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Problem Set 9: Solutions

Notation: As in the lectures, F denotes either R or C, and all vector spaces, vector bund-
les and linear maps are over F unless otherwise specified. The dual of a vector space V' is
V* .= Hom(V,F), and Hom(V, W) denotes the space of linear maps V. — W.

Problem 1

Recall that in lecture we defined the tensor product V®W of two finite-dimensional vector
spaces V, W as the space of bilinear maps V* x W* — F. (In case you have seen a more
general definition of the tensor product elsewhere, you can view this problem as an effort
to convince you that that definition is equivalent to ours.)

(a) Verify that if vy,..., v, and wy, ..., w, are bases of V and W respectively, then the

mn elements v, Qw; € VW for¢ = 1,...,m and j = 1,...,n form a basis of
VeWw.
Let vl,...,v™ € V* and wl,...,w? € W* denote the dual bases to v1,...,v, and

wi, . .., w, respectively, and given any Ae V® W, let
A= AL, wl) e T

fori =1,...,m, j = 1,...,n. Then the elementEI Ay, ® w; € V® W evaluates the
same as A on all pairs of the form (v¥, w’) € V* x W*, so we conclude via bilinearity that
A =AY v; Qwj, i.e. every element of V ®W is a linear combination of the elements v; @w;.
These elements also are linearly independent since any linear combination A := A% v; QW

for which some coefficient A** is nonzero satisfies A(v¥, wt) = A # 0.

(b) Show that for any vector space X, there is a canonical isomorphism between the
space of linear maps V® W — X and the space of bilinear maps V x W — X.

Denote the space of bilinear maps V x W — X by Homa(V, W; X). An obvious way to
define a linear map ® : Hom(V ® W, X)) — Homa(V, W; X)) is by

O(A)(v,w) := A(v @ w),

which works due to the fact that V. x W — VW : (v,w) — v ® w is a bilinear
map. (Note: bilinearity is actually the only fact one usually needs to know about tensor
products—we do not even need to know the precise definition of the space V & W for
this problem!) It is clear that ® is linear and injective; the latter follows from part (a),
because if ®(A)(v,w) = 0 for all v € V and w € W, it implies that A must vanish on all
elements of some basis of V@ W and therefore is trivial. Conversely, given any bilinear
map B € Homy(V,W; X), there is clearly a unique A € Hom(V ® W, X)) that satisfies
A(v; @ wyj) = B(v;,w;) for the basis elements vq,...,v, € V and wy,...,w, € W we
considered in part (a). To show that ®(A) = B, we can write arbitrary elements of V' and
W as linear combinations a’v; € V and bw; € W for some coefficients a’, b’ € F, and then
use bilinearity to compute

O(A)(a'v;, Vw;) = a't O(A)(vi, w;) = a'V! A(v; ® wy) = a'¥? B(v;, wj) = B(a'vi, bw;).

1

summation convention in effect!
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(c¢) Find a canonical isomorphism between (VW )®X and V® (W ®X) that identifies
(v@®w)®x with v® (w® z) for every ve V, we W and z € X.
Hint: Identify both spaces with the space of all multilinear maps V* x W* x X* — F.
In the same manner, one can dispense with parentheses and identify any finite tensor
product V1 ® ... ® V}, with the space of multilinear maps Vi* x ... x V;* - F.

Let Homg(V* W*, X*;TF) denote the space of multilinear maps V* x W* x X* — F. We
claim that there is an isomorphism ® : (V@ W) ® X — Homg(V*, W* X*;F) uniquely
determined by the condition that for every v e V, we W and z € X, the multilinear map
P(vw)®z): V¥ x W* x X* - T is given by

2((v@w) ®x)(A, 1, &) = A(v)p(w)é(x) (1)
for A\e V*, pe W* &e X*. Indeed, one can define ® in the first place by choosing bases
ViyeooyUm €V, wy,...,wy, € W and z1,...,2y € X, and requiring to hold whenever

v, w, x are all basis elements; since the elements (v; ®w;) ®x, form a basis of (VW )®@X
according to part (a), this determines ® uniquely via linearity. A general formula for ® is
then

O(c* (v @ wy) @ i) (N, 11, ) = PN (i) pu(w;)& ()
for arbitrary coefficients ¢’* € F with i = 1,... ,m, j=1,...,nand k = 1,...,¢. Using
the dual bases to write A\ = \jvl € V* = pjwi € W* and € = &% € X*, this formula
becomes

D (v @ wy) @ k) (N, i1, €) = F i, @)

making it clear that ® is an isomorphism. To check that is always satisfied, one can

now consider arbitrary linear combinations v = a’v; € V, w = b/ wj € Wandx = cdrye X,

and compute

(v @w) @x)(\, 1, €) = B((a'vi @ wy) ® c“wg) (A, 1, €)
= a'V O ((v; @ wy) @ o) (A, 1, )
= a'b N wi) p(w;)é (we) = Ma'v) (b w;)E(c )
= A(v) p(w)&(x).

The claim about the isomorphism (V ® W) ® X — Homs(V*, W*, X*;F) is thus proven.
In a precisely analogous manner, one can show that there is a unique isomorphism ¥ : V&
(W®X) — Homg(V*, W*, X*;F) for which V(v®@(w®z)) : V*xW*x X* — F is the same
multilinear map as ®((v®w)®x). The canonical isomorphism (VW )QX — VR(WRX)
is then given by U1 o ®.

Addendum:
It is now straightforward to extend part (b) as follows. Suppose Vi,..., V) are finite-
dimensional vector spaces and Homy(V1, ..., Vi; X) denotes the space of multilinear maps

Vi x ... x Vi = X. Then there is a canonical isomorphism ® : Hom(V; ® ... ® V;, X) —
Homy(V1,. .., Vi; X) such that

O(A)(v1,.. k) =A1 Q... ®ug)

for all (v1,...,vx) € Vi x ... x V. The proof of this requires only two facts: (1) The map
Vix. .. xVy->Vi®...0Vi: (vi,...,v;) — 11 ®... ® v is multilinear, and (2) Given
any bases of the spaces Vi,...,V;, the set of all tensor products of these basis elements
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forms a basis of V1 ® ... ® Vj. If one has these properties, one never needs to know the
actual definition of the space V1 ®...® V.

Problem 2

(a) Prove that for two finite-dimensional vector spaces V and W, there is a canonical
isomorphism ¥ : V* @ W — Hom(V, W) such that for all A € V* and w € W,
T(A®@w)v = Av)w.

We observe first that there is a bilinear map T:VExW — Hom(V, W) given by
V(A w)v := A(v)w. The result of Problem 1(b) implies that this corresponds under the
canonical isomorphism

Homy(V*, W; Hom(V, W)) = Hom(V* ® W, Hom(V, W))

to a unique linear map ¥ : V* ®@ W — Hom(V, W) such that (A ® w)v = A(v)w. To see
that it is an isomorphism, choose bases eq,...,e, € V, fi,...,fn € W and denote the
dual basis of V* by el,...,el € V*. Then arbitrary elements of V* @ W take the form
Aijei ® f; for coefficients A7 € F, and for v = vFe, eV,

\I/(Aijefk ® fj)v = Aijlll(efk ® fj)v = Aijefk(v)fj = Aijvifj.

This last expression says that the coefficients Aij are the entries in the matrix representing
the linear map \If(Al-jefk ® f;) : V. — W with respect to the bases eq,...,e, € V and
fi,.-., fn € W. This linear map vanishes if and only if the matrix entries are all 0, thus
V¥ is injective, and it similarly is surjective since any choice of the matrix entries Aij gives
rise to a corresponding element Aij ERfieVIOW.

(b) Given smooth vector bundles E and F' of rank m and k respectively over the same
manifold M, describe a collection of smoothly compatible local trivializations of

Hom(E, F) := | ] Hom(E,, F}),
peM

giving Hom(E, F') the structure of a smooth vector bundle of rank mk over M.
Hint: One can just as well describe local frames instead of trivializations.

I will give two solutions.

Solution 1:

In light of part (a), it will be equivalent to describe smoothly compatible local trivializati-
ons on E*®F, so let’s do that first. As preparation, we start by describing how to obtain
a family of smoothly compatible trivializations of the dual bundle E*. (This was described
briefly in lecture, but the fact that they are smoothly compatible was not proved—Ilet’s

prove it!)
Any point in M admits a neighborhood I/ © M on which there exists a smooth frame
e1,...,em for B, and this determines a dual frame e, ..., ™ for E* over U, defined via the

condition €’ (e;) = 6; We need to check that any two frames for E* that are constructed
in this way are smoothly compatible on the region where they overlap, where “smoothly
compatible” means that each consists of sections whose component functions with respect
to the other frame are smooth (cf. Proposition 17.4 in the notes). To this end, suppose
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U = M is another open set that intersects U/, and €i,...,€, is a smooth frame for F
over U. On U N ﬁ, we can write .

e = gij €j
for unique smooth functions gij :U AU — F. The corresponding dual frame €5, ..., 7 :
U — E* likewise satisfies

6L = il

on U U for uniquely determined functions hij UNU - F; we need to show that the
latter functions are smooth. To see this, we observe

5= @) = Wact (g,%0r) = Wag el (cr)
= hiagjb(;g = hiagja’

This is a matrix relation: what it says is that if g,h : U n u — [F*™ denote the matrix-
valued functions whose entries in row i and column j are g; and h'; respectively, then

hg? =1, or equivalently gh” = 1, hence g(p) € F™*™ is invertible for every p € U AU and
h(p) is the transpose of its inverse. The smoothness of g thus implies the smoothness of h
and therefore of the individual functions hij : U AU — F. One shows in the same way after
reversing the roles of the two frames that each ¢! has smooth component functions with
respect to the frame €L, ..., €7, thus the two frames correspond to smoothly compatible
local trivializations of E*.

Now consider again Hom(FE, F'). Any point in M has a neighborhood Y4 < M on which
both E and F admit smooth frames eq,...,e, and fi,..., fr respectively, and we will

again denote the dual frame for E* by el, ... e By Problem 1(a), the sections
ARfj:U—-E*®QF, i=1,...,m, j=1,...k

then define a frame for E* ® F over U. We can also use part (a) to interpret it as a frame
for Hom(E, F'), namely by identifying el (p) ® fi(p) € E; ® F, for each p € U with the
linear map E, — Fj, : v — e, (p)(v)fj(p). With this understood, it remains only to check
that any two local frames for Hom(E, F') constructed in this way are smoothly compatible
on the region where they overlap. Suppose U = M is another open set that intersects

U and €1,...,e, and f1,..., fi denote smooth frames for £/ and F respectively over U,
defining also the dual frame €.,...,e™ for E*. On U n U, we can write

’e‘i = h‘iaeiv f] = Gjbfb

for unique functions h’,, G jb cUNU — F, where the G jb are smooth due to the assumption
that both frames for F' are smoothly compatible, and the h?, are smooth by the result of
the previous paragraph. We then have

E®f =Ml @G fy =h,Glel ® f,

showing that the components of each of the sections &, ® fA’] with respect to the frame
formed by the sections e ® f, on Hom(FE, F) are all functions of the form h?,G jb, which
are clearly smooth. This completes the proof that the corresponding local trivializations
for Hom(F, F') arising from this construction are all smoothly compatible.

Solution 2:
Here is a more direct construction, without using local frames.
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Suppose U, = M is an open set on which both F and F admit local trivializations
O, : Ely, > Uy xF™ and Uy, : Fly, — Uy X Fk. They can both be written in the form

®, ('U) = (p7 (I)oz,pv)a v, ('U) = (p7 \I’a,pv)a for PEU, VE Ep7

where @, : E), —» F"™ and ¥, : E), — F* are vector space isomorphisms defined for each
p € U,. These give rise to a family of vector space isomorphisms

I, , : Hom(E,, F,) — Hom(F™ F¥) = Fr*m

defined by Il ,(A) := ¥pp0 Ao @1 and these can be assembled into a bijection

a,p?
I, : Hom(E, F)jy, — Uy x FE*™ A s (p, T, ,(A))  for  pels, AeHom(E,, F,),

which we shall interpret as a local trivialization (you only have to choose your favorite
isomorphism of the vector space F¥*™ with F*™). Clearly the entirety of Hom(E, F) can
be covered by local trivializations that are constructed in this way, and we claim that any
two of them are smoothly compatible. To see this, suppose Uz © M is another open set
intersecting Uy, on which there is another pair of local trivializations ®g : E|uﬂ — Ug xF™
and Vg : Fly, — Up X F* that are related to ®, and ¥, by

D500 (p,v) = (p,gsa(P)V),  Wso U (p,v) = (p, hgalp)v),

thus defining transition functions gg, : Ua "Us — GL(m,F) and hg, : UsnUs — GL(K,F).
These can also be written as ggq(p) = ®gp 0 P51 and hga(p) = ¥, 0 U 1, thus the new
local trivialization Ilg : Hom(E, F')|y, — Up x FExm s related to I, by g o I3t (p, A) =
(p, Ga(p)A), where

Gpa(p)A =Tlgp oIl  (A) = Ug, 0 W1 0 Aoy 0850 = hpa(p)Agsalp) ™"
= hga(P)Agas(p)-

This formula defines a smooth function Gg,, : Up Uz — End(FF*™) := Hom (F~F*™, Fkxm),
thus II, and IIg are smoothly compatible.

Addendum:

You may be wondering: what relation is there between Solutions 1 and 2, i.e. is the local
frame for Hom(E, F') constructed in Solution 1 over a subset U := U, < M equivalent
to the local trivialization II, : Hom(E, F)|y, — U, x F¥*™ in Solution 2 if we use the
same frames/trivializations on E and F for each? The answer is yes. To see it, note that
our trivialization in Solution 2 identifies each fiber of Hom(E, F)|y,, with Hom(F™, F¥),
so to understand what local frame corresponds to this, we must first decide what to call
the “standard” basis of Hom(F™, F¥). Using the isomorphism Hom(F™, F¥) = (F™)* @ F*
from part (a), I would say the natural basis of Hom(F™, F¥) consists of the elements

el ®e;j, i=1,....,m, j=1,...,k,

where we denote by e; the standard basis vectors on F™ or F¥ and write e for the
corresponding dual vectors. In other words, e ® e; € Hom(F™,F¥) denotes the unique
linear map that sends e; — e; and sends all other standard basis vectors of F™ to 0.
Assuming ey,...,e, and fi,..., fr are the local frames of F and F respectively that
are identified with the standard bases via our trivializations ®, : Ely, — Us x F™ and
Uy @ Fly, — Uy x FF you will find that TI, : Hom(E, F)|y, — U, x Hom(F™, FF)
now identifies this standard basis of Hom(F™, F¥) with the local frame we constructed in
Solution 1.
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(c) Assume A: E — F is a map whose restriction A, := A|g, to the fiber £, c E over
each point p € M is a linear map to the corresponding fiber F), — F’; in other words,
the map p — A, is a section of the bundle Hom(E, F'). Show that it is a smooth
section if and only if A : F — F is a smooth map between manifolds.

Remark: This shows that the notion of a “smooth linear bundle map E — F” as we
defined it in lecture is the same thing as a smooth section of Hom(E, F').

To talk about smooth maps A : E — F, we need to recall how the smooth structures
on the total spaces F and F are defined in terms of smooth local trivializations and
charts. Assume U < M is an open set that is small enough so that there exists both a
smooth chart x : Y — R” for M and smooth local trivializations ® : E|y — U x F™ and
U:Fly—>UXx F*. These choices give rise to charts on the open subsets F lu € E and
F|y © F of the total spaces, in the form

p:=(xx1)od: Elyy > R" xF™, Y= (xx1)oW: Fly — R" x F*.

In other words, if we write ®,, : £, — F™ for the unique vector space isomorphism such that
®(v) = (p, Ppv) for each p e U and v € E, then ¢ maps v € E, to (z(p), Ppv) € R™ x F™,
and we use the obvious identification of R x F with R"*™ or (in the case F = C) R**+?m
in order to regard ¢ as a chart (and % similarly). Any charts of this form arising from
different choices of the smooth chart x and smooth local trivializations ®, ¥ are smoothly
compatible, and the smooth structures of the total spaces E and F' are defined as the
unique maximal smooth atlases that contain all charts of this form. In practice, we are
free to consider only charts of this form since F and F' can be covered by open subsets of
the form Ey and Fy for U < M open.

Now, using the charts ¢ and v defined above, the key question is this: under what condi-
tions is the map

YoAdod™l:axU) x F™ - z(U) x F*

smooth? For any given point p € U, writing ¢ := x(p) € R", ¢! sends {q} x F™ to the
fiber Ej via the linear isomorphism @ 1 and by assumption A then sends it to F, via
the linear map A, : B, — F),, after which v sends it by another linear isomorphism ¥, to
{q} x F*. This shows that we can associate to each p € U a matrix

B(p) := U0 Apo &, € Hom(F",F") = F*>*™,

such that
Yo Aod (g v) = (¢,Bx ()v),

and since 27! : #(U) — U is smooth, it follows that 1) o A o ¢~! is smooth if and only
if B : U — F**™ is a smooth function. Now look again at Solution 2 to part (b): if we
use a local trivialization II : Hom(E, F)|yy — U x FF¥*™ as constructed there out of the
local trivializations ® and ¥ for FE and F respectively, then the function B : ¢ — Fkxm
is precisely the local representation of the section M — Hom(E, F) : p — A, with respect
to that trivialization. We conclude that the section is smooth if and only if A: E — F'is
a smooth map.

(d) Show that if F = E is a smooth subbundle of the vector bundle £ > M, then the
natural map E — E/F that restricts to each fiber E,,  E as the quotient projection
E, — E,/F, : v [v] is a smooth linear bundle map.
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The result of part (c) makes this very easy. Recall first how smooth local trivializations
of the quotient bundle E/F — M are constructed: assuming F and F' have ranks m and
k respectively, one can cover E with local trivializations ®, : Ely, — U, x F™ having
the special property that ®,(Fly,) = Us x F¥ where we identify F* with the subspace
F* x {0} = F™. Writing @, (v) = (p, @4 ,v) for p € U, and v € E,, the corresponding local
trivialization of E/F over U, takes the form

Uy i (B/F) |y, — Uy x (F™/FF) 2 [v] = (p, [Papv]) for p e Uy, [v] € E,/F,

which is well defined because the isomorphism ®,, , : £, — F™ sends F}, © E,, isomorphi-
cally to F¥ c F™ and thus descends to an isomorphism of quotient spaces E,/F, - ™ JF*.
Using the trivializations ®,, and ¥, for E and E/F respectively over U,, the fiberwise
projection map P : E — E/F looks like

\I/a oPo CD(;I :L{a x [ —>Z/[a X ]Fm/Fk : (%U) = (qa [U])v

i.e. it is represented on every fiber over points in U, by the same linear map F” — [F™ /]Fk,
namely the natural quotient projection. In other words, P is a section of the bundle
Hom(E, E/F) that looks constant when expressed in the local trivialization determined
by @, and W,; it is thus smooth since constant functions are smooth.

Final comment: The point of this problem was to make your life easier when working
with smooth linear bundle maps in the future. QOur initial definition in lecture for the
notion of “smoothness” of a linear bundle map A : E — F was the quickest definition
we could give at the time, as we had already proved that the total spaces E and F' ha-
ve natural smooth structures, and could thus talk about smooth maps E — F. But it
is usually not convenient in practice to think of bundle maps in this way, and actually
checking smoothness in terms of smooth charts on E and F is a bit cumbersome—it is
typically easier to think in terms of smooth sections of the bundle Hom(E, F'), as we did in
part (d). From this perspective, the smoothness of many bundle maps that arise naturally
in various situations becomes almost obvious.

Problem 3

Assume (M, g) is a Riemannian n-manifold and N < M is a smooth k-dimensional sub-
manifold, so for every p € N, T,N < T,M is a linear subspace and has a well-defined
orthogonal complement (7, N )t < T,M with respect to the inner product g,. Prove:

(a) TN+ := UpeN(TpN)L is a smooth subbundle of T'M|y.
Hint: Construct smooth local frames X1, ..., X,, for TM |y such that X1,..., X}, are
tangent to N and Xj.1,..., X, lie in (TN)™ .

We already know TN < TM|y is a smooth subbundle, thus near any point p € N, one
can find a neighborhood Y < N of p and a smooth local frame Yi,...,Y, for TM|y
over U such that Y7,...,Y% is a local frame for TN over Y. Now define a new frame
X1,...,X, for TM|x over the same region by applying the Gram-Schmidt algorithm
to Y1,...,Y,. This ensures that at every point, the vectors Xi,..., X, have the same
span as Y7, ..., Yy, namely the tangent space to N, but the vectors Xy,1,..., X, are also
orthogonal to all of these and thus belong to TN+. The local trivialization corresponding
to the frame Xji,..., X, thus defines isomorphisms T,M — R" for every ¢ € U that
identify T,N < T,M with R* x {0} ¢ R" and (T, N)* < T, M with {0} x R*~¥ = R", thus
making TN+ < TM|x a smooth subbundle according to Proposition 17.2 in the notes.
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(b) The composition of the inclusion TN+ < T'M |y with the fiberwise quotient projec-
tion TM|ny — (I'M|n) /TN =: vN from Problem 2(d) defines a bundle isomorphism
TN+ — vN.

Basic linear algebra implies that on each fiber, the map (7,N)t — (vN), is an iso-
morphism. That it also depends smoothly on p follows from the fact that the inclusion
TN+ < TM|y is a smooth linear bundle map (because TN+ < TM]|y is a subbundle)
and so is TM |y — vN (by Problem 2(b)).

Problem 4
Prove:

(a) A (real or complex) line bundle is trivial if and only if it admits a section that is
nowhere zero.

Recall, the term “line bundle” means the fibers are 1-dimensional, so a nowhere-zero
section of ¥ — M is in this case the same thing as a global frame for E, i.e. a frame that
is defined on all of M. There is a natural bijective correspondence between global frames
and global trivializations: concretely, we associate to any nowhere-zero section s : M — F
the unique bundle isomorphism ® : E — M x [F such that ®~1(p, \) = As(p) for all pe M
and A e F.

(b) A real vector bundle of any rank is orientable if and only if it admits a volume form.

Assume E — M is a real bundle of rank m and g € A™E* is a volume form, meaning
p(p) is a nontrivial alternating m-form on E, for every p € M. Proposition 18.28 in the
notes then implies that E must be orientable; this was proved as a corollary of the fact
that SL(m,R) is a subgroup of GL. (m, R). More concretely, one can define an orientation
of F via the condition that for each p € M, an ordered basis v1, ..., v, of E, is positively
oriented if and only if u(p)(vi,...,vy) > 0. Conversely, if E is orientable, then there are
at least two ways to show that a volume form p € A™E* exists: (1) choose a positive
bundle metric (these always exist by Theorem 18.18 in the notes) and appeal to the fact
that every bundle metric on an oriented real vector bundle determines a canonical volume
form (Proposition 18.29 in the notes); (2) Cover E with local trivializations (Uy, Pa),
choose a volume form pu, € A™E*|y, that matches the standard volume form of R™
in each trivialization, then piece these local choices together using a partition of unity
(cf. Problem Set 8 #2).

(c) A real line bundle is orientable if and only if it is trivial.

Every trivial real vector bundle is orientable. The converse is not true for bundles of
arbitrary rank m, but it is true when m = 1, for the following reason: if ¥ — M is an
orientable line bundle, then by part (b), it admits a volume form, which in the case m =1
means a nowhere-zero section of the dual bundle E*. The latter is also a line bundle, so
part (a) now implies that E* is trivial, or equivalently, E* admits a global frame. This
frame is dual to a unique global frame of F, thus F is also trivial.

(d) A real vector bundle E — M of rank m is orientable if and only if the bundle
A™E — M is trivial.
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The only tricky aspect of this problem is that it says A™FE instead of A™E*. Let us first
show that F is orientable if and only if A™E* is trivial: by part (a), the latter is equivalent
to A™E* admitting a nowhere-zero section, which is the same thing as a volume form for E,
whose existence is equivalent via part (b) to E being orientable. So far so good.

I can think of three methods for proving the same thing about A™FE instead of A™E™.

Method 1: Here is a fairly direct argument. Suppose first that A™FE is trivial; since
rank(A™E) = 1, it then follows from part (a) that there exists a nowhere-zero secti-
on u € I'(A™E). For any p € M and any basis vy,...,v, of E,, the wedge product
V1 A ... AUy € A E, is then nontrivial and must be a scalar multiple of p(p) since the
fibers of A™FE are 1-dimensional, so

VLA oo AUy = cii(p)

for some ¢ € R\{0}. We define an orientation on E via the condition that vi,..., vy, is
positively oriented if and only if ¢ > 0. Conversely, if F is oriented, then we have a preferred
class of local frames e, . .., ey, for E over subsets Y = M, forming positively-oriented bases
on the fibers at points in &/. Any such frame gives rise to a nontrivial section e; A ... A e,
of A™E over U, which can also be interpreted as a frame for A FE since the fibers of A™FE
are 1-dimensional. We claim that if e}, ..., e}, is another positively-oriented frame for F
on a region U’ < M that intersects U, then

AA..ne =fern...nenm onUd nU (3)

for a positive function f : U nU" — (0,0). Indeed, applying Proposition 9.10 from the
notes to the vector space V := E at any point p e U N U', we find

ey Ao nel, =det : : E1 A ... A€m, 4)
exlen) - ed(en)

where el, ..., e™ denotes the dual frame of e1, ..., en,. To see that the determinant of this
matrix is positive, note that since e, .., e, and €,..., e}, define the same orientation of
E, at any point p € U nU’, one can deform the basis €} (p), ..., €., (p) to e1(p),...,en(p)
through a continuous family of ordered bases of F),. This deformation has the effect of de-
forming the matrix in to the identity matrix through a continuous family of invertible
matrices; since det(1) > 0, the determinant in must therefore also be positive, proving
the claim. If we now convert frames of the form e; A ... A e,, into local trivializations of
A™E. the positivity of the function f in implies that these trivializations are always
compatible with each other via positive transition functions, i.e. the transition functions
take values in GL (1,R) = (0, 00). In this way, we have endowed A™ E with an orientation,

so by part (c), A™E is therefore trivial.

The other two methods both derive the result from the observation above that E is ori-
entable if and only if A" E™ is trivial.

Method 2: Convince yourself that F is orientable if and only if E* is. In fact, any orien-
tation on a vector space V' canonically determines an orientation on its dual space V* via
the condition that an ordered basis of V' is positively oriented if and only if its dual basis
is a positively-oriented basis of V*. In this way, any continuous family of orientations of
the fibers of E gives rise to a continuous family of orientations of the fibers of E*, and
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vice versa. Once this is established, you can view nowhere-zero sections of A" E as volume
forms on E* and then appeal to the previous observation: identifying E** with E, E* is
orientable if and only if A" E** = A™FE is trivial.

Method 3: There is a natural isomorphism of A™E* with the dual bundle of A™FE| imply-
ing that the latter is trivial if and only if the former is. In fact, for any real m-dimensional
vector space V', each top-dimensional alternating form g € A™V* defines a linear map
A™V — R in the following way. As an m-fold multilinear map p : V x ... x V —» R|
the addendum to our solution of Problem 1 identifies x4 with a linear map i : VO™ :=
V®...®V — R that is uniquely determined by the formula

—_—

v ® ... ®vpy) = p(vy, ..., o) for all Viy...,Um € V.

The restriction of fi to the subspace A™V < V®™ thus defines a linear map A™V — R, or
in other words, an element of the dual space (A™V)*, so that we have in this way defined
a linear map

AT(VF) > (ATV)* 0 pe fifamy. (5)
To see that this map is injective, note that for any basis v, ..., v, of V., A™V is spanned
by
VI A ... NUp = Z (—1)‘0‘110(1) ®... ®Ug(m) eAN"V c V®m,
o€Sm
and

vy Ao Avm) = ( D1 (=), ®.--®va(m)>

0ESH

= Z (_1)|J|ﬁ(va(1) ®...0 va(m)) = 2 (_1)|U‘:u(va(1)v s 7'Ua(m))

0ESm oESH

=m!u(vi,..., o),

where in the last line we have appealed to the fact that p is antisymmetric in order to
remove the permutations. Since p is a top-dimensional form on V' and vy, ..., v, is a basis,
this expression is nonzero if and only if u # 0, proving that the map is injective. It is
therefore also surjective, as dim A" (V*) = dim(A™V)* = 1. Applying this isomorphism
to all fibers of the bundle F — M defines a bijection

that gives a vector space isomorphism A™(E}) — (A™Ey)* for every p € M. We claim
that this is a smooth linear bundle map, and therefore a bundle isomorphism. For this it
suffices to show that on a neighborhood of any given point in M, ¥ maps some smooth

frame for A™(E*) to a smooth frame for (A" E)*. Indeed, suppose ey, ..., €, is a smooth
frame for E on some region & < M, with dual frame el,... €7, so el A ... A e defines
a smooth frame for A™(E*) and e; A ... A €, a smooth frame for A™E over the same

10
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region U. At each point in U, evaluating U(el A ... A eT) one; A ... A e, then gives

Ul aone™(er Ao nem)=T(eb Ao nel) ( D (=1)lle, @...@eg(m)>

OESm

= 2 (=DllwEel A A ex)(eay @ ® exim))

OESm

= Z (—1)|0|(6i Ao A e;n)(ea(l)a .- '7ea(m))
0ESm

=ml(el n...AneM(er, ... epm) =ml

This reveals that ¥ maps the smooth frame %e}k A...n€eP to the dual frame of e; A. .. Aep,

which is indeed a smooth frame for (A™E)* over U.

Problem 5

(a) Prove that every real vector bundle is isomorphic to its dual bundle.
Hint: For a finite-dimensional vector space V, an isomorphism V' — V* always exists
but is not typically canonical. Your bundle isomorphism E — E* will similarly need
to depend on a non-canonical choice.

Recall that every vector bundle E — M admits a positive bundle metric {, ), so we can
choose one and define a bundle isomorphism £ — E* by

v — v, ).

(b) Do you think every complex vector bundle is isomorphic to its dual? Just think
about it—don’t try to prove anything.

The answer is no: F and E* are not always isomorphic if £ — M is a complex vector
bundle. The reason the construction from part (a) does not work in the complex case is
that if ( , ) is an inner product on a complex vector space V, then v +— (v,-) gives a
bijection V' — V* but it is not a complex-linear map; it is in fact complex antilinear since
(iv,+y = —i{v,-). One could try to get around this problem by using the map v — {-,v)
instead of (v, -), but now there is a different problem: (-, v) : V' — R is a complex-antilinear
map, and is thus not an element of the dual space V*. (One can more accurately regard
it as an element of the conjugate dual space V*; see Exercise 17.21 in the notes.)

Commentary:

To actually show that no isomorphism F — E* exists in certain examples requires topolo-
gical tools that we have not discussed in this course, but I can summarize the simplest case
as follows. If M is a closed oriented 2-manifold and £ — M is a complex line bundle, then
there is a numerical invariant associated to E, called its first Chern number c¢i(FE) € Z,
with the property that for any section s € I'(E) that vanishes at only finitely many points,
counting the zeroes of s with suitable signs and weights always gives ¢1(FE). (In complex
analysis, you may have seen the notion of the order of a zero of a holomorphic function,
which is a positive integer one can define in terms of a winding number. If one instead
considers an antiholomorphic function, then a zero will instead have negative order. The
order of a zero in this sense is what I meant by “suitable signs and weights” above.) On-
ce you've convinced yourself that ¢;(F) is well defined, it is not hard to show that (1)
c1(F) = ¢1(F) whenever E and F' are isomorphic complex line bundles over M, and (2)

11
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c1(E*) = —c1(F). It follows that a complex line bundle over a closed oriented surface
cannot be isomorphic to its dual bundle unless its first Chern number is 0, and it is easy
to come up with examples for which ¢;(E) is nonzero. One such example is 7.5 — 2, if
one chooses a complex structure in order to regard the tangent spaces TpS2 as complex
1-dimensional vector spaces (see Section 18.7 in the notes). One then has c1(T'S?) = 2,
implying that T'S? is not complex-isomorphic to its dual bundle. (Incidentally, this also
implies a famous result known colloquially as the “hairy sphere” theorem: there exists
no continuous vector field on S? that is nowhere zero, i.e. “you can’t comb the hair on a
sphere”. We will be able to prove this by the end of the semester.)

Problem 6
For subbundles E',...,E* c E, we write E = E' @...® E* if the natural map

El@...@Ek—)E:(vl,...,vk)n—>v1+...+vk

is a bundle isomorphism. Suppose a splitting of this form exists, and write m; := rank(E")
fori=1,...,k and m := rank(F). What does the existence of this splitting tell you about
the structure group of E, i.e. to what subgroup of GL(m,F) can it be reduced?

Define the subgroup G ¢ GL(m,F) to consist of all block-diagonal matrices of the form

Ay - 0
A= : S
0 - Ay

where A; € GL(m;,R) for i = 1,...,k. We claim that splittings £ = E' @ ... @ EF are
equivalent to G-structures on F for this particular group G. Indeed, if such a splitting is
given, then on a sufficiently small neighborhood of any point in M one can find smooth
frames for each of the subbundles £ — E and assemble them together into a frame
€e1,...,en for E such that ey, ..., ey, have values in E', €my+1s-- -5 E€my+ms, have values in
E?, and so forth. The transition functions relating any two trivializations that correspond

to frames of this form take values in G. Conversely, if a G-structure on F is given, then
one can consider the obvious splitting

R”™ =R™ @...@R™ (6)

and define subbundles E' — FE for each i = 1,...,k by the condition that every G-
compatible local trivialization ® : E|y; — U x R™ should identify E%[;; with U x R™ <
U xR™. This is well defined because G is the group of all linear transformations R”™ — R
that preserve each of the summands in the splitting (6]).

Problem 7

Prove: If E — M is a real vector bundle with an indefinite bundle metric { , ) of signature
(k,?), then E = E* @ E~ for a pair of subbundles E*, E~ ¢ E of ranks k and ¢ respec-
tively such that ( , ) is positive-definite on each fiber of E™ and negative-definite on each
fiber of E~. Are the subbundles ET — E unique?

Choose a positive bundle metric { , ), on F; this is always possible by Theorem 18.18 in
the notes. This determines a unique smooth linear bundle map H : ' — F such that

,w) = (v, Hw),

12
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for all (v,w) € E® E. On each fiber, H, := H|g, is then a linear map E, — E, that is
invertible (due to the nondegeneracy of ( , )) and symmetric with respect to the inner
product { , )i, so by the spectral theorem, it uniquely determines a splitting of E, into
two subspaces F), = Ep+ @ E, , spanned by the eigenvectors of H; with positive or ne-
gative eigenvalues respectively. These subspaces are mutually orthogonal with respect to
(', )+, and since they are each preserved by H,, they are also mutually orthogonal with
respect to (, ), and the latter is positive definite on £, and negative definite on E,". By
Corollary 18.23 in the notes, E+ := Upe M Epi are smooth subbundles of E.

While the subspaces E;i c E, are uniquely determined by the linear map H, : £, — E,
for each p e M, H,, itself depended on a choice, namely the positive bundle metric {, );.
In fact, it is easy to see that E; and E are not uniquely determined by the condition that
{, ) should be positive on one and negative on the other: these are open conditions, so they
will continue to hold if E;r and E,, are replaced by any sufficiently nearby perturbations
of these subspaces. I realize in retrospect that I meant to state one more condition in
the problem, namely that the subspaces E; and E, are orthogonal to each other with
respect to the indefinite bundle metric { , ). This is clearly satisfied for the construction
of E;—r via eigenspaces given above, but even with this extra condition, the two subspaces
are still not unique: one can allow any sufficiently small perturbation of E;r and then use
the Gram-Schmidt algorithm to obtain a similarly small perturbation of E that makes
it orthogonal to the perturbed E; .
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