maps
[a,,b,] x S' = R x My : (s,t) = 7, o u,(s + ¢, t +6,)

converges in C2 (R x S') to the trivial cylinder over ~.

loc

DEFINITION 7.5.3. Assume u = (S, j,I't,',0, A" AP [ ® u) is a holomor-
phic building of height N_[1|N, in (W,J), {(S7,T U ©, A U AP &)} p is a
pregluing of the marked nodal Riemann surface (5,7, U ©, A" U APY), and we are
additionally given the following sequences:

e Parameters 7, = (RY,607,..., R%,0%) € P with RY < oo for every i =
1,...,N and 7, > Py;
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e Complex structures j, on the smooth surfaces S™ that match j near I'" U
'™ and match the standard complex structure i on each of the necks
[-RY,RY] x St < S™;

e Asymptotically cylindrical holomorphic maps u, : (S™\I', j,) — (W, Jy).

For each N € {—N_,...,N,}, let Sy := (S\(I'U A" U AP)) A L~} (N) and observe
that every compact subset of Sy can be regarded as a subset of S™ for v sufficiently
large (cf. Remark 7.3.7). We will say that the sequence of smooth J,-holomorphic
curves (S™,j,, It T7,0,u,) converges to the J-holomorphic building u if the
following conditions hold:

(1) Domains: The marked Riemann surfaces (S™,j,,I' U ©) converge in the
sense of Definition 7.3.9 and Remark 7.3.10 to the partially decorated
marked nodal Riemann surface (5,7, u ©, AM U AT, @),

(2) Main level:

uly —ulg, i CE.(So, W),

and for each main-level node {z*, 27} = A ~ L=1(0), the restriction of u,
to the corresponding neck [—RY, RY] x S! = S™ degenerates (in the sense
of Definition 7.5.1) to a node at the point u(z") = u(z") € w.

(3) Upper and lower levels: For each +N > 0, uy(gN) is contained in the
positive /negative cylindrical end for all v sufficiently large, and there exists

a sequence 1YY — +oo such that the resulting R-translations converge:

T_pN O Uy

‘SN _)U‘SN n CI?C(SN,R X Mi)
Moreover, for each node {z*,27} = A"~ L7I(N) at level N, the restriction
of 7_,x ou, to the corresponding neck [—RY, RY] x ST ¢ S™ degenerates (in
the sense of Definition 7.5.1) to a node at the point u(z%) = u(27) € Rx M.
(4) Separation of levels: The sequences 1YY — +o0 satisfy

14

N+1 _TN) =+o0 forall N < N,.

lim (ry .

V—0
(5) Punctures: u, converges asymptotically (in the sense of Definition 6.5.2) at
each puncture z € I'* to the corresponding asymptotic orbit of w.
(6) Breaking orbits: For each breaking pair {z~, 2"} < AP the restrictions of
u, to the corresponding neck [—RY, RY] x S < S™ break (in the sense of
Definition 7.5.2) along the corresponding breaking orbit of u.

Generalizing Exercise 7.3.11, we have:

EXERCISE 7.5.4. Show that if u = (9,5, 7, I'~,0, A" AP [ & u) is a stable
holomorphic building and we are given a sequence for which the convergence con-
dition in Definition 7.5.3 holds, then it also holds with u replaced by a different
building that is not stable.

DEFINITION 7.5.5. A sequence

[(Zuajua Pj, P;, @Va uu)] € Mg,m(‘]V7 Aua '7+a '7_)
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converges to
[(Saja F+7 F_a @7 And’ Abr’ La ¢7 U)] € Mg,m(‘]a Aa '7+7 7_)

if for v sufficiently large, the equivalence classes in the sequence admit represen-
tatives that converge to (S,7,I't,I'=,0, A" AP [, & u) in the sense described in
Definition 7.5.3.

We refer to [BEH 03] or [Abb14] for the proof that the notion of convergence
described above determines a metrizable topology on the compactified moduli space
My (J, Ay, v7). We will refer to this topology as the SFT topology; in the
literature, it is sometimes also called the Gromouv-Hofer topology. Just as in the
uncompactified moduli space, one can show that convergence in the SF'T topology
preserves relative homology classes. Exercise 7.5.4 demonstrates why it is essential to
include the word “stable” in the definition of the moduli space ﬂg,m(J, A vt y7),
as without this condition, the moduli space could not be Hausdorff.

The main result of [BEH 03] can now be expressed as follows:

THEOREM 7.5.6. Fix integers g = 0 and m = 0, assume all Reeb orbits in
(M, H,) and (M, H_) are nondegenerate and that J, — J in J(w,H,H ). Then
for any sequence

[(Zuajua Pj, P;, @Va uu)] € Mg,m(‘]V7 Aua '7+a '7_)

of stable J,-holomorphic curves in W with uniformly bounded energy E(u,), a sub-
sequence converges to some stable holomorphic building

[us] = [(S, 5,1, 17,0, A A™ L, &, uq)] € My (J, A, y*, 7).

REMARK 7.5.7. The theorem is also true under the more general hypothesis
that the Reeb vector fields are Morse-Bott. In this case, one can also allow the
asymptotic Reeb orbits of the sequence to vary, as long as the sum of their periods is
uniformly bounded—such a bound plays the role of an energy bound and guarantees
a convergent subsequence of orbits via the Arzela-Ascoli theorem.

REMARK 7.5.8. Stability of the limit in Theorem 7.5.6 is guaranteed for the same
reasons as in our discussion of Gromov compactness in §7.4.1: stable domains degen-
erate to stable nodal domains as geodesics in pair-of-pants decompositions shrink
to zero length, while bubbling and breaking produce additional domain components
that are not stable, but on which the maps are never trivial.

7.6. The translation-invariant setting

A few minor modifications to the above discussion are necessary to compactify
the moduli space of curves in a symplectization (R x M, J) for J € J(H). It is
possible to view this as a special case of a completed symplectic cobordism, but this
perspective produces a certain amount of extraneous data that is not meaningful.
The key observation is that in the presence of an R-action, one should really com-
pactify Mg, (J, A, v, 'y*)/]R instead of Mg ,,(J, A, 7", v7). The compactification

Mym(J, A, v*,~7) then consists of holomorphic buildings as defined in §7.4.2, but
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since all levels live in the same symplectization R x M, there is no longer a dis-
tinguished main level or any meaningful notion of upper vs. lower levels; the level
structure is simply a function L : S — {1,..., N} for some N € N, called the height
of the building, and equivalence of buildings must permit R-translations within each
level. For these reasons, the SF'T compactness theorem in symplectizations has a
few qualitative differences, but is still very much analogous to what is presented in
§7.5.

7.7. Stretching the neck

The main results of [ BEH 03] include one more compactness theorem that arises
often in applications: it involves holomorphic curves in a degenerating sequence of
symplectic manifolds that are E)ging “stretched” along a hypersurface. Continuing
in the setting of §7.2, where (W, wy) is the completion of a symplectic cobordism
(W,w) with stable boundary, assume that an additional closed stable hypersurface

VoW

in the interior of W is given. Note that we are not assuming V' is connected, so it
may in fact be a union of many disjoint closed connected hypersurfaces. Figure 7.9
shows an example in which V' has two connected components, labelled Vi, Vo < W.

Stability means that V' carries a stable Hamiltonian structure H = (wy :=
w|ry, A) such that, by Proposition 6.1.9, some neighborhood N (V) < W of V
admits a symplectic identification with the collar

(N©, W) = ((—€,€) x V,wy +d(r)X))

for € > 0 sufficiently small, where r denotes the coordinate on (—¢, €) and V < N (V)
is identified with {0} x V < N, Now for T > ¢, we consider a family of smooth
manifolds defined by
W .= (W\V)uNT,
where the enlarged collar N7 := (=T, T)xV is glued in via identifications N'(V)\V 3
(r,x) ~ (r+T —¢€x) € NT for r € (0,¢) and N(V\\V 3 (r,z) ~ (r — T +
¢,x) for r € (—¢,0). In other words, W7 is obtained from W via a topologically
trivial surgery that replaces the small collar neighborhood N (V) ¢ W with a longer
“neck” of the form (=T, T) x V; see Figure 7.9. Any choice of diffeomorphism fr :
(=T,T) — (—e¢, €) that satisfies fj. =1 outside a compact subset then determines a
diffeomorphism
Up: WH— W

that sends N7 to N =~ N(V) via (r,x) = (fr(r),z) and acts everywhere else as
the identity map, i.e. the canonical identification of WT\NT with W\N (V). We
define a symplectic form w? on W7 so that W, becomes a symplectomorphism, so

w'i=Viw =wy +d(fr(r)A) on N W
Since (W1, wT) is identical to (W, w) near the boundary, it is also a symplectic cobor-

dism with stable boundary and has a similarly constructed completion (WT,w,f).
Note that the function fr is an arbitrary choice, so the symplectic form w? is not
canonical on the neck N7, but it will be useful to notice that its cohomology class
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FIGURE 7.9. Stretching a symplectic cobordism W along an inte-
rior stable hypersurface V' = V; [ [ V4 produces a family of symplectic
cobordisms {W7T}r-, containing long “necks” (=T,7) x V = N1 <
wT,

is independent of choices: in fact, any two symplectic forms w{ and w? constructed
in this way on W7 are related to each other by

717 wl' —wl' = dA  for some A € QY(WT) with compact support in N7
1 2

Any choice of almost complex structure Ji, € J(H) on the symplectization R x V'
defines an w-tame translation-invariant almost complex structure on (—e,e) x V =
N (V) € W, which can then be extended to a global almost complex structure
Je T (w,Hy,H ) on V. Recall from Proposition 6.2.2 that after shrinking ¢ > 0
if necessary, we can assume without loss of generality that .Jy is also tamed by w?
on (=T,T) x V for every possible choice of the function fr. With this assumption
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in place, we can then define a family of tame almost complex structures J' e
J-(wT, H,,H ) on the family of completed symplectic cobordisms W7 by

g7 Jy  on NT < WT,
Tl on WIWT = W\W(V),

This family degenerates as T' — o0, i.e. pushing each J? forward through the sym-
plectomorphism Wp : (W1 wT) — (W,w) produces a family in J,(W,w) that has
no well-defined limit along V< W as T' — 0. One should instead visualize the
limit for 7" — oo as a new almost complex manifold with two extra cylindrical ends.
Consider the compact manifold Wy, obtained by spltting W apart along V', i.e. Wy,
is a compact manifold whose boundary contains an open and closed subset canon-
ically identified with the disjoint union of two copies of V', such that gluing these
two copies to each other via their canonical identification reproduces W. One can
now understand Wy as a symplectic cobordism from M_[[V to M, [[V, and its

e<T < 0.

completion W inherits an almost complex structure J* that is defined to match
Jy on both of the cylindrical ends corresponding to V' and J everywhere else. In
the language of [BEH "03],

(W=, J*)
is called a split almost complex manifold (with cylindrical ends). Note that we
have made no assumptions in this discussion as to whether V' < W is connected or
separates W, thus W may have multiple connected components; in particular, if
V' is connected and separates W, then the negative cylindrical end (—oo, 0] x V' and
positive cylindrical end [0,0) x V' corresponding to the two copies of V' in dWy lie
in distinct connected components of We.

More generally, suppose J, — J is a C'®-convergent sequence of almost complex
structures in J, (w, H,, H_) that restrict to the tubular neighborhood N (V) ¢ W as
translation-invariant structures belong to J(#). For any positive sequence T, — o0,
the sequence of “stretched” almost complex structures JI* on Wi “converges”
to J* on WOO, and we can then consider sequences of asymptotically cylindrical
holomorphic curves

wy s (S, i) = (W, I,
The cohomological relation (7.17) implies:

LEMMA 7.7.1. The energy E(u) of an asymptotically cylindrical holomorphic
curve u : (3,7) — (WL, JT) is independent of the choice of the function fr used in
defining w™. O

In this setting, a new variation on the breaking phenomenon discussed in §7.3.2
emerges. Figure 7.10 shows a scenario involving a sequence of closed holomorphic
tori u, : (T2, j,) — (W, J) with uniformly bounded energy in a closed symplectic
manifold (W, w) that is being stretched along a separating stable hypersurface V' <
W. Here W = W and WT = W7 since W has empty boundary, but cylindrical
ends and asymptotically cylindrical punctured curves appear in the limit due to the
fact that T, — oo. Concretely, the cobordism Wy obtained by splitting W along
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RxV

RxV

FiGURE 7.10. A sequence of holomorphic tori degenerating as a
closed symplectic manifold is stretched along a separating stable hy-
persurface.

V' has two connected components: one is a cobordism W_ from ¢J to V', the other
is a cobordism W, from V to (J, and the completions of these two cobordisms
are labelled W and W respectively in the figure. The completions W inherit
natural tame almost complex structures J¥ that match Jy on the cylindrical ends
and J everywhere else. In this thought-experiment, the domain T? decomposes into
regions
A UAlUATUPUDCT?

with disjoint interiors, on which the following behavior occurs. The region (A™,j,)
is biholomorphically equivalent to ([—a,,a,] x S*,i) for some sequence a, — o0,
such that

u, (A7) c W_u ([-T,,0] x V) c W
for every v and, after identifying [—T,,0] x V with [0,7,] x V < W via a shift in
the r-coordinate, we see a sequence of J*-holomorphic maps

([~ay,a,] x S,i) — (W™, J®)
that converge in C2,(R x S') to a holomorphic cylinder
vy ¢ (R x S i) — (W* J®).

The regions (A1, j,) and (A%, j,) are also biholomorphically equivalent to ([—b,, b,] x
St i) and ([—c,, c,] x S, i) respectively for suitable sequences b,,c, — o0, but the
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restrictions of u, to these two domains have image in the neck N'7v = (=T,,T,)xV c

W1 and converge in C,(R x S1) to a pair of Jy-holomorphic cylinders

v, 01 (R x SYi) — (R x V, Jy).

Since the length of the neck is unbounded in the limit, this need not be the only
interesting thing happening in the neck. The region (PP, j,) has the topology of a
compact pair-of-pants, and corresponds to the curve vy in the picture: it is biholo-
morphically identified with the complement of shrinking sequences of disjoint disks
around the three points 0,1, 0 in S%, on which u, also has image in N7 < W7,
but higher up than that of A, and AZ,, so that after a diverging sequence of

R-translations, these restrictions converge in C%. to a another curve

vy 1 (SA\{0,1,00},7) — (R x V, Jy).

Finally, the region (D, j,) is biholomorphically identified with an expanding sequence
of disks in C, such that

u,(D) < W, u ([0,T,)] x V) c W

and, after identifying [0, T, | xV with [T, 0]xV < W< by shifting the r-coordinate,
this sequence converges in C_(C) to a J¥-holomorphic plane

vy (Ci) — (WP, JT).
The freedom in the choice of the functions fr, : (=7,,7,) — (—¢,¢€) arising from
Lemma 7.7.1 can be used to show that all of these limiting curves have finite energy,
and are thus asymptotically cylindrical.

While the limit in Figure 7.10 appears to have four levels, W and W° should
really be viewed as two connected components of the same level, since both arise
by attaching cylindrical ends to the cobordism Wy obtained by splitting W open
along V. If V| for instance, had been a nonseparating hypersurface, then W\V
would have only one component, so instead of W, and W_, one would have a
single connected symplectic cobordism from one copy of V' to a second copy. For
this reason, we label the components in W® [ [ W together as the main level of
the building in Figure 7.10. The levels in copies of the symplectization of (V,H)
are called insert levels, or collectively, the insert layer (as distinguished from the
main layer, which consists only of the main level). This terminology calls attention
to a slightly misleading feature of Figure 7.10: Contrary to appearances, it is not
generally sensible to give a linear ordering to the levels in a building that arises from
stretching.

This fact is perhaps more obvious from Figure 7.11. In this scenario, W is a
cobordism with both positive and negative stable boundary components M, and M
respectively, while the interior stable hypersurface V' = V; [ [ V4 has two connected
components, one that separates W and another that does not. (The components
of the collar neighborhood AN(V) have been labelled accordingly in the picture.)
The result is that splitting W along V' produces a disjoint symplectic cobordism in
which one component W is a cobordism from M_][V; to Vi [] Vs, and the other
component W is a cobordism from V5 to M. (The completions of these cobordisms

are labelled Wfo and I//[\/QOO in the picture.) The holomorphic building we see in this
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scenario includes three upper levels (in the symplectization of M, ) and one lower
level (in the symplectization of M_), which arise due to the same phenomena that
were described in §7.3, but variations on the phenomena behind Figure 7.10 also
produce two insert levels living in the symplectization of V', each of which has two
connected components R x V; and R x V5, thus they appear in the picture as two
separate pairs of levels. The main level looks like two levels in this picture due to
the fact that W\V again has two components. While a linear ordering of the levels
in Figure 7.11 is clearly impossible, one can sensibly apply a cyclic ordering to the
union of the main level with the insert levels, i.e. so that the main layer is level 0 € Zs
and the insert layer consists of levels 1,2 € Zs. For the upper and lower levels, it
remains appropriate to assign an integer label to each, thus one can reasonably define
a locally constant level function on the domain of the entire building with values in
the group Z @ Zs3. This convention is implemented in the following definition.

DEFINITION 7.7.2. Assume (17[\/00, J®) is a split almost complex manifold with
cylindrical ends, obtained as described above by splitting a symplectic cobordism
(W,w) with stable boundary components (M, ,H ) and (M_,H ) along an interior
stable hypersurface (V,H). Given integers g,m, N,, N_, Ny = 0, a holomorphic

building of height N_| ]§ IN, in (W=, J®) is a tuple®

u= (5,50 T7,0,A™ AP L & u)
as described in Definition 7.4.2 with the following modifications:
e The level structure is a locally constant function

LIS*Z@ZN(HJ

whose values are all of the form (N,0) for —N_ < N < N, or (0, N) for

N € Zp,+1, where all of these values are attained except possibly for (0, 0),

and moreover:

(1) Each breaking pair {z*, 2} = AP* can be labelled such that L(z") —
L(z7) is either (1,0) or (0, 1);

(2) L") = {(N4,0)} and L(I'") = {(=N_,0)}.

e The asymptotically cylindrical holomorphic map u sends components of
(S == S\(I' U AP),j) with L = (£N,0) for N > 0 to (R x My, J),
components with L = (0,0) to (I//[\/OO, J*), and components with L = (0, N)
for N € Zn,+1\{0} to (RxV, Jy/). The same conditions as in Definition 7.4.2
apply for breaking pairs {z*,2"} € AP* with L(2*) — L(27) = (1,0) or
L(z") — L(2~) = (0,1) with the exception that in the latter case, the
common asymptotic orbit of 2™ and 2z~ lies in V instead of M, or M .

The components of u with L = (0,0) form the main layer of the building, while
components with L = (N, 0) form the upper layer for N > 0 and lower layer for
N <0, and components with L = (0, N) for N € Zy,1\{0} form the insert layer.

3The case OW = @ is most commonly encountered in applications, so that there are no upper
or lower levels, but only a main level and insert levels. Following [BEH 03], a building with Nj

insert levels in this setting is called a building of height ]?_



LECTURES ON SYMPLECTIC FIELD THEORY

/\
R x M,
R x M,
= —
L | IRx M,
—
\
Wy
R x V,
/—/__\\RX%
Wy
| IRxW
T
R xV;
R x M_

FIGURE 7.11. Degeneration to a holomorphic building in the same
split symplectic cobordism as in Figure 7.9, where W is split along a
disconnected stable hypersurface V' = V; [[ V5. In this scenario, the
limiting building includes three upper levels, one lower level and two
insert levels.
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DEFINITION 7.7.3. The building u = (S,5,I'", T, 0, A AP [ & u) in Defi-
nition 7.7.2 is called stable if:
(1) Every connected component of S\(I'u © u A" U APY) on which the map u
is constant has negative Euler characteristic;
(2) There is no upper, lower or insert level consisting only of a disjoint union
of trivial cylinders without any marked points or nodes.

The notion of equivalence between two buildings in this setting is a straightfor-
ward generalization of the definition for buildings of height N_|1|N,, as described
in §7.4. Equivalences must of course preserve the level structure, so in particular,
they identify insert levels with insert levels up to R-translation.

To define convergence of a sequence of smooth curves [(X,,7,, '}, T, ,0,,u,)] €
M (JI7 A, v, y7) to a building [(S, 5,0+, T7,0,A™ AP [ & u)], one can
similarly generalize Definition 7.5.3 and represent the equivalence classes of the se-
quence as JIv-holomorphic maps defined on surfaces S™ constructed from a preglu-
ing of (5,7, T U ©, A" U APT). The novelty in this situation is that both the do-
mains S™ and the targets W7 contain necks with lengths diverging to co, but the
important phenomena can still be characterized in terms of C¥ -convergence up to
R-translation. The main result is then:

THEOREM 7.7.4. Suppose all closed Reeb orbits in (My,Hy) and (V,H) are
nondegenerate or Morse-Bott, and J, — J is a C®-convergent sequence of al-
most complex structures in JAW,?—Q,?—L) that restrict to the tubular neighbor-
hood N (V) < W as translation-invariant almost complez structures belonging to

J(H). Then every sequence of stable JIv-holomorphic curves in W with uniformly
bounded genus and energy and fixed asymptotic orbits has a subsequence convergent

to a stable holomorphic building of height N_| ]\Vl/o |N, for some N,, Ng, N_ = 0.

ExaMPLE 7.7.5. The most popular setting for applications of Theorem 7.7.4
arises from Lagrangian submanifolds L < W. By the Weinstein neighborhood theo-
rem, L always has a neighborhood W_ symplectomorphic to a neighborhood of the
zero-section in T*L, so M := 0W_ is a contact-type hypersurface contactomorphic
to the unit cotangent bundle of L. Stretching the neck then yields T*L as the com-
pletion of W_, and W\ L as the completion of W, := W\W, This construction has
often been used in order to study Lagrangian submanifolds via SFT-type methods,
see e.g. [EGHO00, Theorem 1.7.5] and [Eval0,CM18|.
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In this appendix, we review some of the standard properties of Sobolev spaces,
in particular using them to prove Propositions 2.2.4, 2.2.5 and 2.2.8 from §2.2, and
elucidating the construction of Sobolev spaces of sections on vector bundles. A good
reference for the necessary background material is [AF03].

A.1. Approximation, extension and embedding theorems

Unless otherwise noted, all functions in the following are assumed to be defined
on a nonempty open subset

UcR"”

with its standard Lebesgue measure, and taking values in a finite-dimensional normed
vector space that will usually not need to be specified, though occasionally we will
assume it is R or C so that one can define products of functions. The domain U
will also sometimes have additional conditions specified such as boundedness or reg-
ularity at the boundary, though we will try not to add too many more restrictions
than are really needed. The most useful assumption to impose on U is known as
the strong local Lipschitz condition: if I/ is bounded, then it means simply that
near every boundary point of U, one can find smooth local coordinates in which
U looks like the region bounded by the graph of a Lipschitz-continuous function,
and in this case we call Y/ a bounded Lipschitz domain. If I/ is unbounded,
then one needs to impose extra conditions guaranteeing e.g. uniformity of Lipschitz
constants, and the precise definition becomes a bit lengthy (see [AF03, §4.9]). For
our purposes, all we really need to know about the strong local Lipschitz condition
is that that it is satisfied both by bounded Lipschitz domains and by relatively
tame unbounded domains such as (0,1) x (0, 0) = R? which have smooth boundary
with finitely many corners. We will repeatedly need to use the generalized version
of Holder’s inequality, which states that for any finite collection of measurable
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functions fi,..., fi,

[ 17
i=1

(A1) I D 1

<[ [Ifil for 1<p<pi,...,pm < oo with
' p O Pp

P 1=1

This is an easy corollary of the standard version,

1 1
/1 Mgl < 1Flze - lglze whenever 1 <p,g < oo and 1= .

For an integer & > 0 and real number p € [1,0], we define W*P(lf) as in
§2.2 to be the Banach space of all f € LP(U) which have weak partial derivatives
0“f e LP(U) for all |o| < k. For p = 2, these spaces are also often denoted by

H*U) = WP (U),
and they admit Hilbert space structures with inner product
fogym = D" f. 0%,
|| <k
We denote by
W) = W), HiU) < H' W)
the closed subspaces defined as the closures of C3°(U) with respect to the relevant
norms. Since C°(U) is dense in LP(U) for 1 < p < oo (see e.g. [LLO1, §2.19]),
there is no difference between WOoP(Uf) and W P(U) for p < oo, but in general
WEPU) # WHP(U) for k > 1, with a few notable exceptions such as the case
U = R" (cf. Corollary A.1.2 below). Let

WEP(U) = {functions f on U | f € W*P(V) for all open subsets V = U

loc

with compact closure V < U },

and say that a sequence f; € WEP(U) converges in WP to f € WP (U) if the restric-

tions to all precompact open subsets V = V = U converge in W*?(V). Recall that
for k€ {0,1,2,...,00}, C¥(U) denotes the space of functions on U with continuous
derivatives up to order k, while

CH(U) < C*(U)
is the space of f € C*(U) such that for all |a| < k, 0*f is bounded and uniformly
continuous.

THEOREM A.1.1 ([AF03, §3.17, 3.22]). For any open subset U < R™, and any
k>0,1<p<o0, the subspace

C®(U) n WEPU) « WEP(U)

1s dense. Moreover, if U < R™ satisfies the strong local Lipschitz condition, then the
space

{rec@y| s = Flu for some J e cpmn)}
is also dense in WFP(U), so in particular,

CU) n WP (U) c WEP(U)
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18 dense.

COROLLARY A.1.2. The space C(R™) is dense in WEP(R™) for every k >
and p € [1,00).

o O

Here is another useful characterization of VVSLC P(U):

THEOREM A.1.3 ([AF03, §5.29]). Assume U < R™ is an open subset satisfying
the strong local Lipschitz condition. Then a function f € W*P(U) belongs to WP (U)

if and only if the function fN on R™ defined to match f on U and 0 everywhere else
belongs to WFP(R™). O

While it is obvious from the definitions that functions in Wg* (i) always admit
extensions of class W*? over R", this is much less obvious for functions in W*»(lf)
in general, and it is not true without sufficient assumptions about the regularity
of dU. For our purposes it suffices to consider the following case.

THEOREM A.1.4 ([AF03, §5.22]). Assume U < R"™ is a bounded open subset
such that 0U is a submanifold of class C™ for some m € {1,2,3,...,00}. Then there
exists a linear operator E that maps functions defined almost everywhere on U to
functions defined almost everywhere on R™ and has the following properties:

o For every function f onU, Efly = [ almost everywhere;
e For every nonnegative integer k < m and every p € [1,00), E defines a
bounded linear operator W*P(U) — WHFP(R™).

O

COROLLARY A.1.5. Suppose U, U = R™ are open subsets such that U has com-
pact closure contained in U'. If U satisfies the hypothesis of Theorem A.1.J, then
the resulting extension operator E can be chosen such that it maps each W*P(U) for
k<m and 1< p < oo into WiPU").

PROOF. Choo_se a smooth function p : U' — [0,1] that has compact support
and equals 1 on U, then replace the operator £ given by Theorem A.1.4 with the
operator f+— p- Ef. O

To state the Sobolev embedding theorem in its proper generality, recall that for
0 < a < 1, the Holder seminorm of a function f on i is defined by

| floe == |flce@) == sup M
oryer T —y|®

and C**(U) is then defined as the Banach space of functions f € C*(Uf) for which
the norm

9

[flene:=flex + %glaﬁﬂca

is finite. In reading the following statement, it is important to remember that
elements of W*P(U) are technically not functions, but rather equivalence classes
of functions defined almost everywhere. Thus when we say e.g. that there is an
inclusion W*P(U) — C™(U), the literal meaning is that for every function f
representing an element of W*P({f), one can change the values of f in a unique way
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on some set of measure zero in U so that after this change, f € C™(U). Continuity
of the inclusion means that there is a bound of the form

[fleme < el flwe

for all f € W*P(U), where ¢ > 0 is a constant which may in general depend on m,
a, k, p and U, but not on f.

THEOREM A.1.6 ([AF03, §4.12]). Assume U < R™ is an open subset satisfying
the strong local Lipschitz condition, k = 1 is an integer and 1 < p < o0.

(1) If 0 < k —n/p < 1, then there exist continuous inclusions
WHEP(U) < CO(U)  for each o € (0,1) with a < k —n/p,
WEP(U) — LY U) for each q € [p, ©].

(2) If kp < n and p* > p is defined by the condition

1 1 k
b’ p
then there exist continuous inclusions
WHhP(U) — LU, for each q € [p, p*].

(3) If kp = n, then there exist continuous inclusions
WEP(U) — LYU), for each q € [p, ).
Moreover, the spaces Wok’p(I/{) admit similar inclusions under no assumption on the

open subset U < R, O]

Under the same assumption on the domain U, one can apply Theorem A.1.6 to
successive derivatives of functions in W*?(i/) and thus obtain the following inclu-
sions for any integer d = 0:

(A2) WHHrf) — Cc**U) if0<k—-n/p<1,0<a<1landa<k—n/p,

A3) Wkrrf)y — WY)  if kp>nand p < g < o,

/\/\

k
n

"=

( )
1
(A4) WHErHEr) — W(Y) if kp <nand p < g < p*, with — =
p*
( )

A5) WY

REMARK A.1.7. The embedding theorem suggests that one should intuitively
think of W*P(U) as consisting of functions with “k — n/p continuous derivatives,”
where the number & — n/p may in general be a non-integer and/or negative. This
provides a useful mnemonic for results about embeddings of one Sobolev space into
another, such as the following.

> W(Y) ifkp=nandp<q< oo

COROLLARY A.1.8. AssumelU < R™ is an open subset satisfying the strong local
Lipschitz condition, 1 < p,q < o0, and k,m = 0 are integers satisfying

k=m, p<gq, and k- lem- T
p q

Then there erxists a continuous inclusion WHP(U) — W™4(U). O
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EXERCISE A.1.9. Derive Corollary A.1.8 from Theorem A.1.6 by checking that
under the stated conditions, there is a continuous inclusion W* ™P(Uf) — Li(U).
Show also that the hypothesis p < ¢ is unnecessary if 4 < R™ has finite measure.

By the Arzela-Ascoli theorem, the natural inclusion
Ck,o/ (u) SN Ck,oz (u)

for < o is a compact operator whenever U < R” is bounded. It follows that if
U < R™in (A.2) is bounded and « is strictly less than the extremal value k—n/p, then
the inclusion (A.2) is also compact. A similar statement holds for the inclusion (A.4)
when p < ¢ < p*, and this is known as the Rellich-Kondrachov compactness
theorem. We summarize these as follows:

THEOREM A.1.10 ([AF03, §6.3]). Assume U < R" is a bounded Lipschitz do-
main, k =1 and d = 0 are integers and 1 < p < o0.

(1) If kp >n and k —n/p < 1, then the inclusions
Wk+d,p(u) N Cd7°‘(z/{) fOT’ o€ (O, k— n/p)7
WHARU) o W) for g€ [p,o0)

are compact.
(2) If kp < n and p* € (p, 0] is defined by the condition 1/p* = 1/p—k/n, then
the inclusions

WP () — WU)  for q € [p,p*)
are compact.

In particular, the continuous inclusion W*P(U) — W™4(U) in Corollary A.1.8 is
compact whenever the inequality k —n/p = m — n/q is strict. O]

On connected 1-dimensional domains 4 < R, the spaces W1P(U/) admit an alter-
native characterization in terms of classical derivatives defined almost everywhere:

PROPOSITION A.1.11. For —o0 < a < b < o0, every absolutely continuous func-
tion on [a,b] belongs to W((a,b)) and has a weak derivative that is equal to its
classical derivative almost everywhere. Conversely, every function in W'((a,b)) is
equal almost everywhere to an absolutely continuous function defined on [a, b].

PROOF. Let us denote the classical derivative of a function f by f! and the weak
derivative by f! whenever there is danger of confusion. If f is absolutely continuous
on [a,b], then for every test function ¢ € C{°((a,b)), fe defines an absolutely
continuous function on [a, b] that vanishes at the end points, so the fundamental
theorem of calculus implies S[avb](fgo)'c = S[a,b] flo + S[a,b] f¢' = 0, proving that the
almost everywhere defined function f. € L'([a,b]) is also the weak derivative f
and thus f € Whi((a,b)).

Conversely, suppose f € Wh((a,b)), so it has a weak derivative f' € L'((a,b)).
We can then define an absolutely continuous function g on [a,b] by g(z) := " f,
which is differentiable almost everywhere and satisfies g. = f/. By the argument of
the previous paragraph, ¢. is also a weak derivative ¢/ , thus g — f is a function on
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(a,b) with vanishing weak derivative, implying via [LLO1, Theorem 6.11] that g — f
is equal almost everywhere to a constant. O

COROLLARY A.1.12. For —0 < a <b < o and 1 < p < oo, W'((a,b)) has
a canonical identification with the space of absolutely continuous functions on [a,b]
whose classical derivatives belong to LP([a,b]). O

A.2. Products, compositions, and rescaling

We now restate and prove Propositions 2.2.4, 2.2.5 and 2.2.8 from §2.2. These
are all corollaries of the Sobolev embedding theorem, so in particular they hold for
the same class of domains & < R", and the restrictions on I/ can be dropped at the
cost of replacing each space WP by Wéc P

We begin by generalizing Prop. 2.2.4, hence we consider Sobolev spaces of func-
tions valued in R or C so that pointwise products of functions are well defined almost
everywhere. We say that there is a continuous product map,

WHRPLHUY) x o x WP () — WHP(U),

or a continuous product pairing in the case m = 2, if for every set of functions
fi € WkePi(Yf) with i = 1,...,m, the pointwise product function f; - ... - f,, is in
WH*P(U) and there is an estimate of the form

[fr-e Fnlwer < el filwrn o [ fmllwtmom

for some constant ¢ > 0 not depending on fi,..., f,,. The case m =2, k; = ko =k
and p; = py = p is especially interesting, as the space W*?(l{) is then a Banach
algebra. More generally, one can ask under what circumstances multiplication by
functions of class W*? defines a bounded linear operator on functions of class 9.
A hint about this comes from the world of classically differentiable functions: mul-
tiplication by C*-smooth functions defines a continuous map C™ — C™ if and only
if K > m. The corresponding answer in Sobolev spaces turns out to be that func-
tions of class W*? need to have strictly more than zero derivatives in the sense of
Remark A.1.7, and at least as many derivatives as functions of class W"™4.

THEOREM A.2.1. Assume U < R™ is an open subset satisfying the strong local
Lipschitz condition, 1 < p,q < o0, and k,m = 0 are integers satisfying

k>=m, kp > n, and k—QZm—Q.
p q

Then there exists a continuous product pairing
WU, C) x W™I(U, C) — WU, C) : (f,9) = fg.

The following preparatory lemma will be useful both for proving the product
estimate and for further results below. It is an easy consequence of Theorem A.1.6
and Holder’s inequality.

LEMMA A.2.2. Assume U < R"™ is an open subset satisfying the strong lo-
cal Lipschitz condition, m > 2 is an integer, and we are given positive numbers
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P1y---,Pm = 1 and integers ky,... ky = 0. Let [ := {ie{l,...,m} ‘ kip; gn}.
Then for any q = 1 satisfying

1k 1 il
SG-5)<begt
e \Pi T ¢ b
there 1s a continuous product map
WHEPLY) % . x WhmPm (U) — LYU).
PROOF. By the generalized Holder inequality (A.1), it suffices to show that for

any ¢ > 1 in the stated range, one can find numbers ¢, ..., ¢, € [q, 0] satisfying
1/g=1/q¢1 + ...+ 1/q,, for which Theorem A.1.6 provides continuous inclusions

W’% \Di (u) s 4 (u)

foreach i = 1,...,m. Whenever k;p; > n, this inclusion is valid with ¢; chosen freely
from the interval [p;, 0], so 1/¢; can then take any value subject to the constraint
1 1
0<—<—.
4  DPi

If on the other hand k;p; < n, then we can arrange 1/¢; to take any value in the
range

1 k1 1

pi o G P
Adding these up, the range of values for ), é that we can achieve in this way covers
the stated interval. O

PrOOF OF THEOREM A.2.1. By density of smooth functions, it suffices to prove
that an estimate of the form

[fglwma < el flwerlglwma

holds for all f € C®°(U) N W P(U) and g € C°(U) nW™(U). Equivalently, we need
to show that for all f and g of this type and every multiindex « of degree |a| < m,
there is a constant ¢ > 0 independent of f and g such that

[0%(F9)a < el flwerllglwm.a.

Since f and g are smooth, we are free to use the product rule in computing 0%(fg),
which will then be a linear combination of terms of the form 0°f - 97g where |a| =
|8] + ||, hence we have reduced the problem to proving a bound

10°f - @ glea < clf lwrnllglwma

for every pair of multiindices 3, v with || + |y| < m. Since d°f € Wk =1fl»(1f) and
07 f e Wm—hla(1f), the result follows if we can assume that for every pair of integers
a,b > 0 satisfying a + b < m, there exists a continuous product pairing

(A.6) WE=aP(f) x Wm4(U) — LYU).
If (k—a)p > n, then Wk~ — [© and (A.6) is immediate since W™= «— LI(lf).

For the remaining cases, we shall apply Lemma A.2.2, noting that the condition
1/q < 1/p + 1/q is trivially satisfied.
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If (m—0)q > n but (k—a)p < n, then the hypotheses of the lemma are satisfied

if and only if
1 k—a 1

p n q

— % < % — 2 by assumption, we have

1 k—=a 1 k a 1 m a 1

- — =-——+-—<-——+ =< -

P n p n m g m n q
since a < m, and equality holds only if a = m, b = 0 and k —n/p = m —n/q,
which implies mq > n. In this case W™ %4 = W™4 < [* and the pairing (A.6)
follows because W#=2P = Wk=mP embeds continuously into L?: the latter follows
from Theorem A.1.6 since % — '“’Tm = %.

Finally, when (k — a)p < n and (m — b)q < n, the hypotheses of the lemma are

satisfied since

1 k—a 1 m-—=29> 1 £ 1 m m 1 k 1 1
- — +-- S———d - —Ft === )+ =<,
D n q n p n q n n p n q q

where we’'ve used the assumption kp > n and the fact that a + b < m. O

Since

S

REMARK A.2.3. A much simpler argument shows similarly that for any open
domain U < R™, any integer k > 1 and any p € [1,0), there is a continuous product
pairing

C*(U,C) x WrFP(U,C) x WrP(U, C).
As in Theorem A.2.1, this follows from the density of C® n WkP < WP after
showing that all f € C*(U) and g € C®(U) N WHFP(U) satisfy an estimate of the
form | fgllwrr < | flloxllg|wre. The latter follows easily from the definition of the
WFP_norm.

In general it is not straightforward to say when the usual product rule 0;(fg) =
O0;f g+ f-0ig does or does not hold in the sense of weak derivatives. If g and 0;¢
are locally integrable and f is smooth, then there is no trouble: the formula can
be derived in this case directly from the definition of weak derivatives, using the
observation that for any test function ¢ € C°(U), ¢f is also in C§°(U) and satisfies
the product rule. If on the other hand f and g are not continuous but have well-
defined weak derivatives and a locally integrable product, then there is no guarantee
in general that any of 9;(fg), 0;f-g or f-0;g should be well-defined locally integrable
functions. Theorem A.2.1 provides a means of resolving this question whenever f
and g belong to suitable Sobolev spaces.

PROPOSITION A.2.4. Suppose k,m,p,q and U < R" satisfy the same condi-
tions as in Theorem A.2.1, and m > 1. Then for every f € W*P(U,C) and
g € W™1(U,C), the weak partial derivatives of fg € W™U,C) are given almost
everywhere by the usual Leibniz rule 0;(fg) = 0;f - g+ [ - 0ig.

PROOF. Choose sequences of smooth functions f;, g; with f; — f in W*? and
g; — g in W™4_ Then since kK > m > 1, there is also LP-convergence 0; f; — 0;f and
Li-convergence 0;g; — 0,9, so after restricting to a subsequence, we may assume that
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all four of the sequences f;, 0;f;, g; and 0;g; converge pointwise almost everywhere.
The continuity of the product pairing W*? x Wm™4 — W™4 now implies W™
convergence f;g; — fg and thus L%-convergence

0i(fig95) = 0ifi - g; + fi - 0ig; — 0i(f9)-

The result follows since 0; f; - g; + f; - 0;g; also converges pointwise almost everywhere
toalfg+fazg ]

REMARK A.2.5. A slight simplification of the same argument as in Proposi-
tion A.2.4 shows that the product rule also holds (without any assumption on the
open domain Y < R") for f € C™(U,C) and g € W™P(U,C) for any p € [1,0) if
m = 1. The key facts here are the continuity of the product pairing C"™ x W™P —
W™P and the density of C! in W™P, so that f and g can be approximated by pairs
for which the classical product rule holds. Both results can also be extended in a
similar manner to prove the expected formula for 0*(fg) for any multiindex « of
order o < m.

The next result generalizes Proposition 2.2.5 and concerns the following question:
if f:U — R™ is a function of class W*? whose graph lies in some open subset

YVclUxR™ and ¥ : ¥V — RY is another function, under what conditions can we
conclude that the function

U—-RY 2 Uz, f(z))

is in WP, RY)? We will abbreviate this function in the following by o (Id x f),
and we would also like to know whether it depends continuously (in the W*»-
topology) on f and W. The following theorem is stated rather generally, but on
first reading you may prefer to assume & < R" is bounded, in which case some of
the hypotheses become vacuous. We will say that an open subset V c U x R™ is a
star-shaped neighborhood of f : &/ — R™ if it contains the graph of f and

(x,v) eV = (r,tv+(1—t)f(z)) eV forallte]l0,1].

THEOREM A.2.6. Assume U < R™ is an open subset satisfying the strong local
Lipschitz condition, p € [1,00) and k € N satisfy kp > n, and V < U x R™ is a star-
shaped neighborhood of some function fo € WFP(U,R™). Assume also OFP(U; V) <
WP (U, R™) is an open neighborhood of fy such that

(z, f(x))eV forallzeld and f e OFP(U;V),

and C¥E(V,RN) = C¥(V,RY) is a closed linear subspace such that all ¥ € CE(V,R™)
have the following properties:*

(1) There exists a bounded subset KK < U such that ¥(x,v) is independent of x
for all x € U\K;
(2) Vo (ld x fo) € LP(U,RY).
Then there is a well-defined and continuous map
OL*U; V) = £ (C5(V.RY), W' (U, RY)),
T(f)¥ := Vo (Id x f),

IBoth of the conditions on ¥ € Ck(V,R™) are vacuous if Y = R™ is bounded.
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so in particular the map

Co(V.RY) x OP(U; V) — WU RY) : (T, f) > o (Id x f),
is well defined and continuous. Moreover, for each ¥ € CE(V,RYN) and f € WrkP(U,RY),
the weak partial derivatives of Wo(Idx f) are given almost everywhere by the classical
formula

05100 (14 % )] (2) = U(z, f(@)) + Doz, ()3 £(2),

where 0; ¥ denotes the partial derivative of W (x,v) with respect to the jth coordinate
i x € R", and DoV is its differential with respect to v e R™.

PRrROOF. We will show first that if f € OP(U;V) is smooth, then ¥ o (Id x
f) belongs to W*P(U, RYN) for every ¥ e CE(V,RY). Since V is a star-shaped
neighborhood of fy, we have

¥, )0 o)l = || G0 tf@) + (1= 0 o) dt\

dt

< ([ v (s + 4= 05w dt) - @) - sl

< [Wlerw) - 1 (@) = folx)]
for all z € U, implying

(A7) [Wo(ldx f) =Wo(ldx fo)|er < |[¥|cr) - |f = foller,
hence W o (Id x f) € LP(U,RY).
For ¢ =1,...,k, we can regard the fth derivative of ¥ with respect to variables

in R™ as a bounded and uniformly continuous map from )V into the vector space of
symmetric /-multilinear maps from R™ to R¥, denoting this by

DSV 1V — Hom((R™)® RY).
Denote the partial derivatives with respect to variables in &/ < R" by
DYW Y - RY,
where [ is a multiindex in n variables. Now for any multiindex o with |a| < k, the
derivative 0*(W o (Id x f)) is a linear combination of product functions of the form
(A.8) (D}D5W o (Id x f))(0%f,...,0%f) U — RV,

where (+|y| e {1,...,|a|} and |G|+ ...+ |Be] = |a] —|y]. If £ = 0 but |y| > 0, then
this expression is clearly in LP(U, RY) since it is continuous and D] ¥ (x,v) = 0 for
x € U\K, where K is bounded. For ¢ > 1, it satisfies

YA
[ T10% ]

j=1

(A9) |(DIDYW o (1d x )@ S, ..., )] 100y < 1D D5 oy

) HLP(L{

Lr(U)

if the product on the right hand side has finite LP-norm. The latter is trivially
true if £ = 1. To deal with the ¢ > 2 case, note that 0% f € W*=15lr(1f) for each
j=1,...,¢ so the necessary bound will follow from the existence of a continuous

product map
WHMP () x ... x WE™eP () — LP(U)
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for m; :=|5;|, and we claim that such a product map does exist whenever kp > n
and mq,...,my = 0 are integers satisfying m; + ... + my < k. To see this, note
first that since W» ™? «— L® whenever (k — m;)p > n, it suffices to prove the
claim under the assumption that (kK —m;)p < n for every j = 1,...,¢. In this case,
Lemma A.2.2 provides the desired product map if the condition

£5) e

= =P

is satisfied. And it is: using kp >n, £ > 2 and m; + ... + my < k, we find
¢

2(1_!{;—7@-)=€<1_E>+m1+...+mg
a\p n p n n

P

This proves that ¥ o (Id x f) e WFP(U, RY).

An important detail in both of the estimates (A.7) and (A.9) is that on the right
hand side, the term depending on ¥ is bounded by something linearly proportional
to ||W[lcky), and the same is true of other estimates mentioned below that can be
derived in a similar manner. We will not comment on this point any further, but it
is the reason why rather than just proving that the map (U, f) — ¥ o (Id x f) is
continuous, we will obtain the stronger result that the map sending f to the linear
operator ¥ +— Wo (Id x f) is continuous with respect to the operator norm.

Next, suppose f € O%P(U;V) is not necessarily smooth but f; € OFP(U; V) is
a sequence of smooth functions converging to f in W*P while ¥; € C¥(V,R")
converges to W e C¥(V,RY) in C*. Then the same argument we used to estimate
|[Wo(Idx f)—To(Id x fy)|rr shows that U; o (Id x f;) = o (Id x f) in LP, and
since f; is also C?-convergent, the compactly supported functions D} W, o (Id x f;)
converge to D]W o (Id x f) in L? for each multiindex with 1 < |y| < k. For ¢ > 1
and |y| 4+ ¢ < k, D] D5W; o (Id x f;) converges to D] D5W o (Id x f) in C°(U,RY),
and each of the derivatives 0% f; appearing in (A.8) also converges in LP(U). In
light of the continuous product maps discussed above, it follows that each derivative
0“(V; o (Id x f;)) for |a] < k is LP-convergent, and its limit is necessarily (by
Exercise A.2.7 below) the corresponding weak derivative 0*(¥ o (Id x f)), hence

o (Id x f) e WrkP(U,RY) and ¥, o (Id x f;) o (Id x f). Since all sequences
in this discussion can also be replaced with subsequences that are pointwise almost
everywhere convergent, this also proves that the classical formula for 0*(W,;o(Id x f;))
for each |a| < k remains valid for computing the corresponding weak derivative
0“(W o (Id x f)). With this understood, one can now repeat the arguments of this
paragraph for an arbitrary W*P-convergent sequence f; — f without assuming the
fi are smooth, thus proving the continuity of the map (¥, f) — ¥ o (Id x f). U

—_
’@
|
—_
N—
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==
|
3|
N~
D=

EXERCISE A.2.7. Show that if f; is a sequence of smooth functions on an open set

U < R" with f; = f and 0° f; = g for some multiindex a and functions f, g € LP(U),
then 0“f = ¢ in the sense of distributions.
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The following result on coordinate transformations of the domain can be proved
in an analogous way to Theorem A.2.6, though it is considerably easier since there is
no need to worry about Sobolev product maps (and thus no need to assume kp > n
or impose regularity conditions on the domain).

THEOREM A.2.8 ([AF03, §3.41]). Assume k € N, 1 < p < o0, and U, U <
R" are open subsets with a C*-smooth diffeomorphism ¢ : U — U’ such that all
derivatives of ¢ and o=t up to order k are bounded and uniformly continuous. Then
there is a well-defined Banach space isomorphism

WEPU') > WHU) < f = fogp.
O

Next, we restate and prove Proposition 2.2.8. Denote by D" and ]]3)?(;1:0) the
open balls of radius 1 and e about the origin and a point z( respectively in R™.

THEOREM A.2.9. Assume p € [1,00) and k € N satisfy kp > n, and for a given
point xo € D" with €, := dist(xg, OD"), associate to each f € W*P(D") and e € (0, ¢)
the function f. € WkP(D") defined by

fe(x) := f(xg + €x).

Then for each o € (0,1) satisfying « < k — %, there exists a constant C' > 0 such
that the estimate
|fe = feO)lwer < Cef = f (o) [wes
holds for all f € WEP(D") and € € (0, ).
PROOF. To estimate |f. — f.(0)]z», we use the fact that f — f(zo) € WFP is

Hélder continuous, i.e. Theorem A.1.6 embeds W*P continuously into C%* for any
a € (0,1) with a < k —n/p, thus f satisfies

£ (z) = f@o)l < c|f = f@o)lwrsgn - 12— 20| for all = e D (zp)

for some constant ¢ > 0. We therefore have

U= L) = |10+ e0) = )l < F = )l | et

= I = o) lypes -Eapj |2[* =: CPe | f = f (o) [y
Dn

for a suitable constant C' > 0, implying || fe — fc(0)|zr < Ce®|f — f(z0)|wre-
Next, consider a multiindex § of order || = m € {1,...,k}. The functions

P(f — f(zo)) = OPf and 0°(f. — f.(0)) = 0°f. for each ¢ € (0,¢) are then in

Wk=m»(D"), and we need to establish bounds on [0°f.|r» in terms of the Wk?-
norm of f — f(xg). If m < k, then Theorem A.1.6 gives a continuous inclusion

(A.10) Wh=mP(D") — LI(D")

n

for any ¢ € [p, 0) satistying 1/¢ = 1/p — (k —m)/n. The same is also trivially true
in the case m = k, since ¢ and p must then be equal. Notice that if (k —m)p = n,
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then ¢ is allowed to be arbitrarily large. We will therefore assume in general that
(A.10) holds with ¢ € [p, o) satisfying

111
¢ v p
where r = -~ € (0, 0] if (5 —m)p < n and otherwise r = p + ¢ for some 6 > 0

which may be chosen arbitrarily small. Given this, we apply change of variables and
Holder’s inequality to find

105y = [ 10+ e = e [
Dn D

2 (z0)

(N T,

mp—n n /T | A8

e VOl (wo )1 107 f 74 5
mp—n n /T | A8

ce™P [\/vol(]D)e (l’o))]p Ha fH};/k—m,p(]f))n)

e [Vol(DZ (20)) " [ = F(@0) 8y i

for some constant ¢ > 0. Writing Vol(D?(z()) = Ce" for a suitable constant C' > 0,
the exponent on € in this expression becomes mp —n + “2. If (k —m)p < 0, this is
exactly kp —n = (k —n/p)p, and otherwise, taking r —p > 0 to be arbitrarily small
makes it less than but arbitrarily close to mp. Since « < k—n/p and a < 1 < m, we
are now free to replace this exponent with ap and rewrite the established estimate

as 07 felle < Ce®|lf — f(@o)lwrr- O

NN

N

A.3. Difference quotients

If f is a function on R", then for every i = 1,...,n and h € R\{0}, the difference
quotient

Dzhf(l‘l,,,,’{[n) — f(l‘l,...,l‘i_l,l'i+h,l‘i+fi,...,l'n)—f(l‘l,...,l‘n)

defines a function D!f on R". The total difference quotient of f is then the
n-tuple of functions

D"f = (Dif,.... Dyf),
so for example if f : R® — R™, then D"f : R* — R™. The transformation
f ~— D! f is obviously linear for any fixed number h, and it satisfies a Leibniz rule

D!(fg)=D!f-g+ f Dlg

whenever pointwise products of f and g can be defined (e.g. if both are real or
complex valued). It also commutes with differentiation

D}(0;f) = 9;(D}'f)
on any function f for which 0;f can be defined (weakly or strongly). Clearly if
f e WrkP(R™), then D"f € W"P(R") for every h € R\0, and if f is supported in an
open subset U < R", then D" f is supported in an arbitrarily small neighborhood
of U for sufficiently small |h|. Moreover, if f is a function defined only on Y = R™,
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then on any open subset ¥ < U with compact closure in U, D" f can be defined on
Y for any h € R\{0} satisfying

|h| < dist(V,R"\U) :=inf {|z —y| | z € V and y e R"\U} .

The following result about difference quotients is useful for proving local regu-
larity of solutions to PDEs, as in §2.4.

THEOREM A.3.1. Assume V c U < R"™ are open subsets with V' having compact
closure contained in U, 1 < p < oo, and k € N.

(1) If f e WEP(U), then D"f converges to Vf in WE=1P on'V as h — 0, and

HthHkal,p(v) < HVfHkal,p(u)

for all h # 0 with |h| < dist(V, R™\U).
(2) Suppose p > 1, f € WFLP(U) and the difference quotients D" f satisfy a
uniform bound

D" fllwr-1500) < C
for all h # 0 with |h| sufficiently small. Then f|y, € WEP(V) and its first

derivative satisfies ||V fwr-1p0p) < my,C, where my, € N is a constant
depending only on the definition of the W* 1P-norm.

The next few results are intended as preparation for the proof of Theorem A.3.1.

LEMMA A.3.2. For any open subset U < R™ and continuously differentiable
function f onU, the difference quotients DI f converge to 0;f uniformly on compact
subsets as h — 0.

PROOF. Fix a compact subset K < U. Then for every z € K and h € R\{0}
sufficiently small, the mean value theorem gives

Dif(x) = 0,f(a")
where
x = (1’1, ey T, T + th,xi+1, e ,SL’n) eU
for some t € [0, 1], so in particular, |2’ — x| < |h|. We then have |0;f(z) — DI f(x)| =

|0:f(x) — 0;f(«')], and the result follows since both x and ' may be assumed to lie
in a compact subset of U/, on which 0, f is uniformly continuous. U

PROPOSITION A.3.3. Suppose 1 < p < oo, U < R" is an open subset and [ €
WP(U). Then for any open subset V < U with compact closure inU, | D" f|opy <
IV Flo@y for every b # 0 with |h] < dist(V,R™\U), and D"f — V f in LP on V as
h — 0.

PROOF. We show first that for any f e WhHP(U),
(A.11) | D fll ooy < 10if | Loy, i=1,...,n

for every V < U with compact closure in ¢ and every h # 0 with |h| < dist(V, R"\U).
Indeed, if f € W1P(U)nC®(U), then denoting the standard basis of R” by (ey, ..., e,),
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we have

1 (td
== = the;) dt
‘hLdtf(er e;) ‘

1 1
0 0

Then since any measurable function ¢ : [0, 1] — R satisfies

([1nar) < ooy

by Jensen’s inequality, this gives

P2l = L D2 f @) dp() < L (L 0:f (x + they)| dt) dp(x)
S LL |0 f (z + the;) [ dt du(z) = L L |0 f (z + the;)|P du(x) dt

1
< j 101yt = 101 £ 00
0

This estimate extends to every f € W1P(U) by density of smooth functions.

Next, suppose f € WP(U) and € > 0 is given. Choose a smooth approximation
fee WHP(U) n C®(U) with ||f — fe|wrr@y < €/3. By Lemma A.3.2, D! f, — 0, f. in
CP.onU as h — 0, and since V has finite measure, this implies we can find § > 0
such that |h| < & implies | D! f. — 6 f.|rr(v) < €/3. Now by (A.11),

| D} fe = D} flowowy < 10ife = 0 f |raey < | fe = Fllwio@y < /3,
so combining these estimates gives | D! f — 0, f|r»v) < € whenever |h| < 4. O

The proof of the next proposition will require the following standard result from
real analysis, known as the Banach-Alaoglu theorem. It follows easily from the
separability of LP-spaces for p < oo together with the duality of LP and LY for
1/p + 1/q = 1; see for instance [LLO1, §2.18].

THEOREM A.3.4 (Banach-Alaoglu). For any measurable subset U < R", if 1 <
p < o, then every bounded sequence f; € LP(U) has a weakly convergent subsequence,
i.e. after passing to a subsequence, one can find a function fo € LP(U) such that for

every g € LYU) with 1/p+1/q =1, §, fio = §,, footp. O

REMARK A.3.5. One popular way of summarizing the Banach-Alaoglu theorem
is the statement that “closed balls in L? are weakly compact”; indeed, if f; € LP(U)
satisfies the bound | f;|z» < C, then the weak limit f,, provided by Theorem A.3.4
also satisfies ||fo|zr < C. The latter follows from the general fact that for any
sequence f; € LP(U) converging weakly to some fo, € LP(U),

| foollr@ey < liminf | f5]| o).

The proof of this is not hard; see e.g. [LLO1, §2.11].
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PROPOSITION A.3.6. Suppose ¥V < U < R™ are open subsets such that V has
compact closure contained in U, 1 < p < oo, f is a measurable function on U with
| fllzrevy < 00, and there exist constants C > 0 and 0 > 0 such that

ID! fllrvy < C whenever 0 < |h| < .
Then fly has a weak partial derivative 0;f € LP(V) satisfying |0 f| ooy < C.

PRroOOF. For any sequence h; — 0 of sufficiently small nonzero real numbers, the

sequence D? 7 f satisfies HD? " fllzrevy < C, thus the Banach-Alaoglu theorem implies
that after passing to a subsequence, one finds a function g € L(V) with |g| -0y < C

such that
f (DY fp — f g
v y

for all ¢ € L1(V), where 1/p+1/q = 1. In particular, this is true for all test functions
v € CP(V), and in this case there is an “integration by parts” relation

J ot pe = [ HER = o) g

j e he,;i 20 guay = - LfDZ '

By Lemma A.3.2, D, "5 — 00 uniformly on V and thus also in L1(V), so taking
the limit of the integrals, we've shown

| 90— r0e tratgecym)
% %
or in other words, 0;f = g € LP(V). O

PrROOF OF THEOREM A.3.1. The two statements in the theorem follow by ap-

plying Propositions A.3.3 and A.3.6 respectively to 0 f for every multiindex o with
|a| < k—1, using the fact that D"(0* f) = 0*(D" f). For the bound on |V fl|yt-1.0(),
we observe that by assumption,

ID" flwisooy = D3 10D Allway = Y, D@ lrry < C,

la|<k—1 || <k—1

thus each individual term in this sum satisfies | D"(0 f) | »vy < C, implying |V (0*f)| rv) <
C and thus

IV flwr-ooy = > 10 (VD)o = D) IV@ F)ler)

o <k—1 o] <k—1

> C=my,C

|a|<k—1
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A.4. Spaces of sections of vector bundles

In this section, fix a field
F:=RorC,
assume M is a smooth n-dimensional manifold, possibly with boundary, and = :
E — M is a smooth vector bundle of rank m over F. This comes with a “bundle
atlas” A(m), a set whose elements a € A(m) each consist of the following data:

(1) An open subset U, = M,

(2) A smooth local coordinate chart ¢, : U, = Q., where €1, is an open
subset of R"} := {(z1,...,2,) e R" | , > 0};

(3) A smooth local trivialization ®, : Ely, — Uy x F™.

Smoothness of ¢, and ®, means as usual that for every pair a,f € A(m), the
coordinate transformations

Vo0 =05 0% Qag — Qaar Qg 1= PaUa 0 Up)
and transition maps
9 i Uy nUs — GL(m,F)  such that @50 ®, " (2,v) = (7, gga(z)v)
forx e, nUp, vEF™

are smooth, and we shall assume the bundle atlas is maximal in the sense that
any triple (U, ¢, ®) that is smoothly compatible with every a € A(m) also belongs
to A(m).

Any o € A(m) now associates to sections n : M — E their local coordinate
representatives

n* :=pryo®,onop. t:Q, — F™

where pr, : U, x F™ — F is the projection, and the representatives with respect
to two distinct «, § € A(m) are related by

1’ = (9sa 095" ) (0" © Pag)  on Qsa < Q.
For p € [1,00] and each integer k > 0, we then define the topological vector space of

- kyp
sections of class W by

WP (E) = {n: M — E | sections such that * e I/Vlif(Qa,Fm)
for all a € A(m)},

loc
a € A(m). Note that Q, is not necessarily an open subset of R" since it may contain

o

points in R = R"~' x {0}, but its interior Q, is open in R™, and W"(Q,) is

where convergence 1; — 7 in W"P(E) means that n§ — n® in WP (Q,, F™) for all

loc

thus defined as in §A.1. Strictly speaking, elements of n € VV{ZE(E) are not sections
but equivalence classes of sections defined almost everywhere—the latter notion is
defined with respect to any measure arising from a smooth volume element on M,
and it does not depend on this choice.

It turns out that W'lif(E) can be given the structure of a Banach space if M is
compact. This follows from the fact that M can then be covered by a finite subset of
the atlas A(7), but we must be a little bit careful: not all charts in A(7) are equally
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suitable for defining W*P-norms on sections, because e.g. even a nice smooth section
n € D(E) may have [n°(|yepq,) = % if Qo = R? is unbounded. One way to deal
with this is as follows: we will say that « € A(w) is a precompact chart if there
exists o/ € A(m) and a compact subset K = M such that

U, c K clU,.

When this is the case, {2, < R’ is necessarily bounded, and the transition maps
between two precompact charts necessarily have bounded derivatives of all orders,
as they are restrictions to precompact subsets of maps that are smooth on larger
domains. If M is compact, then one can always find a finite subset I < A(m)
consisting of precompact charts such that M = | J,.; Ua.

DEFINITION A.4.1. Suppose F — M is a smooth vector bundle over a compact
manifold M, and I < A(r) is a finite set of precompact charts such that {U, }aer
is an open cover of M. We then define W*?(E) as the vector space of all sections
n: M — FE for which the norm

[nlwes = Inlwrom) = D5 10 e

ael

is finite.

The norm in the above definition depends on auxiliary choices, but it is easy to
see that the resulting definition of the space W*P(E) and its topology do not. In
fact:

PROPOSITION A.4.2. If M is compact, then W*?(E) = WEP(E), and a sequence

loc
n; converges to n in VVIIZCP(E) if and only if the norm given in Definition A.J.1
satisfies [n; — nlwram) — 0.

The proposition is an immediate consequence of the following.

LEMMA A.4.3. Suppose M is a smooth manifold, m: E — M is a smooth vector
bundle, {f} v J < A(r) is a finite collection of charts such that M = | ., Ua and
all coordinate transformations and transition maps relating any two charts in the
collection {8} U J have bounded derivatives of all orders (e.g. it suffices to assume
all are precompact). Then there exists a constant ¢ > 0 such that

192 lswngery < € D0 0% lwenger,)

aed

for all sections n : M — E with n* € W"“’p(éa) for every a € J.

PROOF. Choose a partition of unity {p, : M — [0, 1]}ses subordinate to the
finite open cover {Uy}aes. Now 7 = >} ., pan, and each p,n is supported in U,, so
(pan)? has support in Qg, = ¢s(U, NUsz). Thus using Theorem A.2.8 with the fact
that gga, gogl, Yap and pg, = cp;g are all smooth functions with bounded derivatives
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of all orders on the domains in question, we find

17 lwagrgy = | D5 (am)’ < D 10am)? i,
aeJ Wk,p(ﬁﬁ) aeJ
= D [(Pa 005" (g80 0 95 ) (1% © ap)lwrn(rna)
aeJ
< e D 0 o <€ D5 10 e
a€eJ aeJ

O

COROLLARY A.4.4. If M is compact, then the norm on W*P(E) given by Defi-
nition A.4.1 is independent of all auziliary choices up to equivalence of norms. [

THEOREM A.4.5. For any smooth vector bundle w : E — M over a compact
manifold M, W*?(E) is a Banach space.

PROOF. If n; € W*P(E) is a Cauchy sequence, then for some chosen finite col-
lection I = A(m) of precompact charts covering M, the sequences 7§ for a € I are
Cauchy in W*?((),) and thus have limits £ € W*?(€,,F™). Choosing a parti-
tion of unity {p, : M — [0, 1]}ser subordinate to {U,}aer, we can now associate to
each o € I a section 1y, o € WFP(E) characterized uniquely by the condition that it
vanishes outside of U, and is represented in the trivialization on U, by

1% o = (Pa © 0 )E.

We claim that p,n; = Nw.o in WHP(E) for each a € I. Indeed, we have
(Paly)™ = (Pa 925 = (pa 0 02 NEW =10 in WHP(Q)

since n® — £ For all other § € I not equal to a, (pan;)” — 05 o € WhP(Qg F™)
has support in Qs = pg(U, N U;p), thus

1(0a:)” = 0% allwragryy = 1any)” = 15 alwroiy,y < lPan)® = 1% alwrsgu

where the inequality comes from Lemma A.4.3 after replacing M with U, and Uz
with Uz N U, (note that the lemma does not require M to be compact). With the
claim established, we have

N= Y pallj = D Moa 0 WH(E).

a€el ael

OJ

REMARK A.4.6. One can use exactly the same approach to show that when M is
compact, the space C*(E) of C*-smooth sections 1 : M — E has a canonical (up to
equivalence of norms) Banach space structure for each finite integer k£ > 0 such that
convergence in the C*-norm is equivalent to uniform convergence of all derivatives
up to order k.
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EXERCISE A.4.7. For U = R" an open subset, the space WP (U) was defined in
§A.1, but one can give it an alternative definition in the present context by viewing
functions on U as sections of a trivial vector bundle over U, with the latter viewed
as a noncompact smooth n-manifold. Show that these two definitions of I/Vlif(bl)
are equivalent.

EXERCISE A.4.8. Suppose Y < R" is a bounded open subset with smooth bound-
ary, so its closure ¥ < R" is a smooth compact submanifold with boundary, and let
E — U be a trivial vector bundle. Show that there is a canonical Banach space iso-
morphism between W*?({{) as defined in §A.1 and W*P?(FE) as defined in the present
section. Hint: Recall that sections in W*P(E) are only required to be defined almost

everywhere, so in particular if the domain M is a manifold with boundary, they need
not be well defined on oM.

In light of Exercise A.4.8, the natural generalization of W,? (1) in the present

setting is
WEP(E) = CR(Elanonr)-

i.e. it is the closure in the W¥P-norm of the space of smooth sections that vanish
near the boundary. Density of smooth sections will imply that this is the same as
WHhe(E) if M is closed, but in general W (E) is a closed subspace of W#?(E).

The partition of unity argument in Theorem A.4.5 contains all the essential ideas
needed to generalize results about Sobolev spaces on domains in R™ to compact
manifolds. We now state the essential results, leaving the proofs as exercises.

THEOREM A.4.9. Assume M is a smooth compact n-manifold, possibly with
boundary, m : E — M 1is a smooth vector bundle of finite rank, k = 0 s an in-
teger and 1 < p < 00. Then the Banach space W P(E) has the following properties.

(1) The space T'(E) of smooth sections is dense in W*P(E).
(2) If kp > n, then for each integer d = 0, there ezists a continuous and compact
inclusion
Wktdr(E) — CUE).
(3) The natural inclusion

WHHLP(E) — WHP(E)
18 compact.
(4) Suppose F,G — M are smooth vector bundles such that there exists a
smooth bundle map
EQF -G :n®&—n-&.
Then if kp > n and 0 < m < k, there exists a continuous product pairing
WHEP(E) x WP (F) — W™ (G) : (1,€) = n - &.

In particular, products of WP sections give WP sections whenever kp > n.
(5) Suppose F' — M is another smooth vector bundle, ¥V < E is an open subset
that intersects every fiber of E, and we consider the spaces

W (V) = {ne WH(E) | n(M) < V}
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and
Cy(V,F):={®:V — F | fiber-preserving maps of class C*}

where the latter is assigned the topology of C*-convergence on compact sub-
sets. If kp > n, then W*P(V) is an open subset of W*P(E), and the map

Ch(V.F) x WEP(V) - WEP(F) : (9,n) —> P o

s well defined and continuous.
(6) If N is another smooth compact manifold and ¢ : N — M is a smooth
diffeomorphism, then there is a Banach space isomorphism

WHP(E) — WEP(0*E) : p — o .
0

REMARK A.4.10. It is sometimes useful to extend the definitions and results of
this section to vector bundles that are not smooth, e.g. vector bundles of class C* or
WkP_ for which all transition maps are required to be of class C* or W*? respectively.
The latter makes sense in general only if kp > n, so that transition maps are at
least continuous. Given a bundle of this type, one can enhance the arguments of
this section with the aid of Theorem A.2.1 to show that W"?(FE) is a well-defined
Banach space for every m < k, though it would not be well defined if m > k.
Such spaces arise frequently in global analysis, e.g. if f is a non-smooth element in
the Banach manifold B of W*P-smooth maps of M into another manifold N, then
f*T'N — M is in general a vector bundle of class W"?, and T;B = W*P(f*T'N).

A.5. Some remarks on domains with cylindrical ends

For bundles 7 : E — M with M noncompact, W*?(E) is not generally well
defined without making additional choices. When M = 3 = YA is a punctured
Riemann surface and 7 : B — Y is equipped with an asymptotically Hermitian
structure {(E,, J.,w.)}.er as defined in Chapter 4, one nice way to define W*?(E)
was introduced in §4.1: one takes it to be the space of sections in W'lif(E) whose
WHkP_norms on each cylindrical end are finite with respect to a choice of asymp-
totic trivialization. This definition requires the convenient fact that complex vector
bundles over S* are always trivial, though one can also do without this by using
the ideas in the previous section. Indeed, any collection of local trivializations on
the asymptotic bundle E, — S! covering S! gives rise via the asymptotically Her-
mitian structure to a collection of trivializations on E covering the corresponding
cylindrical end U,. The key fact is then that S is compact, hence one can always
choose such a covering to be finite: combining this with a finite covering of X in the
complement of its cylindrical ends by precompact charts, we obtain a covering of 3
by a finite collection of bundle charts that are not all precompact, but nonetheless
have the property that all transition maps have bounded derivatives of all orders.
This is enough to define a W*P-norm for sections of E — 3 as in Definition A.4.1
and to prove that it does not depend on the choices of charts or local trivializations,
though it does depend on the asymptotically Hermitian structure.
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With this definition understood, one can easily generalize the Sobolev embedding
theorem and other important statements in Theorem A.4.9 to the setting of an
asymptotically Hermitian bundle over a punctured Riemann surface. We shall leave
the details of this generalization as an exercise, but take the opportunity to point
out a few important differences from the compact case.

First, since X is not compact, neither are the inclusions

Wkter(E) s CYE),  WFIP(E) — WhP(E).

The proof of compactness fails due to the fact that cylindrical ends require local
trivializations over unbounded domains of the form (0,0) x (0,1) < R?, for which
Theorem A.1.10 does not hold. And indeed, considering unbounded shifts on the
infinite cylinder Y =RxS ! it is easy to find a sequence of W*P-bounded functions
with kp > 2 that do not have a C-convergent subsequence. That is the bad news.

The good news is that if n € W**4P(E) for kp > 2, then one can say considerably
more about 7 than just that it is C%smooth. Indeed, restricting to one of the
cylindrical ends [0, 00) x St = X, notice that the finiteness of the W**4P-norm over
) implies

Inlwr+an((rooyxsty =0 as R — oo

Since these domains are all naturally diffeomorphic for different values of R, the
C?-norm of 1 over (R, ) x St is bounded by the W**4P_norm via a constant that
does not depend on R, so this implies an asymptotic decay condition

Hn”Cd([R,oo)xSl) -0 as R—o®

for every n e Wktdr(E).
Here is another useful piece of good news: since ¥ does not have boundary,
WEP(E) = WiP(E).

THEOREM A.5.1. Given an asymptotically Hermitian bundle E over a punctured

Riemann surface X, the space CP(E) of smooth sections with compact support is
dense in W*P(E) for all k =0 and 1 < p < 0.

PRrROOF. We can assume as in Definition A.4.1 that the W*P-norm for sections
n of E is given by

[llwes = D3 10 lwrson),

a€el

where I < A(r) is a finite collection of bundle charts
o= (@a:UaiQa, D, : Ely, = U, x C")

such that each of the open sets €, < C is either bounded or (for charts over the
cylindrical ends) of the form

Qo = (0,0) x wy cR*=C

for some bounded open subset w, = R. Now given n € W*P(E), Theorem A.1.1
provides for each a € I a sequence nj' € WkP(Q,) of smooth functions with bounded
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support such that 7 — 7® in WHr(Q,). Choose a partition of unity {p, : & —
[0, 1]}aer subordinate to the open cover {U,}qer and let
nj = Z Pa(ﬁ}l 0 ¥a) € Wk’p(E)-
ael
These sections are smooth and have compact support since the 77 have bounded
support in Q,, and they converge in W*® to 7. O]






APPENDIX B

The Floer C, space

The Cc-topology for functions was introduced by Floer [F1lo88b] to provide a Ba-
nach manifold of perturbed geometric structures without departing from the smooth
category: it is a way to circumvent the annoying fact that spaces of smooth functions
which arise naturally in geometric settings are not Banach spaces. The construction
of C, spaces generally depends on several arbitrary choices and is thus far from
canonical, but this detail is unimportant since the C, space itself is never the main
object of interest. What is important is merely the properties that it has, namely
that it not only embeds continuously into C* and contains an abundance of non-
trivial functions, but also is a separable Banach space and can therefore be used in
the Sard-Smale theorem for genericity arguments. We shall prove these facts in this
appendix.

Fix a smooth finite-rank vector bundle 7 : F — M over a finite-dimensional
compact manifold M, possibly with boundary. For each integer k > 0, we denote by
C*(E) the Banach space of C*-smooth sections of E; note that the norm on C*(E)
depends on various auxiliary choices but is well defined up to equivalence of norms
since M is compact. Now if € = (ex)7L, is a sequence of positive numbers with
er — 0, set

Ce(B) = {neT(B) | Inle. < oo},
where the C¢-norm is defined by

0

(B.1) Inlle. = D exlnlex.
k=0

The norm for C¢(E) is somewhat more delicate than for C*(E), e.g. its equivalence
class is not obviously independent of auxiliary choices. This remark is meant as
a sanity check, but it should not cause extra concern since, in practice, the space
Cc(E) is typically regarded as an auxiliary choice in itself. In many applications,
one fixes an open subset Y — M and considers the closed subspace

Ce(E;U) = {ne€ C(E) | nlarny =0} .

REMARK B.0.1. The requirement for M to be compact can be relaxed as long as
U < M has compact closure: e.g. in one situation of frequent interest in this book,
we take M to be the noncompact completion of a symplectic cobordism. In this case
Ce(E;U) can be defined as a closed subspace of C¢(E|y,) where My < M is any
compact manifold with boundary that contains the closure of ¢. For this reason,
we lose no generality in continuing under the assumption that M is compact.
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In order to prove things about C.(FE), we will need to specify a more precise
definition of the C*-norms. To this end, define a sequence of vector bundles E*) —
M for integers k > 0 inductively by

EO:=p  E*Y.=Hom(TM, EW).

Choose connections and bundle metrics on both T'M and FE; these induce connec-
tions and bundle metrics on each of the E®) so that for any section ¢ € T'(E®),
the covariant derivative V¢ is now a section of E**+1. In particular for n € I'(E),
we can define the “kth covariant derivative” of n as a section

Vkn e T(EW).

Using the bundle metrics to define C°-norms for sections of E*), we can then define

k
H'ﬂ“ck(E) = Z ||Vm77||CO(E(m)),
m=0
where by convention V% := n. We will assume throughout the following that the
C*-norms appearing in (B.1) are defined in this way.

THEOREM B.0.2. C.(F) is a Banach space.

ProOOF. We need to show that Cc-Cauchy sequences converge in the C¢-norm.
It is clear from the definitions that if n; € C¢(E) is Cauchy, then n; is also C*-
Cauchy for every k > 0, hence its derivatives V*n; for every k are C°-convergent
to continuous sections €¢ of E®*). This convergence implies that &¥+! = V¢F in
the sense of distributions, hence by the equivalence of classical and distributional
derivatives (see e.g. [LLO1, §6.10]), 0y := £° is smooth with V5, = £*, so that
Vkn; — VFny, in CO(E®) for all k.

We claim 75, € Ce(E). Choose N > 0 such that |n; — n;llc. <1 for all i,j > N.
Then for every m € N and every ¢ > N,

m m

Z e[ nillor < Z exlmi —nnler + Z e o

k=0 k=0 k=0
< [ni —nwle. + Invle. <1+ [nnllc.

Fixing m and letting ¢ — oo, we then have

m

D elnwler <1+ ny
k=0

Ce

for all m, so we can now let m — oo and conclude ||[nylc. <1+ |nn]c. < 0.

The argument that |7; — 7, |c. — 0 as j — oo is similar: pick € > 0 and N such
that |17, — n;llc. < € for all 4,7 > N. Then for a fixed m € N, we can let i — oo in
the expression » ", exln; — njllor < €, giving

m

Y el —niller <e.

k=0
This is true for every m, so we can take m — oo and conclude ||, — 7;|c. < € for
all j > N. 0
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To show that C.(E) is also separable, we will follow a hint' from [HS95] and
embed it isometrically into another Banach space that can be more easily shown to
be separable. For each integer k£ > 0, define the vector bundle

FO —FOg. . @E®,

and let X, denote the vector space of all sequences

¢i=(%¢¢% ) e[ [CU(FW)
k=0

such that

0

x= Y aléleo < oo

k=0

EXERCISE B.0.3. Adapt the proof of Theorem B.0.2 to show that X, is also a
Banach space.

€]

LEMMA B.0.4. X, is separable.

ProOOF. Since C°(F®)) is separable for each k > 0, we can fix countable dense
subsets P* = CO(F®)). The set

Pi={(....",0,0,..) e X, | N>0and " e P forall k =0,..., N}
is then countable and dense in X,. O
THEOREM B.0.5. C(F) is separable.

PrOOF. Consider the injective linear map
Ce(B) = Xc:n— (n,(n,Vn), (n,Vn,Vn),...).

This is an isometric embedding and thus presents C¢(E) as a closed linear subspace
of X, hence the theorem follows from Lemma B.0.4 and the fact that subspaces of
separable metric spaces are always separable. 0

Note that given any open subset 4 < M, Theorems B.0.2 and B.0.5 also hold
for Ce(E;U), as a closed subspace of Ce(E). So far in this discussion, however,
there has been no guarantee that C.(F) or C¢(E;U) contains anything other than
the zero-section, though it is clear that in theory, one should always be able to
enlarge the space by choosing new sequences €, that converge to zero faster. The
following result says that C(F;U) can always be made large enough to be useful in
applications.

THEOREM B.0.6. Given an open subset U < M, the sequence € can be chosen
to have the following properties:

(1) C(E;U) is dense in the space of continuous sections vanishing outside U.

(2) Given any point p € U, a neighborhood N, = U of p, a number § > 0 and
a continuous section 1y of E, there exists a section n € T'(E) and a smooth
compactly supported function 3 : N, — [0, 1] such that

pne C(E;U),  Blp)n(p) =n(p), and |n—mnolco <6

!Thanks to Sam Lisi for explaining to me what the hint in [HS95] was referring to.
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PROOF. Note first that it suffices to find two separate sequences ¢, and ¢, that
have the first and second property respectively, as the sequence of minima min(eg, €},)
will then have both properties.

The following construction for the first property is based on a suggestion by
Barney Bramham. Observe first that the space C°(E;U) of continuous sections
vanishing outside U is a closed subspace of C°(F) and is thus separable, so we can
choose a countable C%-dense subset P = C°(E;U). Moreover, the space of smooth
sections vanishing outside U is dense in C°(E;U), hence we can assume without loss
of generality that the sections in P are smooth. Now write P = {1y, 12,73, ...} and
define €, > 0 for every integer k > 0 to have the property

- I { 1 1 }
€r < — min e, T
2t Imalles ™" llmlon

Then every n; is in Ce(E;U), as

j—1 0 1
Inslle. < X exlmlor + 35 5 < o0
k=0 k=j

The second property is essentially local, so it can be deduced from Lemma B.0.7
below. ]

LeEMMA B.0.7. Suppose (3 : D" — [0, 1] is @ smooth function with compact sup-

port on the open unit ball D" = R" and B(0) = 1. One can choose a sequence
of positive numbers e, — 0 such that for every ny € R™ and r > 0, the function
n:R* - R™ defined by

n(p) = B(p/r)mo

satisfies > o €xnlor < oo.

PROOF. Define ¢, > 0 so that for k > 1,

1
€ = ———.
K¥[8l o
- Sl < 30 = 3 () <o
exlnor < Y ——— = — .
k=1 o R Bles Nk



APPENDIX C

Genericity in the space of asymptotic operators

The purpose of this appendix is to prove Lemma 3.5.17, which was needed for our
definition of spectral flow in §3.5. The proof combines some ideas from that section
with the technique used in Chapter 9 to prove generic transversality of moduli
spaces via the Sard-Smale theorem. Some knowledge of that technique should thus
be considered a prerequisite for this appendix; if you have never seen it before and
were directed here after reading the statement of Lemma 3.5.17, you might want to
skip this for now and come back after you’ve read as far as Chapter 9.

Recalling the notation from Chapter 3, we fix the real Hilbert spaces

H=L2(51,R2n), D=H1(51,R2n),
the symmetric index 0 Fredholm operator
Tref = _JOat :D—->H

and, given a bounded family of symmetric matrices S € L*(S?, End™™(R?")), refer
to any operator of the form

A=—-Jyo,—5S:D—-H

as an asymptotic operator. Such operators belong to the space of symmetric
compact perturbations of T,

Fredi™ (D, H, Tret) = {Tret + K: D > H | K e 4™ (H)},

which we regard as a smooth Banach manifold via its obvious identification with the
space L’ " (H) of symmetric bounded linear operators on H. For k € N, we denote

by
Fred™"(D, H, Tye) © FredY™ (D, H, T'er)
the finite-codimensional submanifold determined by the condition dimgker A =
dimp coker A = k.
Here is the statement of Lemma 3.5.17 again.

LEMMA. Fiz a smooth path [—1,1] — L*(S, End™™(R?*")) : s — S, and con-
sider the 1-parameter family of symmetric index O Fredholm operators
A= —Jydy— S, H'(S", R*) — L*(S", R*")
for s € [—1,1], assuming A4y are isomorphisms. Then after replacing Ss by a
family of the form S,(t) := S,(t) + B(s,t) for some smooth function B : [—1,1] —
End*™(R?") that vanishes for s = +1 and may be assumed arbitrarily C*-small,
one can arrange that the following conditions hold:
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(1) For each s € (—1,1), all eigenvalues of A are simple.
(2) All intersections of the smooth path

(—1,1) — Fredy™ (D, H, Tiet) : s — Ay
with FredY™ (D, H, T.e) are transverse.

We shall now prove this by constructing a Floer-type space of Ce-smooth (see
Appendix B) perturbed families of asymptotic operators, and using the Sard-Smale
theorem to find a countable collection of comeager subsets whose intersection con-
tains perturbations achieving the desired conditions.

Choose a sequence of positive numbers € = (€;)7., with ¢, — 0 to define a
separable Banach space

Ae :={B e C®([-1,1] x S*, End™™(R*")) | |

. <o and B(+1,) =0},

and assume via Theorem B.0.6 that A, is dense in the Banach space of continuous
functions [—1,1] x S? — End®™(R?") vanishing at {1} x S'. We then consider
perturbed 1-parameter families of asymptotic operators of the form

AP :=A,+B(s,)):D—>H

for B € A, s € [-1,1]. Remarks 3.5.2 and 3.5.3 imply that the perturbed family
defines a smooth path in Fredy™ (D, H, Tye) as long as the original path s — S; is
smooth in L*(S*, End™™(R?*")). For each k € N and B € A, define the set

VE(B) = {(s,A) € (-1,1) x R | dimpker (A? —X) = k}.

To show that eigenvalues are generically simple, we need to show that for a comeager
set of choices of B € A, V¥(B) is empty for all k > 2. Given (sg, \g) € V¥(B), recall
from §3.5 that there exist decompositions

D=V®K, H=WoOK

where K = ker (Ai — )\0), W = im (Ai — )\0) is the L2-orthogonal complement
of K, and V = W n D, so that any symmetric bounded linear operator T in a
sufficiently small neighborhood O < 2" (D, H) of AL — Ay can be written in

block form
A B
v (¢ p)

with A : V' — W invertible. This gives rise to a smooth map
®:0—Endy™(K): T—»D-CA'B

whose zero set is precisely the set of nearby symmetric operators with k-dimensional
kernel. A neighborhood of (sg, \g) in V¥(B) can thus be identified with the zero set
of the map

Up(s,\) = ®(AZ — \) e Endy™ (K),
defined for (s, \) € (—1,1) x R sufficiently close to (sq, Ag). Notice that the derivative
dUg(s,\) : R®R — Endy™(K) is Fredholm since its domain and target are both
finite dimensional, and it can only ever be surjective when k = dimg K = 1.
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The following space will now play the role of a “universal moduli space” as in
Chapter 9: let

VE={(s,\,B)e (-1,1) x R x Ac | (s,\) e V¥(B)}.
The proof that this is a smooth Banach manifold depends on the following algebraic

lemma.

LEMMA C.0.1. Fiz an asymptotic operator A = —Jy 0, — S and a linear trans-
formation

T:ker A — ker A
that is symmetric with respect to the L*-product. Then there exists a continuous
loop B : S' — End™™(R?") such that
$n, BErz = {n, TE)r2
for all n, & € ker A.

PROOF. Note first that every nontrivial loop 7 € ker A = H'(S!, R*") is continu-
ous and nowhere zero due to the generalized existence/uniqueness result for solutions
to linear ODEs in Exercise 3.4.10. It follows that if we fix a basis (n1,...,n) for
ker A, then the vectors n;(t),...,nx(t) € R* are also linearly independent for all
t € S and thus span a continuous S*-family of k-dimensional subspaces V; < R?",
each equipped with a distinguished basis. There is therefore a unique continuous
St-family of linear transformations B(t) : V; — V; such that for every n € ker A,

B(t)n(t) = (Tn)(t) for all t. Extend B(t) arbitrarily to a continuous family of linear
maps on R?". R
The matrices B(t) € End(R*") need not be symmetric, but they do satisfy

{n, §£>L2 =N, Y&z forall n, & € ker A.

Since T is symmetric, this implies moreover that for all n, ¢ € ker A,

. X&) 12 = (€. Wiz = (& Bnyre = (, BTE) 1.
The loop B := %(é + BT) thus has the desired properties. O

Now using the previously described construction in the space of symmetric Fred-
holm operators, a neighborhood of any point (sg, Ay, By) in V¥ can be identified with
the zero set of a smooth map of the form

U(s, A\, B) := Up(s,\) € End¥™(K),

defined for all (s, A, B) sufficiently close to (sg, Ao, Bg) in (—=1,1) x R x A, where
K = ker (Af;o — )\0). The partial derivative of ¥ with respect to the third variable
at (8o, Ao, Bp) is then a linear map

L:= Dglll(SO, )\0, BQ) : Ae - Endﬁgm(K)
of the form

(C.1) LB: K — K :nw— mg(B(so,)n),
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where 7 : W@ K — K is the orthogonal projection. We claim that L is surjective.
Indeed, for any T € Endy™(K), Lemma C.0.1 provides a continuous loop Cy : ST —
End®™(R*") such that

Tk (Con) =Tn for all ne K,

and this can be extended to a continuous function C : [-1,1] x S! — End*™(R?")
satisfying C'(sg, ) = Cp and C'(+1,-) = 0 since sy # +1. The function C' might fail
to be of class C¢, but since it can be approximated arbitrarily well in the C°-norm
by functions in A, we conclude that the image of L is dense in Endy™(K). Since
the latter is finite dimensional, the claim follows.

The implicit function theorem now gives V¥ the structure of a smooth Banach
submanifold of (—1,1) x R x A, and it is separable since the latter is also separable.
Consider the projection

(C.2) m: V" > A (s,\,B) — B,

which is a smooth map of separable Banach manifolds whose fibers 7—!(B) are the
spaces V¥(B). Using Lemma 9.1.1, the fact that each map ¥y is Fredholm implies
that 7 is also a Fredholm map, so the Sard-Smale theorem implies that the regular
values of 7 form a comeager subset

k
Aresk o A

The intersection
reg .__ reg,k
A= (1] A
keN

is then another comeager subset of A., with the property that for each B € AX*® and
every k € N and (s,\) € V¥(B), d¥Ug(s, \) is (by Lemma 9.1.1) surjective. As was
observed previously, this is impossible for dimensional reasons if £ > 2, implying
that V*(B) is then empty.

To find perturbations that also achieve the transversality condition, we use a
similar argument: define for each B € A, the subset

V(B) = {se(~1,1) | dimgker A® =1},
along with the corresponding universal set
V0= {(s,B) e (—1,1) x Ac | s e V°(B)}.

A neighborhood of any (sg, By) in V? is then the zero set of a smooth map of the
form

U(s, B) = ®(AP) € Endy™ (ker A0),

defined for all (s, B) € (—1,1) x A. close enough to (so, By). For a fixed B € A,
near By and s; € V°(B) near sy, a neighborhood of s; in V(B) is then the zero set
of Up(s) := U(s, B), and the intersection of the path s +— AP € Fredy™ (D, H, Tyet)
with Fredy m’l(D, H, Tet) at s = s is transverse if and only if

dVUp(s1) : R — Endp™ (ker AJ)
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is surjective. At (sg, By), the partial derivative of ¥ with respect to B is again the
same operator

L = D,V (sg, By) : Ac — Endg™ (ker AT)
as in (C.1), which we’ve already seen is surjective due to Lemma C.0.1. Thus one
can apply the Sard-Smale theorem to the projection

VW A : (s, B) = B,
obtaining a comeager subset A®Y = A, such that all paths A+ B(s, -) for B € A&
satisfy the required transversality condition. The comeager subset A%~ A8 = A,
thus consists of perturbed families of operators for which all desired conditions are

satisfied, and it contains a sequence converging in the C'®-topology to 0. This
concludes the proof of Lemma 3.5.17.
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